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Abstract: In this work, we develop an asymptotic theory for axe-filtrations within the broader framework of semi-modules,
aiming to generalize the classical theory of filtrations from rings to these algebraic structures where addition is not necessarily
invertible. This extension is crucial as semi-modules and semirings appear naturally in fields like geometry and computer science.
Our first contribution is the introduction of the concept of an axe-filtration on a semi-module, which adapts the notion of a
sequence of powers of an ideal in a ring. We then define a generalized Samuel number, denoted @,(¢), designed to measure the
relative asymptotic growth between two distinct axe-filtrations, ¢ and 6. The main result of this paper establishes a fundamental
theorem: the existence of this Samuel number is guaranteed under the condition that one axe-filtration, ¢, is a valuative reduction
of the other, 6. This key finding extends the classical results of D. Rees by connecting the asymptotic behavior of these generalized
filtrations to the well-established theory of discrete valuations. By doing so, we lay the groundwork for a robust asymptotic theory
applicable to semi-modules. This work provides new analytical tools for studying non-symmetrizable algebraic structures and
opens avenues for further research into the geometric and algebraic properties of systems described by semirings.
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filtrations [10, 13]. Our second and main contribution is
the definition of a generalized Samuel number, ﬂw(ﬁ), which
quantifies the relative growth rate between two axe-filtrations.

1. Introduction

The theory of filtrations, pioneered by D. Rees [14], is
a fundamental tool in commutative algebra for analyzing
rings and modules. This work extends these concepts to the
broader framework of semi-modules over semirings algebraic
structures with non-invertible addition that are important to
fields like geometry and computer science [3,5]. Building
upon prior generalizations [9-12], we aim to adapt the
techniques of asymptotic theory to these new structures,
following recent lines of research [1,2,4,6,7]. Our first
contribution is the introduction of the axe-filtration on semi-
module, a structure for semi-modules that generalizes the
sequence of powers of an ideal in a ring. This concept builds
on foundational work in pseudo-valuations and generalized

We prove that this number, defined via a limit, always exists
under the condition that one axe-filtration is a valuative
reduction of the other. This key result extends classical results
by Rees, linking the asymptotic behavior of filtrations to the
theory of valuations and concepts like integral closure [8].

2. Preliminaries and Definitions

2.1. Semirings and Semi-modules

Definition 2.1. 1. A monoid is a set B equipped with
an internal composition law x* that is associative,
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commutative, and has an identity element denoted by
€R.

2. Let (B, *) be a monoid and A be a subset of B.

We say that A equipped with the law * of B is a
submonoid of B if (A, *) is a monoid such that e4 =
eB.

3. A pre-semiring is a set B equipped with an addition and
a multiplication, for each of which it is a monoid.

4. A semiring is a set B equipped with an addition and a
multiplication satisfying:

(i) (B, +,.) is a pre-semiring;
(i) Multiplication is distributive with respect to
addition;
(iii) O is an annihilator for B.

5. Let (B, +,.) be a semiring and A be a subset of B. We
say that A is a subsemiring of Bif (A, +,.) is a semiring
suchthat 04 = 0Opand 14 = 1p.

Example 2.2. 1. Every commutative unitary ring is a
semiring.

2. The sets (N, +,.), (Ry,+,.), (Q4,+,.) are semirings.
Thus, N is a subsemiring of Q and Q is a subsemiring
of R+ .

3. V2N is a submonoid of (R, +).

Definition 2.3. Let B be a semiring.
1. Let (M, +) be a monoid.
We say that M is a semi-B-module if the map (b; z) —
bx from B x M to M satisfies the following conditions:
(a) Vb € BandVxy, x5 € M, b(x1+22) = bry+bxs;
(b) Vbl, by € BandVx € M, (bl +b2)$ =biz+byz;
(c) Vbl, by € BandVz € M, bl(bgl') = (blbg)iv;
d VeeM,1g-x=ux;
(e) Vbe B,Vx € M,0-x=05b-03 =0py.

2. Let (M, +,.) be a semi-B-module and N be a subset of
M.

We say that N is a subsemi-module of M if (N, +,.) is
a semi-B-module with O = 0,.
Example 2 4. 1. Z_,Q_ and R_ are semi-N-modules.

2. v/27_ is a subsemi-module of the semi-N-module R_.

2.2. Quasi-filtrations and Axe-filtrations

Definition 2.5. Let B be a semiring.
1. We say that g = (G',)nenu{+oo} 18 @ quasi-filtration of

B if:
(a) Gy = B is a subsemiring of B;

(©) GnGnm C G'HL-‘,—'IL’ me n € N.
(d) Gpy1 € Gp,Vn e N*,
2. A quasi-filtration ¢ = (G, )nenu{+o0} Of the semiring
B is called AP (Approximable by Powers) if there exists
a sequence of positive integers (ky, ), ecn such that:
@ Gmr, CGY, VYm,neN;
(b) limyyo0 22 = 1.
Example 2.6. 1. All filtrations of a semiring B are quasi-
filtrations of B.
2. Let B=R;and A=N.

A is a subsemiring of the semiring B. If p is a prime

number, then by taking F' = pN + \/ﬁN , we have that
F is a submonoid of (B,+) such that F"*1 C Fm,
Vn € N*.

Thus g = (G, = F")nenu{+oo}» Where Goo = (0) and
FO = A, is a quasi-filtration of the semiring B that is
not a filtration of B.

3. Study of Axe-filtrations on a Semi-
module

Definition 3.1. Let B be a semiring and M be a semi-B-
module.

1. Let ¢ = (M,)nenuf+oo} be a sequence of submonoids
of (M,+). We say that ¢ is an axe-filtration of M if
there exists a subsemiring A of B such that M, ; C
AM,,,Vn € Nand M, = (0).

2. Let A be a subsemiring of B. AF4(M) is the set of axe-
filtrations of the semi-B-module M relative to A, i.e.,
o= (M,) € AFA(M) = M,41 C AM,,Vn e N.
The set AF 4 (M) is ordered by the relation:
o= (M,) <y =(N,),if M,, C N, foralln > 0.

3. Let f = (Fun)nenuf+oo} be a quasi-filtration of the
semiring B such that Fy = A and ¢ = (My,)enu{+o0}
be an axe-filtration of M.

(a) We say that ¢ is axe-compatible with f if
FoM, € AMy i, Ym,n € N.
(b) The axe-filtration ¢ of M is said to be weakly f-
good if:
i.  is axe-compatible with f.
ii. 3m > 1 such that: AM,, = Z;LO Fo_pM,,
Vn > m.

4. For any real number A > 0, {A} is the smallest
natural number greater than or equal to A\. If ¢ =
(Mp)nenu{4+o0} is an axe-filtration of the semi-B-
module M, then N = (M3} )nenu{+oo} is an axe-
filtration of M.

5.If ¢ = (Mp)nenu{+oo} is an axe-filtration of M and
a € N, we set
ta = (M;)nenu{+oc}» Where M) = My and M;, =
Myynifn > 1.

Then ¢, is an axe-filtration of M called the truncated
axe-filtration of ¢.

Example 3.2. 1. All filtrations of a semi-module M are
axe-filtrations of M.

2. Let B=R,and M =R_; A =N+ /2N,
© = (M) nenu{4oc} Where M,, = V2"Z_ and M, =
(0). It is easily shown that ¢ is an axe-filtration of the
semi-B-module M.

It should be noted that ¢ is not a filtration of M.

4. Result

4.1. The Generalized Samuel Number

Proposition 4.1. Let B be a semiring, M be a semi-B-
module, and f = (F,)nenu{+o} be a quasi-filtration of B
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such that Fy = A. Then the sequence g = (F, M)y enu{+oo}
is an axe-filtration of M, called the axe-filtration of the semi-
B-module M relative to the quasi-filtration f of B, denoted by
faror fM.

Proof. (i) Since M is a semi-B-module and F,, is a
submonoid of B for all n > 0, then F,, M is a submonoid
of (M, +) foralln > 0.

(ii) Since Fy = A is a subsemiring of B and F,,,1 M C
AF,M,Vn € N, then f); is an axe-filtration of M.

Notation 4.2. Let B be a semiring, M be a semi-B-module,
¢ = (Mp)nenu+oc} be an axe-filtration of the semi-B-
module M, and N be a submonoid of (M, +).

Then there exists a subsemiring A of B such that M,,; C
AM,,,Vn > 1. We set:

1. v, (N) = sup{r € N;N C AM,}, where v,(N) = 0
if {r e N; N C AM,} is empty.

2. If 0 = (N, )neNu{+oo} is an axe-filtration of M, then

Uy (0) = limp s 400 =0, (Ny,) if this limit exists.
3. If G is a submonoid of the semiring B, then we set:
@) Vrm(GM) =Vsm(faM);
®) Vrm(9gM) =Vgpni(gm)
for any submonoid F' of (B,+) and for any quasi-
filtration g of B.

Remark 4.3. Let QD,Q,QOI, and ¢’ be axe-filtrations of the
semi-B-module M such that T, (6), ,(6), and U, (6) exist
in R . Then we have:

1. <6 =7,(6)

2~<P§90/:>@0() (0).

Remark 4.4. If ¢ (My)nenuf+ooy and 0 =
(Fr)nenuf+oo} are axe—ﬁltrations of the semi-B-module M
and A > 0 is a real number, then the following assertions are
equivalent:

1. v,(0) exists in Ry.

2. Ty () exists in Ry

3. 5, (™) exists in R..

If one of the equivalent assertions holds, then we have:
Dy (0) = Mo, (0) = $7,(6W).

Proposition 4.5. Let f (Fr)nenuf+oo} be a quasi-
filtration of the semiring B, GG be a submonoid of B, and M
be a semi-B-module. Then the sequence (uy, )nenuf+oo} With

’UfM(GnM)

> T (0).
<7,

general term - converges in R,.. We denote its
limit by Ty p (GM).

Proof. 1) First, note that for all n € N, vsy (G"M) >
nupap (GM). Indeed, a) if vy (GM) = +oo, then n # 0
implies G"M C GM C F,M for all p € N, hence
vim(G™"M) = +oo and the result holds. b) If vy (GM) €
N*, then we deduce that G"M C (F,,, (anm))" M, hence
G"M C Fyy,, cmyM, and consequently v (G"M) >
nvsa (GM

2) Now let’s show that the sequence (uy,),ecn+ converges.
Let w (resp. w) be the upper limit (resp. lower limit) of the
sequence u,. We need to show that u = w. If u = 400 or
u = 0, it is clear. So we assume u is finite and w > 0. By
definition, we have:

(¥) Ve >0,Vi e N,Fj > i5u; <u+te (xx) Ve, Vi €N,

AXE-Filtrations of Semi-modules, Generalized Samuel Number V' ,(#), and Valuative Reduction

3 >iu; >u—e(ifu< +00) (xxx) VN € N,Vi €
N,3j > 4;u; > N (if @ = +00).

Fix £ > 0 (and if w = 400 a natural number N) and choose
an index ¢ large enough so that % < ==
(resp. * x %), there exists j > ¢ such that u; > % — ¢ (resp. N)
and by (%), there exists k > ij such that uy < w + €. Divide
kby j; k = jl+q, where 0 < g < j, ¢ € N. We then
have @ + ¢ > vfM(ﬁ::M) > vfMj(liLqJM) > l”flvj{l(fq”u) =
vl G L o 2 @M hod) g g < jand Bo< L
implies § <

J

% and we have:
q 1
R
k 7

hence u + ¢ > (675)(1—;) =u-c— (=) >
u—2e (resp. N(1—1)> N —¢). Consequently, we have
u—+e >u— 2 (resp. u+ e > N — ¢). Therefore, u = .
Proposition 4.6. Let f = (Fy)penu{4oc} and g =
(Gn)nenu{+oc) be two quasi-filtrations of the semiring B and

let M be a semi-B-module. Then:

v nM o
1. The sequence M converges in Ry.
n neN
And we have lim w < lim M
n—-+oo n

2. if g is AP, then: vfM(gM) exists in R, and we have
Ve (gM) = limy sy oo M

Proof. 1) If there exists ng € N such that Ty (Gro M) =
+o00, then Ty (GpM) = Hoo for all n > ng and we
have lim,,_, o %@cM(GnM) = 4o00. Suppose now that
Trm(GnM) < +oo for all n. Then vy (G M) < +o0.
Let (k,n) € N? — {(0,0)}. By Euclidean division, we have
n =g,k +r, with0 <r, <k.

Thus G" "M C Gy pxM = GugoypM C G, M.

For all m € N*, we have Zvsy(GI'M) < (qn +
nt+1l)m

l)mvfM(Gl(gq ALY, As m —  4oo, we get

ifM(G"M) < q"“UfM(GkM) and as n — oo, we

obtaln lim ”fM(S nM) < ”fM(]?’“M) for all k € N*. Thus,

GaM
the sequence (%L))n oy converges in R,.

viv (GaM) < Ty (G M) for all n, we have i).

ii) For ii), it suffices to show that lim,, _, o %U;-M (G, M) <
lim 2vp (G, M) and then use i). Since g is AP, there
exists a sequence of integers (K, )HGNU{JFOO} such that
Gr,mM C G*M for all n, m with a3 1asn — +o0.
If we set m = k,qm, + r, with 0 g rm < k. We have
qu'HM C GuM C Gi,q, M C G4 M. Consequently,

Since

ndm

G V7 (GEm M) < ”fM(G M) As m — 400, we get

m dm ’

n Vi (GnM) < lim M As n — 400, we have
n m ’

kn
ii).

Lemma 4.7. Let f = (Fp)nenu{+oc} and g =
(Grn)nenu{+oo) be quasi-filtrations of the semiring B, and let
M be a semi-B-module. Then we have Upp (GM) > 1 =
G*M C F?M for s large enough.

Proof. Let ! = @FM(GM) = lims_)+oo %’UF]\/[(GSM).
Wehave 1 < [ —¢ < %UFM(GSM) < |+ ¢ for all s
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and for all e. We deduce %’UFM (G*M) > 1, which means
vy (GPM) > s. Hence GSM C F* M.

Proposition 4.8. Let f = (Fp)penu{+o00} and g =
(Gn)nenuf+oc} be two AP quasi-filtrations of the semiring
B and let M be a semi-B-module. Then the sequence
(nUp, 1 (9M)) nenuitooy converges in R and we have:

Ui (gM) = Lm U, a(gM).

Proof. We have T, p(gM) for any submonoid F'. Let’s
show that m@s,ar(gM) < g, am(gM) for all m > 1. We
can assume that m@ g, (gM) # 0. Let p and g be integers
greater than or equal to 1 such that 23 < mvp, m(gM). Forn
large enough, we have 20, 1 (G M) > L. Thus G° M C
Erpns M for s large enough (Lemma 4.7). It follows that
@fM(gM) > %, hence @fM(gM) > mannM(gM). On
the other hand, let p and q be integers greater than or equal to 1
such that % < Usrm(gM). Then G, M C F,,, M for m large
enough. Let (ky)nenui+o0) be a sequence of positive integers
such that Fy, ,,M C EF7"M for all m,n with lim kn =1

n—+oo N
Set m = kngm + ™m, 0 < 7y < k,. Then for m large
enough, G4 M C F,,M C FI"PM. So if m — 400,
we have Tp p(gM) > ﬁ - £, and if n — +o00, we obtain
limnop, p(gM) > g, which gives the result.

4.2. Valuative Reductions and Main Theorem

This notion of valuative reduction was introduced by D.
Rees [14].

The purpose of this part is to link the Samuel number v,
of two axis-filtrations on a semi-module by an integer and a
comparison of axis-filtrations.

Definition 4.9. Let B be a semiring, ¢ = (My,)nenu{+oc}
and 0 = (Up)nenu{+oc} be axe-filtrations of the semi-B-
module M. For any z € M, we set v,(x) = sup{n €
N, z € M,}. We say that the axe-filtration ¢ is a valuative
reduction of the filtration 6 if there exists a constant a € N
such that for all z € M we have: 0 < vg(x) — v, (z) < a with
vy (2) = +o0 if and only if vg(x) = +oo.

Lemma 4.10. Let B be a semiring, ¢ = (Mp)nenu{+oc}
be an axe-filtration of the semi-B-module M, and N be
a submonoid of (M,+). The following assertions are
equivalent:

1. v,(N) = +00;

2. foralla € N, vy, »(N) = +00;

3. there exists a € N such that vy, ,(N) = 4o00.

Proof. a) Let’s show that i) implies ii). If v,(N) = +o0,
then N C M, forall p € N. Thus, foralla € N, N C My,
for all ¢ € N, hence vy, ,(N) = +o00.

b) ii) implies iii) is obvious.

c) Let’s show that iii) implies i). Let a € N be such that
Vi, (IN) = +00. Then N C My, for all ¢ € N*, and we
have N C M, for all p > a. We deduce that N C M, for all
p € N, thus v,(N) = +o0.

Theorem 4.11. Let B be a semiring, ¢ = (Mn)nGNU{Jroo}
and 0 = (Up)nenuf+oo} be axe-filtrations of the semi-B-

module M. The following assertions are equivalent:
1. ¢ is a valuative reduction of 8;
2. there exists an integer b > 0 such that we have ¢,0 <
w < 0.

Proof. a) Let’s show that i) implies ii). Assume i) is true.
Then there exists a € N such that 0 < vg(x) — vy, (x) < a for
allz € M. Wehave v, (x) > vg(z)—a. If n > a, thenz € U,
implies vg(x) > n, so v, (z) > n—a, hence x € M,,_,. Since
vy (z) > vg(x), then M,, C U, foralln € N. For all n > a,
we have: M,, C U, C M,_, C U,_,. Lettingn > a, we
have Upyq € M, C U, forallp € N, hence t,0 < ¢ < 0,
and we deduce that i) implies ii).

b) Now let’s show that ii) implies i). Assume ii) is true. Then
there exists b € N such that ,60 < ¢ < . Hence we have
v, 0(x) < vp(x) < wvp(x) forallz € M. (1) If v, () = 400,
then vp(z) = 4oo (from (1)). 1) If vg(x) = +oo, then
vg,0(x) = +oo (Lemma 4.10). (1) then implies v, (2) = +00;
consequently, we have: v,,(z) = +oo if and only if vg(z) =
+00. We then deduce that v, (z) € Nif and only if ve(z) € N.
(2) If vg(x) € N, let’s show that vg(z) < vy,e(z) +1+0b. Let
vyo(x) =r € N If r #£ 0, then & € Upy, and & & Upyry1,
we have vy g(x) + b < vp(z) < veo(z) + 1+ b (%) 2)
Ifr =0,thenx € Ugp = M and x ¢ Upy1, we have
0 = vyo(x) < vo(z) < vyo(z) + 140 (%%) (%) and
(#x) imply vg(z) < wveo(x) + 1+ b. (3) (1) and (3) imply
0 < wy(x) —vu(x) < vg(x) — vye(x) < 14 b, so we have
0 < wg(x) —vp(x) < vg(x) — vy9(z) < . (4) (4) implies
that  is a valuative reduction of 6, and the result is proven.

Lemma 4.12. Let B be a semiring, ¢ = (Mp)nenu{+oc}
be an axe-filtration of the semi-B-module M, and N be
a submonoid of (M,+). The following assertions are
equivalent:

1. v, (N) = 4003

2. forall k € N*, v, (N) = +o0;

3. there exists k € N* such that v, (V) = +oo.

Proof. a) Let’s show that i) implies ii). If v,(N) = 400,
then N C M, for alln € N, hence Vk € N*, N C My, for
alln € N, so Vp(k) = +00.

b) ii) implies iii) is obvious.

c) Let’s show that iii) implies i). If there exists k£ € N*
such that v, (N) = +oo, then N C My, for all n € N.
Consequently, v,(N) > kn for all n € N, hence v,(N) =
+00.

4.3. Generalized Samuel Numbers and Valuative
Reductions

Lemma 4.13. Let B be a semiring, ¢ = (Mp)nenu{+oo}
be an axe-filtration of the semi-B-module M, and N be
a subsemi-module of M. The following assertions are
equivalent:

1. wy(N) = 4005

2. forall a € N, wy, ,(N) = 4005

3. there exists a € N such that w;, ,(N) = +o0.

Proof. a) Let’s show that i) implies ii). If w,(N) = +o0,
then there is no » € N such that M, C N. Suppose
s = wy,,(N) # +00. Then we have M, C N with s € N,
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which implies w,, (V') < s + a, a contradiction.

b) ii) implies iii) is obvious.

Proposition 4.14. Let B be a semiring, ¢ =
(Mn)nENU{+oo}s 0 = (Fn)nGNU{+oo}» and 7
(En)nenu{+oc} be axe-filtrations of the semi-B-module M. If
( is a valuative reduction of 6, then:

Uy () exists if and only if 7, () exists.

We have: ©,,(0)= 9, () if the defined terms exist.

Proof. Since the axe-filtration ¢ is a valuative reduction
of the axe-filtration 6, there exists a € N such that F},,
M, C F,,Vn (Theorem 4.11), and we have:
Mn+a C Fn—i—a - Mn C Fn-

a) We have: nt2a?n(Fniza)
n+a 'Un(FnJra)

NN

Fn+2a

nta Vn(Mnta)
n n+2a - n n+a

o T U"(y") As n — 400, we get i), and if 7, (6)
or Uy () exists, we have Ty (0) =Ty ().

Proposition 4.15. Let ¢ = (My)nenuf+oo} and 0 =
(Fr)nenuf+oo} be axe-filtrations of the semi-B-module M.

The following assertions are equivalent:

1. v,(0) exists in Ry. B

2. Foralla € N, 7, ,(0) exists in R ..

3. There exists a € N such that vy, ,,(6) exists in R...

If one of the following assertions holds, then for all ¢ € N
we have: T,(0) = Ty, ().

Proof. a) Let’s show that i) implies ii). Suppose there exists
n € N such that v, (F),) = +00. Then v, (F}) = +oo,Vk >
n, hence for a € N, VE > n, we have vy, ,(F) = +00
(Lemma 4.10), and we deduce that i) implies ii). Suppose that
v,(Fn) € N,Vn € N; then for all ¢ € N, v, ,(F,) € N
(Lemma 4.10). Let vy, ,(F,) = € N. 1) If r # 0, we
have F;, € Moy, and F,, € Moirq1, 50 @ + vy, o(Fr) <
Vo (Fp) < i, (Fn)+14+a  (x).2)Ifr =0, then F,, C M
and F,, € Myy1. We have 0 = vy, (F,) < vo(F,) <
Vo (Fn) + 1 + a (%*). Inequalities (x) and (xx) imply
for all n € N, Yeln) < Vgl HH“ < “”(F"gHJra. As
n — 400, we deduce the ex1stence of Ty, ,(0) and we have
Uy (0) = t,(0).

b) ii) implies iii) is obvious.

¢) Let’s show that iii) implies i). Let a € N. If vy, (F},) =
+o00, then v, (F,) = +oo (Lemma 4.13), and as in a),

we deduce that iii) implies i). Suppose that v;,,(F,) €

N,Vn € N; using relations (x) and (%*) from a), we have:
Vg (Fn) < Ve (Fin) < Vigo (Fn)tlta

Y

. If vy, ,(0) exists in Ry
and as n — +oo, we deduce that T,,(6) exists in R and that
Ut (0) =Ty (0).

Proposition 4.16. Let B be a semiring, and let ¢, 6, and
be axe-filtrations of the semi-B-module M. If ¢ is a valuative
reduction of 0, then the following assertions are equivalent:

1. Dy(n) exists in R

2. U,(n) exists in R
If one of the equivalent assertions holds, we have: T, (1) =
vg(n).

Proof. a) Let’s show that i) implies ii). Let n = (E,)nen.
Since ¢ is a valuative reduction of 6, there exists a € N such
that t,0 < ¢ < 6, which implies e ,(E”) < velBn) o

AXE-Filtrations of Semi-modules, Generalized Samuel Number V' ,(#), and Valuative Reduction

@. If Tp(n) exists and n — o0, we have Tg(n) =

'Utaﬂ(En)
n

limy,_s 4 o = limy, 400 22En) (Proposition 4.15).

We deduce that lim,, 1o % exists and that T,(n) =
Vo (n).

b) Let’s show that ii) implies i). Since ¢ is a valuative
reduction of 6, there exists a € N such that {,0 < ¢ < 6,
which implies ¢, < t,0 < . As in a), we can show that if
U, (1) exists, then Tg(n) exists (Proposition 4.15), and we have
B, (n) = ().

Theorem 4.17. Let B be a semiring, ¢ and 6 be axe-
filtrations of the semi-B-module M, and f = (F)nenu{+oo}
and g = (Gn)nenuf+oo} be quasi-filtrations of B. If ¢
is weakly f-good, 6 is weakly g-good, and ¢ is AP, then
U,(0) exists in Ry and we have D,(0) = vyp(gM) =
limnﬁﬂ,o M

Proof. If ¢ = (Mp)nenui+oc} is Weakly f-good, then
fM 1is a valuative reduction of . Since ¢ is weakly f-
good, we have F,M, C M, , for all p,q, and there exists
an integer m > 1 such that M,, = Z;T:o F,_,M, for all
n > m, and M,, C F,_,,M for all n > m. Therefore,
Myym € F,M C M, foralln € N. t,,0 < fM < ¢,
and consequently, fM is a valuative reduction of ¢ (Theorem
4.11). If g is AP, then 0 s/ (g M) exists in R ;. (Proposition 4.5)
and we have Ty (gM) = T,(gM) (Proposition 4.16). Since
0 is weakly g-good, gM is a valuative reduction of §. Using
Proposition 4.16, we obtain Ty (gM) = T,(gM) = T,(0);
hence the existence of v,(0) in Ry and we have 7,(0) =
Tar(gM) = limy, 4 oo M (Proposition 4.6).

4.4. Examples
Let B=R,,A=N++2Nand M = R_. Ais a sub-
semiring of B and M is a semi B-module.

(1) Let M, = \/E{%}“Z,, N, = \/E"“Z, foralln € N
and Mo, = No = {0}. Let ¢ = (My,)nenuf+oo} and
0= (N, )nENU{+c>0} be families of sub-monoids of M.

(i) We have: M, 41 \[{ L, d AM, —
\/E{g}HZ— + \f{ } 7 for any natural number n.
We note that if n is even, then M,, 11 = ﬁ{%}+227
and if n s odd, then M, .1 — v3' 2 1727,

In all cases, M,,+1 € AM,,. Thus ¢ is an axis-filtration
of M.

(i1) We can easily show that 6 is also an axis-filtration of M.
(iii) vy (Ny,) =sup{r e N| N, C AM,}
then v, (IV,,) = 2n;

hence U, (0) = limy, 400 20, (Ny,) = 2.

(2)Let Hy = Hy = Hy = 27._ + +/2Z_ and
H, =(0),Vn > 3.
Let K,, = 2Z_ + \/2Z_, foralln € N, and Hoo = Koo
The families 7 = (Hy,)nenu{+oo}
and A = (K, )nenuf+oo} are axis-filtrations of M. v, (K,) =
2

, Vn € N;thus 0, (A) = limy,—, o0 vy (K;) = 0.
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