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Abstract

The study of operator theory, specifically the determination of the norm of general derivations in C* algebras, has attracted
significant attention in recent years. This problem has been approached through various methods across different spaces, yielding
several results. The norm of a general derivation is crucial for understanding the structure and behavior of derivations in the
context of C* algebras, with implications for functional analysis and operator theory. Despite previous efforts, a complete
understanding remains elusive. The purpose of this paper is to investigate this problem using the finite rank operator in the tensor
product of C*-algebras. By leveraging the tensor product structure, we explore how finite rank operators can provide insights
into the norm of general derivations. The research utilizes a mathematical framework that examines the behavior of bounded
linear operators within the tensor product of Hilbert spaces and C*-algebras. Through this approach, we aim to advance existing
knowledge and offer new results that could potentially contribute to the field. The final conclusion of the study confirms that the
use of finite rank operators in the tensor product of C*-algebras offers a valuable method for approximating and understanding
the norm of general derivations, providing a more refined approach than previous techniques.
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1. Introduction

space Z Q Lwhere @: ZxL—->ZQLQ (u,v) >u@vis
a bilinear mapping: The vectors u @ v form a total subset of
ZQRQL<ul ®vl,u2 @ v2>=<u,,v; ><u,, v, >V u,,
u, € Z, vl, v2 € L. This implies that |[u &

1.1. c* Algebras and Their Tensor Product
Structure in Hilbert Spaces

Definition 1.1.1. Tensor product. Daniel et al., [6] and Mui-
ruri et al., [10]

Consider two complex Hilbert spaces, Z = {u;, u, ...} and
L= {vy, vy ...} with inner products defined as (u;,u,) and
(v1,V, ) respectively. A tensor product of Z and L is a Hilbert

vi=llullllvll Vu € Z, v € LIfE € B(Z), F € B(L),
then B(Z @ L) is a Hilbert space and for EQ F € B(Z Q L)
wehave EQ Fu @ v)=Fu@® Fv ¥ u € Z,v € L.

Fundamental Properties of Operators in B(Z & L) hold:

Di(EQ F)GQ® H =EGQ FH,VE € B(Z),G €
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B(Z) and F € B(L), H € B(L).(Associativity and
commutativity).

2)i)IE ® F Il =IEIIFI VE € BZ)and F € B(L)

(Distributivity under tensor product).
3) iii). Linearity of the Tensor Product Map & (u, v) —> u
® v and its Properties:
AUt u) Qv=(uw Qv)+(u; Q)
b) Wu) ® v=1y(u  v).
DuU® Wy + 1) =u® v+ u® v,
d) u ® Yv) = Pp(u ® v).

The set of all vectors @ (u, v), ueZ and veL form a total
subset of Z @ L.

Definition 1.1.2. Elementary operator in a tensor product.
Daniel et al., [5] and King’ang’l et al., [7]

Let Z and L be complex Hilbert spaces, and B(Z @ L)
denote the set of all bounded linear operators on the tensor
product space Z @ L. For fixed elements E @ F and G ® H
in B(ZQ® L), where E,G € B(Z) and F,H € B(L), we de-
fine the elementary operator as follows:

E, (Z®L)= Yu(Ei @ Fi)(U ® V)(Gi ® Hi)

forevery U @ VeB(Z Q L), Ei ® Fi, Gi ® Hi €EB(Z Q
L).

Substituting n = 1, we obtain the basic elementary opera-
tor:

EZQL=EQRNURVG®H (1

From equation (1), the basic elementary operator can be ex-
pressed as,

EZ @ L) = (E ® FU ® VG ®

H) = (EUG) ® (FVH).

Definition 1.1.3: General Derivation. Nyamwala and Agure,
[11] and Okelo and Ambongo, [12]

The general derivation operator is defined by

Ssp = AX — XB where A and B are coefficient operators
in B(X).

1.2. Norm of General Derivation

Stampfli [14] and Timoney [15] determined the ||6]|pin a
Banach algebra B(L) by maximal numerical range and
proved theorem 1.2.1:

Theorem 1.2.1. Stampfli [14] and Timoney [15],

Let A,B & B(H), the algebra of all bounded linear
operators on a Hilbert space H. Then

||64,5]|=sup {lAX — XB||: X € B(H),
= infyecllA =+ [|B = ALl

Let A be an irreducible C*-algebra on H. Let A €
B(A). Then

84l = 2infieclld — ALl = 2d(A)

Nyamwala and Agure [11] and Society [13] determined the
converse of Stampfli [14], results, and established that the in-
ner derivation derived from hyponormal operators has its
range closed whenever the spectrum of the operator is defined.

X1 =1}

Kittaneh [8] extended the work of Stampfli [14] in norm
ideals and determined the range and kernel of a normal deri-
vation restricted to unitary invariant norms.

Barraa and Pedersen [2] determined the conditions neces-
sary for the product 8¢ py, 6(apy of 2 general derivations to
satisfy the conditions of a derivation and proved theorem 1.2.2:

Theorem 1.2.2. Barraa and Pedersen [2].

Let A, B, C, and D be bounded operators on a Banach space
T.

1)If A ¢ T and B €7, then §.58,5 is a general-
if and only iff ¢ = ad +
—aB + dI for some scalars a,c,

ized derivation
cl and D =
and d.
2)IfA € T and B & T, then 6,50, is a generalized
derivation if and only if C € T.
3)IfA¢ T and B € T, then 8,58, is a generalized
derivation if and only if D € 7.

AHIfA € Tand B € T, then §;,8,5 is a general-

ized derivation.

Barraa [1] and Barraa and Pedersen [2] determined the
norm of the sum of two bounded operators on a Hilbert
space and provided sufficient conditions under which the
norm equals the sum of their norms

Mubhol ef al. [9] determined the norm of a general deriva-
tion acting on a norm ideal and proved Theorem 1.2.3.

Theorem 1.2.3. Muhol et al., [9]

Let A, B € B(H) be S-universal operators and let
J be anorm ideal in B(H). Then

16451l = {1845l

Bonyo and Agure [4] determined the norms of derivations
implemented by S-universal operators. Bonyo and Agure [4]
focused on understanding the behavior of derivations within
norm ideals, particularly the conditions under which these der-
ivations can be analyzed using S-universal operators. Their
work contributes to the broader field of operator theory by
providing insights into the relationship between derivations
and norm ideals, helping to establish criteria for when these
derivations attain their norms.

Beatrice et al. [3] determined the norm of a general deri-
vation on an infinite-dimensional complex Hilbert space H
using finite rank one operators and proved Theorem 1.2.4.

Theorem 1.2.4. Beatrice et al. [3],

Let A B € B(H) and 06 B B(H) -
B(H). Then
1645 B = lAall + B

Further, Beatrice et al. [3] showed that this equality holds
using Stampfli’s maximal numerical range and proved Theo-
rem 1.2.5.

Theorem 1.2.5. Beatrice et al., [3],

Let d(A) =Inf{||[A — Al ||: 4 € C}, and
d(B) = inf{|lB — Al ||: 1 € C}.
Then |8, 5 B(H) || = lIAll + IBI|
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2. Main Results

Norm of General Derivation & on a Tensor Product of C*-
Algebras

Let H ® K be the tensor product of Hilbert spaces H
and K, and B(H @ K) be the set of bounded linear oper-
atorson H @ K.Then,forX @ Y € B(H ® K)

with [lX R Y I = 1, we have:

1640c50p (BH & K) I = 1 all B Il + |
cll bl

Proof

By definition,

16 agcsenl =Sup{lls(A®RCB®DEX &

YII:X ® Y € BH @ KJIX @ Y |I=1

=sup {I(A ® B)Xx ® V) - X @ NC ®
D: X®Y € BH®K), X ® Y [[=1

Therefore,

I8a@c,@pll = 5up { SagpcepX ®Y) [ X®Y € BH
®K),[XQY =1}

Taking an arbitrary € > 0, we have

|l Sagr,copll —€ < I SaeB,cop(X ®Y) I

forall X € B(H),Y € BK), and|lx ® Y Il =
1.

|8a@B,cop | € <A@ BYX®Y) -~ (X ® Y)(C ® D)

Since
A @ BYix @ vV - X ® V€ ® D) |
< lall Bl + 1lcllpl

and letting ¢ — 0, then we have
16agp.conll <l All Bl +[ CI| DI (2)

Conversely, let there exist a unit vector e & f where
e € Hand f € K,then we have

184605c0pX ® Y)e ® Ol <| 050X @ Y) Il ¢
I fli< ||6agsconX & Y) |llelllifll
given that X,Y,e, and f are unit operators and vectors, re-
spectively, and lx @v I = Il x Il v Il then

16 oncan IX®Y I e@fll=1 8,05 cqp |

Thus,

I8aeB.cop || =l 8agpcap (X ® Y)(e® 1) |

>l{A®BX®Y)-X®Y)(C®D)}e® N

By tensor product property, (A @ B)(X ® Y)=AX Q BY
we have

AX @ BY [ = [l AX [l BY | (3)

From equation (3), then

= (AX®@BY)e®H-X@Y)C®D)e®D |
=l AXe ® BY f- CXe ® DY f
since |le (0%4] fll=1
therefore,

Sagpcap || = Il AXe ® BY f — CXe ®
py f |

Squaring both sides, we get

6uescom|” = lAXe ® BY f — CXe
® DY fI?

= (AXe @ BY f — (Xe @ DY f,AXe ®
BY f — CXe @ DY f )

= (AXe @ BY f,AXe @ BY f ) —

(AXe @ BY f,CXe ® DY f ) — (CXe ®
DY f,AXe ® BY f )+ (CXe ® DY f,CXe ®
DY f )

= |l[AXe ® BY f ||? — (4Xe ®

BY f,CXe @ DY f ) — (CXe ®

DY f,AXe ® BY f ) + |CXe ® DY f |
By properties of the tensor product, (x; Q@ v, x, & y,)=
(x1, X201, ¥2) V %1, %, € H
andV y;,y, € K we have;

I5usconl’ = lAXe I2IBY f I> - (AXe ® BY f,CXe ® DY f ) — (CXe ® DY fAXe ®
BY f ) + licXe |IPIDY f |I* )

If w H » Rand v: K - R are functionals. For
unit vectorsy € Handz € K, define rank one operators:

A = p & yy € H,Hy I = 1,by Ae =
M ® yle = u(e)y
B = v Q 2zz € K,Hz Il = 1,by Bf =
v ® 2)f = v(f)z

Observe that:

la | sup { | r ® ye l: e € H}

sup { | ue)y I e € H}

= sup{ju(e)| lele e H
=sup{lu(e)|: e € H}
= |ue)l

Thus, 1A | = |ue)|: e € H.
Similarly, using the same concept above, the norm of B is
1B Il= Iv(DI: f € K.

Moreover,
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lAXell? = || (ny)xell®
= llu(e)yxell®
= [n(e)|?|lxell®
= [u(e)l?

since x,e are unit vectors |[xe|[? = 1 thus

= —(Axe ® Byf,Cxe @ Dyf )

= —(Axe, Cxe)(Byf,Dyf )

hence

—(Axe,Cxe) = (—(1 ® y)eX,(v @ y)eX)

= (—u(e)yx, u(e)yx)

= —u(e)x - p(e)x.(y,y) since (y,y) =1
lnCe)|? = llA]1?
= —u(e)x - p(e)x
Thus
but p(e) are positive real numbers, therefore
llAXe||* = [|All* )
—u(e)x = |u(e)| = ne)x
Using the same concept from equation (5), we have Now,
Therefore,
IBY fII*> = IIBII? (6) —ue) = |ue)| =lal ,  and nle) =
lue) = Il cll
ICXell* = |IC|I? (7 H — |l Il | ..
ence, —(Axe,Cxe) = Il 4 c | s Similarly,
IDyf]12 = ||ID||2 (®) (Byf,Dyf ) = I B1ll DIl
Thus,
Now, from equation (4)
= —(Axe Q@ Byf,Cxe @ Dyf )
—(Axe, CxeXByf,Dyf ) = llall Bl cll bl ©9)
—(Cxe @ Dyf,Axe @ Byf ) = — (Cxe, Axe)Dyf,Byf )
=1lcllallpll Bl
=lallBllcllpl (10)
Substituting equations (5), (6). (7). (8). (9). and (10)in @), 5,0cpm0 1BH ® K) | = lall B + I ¢l
we have Dl
5 .
6ues.canll” = IAIZIBIZ + 2llAIIBIICIIDI +
iClzpl® Abbreviati
Taking the square roots of both sides, we get: reviations
C* algebras C-star Algebras
l6ussconIBEH ® K) [ = IAIIBI+lclDl a1, Hilbert Space
herefore. f B(H) Bounded Linear Operators
Therefore, from (2) and (11) on a Hilbert Space H
sgcoen 1BH @ K)I = lall Bl +1 B(Z®L) Bounded Linear Operators

cllpll

3. Conclusion

From the study, it can be concluded that using a finite rank
operator, the Norm of general derivation in the tensor product
of C*Algebras is

on the Tensor Product of
Hilbert Spaces Z and L
Sap General Derivation
Between Two Operators A
and B
A Class of Operators Used
in Norm Ideals

S —universal operators


http://www.sciencepg.com/journal/pamj

Pure and Applied Mathematics Journal

http://www.sciencepg.com/journal/pamj

Norm Notation

I Identity Operator

] Norm Ideal in B(H)

xQy Tensor Product of
Operators X and Y

€ Arbitrary Small Positive
Number (Epsilon)

A Scalar Value

R Real Numbers
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