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Abstract: We study the modular resolution method using a new tool called a Polyserie introduced by Wildberger N.J. &
Rubine D. to prove an equivalence theorem of the existence and the unicity of the solution of the equation of the form H? (x) —
H; (z)+t =0 (mod t™). These equations admits solutions for a fixed ¢ but when ¢ changes in a range of several values, then the
equation becomes parametric and hence the solution should be parametric too. Prof. Wildberger N.J has studied such equations
using Catalan numbers sequence using the recurrence formula between their terms C,, 11 = ZZ:O CyCy _, which allow us to
easily prove the main result of the present article. We study Wildberger’s Polynumber Sequences, Binomial Chu-Vandermonde
Identity, Truncated Polyseries and finally Modular Resolution as Application.

Keywords: Truncated Polyseries, Binomial Chu-Vandermonde Identity, Polynumber Sequences,
Exponential Euler Polyseries, Newton Polyserie Catalan Numbers, Modular Resolution

1. Discretization 3. Summation operator of a sequence:

Modular resolutions have long played a central role in Z (s) := 0, a0, a0 + a1, a0 + a1 +az
understanding the structure of modules over rings with positive
characteristic. In this paper, we introduce a novel technique
based on polyseries expansions to construct and analyze such

Thomas Harriot (1560-1621) was the first to introduce the
difference tables

resolutions. s=[) Als) A%(s) AY(s) Alfs) A%(s)
Remark 1. Most of the present work is indebted to the wise 0 1 14 36 24 0
efforts of Prof. Wildberger N.J. Therefore The author declare 1 15 50 60 24 0
no conflicts of interest unless the permission of the diffusion.
For more details, see [14—19] 16 65 110 84 24
Definition 1 (Informally). A sequence is a set of related 81 175 194 108
events, movements, or items that follow each other in a
particular order. See [19] 256 369 302
Example 1. 625 671 :

1. Integer sequences:
1296
§ 1= ap,a1,a2," -

2. Forward difference operator of a sequence:

A(s):=a; —ag,a2 —ay, -
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1.1. Harriot’s Triangular Summation Tables

Example 2. The columns of the ongoing Harriot’s

polyseries summation table are:

s=[1) () XM X)) X'(s) X7 (s)

I 0 0 0 0 0
1 1 0 0 0 0
1 2 1 0 0 0
1 3 3 1 0 0
1 4 6 4 1 0
1 5 10 10 5 1
1 6 15 20 15 6

7 21 35 35 21

8 28 56 70 56

The initial ongoing Harriot’s polyserie

The third is:

e () - [e)

:=0,0,0,1,4,10,20,35,--- (Pyramidal Numbers)

The general term of the ongoing Harriot’s polyserie is:

Mh_K@>_{mm4ybm_mqw_{g>(D

l.nEk =n(n—1)---(n—k+1)is the n to the k falling
(Knuth. D. notation)

2. Harriot’s Triangular/Binomial sequences hg, Hy, H - - -,
by using the binomial formula (2)

hnk:hk(n):<z>v kan:071723 (2)

We get the following table:

ho=[1):=1,1,1,-- k
. .- 1 0 0 O
The first summation of it is 1 1 0 0
oy H=[hne) = n 1 2 1 0 3)
1 4 6 4 1
its second one is
/ n n (n 7 1) . .
H, = 9 == )= 0,0,1,3,6,10, Theorem 2 (Harriot’s Difference Theorem).
(Triangular Numbers) A (hg)=hg—1  (For k=1,2,3,--+) 4
Proof By definition:
n
So we get:
A ) =hetn+ 1) = hi ) = ("E) = (1) = (7)) =)
n) = n — n) = — = =hi_1 (n
k k k i i ko1 k-1
Corollary 1. For any sequence S := ag,a1,as--- we can  we generate the following summation table:
generate difference or summation table.
Example 3. From the sequence: 00 6 2 0 I 0 0 0
0 0 6 8 2 1 1 0 0
0O 0 6 14 10 3 2 1 0
=1,1,3,1 1,212
s=11,3,13,37,81, 00 0 20 24 13 5 3 1
00 0 0 4 37 18 8 4 ©)
o 0 O 0 0 81 55 26 12
0o 0 O 0 0 0 131 81 38
0 0 é 0 0 0 0 212 219 ;
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1.2. Chains

Definition 2. For a fixed counting number k£ and an integer
n, the k-chain on n is

c=n,n+1,---n+k-1 (6)
Example 4.
1. The 3-chainon 17 is 17,18,19
2. The 1-chain on -51 is -51
3. The 8-chain on -2 is -2,-1,0,1,2,3,4,5
Notation 1.

¢(5,11) :=5,6,7,8,9,10,11 = ¢
1.3. Integral Sequences

Definition 3. An integral k—sequence is an explicit

assignment of integers to the elements of a k-chain
Example 5. From this table:

Table 1. Values of S(n) for integer shifts.

+4
+2

+2
+3 0

+1 +3

+1 +2 -1

s(n)

We deduce the sequence:latex

s=1_1,20,—11,32,03,24

sfl =1,2,-1,3,0,2 the limits are: -1 and 4, sfl the size is 6

Remark 3.
1. The default beginning limit is 0.
2. The term sequence means k-sequence for some counting
number k.
3. We only consider finite sequences.

1.4. Clips

Definition 4. A clip is a representation of a (consecutive)
portion of a sequence
Example 6. The sequence s = 1_1,20, —11,32,03,24 has

clips:
1. (= 1,1, 20, —11, 327 ce (left Cllp)
2. 3 ="---,32,03,24 (rightclip)
3. k=---,—1,35,--- (double clip)
4. s =1_1,2¢p,—11, 39,03, 24 (total clip)
Remark 4.

1. A clip must have at least one element.

[Po b1 D2 D3

[ P3 2pop1 PT+ 2pop2

168

2. The default clip kind is the left one starting at 0.

3. A given sequence will have many clips:
representation of the sequence.

Example 7. From the sequence:

partial

s=10,9,8,7,6,5,4

we get:
clip assignement data
10,9,8,--- right data (accepted)
s 7,6, wrong data (non accepted)
<o, 73,04, -+ right data
R right
wrong

1.5. Polynumber Sequences

Example 8. If
+2

-1
+3

p= :2—O[+3Oé2

is a polynumber then we may define sequences using p

[p (n))} p(1),p(2),r(3),p(4)
4,12, 26,46

Summary 1. We say [p(n))] = [2—714—3712);1 is a

polynumber (polynomial) sequence.

1.6. Ongoing Polyseries

We want to consider the finite sequences that keep going on,
in a limited way (finite computable way).

Example 9. The ongoing polyserie [2 —n + 3n2>r is an
ongoing sequence for the polynumber 2 — n + 3n? starting
from the integer 1

[2—n+3n2) :=14,12,26,46, -

It shows a clip of the ongoing sequence.
Algorithm 1 (Square root). We search a solution for p of the
equation:
pPP=1+a

such that:
a:[O 1 0 >

We have:

'>[P0 pP1 D2 P3 ~>:1+a
=1+«
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Algorithm 2 (Square root). We deduce that:

pg=1
2pop1 = 1
P+ 2pop2 =0
pop3 + p1p2 + p2p1 + p3po =0

Then the Solution of p is given by its coordinates:

1 1 1 1 1 1 1 1
= — = —— = — = —— or = = — = — = = —_—
Po » D1 27}72 87}73 6l Po b1 2,102 8,]33 16
1.7. Binomial Chu-Vandermonde Identity
Theorem 5. For any natural number n and polynumbers «, 8 and ¢
" /n
(Oé + B)nt _ Z (k> O{(nfk):tlgk:t (7)

k=0
Example 10 (Newton Polyserie). If t = —1, we get the Newton Polyseries identity

n

Z(k) (n—k):=1gk:=1 _ = (r+ )™ -1

k=0
We have
i + rn:—l + Sn:—l
1+ ) :Z T and (1+a) :Z T
n=0 n=0
We deduce that:

1+a) x(1+a)’

Il
VR
3
1]+

ﬁﬂ
2|

Q

3
~—
VRS
3

+
il
C’Jﬂ
=
-

Qﬂ

~—

o n
+ n ki—1 ;n—k:—1

1 T s n

- Z!<Z”! ! (n—k)!>0‘

n=0 k=0
+ n k:i—1 .n—k:—1
1 n\nr S
- ZOH (; (k> k! (nk)!> o
n= =0
+
1 n:i—1 r4+s
—~ n! ( )

Example 11 (Exponential Euler Polyseries). If ¢ = 0 we get the Binomial identity:

n

(Of + /8)77,:0 _ Z (Z) a(nfk):()l@k:o (8)

k=0

We introduce then the exponential Polyseries:

2

+
r r’ r
(eXp) = E 7' :1—&—7“044—50424-

n=0

and
2

+
s s" r
(exp>‘zzj =1+7‘a+?a2+~~
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such that:
- s + 7,n:O + Sn:O
(exp)” x (exp)” = Z e Z e
n=0 n=0
| — k)
=\ k! (n—k)
+ 1 n |,r,k:0 Sn—k 0 N
B nz:;)n! kfon. k! (n—k)! “
1
n:0 n r+s
= (Zn.ms) a ) — (exp)*
n=0
Example 12 (Newton Reciprocal Polyserie). 1f ¢t = 1, then: and
(i Pl k) (i A [) (i (r+ s)™ n) ©) + il
@ X —« = @ . —S$ n
2w 2 2 o (1-a)=3 —ra
n=0
Case 1. We get the Newton Reciprocal Polyserie: Finally we get:
o =a(a+1)(@+2) - (a+n—1) l-a) " x(1-a) =1-a) "™ (10
Hence 1.8. Truncated Polyseries
n:l
(—a) = (—a)(—a+1)(~a+2)- - (-a+n-1) An algebra (with identity) is a vector space A over Q with
= (-D"a(a=1)(a—=2)---(a—n+1) a multiplication a x b satisfying for all a,b,c € A and A € Q
(—1)" Qi1 the following properties:
1. Associativity
We have:
(—a)™ = (=1)" @™ (axb)xc=ax(bxc)
Then . 2. Distributivity
n .
(n—k):1 _k:1 __ n:l
Z<k>r s =(rts) ax(b+c) =axb+taxc,
k=0 (a+b)xec =axc+bxe,
We deduce (Aa) xb=uax (\b) = X(axb)
“—~ nl lxa=axl=a

Definition 5. A truncated Polyserie is defined finitely as a data-structure (ongoing up to a certain finite order k)

0 0 0 1
1 0 0 0
al=ap=|0 =a2=|1 af=|0 a)=|0 (1)
0 0 1 0
1 0 0
ZO 0 1 0
1
a=| . =a | +a | +a| Y =a0l+aol+aad-+aral (12)
Ak 0 0 1
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Algorithm 3. If
ap b(]

al bl
a= . and b=

g bk
Then
ag + b Aag

a; + by Aay

a+b= ; \a = . (13)

ay + by, Aay

aopbo
a1b0 + a1b0
axb= | aoba+aiby +azbg (14)

| aobr + a1bg_1 + -+ arbo

Theorem 6. The identity (15) holds for any truncated polyseries a = Zf:o a;ai and b = Zf:o b;ai expressed in term of the
k—basis [ag ap ai - o/,ﬁ]

k k k i
(Z ami) <Z bm}é) = Z Zaibj,i Oz;’C (15)
i=0 =0

i=0 \ j=0

Proof

a = apd) +ajal +axal -+ apaf = Zf:o a;al
From (12) we have: and

b = boald +bial +byal - +bpak =S8 biad

Using (14) we get:

axb= (Zf:o aia};) (Zf:o bia};) = (apho) o+
+ (a1bo + a1bo) ah+
+ (aobz + a1by + azby) o+

+ (apbg + arbg—1 + -+ + ag—1b1 + agbo) af
k i i
= Yo (Zj:o aibj—z’) A

2. Modular Resolution numbers.
3. P = [p1,pa,...) : Polyserie of primes.
We introduce the following notations: 4. Ay = la1,a2,...ar) = Ty (A) : Truncated polyserie
1. A =[ay,as,...): Wildberger’s Polyserie. of order k.
2. Neomp = [0,1,...) : Polyserie of computable natural 5. F, ~ Z/pZ : Finite field of characteristic p, (p € P).

with modular equivalence:

Va,b € Noomp : [@a = b (mod p)] < [a (mod p) = b (mod p)] (16)

1. Subsets: ) )
1,...,27_}[1,27_} (17)

1 1
F;:{%,...,p—l}:{p—i_m—l] (18)
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Fx =F UF, =F,—{0,} (19)
2. Absolute value:
ifae|1,2=2
a a -
Vo€, fal, =4, 4 ifac 1“517p_1] (20)

0, ifa=0,

3. Catalan Numbers

1 2n
C, = , =0,1,2,... 21
n+1(n) " @D

Co=1, Ci=1, Ce=2, C3=05, Cy=14,

Cs =42, Cg=132, C; =429, C(g=1430,Cy = 4862 (22)
Co=1, Cuy1=) CiCuy, (n20) (23)
k=0
o 2(2n + 1)0 24)
n+1 — nf+2 n
1-VT—4 & 1
)= —— = =1 +tG(t)?, ¢ = 25
6 = g = Yo =1iew?, ve (o) 2s)
Catalan numbers are often used in geometry and 3. Triangulation: Number of ways to triangulate a convex
combinatorics (n +2) gon.
1. Dyck paths: Number of lattice paths from (0,0) to 4. Non-a-crossing partitions: Number of ways to connect
(2n,0) with steps (1, 1) and (1, —1) that never dip below n points on a circle by non-a-crossing chords.
the x axis. Theorem 7. Set n € Neomp, n > 2, H : Ff — FF,
2. Binary trees: Number of rooted full binary trees with 4 > [t]"+1 )
n + 1 leaves. Then the following equivalence holds
n—1
(H? (z) — Hy (z) +t =0 (modt")) & (H; (z) = Z Cr_1t* (mod t™)) (26)
k=1

Proof
p

1. Assume that H; (z) = . Cp_1t* (mod ™), then:
k=1

2

n—1
Z Cp1t" + Z apt® | = (an + Bn)? = a2 + Bn (204 + Bn) = 2 (mod ")
k=1

k>n

Hence, we deduce that:

n—1 n—1 2
Z Ch_1 t*F + Z aptt | = <Z Cr_1 tk> (mod t™).
k=1 k=1

k>n
Such that:
n—1 2
H} (x) = (Z ck_ltk> (mod (") @7)
k=1
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On the other hand we have:

n—1 2
(Z Ck_l tk)
k=1

n—1 n—1 2n—1 k
12 (Z C; ti> (Z C; tj) = Z < Cy Ck_e) t*
i=0 =0 k=0 \¢=0

2n—1 2n—1

2n
= > Gt =t Y Gt =t + Y Cpat™
k=0 k=0 m=1

n—1 2n
= —t+» Coat'+> Chat’ =—t+Hi(z) (modt")
k=1 k=n

From (27) we get H? () = —t + H; (x) (mod t").
2. SetC'(Hy) (x) = Hf (x) — Hy (z) + t, t € F}.
For any two functions H, : Ff — F.f, H{ : F} — F} and forallz € | :
(C (Hy) = C(HY) ()|, = [H} (x)—Hy(2) - H? (x) + Hi (2)]
= |(H: - Hy) (Hy + Hi — 1) ()], -

p

Since H; (x) € F and H{ (x) € I}, then:

Hy(z), H)(z) € [1,25] = H,(z)+Hj(2) € [2,p—1]
= (Hi+H/-1)(x)el,p—2]
= (H;+H{-1)(z) €eF}
= (Ho+ H - 1) (2) £0,

We have:
I(C(H) = C(Hy) (2)|, =0, <« [(H—H])(H +H;—1)(x)], =0,
< |(He— Hy) (z)], =0,

Since p > [t]"T",  if C (Hy) (z) = C (H]) (z) =0 (mod "), then:

Hy(z)=H () = S Cr_1t" (mod t") (28)
Example 13. The solutions of the modular equation -
t+axr+2° =0 (mod ") (29)
are of the form: -
T = ; CHaTl_lt’c (mod ™). (30)

Since F; = IF; U, , we can easily deduce the second solution form in ;" using its modular conjugate in F;r.

9 B n T\ 2 T t n
2 —ar+t= 0 (modt") < (7> —(—)+7=0(modt)
a a a
&  H? - H+wu = (mod t")
From Theorem (7) we get:

z n—1 n—1 ¢ k t n
_ _ k n __
LeH=Y Gt taw =Y 0 () ()
k=1 k=1
Hence
n—1 k n—1

t tk b
zzazck—lﬂ +b,t" = ch—l 1 +;ntn
k=1

a2
k=1
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We deduce that .
RS L
r = ZCkflwt (mod tn)
k=1
If a = —1, and n = 10, then the two modular solutions of the quadratic equation
t+z+22=0 (modtlo)
are:
xy = —t — 7 — 263 — 5t — 1447 — 42t° — 1327 — 429¢® — 1430° (mod t'?)
and
Ty = =1+t 417 +26° + 5t* + 147 + 42¢° + 132¢7 4 429¢® + 1430t” (mod t')
up to degree 10, we get H (1) = H (x2) = H, such that:
H = 1'% (2044900 3 + 1226940 ¢ + 561561 ¢° + 233376 ¢> + 93500¢* + 37400¢> + 15470¢> + 7072t + 4862)
For more complete examples see [20] [4] R. Lidl and H. Niederreiter. Finite Fields. Cambridge

3. Conclusion

The equivalence (26) in the theorem (7), shows how strong
is the algebraic notion of truncation of Polyseries in Finite
fields introduced by Wildberger N.J & Rubine D. in their
recent article [20]

Future Work:

1. Extend the method to higher degree polynomials and

explore generalizations.

2. Investigate computational complexity and algorithmic

implementation.

3. Apply the method to cryptography of protocols or error

correcting codes.

4. Explore connections with p-adic analysis and modular

forms.

5. The author declare no conflicts of interest.

Author Contributions

Mahdi-Tahar Brahimi is the sole author. The author read
and approved the final manuscript.

Conflicts of Interest

The author declares no conflicts of interest.

References

[1] H. Cohen. A Course in Computational Algebraic Number
Theory. Springer, 1993.

[2] F. Q. Gouvea.
Springer, 1997.

p-adic Numbers: An Introduction.

[3] G. H. Hardy and E. M. Wright. An Introduction to the
Theory of Numbers. Oxford University Press, 1979.

University Press, 1997.

[S]1 G. Ma, T. S. Aarthy, and O. Ozen. On the quinary
homogeneous bi-quadratic equation z*+y*—(z+y)w? =
14 22 t2. Journal of Fundamental and Applied Sciences,
12(2): 516-524, 2020.

[6] G. Ma, T. S. Aarthy, and O. Ozen. On the system of
double equations with three unknowns d+ay+bx+cx? =
22 y+ 2z = 2% International Journal of Nonlinear

Analysis and Applications, 12(1): 575-581, 2021.

[7] G. Ma, V. Sa, and O. Ozen. A Collection of Pellian
Equation (Solutions and Properties).
Akinik Publications, 1st edition, 2018.

[8] J.Neukirch. Algebraic Number Theory. Springer Science
& Business Media, Mar. 2013.

[9] O. Ozen and G. Ma. On the homogeneous cone 22 +
(k+1)y?> = (k+1)(k + 3)x2  Pioneer Journal of
Mathematics and Mathematical Sciences, 25(1): 9-18,
2019.

[10] V. Sa, G. Ma, T. S. Aarthy, and O. Ozen. On ternary
biquadratic diophantine equation 11(z2 — y?) + 3(zy) =
2%, Notes on Number Theory and Discrete Mathematics,
25(3): 65-71, 2019.

[11] V. Sa, G. Ma, and O. Ozen. On non-homogeneous cubic
equation with four unknowns xy + 222 = 2w3.
Purakala: UGC Care Approved Journal, 31(2): 927-933,
2022.

[12] B. Salim, A. M. Ahmed, and O. Ozen. Representation
of integers by k-generalized fibonacci sequences and
applications in cryptography. Asian-European Journal
of Mathematics, 14(9): 21501571-215015711, 2021.

[13] J.-P. Serre. A Course in Arithmetic. Springer, 1973.

174



175 Mahdi-Tahar Brahimi: Modular Resolution by Polyseries

[14] N. J. Wildberger. Math foundations. YouTube playlist on
Insights Into Mathematics channel, 2009.
https://youtu.be/HsUxn211 Wzk?list=PLIIjB45xT8
5DGxjlx_dyaSggbauAgrB6R

[15] N. J. Wildberger. Data structures in mathematics (math
foundations 151).
YouTube video on Insights Into Mathematics channel,
2015. https://youtu.be/q2beQrKjtzs

[16] N. J. Wildberger. Wild egg maths. YouTube playlist on
WildEggMathematicsCourses, 2017.

https://www.youtube.com/ @ WildEggMathematics
Courses

[17] N. J. Wildberger. Box arithmetic. YouTube video on
Insights Into Mathematics channel, 2021.

https://youtu.be/4xoF2SRp194 MNist=PLIljB45xT85
B0aMG-GY90qj-NPIuBMnq8z

[18] N. J. Wildberger. Solving polynomial equations.
YouTube video on Wild Egg Maths channel, 2021.
https://youtu.be/XHC1YLh67Z0ist=PLzdiPTrEWyz7P
psRFHuUGb3EhwZtEOdRjV

[19] N. J. Wildberger. Algebraic calculus two.
playlist on Wild Egg Maths channel, 2022.
https://youtu.be/HXdUfOTwDlcist=PLzdiPTrEWyz7cy
25JdKBpzB4fTQT7-X1

YouTube

[20] N. J. Wildberger and D. Rubine. A hyper-catalan series
solution to polynomial equations, and the geode.
The American Mathematical Monthly, 132(5): 383-402,
May 2025.



