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Abstract: In this work, we develop an asymptotic theory for axe-filtrations within the broader framework of semi-modules,
aiming to generalize the classical theory of filtrations from rings to these algebraic structures where addition is not necessarily
invertible. This extension is crucial as semi-modules and semirings appear naturally in fields like geometry and computer science.
Our first contribution is the introduction of the concept of an axe-filtration on a semi-module, which adapts the notion of a
sequence of powers of an ideal in a ring. We then define a generalized Samuel number, denoted v̄ϕ(θ), designed to measure the
relative asymptotic growth between two distinct axe-filtrations, ϕ and θ. The main result of this paper establishes a fundamental
theorem: the existence of this Samuel number is guaranteed under the condition that one axe-filtration, ϕ, is a valuative reduction
of the other, θ. This key finding extends the classical results of D. Rees by connecting the asymptotic behavior of these generalized
filtrations to the well-established theory of discrete valuations. By doing so, we lay the groundwork for a robust asymptotic theory
applicable to semi-modules. This work provides new analytical tools for studying non-symmetrizable algebraic structures and
opens avenues for further research into the geometric and algebraic properties of systems described by semirings.

Keywords: Semiring, Semi-module, Filtration, Axe-filtration, Generalized Samuel Number, Valuative Reduction,
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1. Introduction

The theory of filtrations, pioneered by D. Rees [14], is
a fundamental tool in commutative algebra for analyzing
rings and modules. This work extends these concepts to the
broader framework of semi-modules over semirings algebraic
structures with non-invertible addition that are important to
fields like geometry and computer science [3, 5]. Building
upon prior generalizations [9–12], we aim to adapt the
techniques of asymptotic theory to these new structures,
following recent lines of research [1, 2, 4, 6, 7]. Our first
contribution is the introduction of the axe-filtration on semi-
module, a structure for semi-modules that generalizes the
sequence of powers of an ideal in a ring. This concept builds
on foundational work in pseudo-valuations and generalized

filtrations [10, 13]. Our second and main contribution is
the definition of a generalized Samuel number, v̄ϕ(θ), which
quantifies the relative growth rate between two axe-filtrations.
We prove that this number, defined via a limit, always exists
under the condition that one axe-filtration is a valuative
reduction of the other. This key result extends classical results
by Rees, linking the asymptotic behavior of filtrations to the
theory of valuations and concepts like integral closure [8].

2. Preliminaries and Definitions

2.1. Semirings and Semi-modules

Definition 2.1. 1. A monoid is a set B equipped with
an internal composition law ∗ that is associative,



Pure and Applied Mathematics Journal; 14(6): 176-181 177

commutative, and has an identity element denoted by
eB .

2. Let (B, ∗) be a monoid and A be a subset of B.
We say that A equipped with the law ∗ of B is a
submonoid of B if (A, ∗) is a monoid such that eA =
eB .

3. A pre-semiring is a set B equipped with an addition and
a multiplication, for each of which it is a monoid.

4. A semiring is a set B equipped with an addition and a
multiplication satisfying:

(i) (B,+, .) is a pre-semiring;
(ii) Multiplication is distributive with respect to

addition;
(iii) 0 is an annihilator for B.

5. Let (B,+, .) be a semiring and A be a subset of B. We
say thatA is a subsemiring ofB if (A,+, .) is a semiring
such that 0A = 0B and 1A = 1B .

Example 2.2. 1. Every commutative unitary ring is a
semiring.

2. The sets (N,+, .), (R+,+, .), (Q+,+, .) are semirings.
Thus, N is a subsemiring of Q+ and Q+ is a subsemiring
of R+.

3.
√

2N is a submonoid of (R+,+).
Definition 2.3. Let B be a semiring.
1. Let (M,+) be a monoid.

We say that M is a semi-B-module if the map (b;x) 7→
bx from B×M to M satisfies the following conditions:

(a) ∀b ∈ B and ∀x1, x2 ∈M , b(x1+x2) = bx1+bx2;
(b) ∀b1, b2 ∈ B and ∀x ∈M , (b1+b2)x = b1x+b2x;
(c) ∀b1, b2 ∈ B and ∀x ∈M , b1(b2x) = (b1b2)x;
(d) ∀x ∈M , 1B · x = x;
(e) ∀b ∈ B, ∀x ∈M , 0B · x = b · 0M = 0M .

2. Let (M,+, .) be a semi-B-module and N be a subset of
M.
We say that N is a subsemi-module of M if (N,+, .) is
a semi-B-module with 0N = 0M .

Example 2.4. 1. Z−,Q− and R− are semi-N-modules.
2.
√

2Z− is a subsemi-module of the semi-N-module R−.

2.2. Quasi-filtrations and Axe-filtrations

Definition 2.5. Let B be a semiring.
1. We say that g = (Gn)n∈N∪{+∞} is a quasi-filtration of

B if:
(a) G0 = B is a subsemiring of B;
(b) G∞ = (0);
(c) GnGm ⊆ Gm+n, ∀m,n ∈ N.
(d) Gn+1 ⊆ Gn, ∀n ∈ N∗.

2. A quasi-filtration g = (Gn)n∈N∪{+∞} of the semiring
B is called AP (Approximable by Powers) if there exists
a sequence of positive integers (kn)n∈N such that:

(a) Gmkn ⊆ Gmn , ∀m,n ∈ N;
(b) limn→+∞

kn
n = 1.

Example 2.6. 1. All filtrations of a semiring B are quasi-
filtrations of B.

2. Let B = R+ and A = N.
A is a subsemiring of the semiring B. If p is a prime

number, then by taking F = pN +
√
pN, we have that

F is a submonoid of (B,+) such that Fn+1 ⊆ Fn,
∀n ∈ N∗.
Thus g = (Gn = Fn)n∈N∪{+∞}, where G∞ = (0) and
F 0 = A, is a quasi-filtration of the semiring B that is
not a filtration of B.

3. Study of Axe-filtrations on a Semi-
module

Definition 3.1. Let B be a semiring and M be a semi-B-
module.

1. Let ϕ = (Mn)n∈N∪{+∞} be a sequence of submonoids
of (M,+). We say that ϕ is an axe-filtration of M if
there exists a subsemiring A of B such that Mn+1 ⊆
AMn, ∀n ∈ N and M∞ = (0).

2. LetA be a subsemiring ofB. AFA(M) is the set of axe-
filtrations of the semi-B-module M relative to A, i.e.,
ϕ = (Mn) ∈ AFA(M) =⇒ Mn+1 ⊆ AMn, ∀n ∈ N.
The set AFA(M) is ordered by the relation:
ϕ = (Mn) ≤ ψ = (Nn), if Mn ⊆ Nn for all n ≥ 0.

3. Let f = (Fn)n∈N∪{+∞} be a quasi-filtration of the
semiring B such that F0 = A and ϕ = (Mn)n∈N∪{+∞}
be an axe-filtration of M .

(a) We say that ϕ is axe-compatible with f if
FmMn ⊆ AMn+m, ∀m,n ∈ N.

(b) The axe-filtration ϕ of M is said to be weakly f -
good if:

i. ϕ is axe-compatible with f .
ii. ∃m ≥ 1 such that: AMn =

∑m
p=0 Fn−pMp,

∀n ≥ m.
4. For any real number λ > 0, {λ} is the smallest

natural number greater than or equal to λ. If ϕ =
(Mn)n∈N∪{+∞} is an axe-filtration of the semi-B-
module M, then ϕ(λ) = (M{nλ})n∈N∪{+∞} is an axe-
filtration of M.

5. If ϕ = (Mn)n∈N∪{+∞} is an axe-filtration of M and
a ∈ N, we set
taϕ = (M ′n)n∈N∪{+∞}, where M ′0 = M0 and M ′n =
Ma+n if n ≥ 1.
Then taϕ is an axe-filtration of M called the truncated
axe-filtration of ϕ.

Example 3.2. 1. All filtrations of a semi-module M are
axe-filtrations of M .

2. Let B = R+ and M = R−; A = N +
√

2N.
ϕ = (Mn)n∈N∪{+∞} whereMn =

√
2
nZ− andM∞ =

(0). It is easily shown that ϕ is an axe-filtration of the
semi-B-module M.
It should be noted that ϕ is not a filtration of M .

4. Result

4.1. The Generalized Samuel Number

Proposition 4.1. Let B be a semiring, M be a semi-B-
module, and f = (Fn)n∈N∪{+∞} be a quasi-filtration of B
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such that F0 = A. Then the sequence g = (FnM)n∈N∪{+∞}
is an axe-filtration of M , called the axe-filtration of the semi-
B-module M relative to the quasi-filtration f of B, denoted by
fM or fM .

Proof. (i) Since M is a semi-B-module and Fn is a
submonoid of B for all n ≥ 0, then FnM is a submonoid
of (M,+) for all n ≥ 0.

(ii) Since F0 = A is a subsemiring of B and Fn+1M ⊆
AFnM,∀n ∈ N, then fM is an axe-filtration of M.

Notation 4.2. Let B be a semiring, M be a semi-B-module,
ϕ = (Mn)n∈N∪{+∞} be an axe-filtration of the semi-B-
module M , and N be a submonoid of (M,+).

Then there exists a subsemiring A of B such that Mn+1 ⊆
AMn,∀n ≥ 1. We set:

1. vϕ(N) = sup{r ∈ N;N ⊆ AMr}, where vϕ(N) = 0
if {r ∈ N;N ⊆ AMr} is empty.

2. If θ = (Nn)n∈N∪{+∞} is an axe-filtration of M , then
v̄ϕ(θ) = limn→+∞

1
nvϕ(Nn) if this limit exists.

3. If G is a submonoid of the semiring B, then we set:
(a) vFM (GM) = vfFM (fGM);
(b) vFM (gM) = vfFM (gM )

for any submonoid F of (B,+) and for any quasi-
filtration g of B.

Remark 4.3. Let ϕ, θ, ϕ
′
, and θ′ be axe-filtrations of the

semi-B-module M such that vϕ(θ), vϕ(θ
′
), and vϕ′ (θ) exist

in R+. Then we have:
1. θ ≤ θ′ ⇒ vϕ(θ) ≥ vϕ(θ

′
).

2. ϕ ≤ ϕ′ ⇒ vϕ(θ) ≤ vϕ′ (θ).
Remark 4.4. If ϕ = (Mn)n∈N∪{+∞} and θ =

(Fn)n∈N∪{+∞} are axe-filtrations of the semi-B-module M
and λ > 0 is a real number, then the following assertions are
equivalent:

1. vϕ(θ) exists in R+.
2. vϕ(λ)(θ) exists in R+.
3. vϕ(θ(λ)) exists in R+.

If one of the equivalent assertions holds, then we have:
vϕ(θ) = λvϕ(λ)(θ) = 1

λvϕ(θ(λ)).
Proposition 4.5. Let f = (Fn)n∈N∪{+∞} be a quasi-

filtration of the semiring B, G be a submonoid of B, and M
be a semi-B-module. Then the sequence (un)n∈N∪{+∞} with

general term
vfM (GnM)

n
converges in R+. We denote its

limit by vfM (GM).
Proof. 1) First, note that for all n ∈ N, vfM (GnM) ≥

nvfM (GM). Indeed, a) if vfM (GM) = +∞, then n 6= 0
implies GnM ⊆ GM ⊆ FpM for all p ∈ N, hence
vfM (GnM) = +∞ and the result holds. b) If vfM (GM) ∈
N∗, then we deduce that GnM ⊆ (FvfM (GM))

nM , hence
GnM ⊆ FnvfM (GM)M , and consequently vfM (GnM) ≥
nvfM (GM).

2) Now let’s show that the sequence (un)n∈N∗ converges.
Let u (resp. u) be the upper limit (resp. lower limit) of the
sequence un. We need to show that u = u. If u = +∞ or
u = 0, it is clear. So we assume u is finite and u > 0. By
definition, we have:

(?) ∀ε > 0,∀i ∈ N,∃j ≥ i; uj ≤ u + ε. (??) ∀ε, ∀i ∈ N,

∃j ≥ i; uj ≥ u − ε (if u < +∞). (? ? ?) ∀N ∈ N,∀i ∈
N,∃j ≥ i;uj ≥ N (if u = +∞).

Fix ε > 0 (and if u = +∞ a natural number N ) and choose
an index i large enough so that 1

i <
ε

u−ε (resp. ε
N ). By (??)

(resp. ? ? ?), there exists j ≥ i such that uj ≥ u− ε (resp. N )
and by (?), there exists k ≥ ij such that uk ≤ u + ε. Divide
k by j; k = jl + q, where 0 ≤ q < j, q ∈ N. We then
have u + ε ≥ vfM (Glj+qM)

jl+q ≥ vfM (GljM)
jl+q ≥ lvfM (GjM)

jl+q =
vfM (GjM)

j
lj
k =

vfM (GjM)
j

(k−q)
k . but q < j and 1

k ≤
1
ji

implies q
k ≤

1
j . and we have:

1− q

k
> 1− 1

i

hence u + ε ≥ (u − ε)(1 − 1
i ) = u − ε −

(
u−ε
i

)
≥

u− 2ε (resp. N(1− 1
i ) ≥ N − ε). Consequently, we have

u+ ε ≥ u− 2ε (resp. u+ ε ≥ N − ε). Therefore, u = u.
Proposition 4.6. Let f = (Fn)n∈N∪{+∞} and g =

(Gn)n∈N∪{+∞} be two quasi-filtrations of the semiring B and
let M be a semi-B-module. Then:

1. The sequence
(
vfM (GnM)

n

)
n∈N

converges in R+.

And we have lim
vfM (GnM)

n
≤ lim
n→+∞

vfM (GnM)

n
.

2. if g is AP, then: vfM (gM) exists in R+, and we have
vfM (gM) = limn→+∞

vfM (GnM)
n .

Proof. i) If there exists n0 ∈ N such that vfM (Gn0M) =
+∞, then vfM (GnM) = +∞ for all n ≥ n0 and we
have limn→+∞

1
nvfM (GnM) = +∞. Suppose now that

vfM (GnM) < +∞ for all n. Then vfM (GnM) < +∞.
Let (k, n) ∈ N2 − {(0, 0)}. By Euclidean division, we have
n = qnk + rn with 0 ≤ rn < k.

Thus Gqn+1
k M ⊆ Gqnk+kM = G(qn+1)kM ⊆ GnM .

For all m ∈ N∗, we have 1
mvfM (GmnM) ≤ (qn +

1) 1
(qn+1)mvfM (G

(qn+1)m
k M). As m → +∞, we get

vfM (GnM)
n ≤ qn+1

n vfM (GkM) and as n → +∞, we
obtain lim

vfM (GnM)
n ≤ vfM (GkM)

k for all k ∈ N∗. Thus,
the sequence

( vfM (GnM)
n

)
n∈N converges in R+. Since

vfM (GnM) ≤ vfM (GnM) for all n, we have i).
ii) For ii), it suffices to show that limn→+∞

1
nvfM (GnM) ≤

lim 1
nvfM (GnM) and then use i). Since g is AP, there

exists a sequence of integers (kn)n∈N∪{+∞} such that
GknmM ⊆ GmnM for all n,m with kn

n → 1 as n → +∞.
If we set m = knqm + rn with 0 ≤ rm ≤ k. We have
Gqm+1
kn

M ⊆ GmM ⊆ GknqmM ⊆ Gqmn M. Consequently,
qm
m

vfM (Gqmn M)
qm

≤ vfM (GmM)
m . As m → +∞, we get

n
kn

vfM (GnM)
n ≤ lim

vfM (GmM)
m . As n → +∞, we have

ii).
Lemma 4.7. Let f = (Fn)n∈N∪{+∞} and g =

(Gn)n∈N∪{+∞} be quasi-filtrations of the semiring B, and let
M be a semi-B-module. Then we have vFM (GM) > 1 ⇒
GsM ⊂ F sM for s large enough.

Proof. Let l = vFM (GM) = lims→+∞
1
svFM (GsM).

We have 1 ≤ l − ε < 1
svFM (GsM) ≤ l + ε for all s
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and for all ε. We deduce 1
svFM (GsM) > 1, which means

vFM (GsM) > s. Hence GsM ⊂ F sM .
Proposition 4.8. Let f = (Fn)n∈N∪{+∞} and g =

(Gn)n∈N∪{+∞} be two AP quasi-filtrations of the semiring
B and let M be a semi-B-module. Then the sequence
(nvFnM (gM))n∈N∪{+∞} converges in R+ and we have:

vfM (gM) = lim
n→+∞

nvFnM (gM).

Proof. We have vfFM (gM) for any submonoid F . Let’s
show that mvfFM (gM) ≤ vFmM (gM) for all m ≥ 1. We
can assume that mvfFM (gM) 6= 0. Let p and q be integers
greater than or equal to 1 such that pq < mvFmM (gM). For n
large enough, we have m

n vFmM (GnM) > p
q . ThusGmqsn M ⊆

FmpnsM for s large enough (Lemma 4.7). It follows that
vfM (gM) ≥ p

q , hence vfM (gM) > limnvFnM (gM). On
the other hand, let p and q be integers greater than or equal to 1
such that pq < vfM (gM). Then GqmM ⊆ FmpM for m large
enough. Let (kn)n∈N∪{+∞} be a sequence of positive integers

such that FknmM ⊂ Fmn M for all m,n with lim
n→+∞

kn
n

= 1.

Set m = knqm + rm, 0 ≤ rm < kn. Then for m large
enough, GqmM ⊆ FmpM ⊆ F qmpn M . So if m → +∞,
we have vFnM (gM) ≥ 1

kn
· pq , and if n → +∞, we obtain

limnvFnM (gM) ≥ p
q , which gives the result.

4.2. Valuative Reductions and Main Theorem

This notion of valuative reduction was introduced by D.
Rees [14].

The purpose of this part is to link the Samuel number vϕ
of two axis-filtrations on a semi-module by an integer and a
comparison of axis-filtrations.

Definition 4.9. Let B be a semiring, ϕ = (Mn)n∈N∪{+∞}
and θ = (Un)n∈N∪{+∞} be axe-filtrations of the semi-B-
module M . For any x ∈ M , we set vϕ(x) = sup{n ∈
N, x ∈ Mn}. We say that the axe-filtration ϕ is a valuative
reduction of the filtration θ if there exists a constant a ∈ N
such that for all x ∈M we have: 0 ≤ vθ(x)− vϕ(x) ≤ a with
vϕ(x) = +∞ if and only if vθ(x) = +∞.

Lemma 4.10. Let B be a semiring, ϕ = (Mn)n∈N∪{+∞}
be an axe-filtration of the semi-B-module M , and N be
a submonoid of (M,+). The following assertions are
equivalent:

1. vϕ(N) = +∞;
2. for all a ∈ N, vtaϕ(N) = +∞;
3. there exists a ∈ N such that vtaϕ(N) = +∞.

Proof. a) Let’s show that i) implies ii). If vϕ(N) = +∞,
then N ⊆ Mp for all p ∈ N. Thus, for all a ∈ N, N ⊆ Ma+q

for all q ∈ N, hence vtaϕ(N) = +∞.
b) ii) implies iii) is obvious.
c) Let’s show that iii) implies i). Let a ∈ N be such that

vtaϕ(N) = +∞. Then N ⊆ Ma+q for all q ∈ N∗, and we
have N ⊆ Mp for all p ≥ a. We deduce that N ⊆ Mp for all
p ∈ N, thus vϕ(N) = +∞.

Theorem 4.11. Let B be a semiring, ϕ = (Mn)n∈N∪{+∞}
and θ = (Un)n∈N∪{+∞} be axe-filtrations of the semi-B-

module M . The following assertions are equivalent:
1. ϕ is a valuative reduction of θ;
2. there exists an integer b ≥ 0 such that we have tbθ ≤
ϕ ≤ θ.

Proof. a) Let’s show that i) implies ii). Assume i) is true.
Then there exists a ∈ N such that 0 ≤ vθ(x)− vϕ(x) ≤ a for
all x ∈M . We have vϕ(x) ≥ vθ(x)−a. If n ≥ a, then x ∈ Un
implies vθ(x) ≥ n, so vϕ(x) ≥ n−a, hence x ∈Mn−a. Since
vϕ(x) ≥ vθ(x), then Mn ⊆ Un for all n ∈ N. For all n ≥ a,
we have: Mn ⊆ Un ⊆ Mn−a ⊆ Un−a. Letting n ≥ a, we
have Up+a ⊆ Mp ⊆ Up for all p ∈ N, hence taθ ≤ ϕ ≤ θ,
and we deduce that i) implies ii).

b) Now let’s show that ii) implies i). Assume ii) is true. Then
there exists b ∈ N such that tbθ ≤ ϕ ≤ θ. Hence we have
vtbθ(x) ≤ vϕ(x) ≤ vθ(x) for all x ∈M . (1) If vϕ(x) = +∞,
then vθ(x) = +∞ (from (1)). 1) If vθ(x) = +∞, then
vtbθ(x) = +∞ (Lemma 4.10). (1) then implies vϕ(x) = +∞;
consequently, we have: vϕ(x) = +∞ if and only if vθ(x) =
+∞. We then deduce that vϕ(x) ∈ N if and only if vθ(x) ∈ N.
(2) If vθ(x) ∈ N, let’s show that vθ(x) ≤ vtbθ(x) + 1 + b. Let
vtbθ(x) = r ∈ N. If r 6= 0, then x ∈ Ub+r and x 6∈ Ub+r+1,
we have vtbθ(x) + b ≤ vθ(x) ≤ vtbθ(x) + 1 + b. (?) 2)
If r = 0, then x ∈ U0 = M and x 6∈ Ub+1, we have
0 = vtbθ(x) ≤ vθ(x) ≤ vtbθ(x) + 1 + b. (??) (?) and
(??) imply vθ(x) < vtbθ(x) + 1 + b. (3) (1) and (3) imply
0 ≤ vθ(x) − vϕ(x) ≤ vθ(x) − vtbθ(x) < 1 + b, so we have
0 ≤ vθ(x) − vϕ(x) ≤ vθ(x) − vtbθ(x) ≤ b. (4) (4) implies
that ϕ is a valuative reduction of θ, and the result is proven.

Lemma 4.12. Let B be a semiring, ϕ = (Mn)n∈N∪{+∞}
be an axe-filtration of the semi-B-module M , and N be
a submonoid of (M,+). The following assertions are
equivalent:

1. vϕ(N) = +∞;
2. for all k ∈ N∗, vϕ(k)(N) = +∞;
3. there exists k ∈ N∗ such that vϕ(k)(N) = +∞.
Proof. a) Let’s show that i) implies ii). If vϕ(N) = +∞,

then N ⊆ Mn for all n ∈ N, hence ∀k ∈ N∗, N ⊆ Mkn for
all n ∈ N, so vϕ(k) = +∞.

b) ii) implies iii) is obvious.
c) Let’s show that iii) implies i). If there exists k ∈ N∗

such that vϕ(k)(N) = +∞, then N ⊆ Mkn for all n ∈ N.
Consequently, vϕ(N) ≥ kn for all n ∈ N, hence vϕ(N) =
+∞.

4.3. Generalized Samuel Numbers and Valuative
Reductions

Lemma 4.13. Let B be a semiring, ϕ = (Mn)n∈N∪{+∞}
be an axe-filtration of the semi-B-module M , and N be
a subsemi-module of M . The following assertions are
equivalent:

1. wϕ(N) = +∞;
2. for all a ∈ N, wtaϕ(N) = +∞;
3. there exists a ∈ N such that wtaϕ(N) = +∞.
Proof. a) Let’s show that i) implies ii). If wϕ(N) = +∞,

then there is no r ∈ N such that Mr ⊆ N . Suppose
s = wtaϕ(N) 6= +∞. Then we have Ms+a ⊂ N with s ∈ N,
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which implies wϕ(N) ≤ s+ a, a contradiction.
b) ii) implies iii) is obvious.
Proposition 4.14. Let B be a semiring, ϕ =

(Mn)n∈N∪{+∞}, θ = (Fn)n∈N∪{+∞}, and η =
(En)n∈N∪{+∞} be axe-filtrations of the semi-B-module M . If
ϕ is a valuative reduction of θ, then:

vη(θ) exists if and only if vη(ϕ) exists.

We have: vη(θ)= vη(ϕ) if the defined terms exist.
Proof. Since the axe-filtration ϕ is a valuative reduction

of the axe-filtration θ, there exists a ∈ N such that Fn+a ⊆
Mn ⊆ Fn,∀n (Theorem 4.11), and we have: Fn+2a ⊆
Mn+a ⊆ Fn+a ⊆Mn ⊆ Fn.

a) We have: n+2a
n

vη(Fn+2a)
n+2a ≥ n+a

n
vη(Mn+a)
n+a ≥

n+a
n

vη(Fn+a)
n+a ≥ vη(Mn)

n . As n→ +∞, we get i), and if vη(θ)
or vη(ϕ) exists, we have vη(θ) = vη(ϕ).

Proposition 4.15. Let ϕ = (Mn)n∈N∪{+∞} and θ =
(Fn)n∈N∪{+∞} be axe-filtrations of the semi-B-module M .

The following assertions are equivalent:
1. vϕ(θ) exists in R+.
2. For all a ∈ N, vtaϕ(θ) exists in R+..
3. There exists a ∈ N such that vtaϕ(θ) exists in R+..

If one of the following assertions holds, then for all a ∈ N
we have: vϕ(θ) = vtaϕ(θ).

Proof. a) Let’s show that i) implies ii). Suppose there exists
n ∈ N such that vϕ(Fn) = +∞. Then vϕ(Fk) = +∞,∀k ≥
n, hence for a ∈ N, ∀k ≥ n, we have vtaϕ(Fk) = +∞
(Lemma 4.10), and we deduce that i) implies ii). Suppose that
vϕ(Fn) ∈ N,∀n ∈ N; then for all a ∈ N, vtaϕ(Fn) ∈ N
(Lemma 4.10). Let vtaϕ(Fn) = r ∈ N. 1) If r 6= 0, we
have Fn ⊆ Ma+r and Fn 6⊆ Ma+r+1, so a + vtaϕ(Fn) ≤
vϕ(Fn) < vtaϕ(Fn) + 1 + a (?). 2) If r = 0, then Fn ⊆M0

and Fn 6⊆ Ma+1. We have 0 = vtaϕ(Fn) ≤ vϕ(Fn) <
vtaϕ(Fn) + 1 + a (??). Inequalities (?) and (??) imply
for all n ∈ N, vϕ(Fn)

n ≤ vtaϕ(Fn)+1+a
n ≤ vϕ(Fn)+1+a

n . As
n → +∞, we deduce the existence of vtaϕ(θ) and we have
vϕ(θ) = vtaϕ(θ).

b) ii) implies iii) is obvious.
c) Let’s show that iii) implies i). Let a ∈ N. If vtaϕ(Fn) =

+∞, then vϕ(Fn) = +∞ (Lemma 4.13), and as in a),
we deduce that iii) implies i). Suppose that vtaϕ(Fn) ∈
N,∀n ∈ N; using relations (?) and (??) from a), we have:
vtaϕ(Fn)

n ≤ vϕ(Fn)
n ≤ vtaϕ(Fn)+1+a

n . If vtaϕ(θ) exists in R+

and as n → +∞, we deduce that vϕ(θ) exists in R+ and that
vtaϕ(θ) = vϕ(θ).

Proposition 4.16. Let B be a semiring, and let ϕ, θ, and η
be axe-filtrations of the semi-B-module M . If ϕ is a valuative
reduction of θ, then the following assertions are equivalent:

1. vθ(η) exists in R+.
2. vϕ(η) exists in R+.

If one of the equivalent assertions holds, we have: vϕ(η) =
vθ(η).

Proof. a) Let’s show that i) implies ii). Let η = (En)n∈N.
Since ϕ is a valuative reduction of θ, there exists a ∈ N such
that taθ ≤ ϕ ≤ θ, which implies vtaθ(En)

n ≤ vϕ(En)
n ≤

vθ(En)
n . If vθ(η) exists and n → +∞, we have vθ(η) =

limn→+∞
vtaθ(En)

n = limn→+∞
vϕ(En)

n (Proposition 4.15).
We deduce that limn→+∞

vϕ(En)
n exists and that vϕ(η) =

vθ(η).
b) Let’s show that ii) implies i). Since ϕ is a valuative

reduction of θ, there exists a ∈ N such that taθ ≤ ϕ ≤ θ,
which implies taϕ ≤ taθ ≤ ϕ. As in a), we can show that if
vϕ(η) exists, then vθ(η) exists (Proposition 4.15), and we have
vϕ(η) = vθ(η).

Theorem 4.17. Let B be a semiring, ϕ and θ be axe-
filtrations of the semi-B-module M , and f = (Fn)n∈N∪{+∞}
and g = (Gn)n∈N∪{+∞} be quasi-filtrations of B. If ϕ
is weakly f -good, θ is weakly g-good, and g is AP, then
vϕ(θ) exists in R+ and we have vϕ(θ) = vfM (gM) =

limn→+∞
vfM (GnM)

n .
Proof. If ϕ = (Mn)n∈N∪{+∞} is weakly f -good, then

fM is a valuative reduction of ϕ. Since ϕ is weakly f -
good, we have FpMq ⊆ Mp+q for all p, q, and there exists
an integer m ≥ 1 such that Mn =

∑m
p=0 Fn−pMp for all

n > m, and Mn ⊆ Fn−mM for all n > m. Therefore,
Mn+m ⊆ FnM ⊂ Mn for all n ∈ N. tmϕ ≤ fM ≤ ϕ,
and consequently, fM is a valuative reduction of ϕ (Theorem
4.11). If g is AP, then vfM (gM) exists in R+ (Proposition 4.5)
and we have vfM (gM) = vϕ(gM) (Proposition 4.16). Since
θ is weakly g-good, gM is a valuative reduction of θ. Using
Proposition 4.16, we obtain vfM (gM) = vϕ(gM) = vϕ(θ);
hence the existence of vϕ(θ) in R+ and we have vϕ(θ) =

vfM (gM) = limn→+∞
vfM (GnM)

n (Proposition 4.6).

4.4. Examples

Let B = R+, A = N +
√

2N and M = R−. A is a sub-
semiring of B and M is a semi B-module.

(1) Let Mn =
√

2
{n2 }+1Z−, Nn =

√
2
n+1Z− for all n ∈ N

and M∞ = N∞ = {0}. Let ϕ = (Mn)n∈N∪{+∞} and
θ = (Nn)n∈N∪{+∞} be families of sub-monoids of M.

(i) We have: Mn+1 =
√

2
{n+1

2 }+1Z− and AMn =
√

2
{n2 }+1Z− +

√
2
{n2 }+2Z− for any natural number n.

We note that if n is even, then Mn+1 =
√

2
{n2 }+2Z−

and if n is odd, then Mn+1 =
√

2
{n+1

2 }+2Z−.
In all cases, Mn+1 ⊆ AMn. Thus ϕ is an axis-filtration
of M .

(ii) We can easily show that θ is also an axis-filtration ofM .

(iii) vϕ(Nn) = sup{r ∈ N | Nn ⊆ AMr}
then vϕ(Nn) = 2n;
hence v̄ϕ(θ) = limn→+∞

1
nvϕ(Nn) = 2.

(2) Let H0 = H1 = H2 = 2Z− +
√

2Z− and
Hn = (0),∀n ≥ 3.

Let Kn = 2Z− +
√

2Z−, for all n ∈ N, and H∞ = K∞.
The families η = (Hn)n∈N∪{+∞}

and ∆ = (Kn)n∈N∪{+∞} are axis-filtrations of M. vη(Kn) =

2, ∀n ∈ N; thus v̄η(∆) = limn→+∞
1
nvη(Kn) = 0.
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