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Abstract: In this work, we develop a theory of asymptotic growth for quasi-filtrations in the framework of commutative
semirings. A quasi-filtration ¢ = (Gy)nenuf+oo} 18 @ family of submonoids of a semiring B that satisfies the conditions of
a quasi-graduation and is also decreasing for indices n > 1. This structure generalizes the notion of a filtration by using
submonoids instead of the more restrictive semi-ideals. In this context, we extend the Samuel number w; (.J) of a pair of semi-
ideals (I, J) to a quasi-filtration f and a submonoid J, denoted w(.J), and also to a pair of quasi-filtrations (f, g), which we
will denote wy(g). The central question is the existence of generalized Samuel number, denoted @ (g), which is defined as the
limit of the radio wy(Gy)/n as n tends to infinity. Our main result provides a positive answer to this question under certain
conditions. We demonstrate that if the quasi-filtration f is regular, then wy(.J) exists for any submonoid J, and the generalized
Samuel number w¢(g) is well-defined for any quasi-filtration g that is Approximable by Powers of submonoids (AP). Finally,
we study the algebraic properties of this number. We prove that this number is non-negative and positively homogeneous under
certain conditions. These results constitute an essential step towards the development of analytical tools for non-symmetrizable
algebraic structures.

Keywords: Commutative Ring, Semi-ring, Submonoid, Filtration, Quasi-filtration, Generalized Samuel Number,
Regular Quasi-filtration, AP Quasi-filtration

1. Introduction

In commutative algebra, the theory of ideal filtrations is a
powerful tool for studying the asymptotic structure of rings. It
allows for the definition of numerical invariants, such as the
Samuel number introduced in [12-14]. This number captures
deep geometric and algebraic information, particularly
concerning the intersection multiplicity of algebraic varieties
[8-10]. Although these tools were successfully developed for
Noetherian rings, much research has aimed to extend their
scope. The present work is part of this generalization effort.
A first step, initiated by P. Ayegnon and D. Sangare [12],
consisted of extending the Samuel number to the broader

framework of filtrations. More recently, a significant line of
research, led by E. D. Akeke, S. Ouattara, and P. Ayegnon
[3, 4, 7], has sought to adapt these concepts to semirings. In
the same vein, Y. M. Diagana and S. Ouattara [5] extended
the Samuel number Ts(g) to decreasing quasi-graduations
and E. D. Akeke, P. K. Ayegnon and H. Dichi extended this
number to bifiltrations in [2]. These algebraic structures,
where addition is not necessarily invertible, arise naturally
in various fields. Fundamental examples include the sets of
natural numbers (N, 4, .) or positive real numbers (R, +,.),
as well as any unital commutative ring. Our goal is to develop
an asymptotic theory for these structures. The first contribution
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of this paper is to introduce the notion of a quasi-filtration on a
semiring. This is a decreasing family (G, )nen of submonoids
that generalizes the usual filtration by powers of an ideal. For
example, on the semiring B = R, with the sub-semiring
A = N, the family defined by Go = A and G,, = (0) for
n > 1 is a trivial quasi-filtration. A richer case is given by
Gn = (p + /p)"N for a prime number p. We particularly
study the so-called ”Approximable by Powers” (AP) quasi-
filtrations, which are central to our main results. The second
contribution is the extension of the Samuel number concept
to a semimodule, as in [6]. We define a generalized number,
denoted Wy (g), which measures the relative growth rate of a
quasi-filtration g with respect to a reference filtration f. The
central question is the existence of this number, defined as a
limit. We prove that if f is an AP quasi-filtration, this limit
always exists and can be computed as an infimum, which
facilitates its analysis. This number provides a new invariant
to compare growth rates in non-Noetherian contexts, opening
avenues for analyzing the complexity of systems described by
semirings in algebraic geometry. The paper is organized as
follows. The first section is devoted to preliminaries, where
we recall the basic definitions of semirings and submonoids.
The second section formally introduces quasi-filtrations, their
operations, and their properties. Finally, the third and final
section is dedicated to the definition and in-depth study of the
generalized Samuel number @ ¢ (g), where we present our main
theorems on its existence and properties.

2. Preliminaries

2.1. Definitions and Examples

Definition 2.1. (1) A monoid is a set B equipped with an
internal composition law * that is associative, commutative,
and has an identity element, denoted e .

(2) Let (B, *) be a monoid and A be a subset of B. We say
that A equipped with the law * from B is a submonoid of B if
(A, *) is a monoid such that e4 = ep.

(3) A pre-semiring is a set B equipped with an addition and
a multiplication, for each of which it is a monoid.

(4) A semiring is a set B equipped with an addition and
a multiplication satisfying: (i) (B,+,.) is a pre-semiring;
(i) Multiplication is distributive over addition; (iii) O is an
annihilator for B.

(5) Let (B, +, .) be a semiring and A be a subset of B. We
say that A is a sub-semiring of B if (A, +, .) is a semiring such
that 0, = Opand 14 = 1p.

Example 2.1. (1) Any unital commutative ring is a semiring.

(2) The sets (N, +,.), (Ry,+,.), (Q4,+,.) are semirings.
Thus, N is a sub-semiring of Q. , and Q. is a sub-semiring of
R;.

(3) The set N[X] of polynomials in one variable with
coefficients in N, equipped with addition and multiplication,
is a semiring.

2.2. Operations on Submonoids of a Semiring

2.2.1. Sum of Submonoids

Definition 2.2.Let H and G be two submonoids of a
semiring B. We call the sum of the submonoids H and G
the set of sums h + g, where h € H and g € G. It is denoted:
H+G={h+g|lh € Handge G}.

Proposition 2.1.1If H and G are two submonoids of a
semiring B, then H + G is a submonoid of B. More generally,
if (Gs)ses is a family of submonoids of B, the set of finite
sums ZSGS gs where g, € G for all s € S is a submonoid of
B, denoted ) | ¢ G..

2.2.2. Product of Two Submonoids

Definition 2.3.Let H and G be two submonoids of a
semiring B. The set of finite sums Zse g hsgs where hy € H
and gs; € G, is a submonoid of B denoted HG and called the
product of the submonoids H and G.

Remark 2.1. The product of an arbitrary family of
submonoids is defined analogously. In particular, we define
the powers G™ (n > 0). By convention, G is a sub-semiring
of B.

3. Quasi-filtrations of a Semiring

3.1. Definitions and Examples

Definition 3.1. Let B be a semiring and g = (G )nenufoo}
be a family of submonoids of B. (1) We say that g is a quasi-
graduation of B if: (i) Gy = A is a sub-semiring of B; (ii)
Goo = {0}; (ili) G,G4 C Gpig, Y, g € N.

(2) We will say that g is a quasi-filtration of B, if: (i) gis a
quasi-graduation of B; (ii) G,,41 C G,,,Vn € N*.

Example 3.1. Let B = R, and A = N. (1) The family
g = (Gpn)nen defined by: Gy = A and G,, = {0},Vn € N*,
is a quasi-filtration of B. It is denoted g = g(q).

(2) The family h = (H,,)nen defined by: H, = A,Vn € N,
is a quasi-filtration of B. It is denoted h = h 4. More generally,
9(0) and gp are the trivial quasi-filtrations of the semiring B.

(3) If p is a prime number, then by setting G,, = (p +
VP)"N, g = (Gn)nenufso} is a quasi-filtration of the semiring
B with G, = (0).

3.2. Some Classes of Quasi-filtrations

Definition 3.2. The set QF(B) of quasi-filtrations of the
semiring B is ordered by the relation: h = (H,) < g = (G,,)
if H,, C G,, forallm > 0.

(1) Let I be a submonoid of a semiring B and A be a
sub-semiring of B such that TA C [. The quasi-filtration
g = g9r = (I")nenufso) Where I° = A and I = {0}, is
called the I-adic quasi-filtration of B.

(2) A quasi-filtration ¢ = (Gn)neNU{m} of the semiring
B is said to be AP if there exists a sequence of positive
integers (kp)nen such that: (i) G, € GF,Ym,n € N*

kn
(i) limy, o0 — = 1.
n
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(3) A quasi-filtration g = (G,)nenu{oo} Of the semiring
B is said to be strongly AP if there exists m € N* such
that: (Gp,)""' C Gty € (G)™Vn > 0 and Vj €
{0;..;m —1}.

(4) Let A be a positive real number. We denote by {\} the
smallest integer greater than or equal to A, and for any quasi-
filtration g = (G,)penu{oo} Of the semiring B, we consider
the quasi-filtration gV = (G {nr})neNufoo} -

(5) A quasi-filtration g = (G, )nenu{oo} Of the semiring
B is said to be regular if there exists k € N* such that:
9™ =g,

Proposition 3.1. Let g = (G, ) nenu{oo} be a quasi-filtration
of the semiring B. Then we have: (1) If g is strongly AP, then
g is AP. (2) If g is strongly AP, then g is regular.

Proof. (1) By taking k = m, we get the result. (2) The proof is
the same as that of Proposition 3.3.1 in [1].

3.3. Operations on the Set of Quasi-filtrations of a
Semiring

Definition 3.3.Let h = (Hp)penu{oo} and g =
(Gn)nenuioo} be two quasi-filtrations of a semiring B. (1)
The sum of the quasi-filtrations h and g is the quasi-filtration
h+g= 10 Han—k’)neNu{oo} of B, with (h + g)oo =
{0}

(2) The product of h and g is the quasi-filtration of B defined
by: hg = (HnGn)nENU{oo}-

4. Study of w¢(g)

Definition 4.1. Let f = (F,,)nenu{oo} be a quasi-filtration
of the semiring B and J be a submonoid of B such that JFy C
J. We set: wy(J) = inf{r € N|F, C J} and if the set
{r € N|F,. C J} is empty, we set ws(J) = +o00. Letz € B,
we set wy(x) = wy(xFo).

Proposition 4.1. Let f = (F,)nenu{oo} be a quasi-filtration
of the semiring B and K be a submonoid of B such that
KFy C K. Then we have: w¢(K) < inf,cx wy(z)

Proof. Let m = inf,ecx wy(z). We can assume m < +00.
Then there exists x € K such that wy(z) = m, and we have
Fp, CaFy C K. Hence wy(K) <m =inf,cx ws(z).

Definition 4.2.Let f = (Fp)penu{ec} and g =
(Gn)nenufoo} be quasi-filtrations of the semiring B such that
Fy = Gop = A. We set wf(g) = lim, o %wf(Gn) if
this limit exists. If ¢ = f; is the J-adic quasi-filtration, then
we set We(fy) = wy(J). If g = fyand f = fr, we set
s (9) = wi(J).

Proposition 42.Let f = (Fp)penufe} and g =
(Gn)nenuioe} be quasi-filtrations of the semiring B such that
Fy = Gy = A. The following assertions are equivalent: i)
wy(g) exists in R. i) VA € R, W (g) exists in R. iii)
I\ € Ri, W (g) exists in R. If one of these assertions
holds, we have \w () (g) = wy(g).

Proof. Let us show that wy(G,) = +oo if and only if
w o (Gr) = +00, Y\ € RY. Indeed, let wyx) (Gr,) = +-00.

Then by definition 3 = {r € N|F,,; C Gp} = 0.
Suppose that wy(Gy) = p € N. Then there exists s € N
such that sA > p, hence {sA} > pand Fy ) C F), C G,,.
We then obtain /3 # (), which is absurd. Thus w¢(G,,) = +o0.
Conversely, if s = w;x)(Gn) < +oo, then Fyony C G
Consequently, w;(G,) < {sA} < +oco. We thus deduce that
wy(Gp) € Nifand only if wy) (Gy) € N.

Let us show that i) implies ii). If there exists p € N such
that w¢(Gp) = +o0, then Vk > p, we have wy(Gy) = +oo
because the sequence w,, = w¢(Gy,) is increasing. From the
above, we thus have W) (G) = +oo for all k > p, hence
ii).

Suppose now that ws(G,) € N for all n € N. Then
wrn(Gn) € Nforall n € No Let r = wyx(Gn);
then Fy,ny C© G, and Fy,_1)xy € Gp. We then have:
Alr = 1) < {Ar—=1)} < ws(Gy) < {Ar} < Ar+ 1 then
AW (Gr) = A S wp(Gr) < Awpony (Gr) — A+ 1. Equation
(4.1) implies wy(Gr) — A < Awypo (Gr) — A+ 1, hence:

/\wf(x) (Gpn) — A < wyi(Gy) < )\’LUf(x) (Gn) +1 0
n n n

As n — +oo, the first and last terms of the inequalities
tend to wy(g), and we deduce the existence of W () (g) with:
We(g) = AW (9)-

Thus i) = 1ii). That ii) implies iii) is evident.

Let us show that iii) implies i). If Wy (Gr) = +o0, then
wy(Gy) = +oo and we have the result. Suppose therefore
that wg) (Gr) € N for all n € N. Then according to (1),

Awpon (Gn) = A wp(Gn) _ Awfm(Gn)H_

we have:

n n n
As n — 400, the first and last terms of the inequglities tend
to AW x (g), so we deduce that Wy (g) exists in R and that:
AWgx (g) = Wy (g). Hence the result.

Proposition 43.1f f = (F,)penufoc} is a regular quasi-
filtration of B and J is a submonoid of B such that JFy C J,
then wy (J) exists in R.

Proof. Let wy, (J) = wg(J). We remark that wq(J") <
nws (J) forall n € N. Since fis a regular quasi-filtration, there
exists k € N* such that f(*) = fr,. Thus, it suffices to show
that @ ;) (J) exists in R (Proposition 4.4). Let the sequence

1 1
(wn)nen be defined by: w, = ﬁwﬂk)(J”) = ﬁwpk(J”)

(since f (k) = fr.). Letw (resp. w) be the limit superior (resp.
inferior) of the sequence w,,. We need to show that w = w. If
w = +oo orw = 0, it is clear. We therefore assume that w
is finite and w > 0. By definition: (1) Ve > 0,V: € N, 35 >
hw; < wWHe (2 Ve > 0,Vi € Nydj > d5w; > w—¢
(ifw < 400). B)VN € N,Vi € N, 35 > ¢;w; > N (f
w = 400). Letus fix e > 0 and choose an index i large enough

1
such that — < ; From (1), there exists 5 > 4 such that
1 w+ €

w; < w+e. There exists s > 4j such that wy > w—e (resp. N
if w = +00). Letus divide sby j; s =1j + gwith 0 < ¢ < j.
Since for any submonoid I of B, w;(J™) < nwy(J),Vn € N,

1 , 1 ,
——wp (JI) < ——wp (JY) <

then w — ¢ < — < -
lj+q lj+q



164 Kouadjo Pierre Brou ef al.: A Study of Quasi-filtrations on a Semiring and Extension of the Generalized Samuel

Number wy(g) to Quasi-filtrations on a Semiring

— lwp, (J9).
Proposition 4.4. Let f = (F,)nen be a regular quasi-
filtration and ¢ = (Gn)neny be a quasi-filtration of the

semiring A such that Fy; = Gy = A. Then we have: i)

1 — 1
limg_, 1 00 %Ef(Gk) exists in R and lim,, oo —W;(Gp) <
n
1
limg s 400 %wf(Gk). ii) If g is an AP quasi-filtration, W¢(g)

— 1
exists in R and we have W (g) = lim,,—, 400 —W(Gh).
n
Proof. Since f is a regular quasi-filtration, ws(G,,) exists in
R, ¥n € N (Proposition 4.5). Let us prove i). a) First,
let’s show that limg_, o0 %wf(Gk) exists in R. Indeed,

for all (k,n) € N2, assume n > k. By Euclidean
division, we have n = ¢,k + r,, 0 < 7, < k. And

1_ — o (gnt)m

—w(G) < (gn + 1) ———ws (G . because
—wp(G) < (g )(qn+1)m (G, ) 1
Gn = ank"!‘rn 2 Gan"l‘k = G(Qn+1)k 2 GZ”+ :

Hence, as m — 4o0, Wr(Gn) < (¢n + L)Wy (Gyg).

1

E(qn + 1)@f(Gk) And as
1 1

n — 400, we have lim,, oo wa(Gn) < E@f(Gk),Vk S

1
Consequently, EE 1(Gr) <

U (Gk) converges.

1
let’s show that lim,, . —W;(G,) < limg_oo
n s

N*.  Thus the sequence b) Now

1
701 (Gr)-

As before, let n = ¢,k + 7, with 0 < r, < k.
1 n 1w GQn+1

Then we have: —ws(G,) < an +1;(Gy ), hence
n n qn + 1

1 1
lim,,—s o0 wa(G") < %Ef(Gk),Vk: € N*, and we have

the result. Let’s prove ii). It suffices to show that

1 -

limy, 0o —Ws(Gy) < lim,, oo —W¢(Gy) and use i). Since g
n n

is an AP quasi-filtration, there exists a sequence k,, of positive

integers such that for all n,m € N,Gy, ., C G}, with

— — 1l asn — 4oo. By Euclidean division, we have

n

kngm < m = kpgm + 7 With 0 < 1, < ky, and G,,, C
1 1

Ghnqn C GEr . which implies —w;(GEn ) < —w;(Gpm).
" q " q

m m

ndm

1 1
As m — 400, we have k—mf(G,,,) < limy— 00 —Wr(Gm)s
m

n

n 1
and since -— — 1 as n — +o0, then lim,,_,o —W¢(Gy) <
- n

1
limy, 00 wa(Gm).

Proposition 4.5.Let f = (Fp)nenufe} and g =
(Gn)nenuio} be quasi-filtrations of the semiring A and A
be a positive real number. Then the following assertions
are equivalent: 1) wy(g) exists. i) W (g) exists. iii)
Ws(g\V) exists. Under these conditions, we have: @ (g) =

= (A
)\@f(,\)(g) = M

Proof. The proof is analogous to that of Proposition 2.3 in
[12].

Theorem 4.1.Let f = (Fp)penu{oo} and g =
(Gn)nenuioo} be quasi-filtrations of the semiring B such that

Fy = Gy = A and f is a strongly AP quasi-filtration. Then

1
the sequences (—w (Gy,))nen+ and (nWg, (g))nen converge
n
_ 1
in Ry and we have: i) W¢(g) = lim, oo —Wr(Grn) =
n

. 1_ - . _
inf,, e« wa(Gn). il) Wy (g) = limy, 00 nWE, (9)-

Proof. Since f is strongly AP, f is an AP quasi-filtration,
so there exists a sequence of positive integers (k,)nen such

that Fy,, ,, C F” for all n, m with lim,, o, — = 1. i) We
n

know from Proposition 4.5 that w¢(G,,) exists in R for every
integer n > 0. Furthermore, since the sequence (W (Gy))nen
is increasing, we can assume that w¢(G,) < +oo for every
integer n. Since wy(J) < kw;(J) for any submonoid J of
B such that JA C J, we obtain lim,,_, W (G,) < Wr(g).
On the other hand, for any integers n and m, we have G}, C
wy(GT) Wy (Gnm)

nm

>

Gpm, hence
wy (Gn)

n
1
(wa(Gn))neN* converges to W(g).

. Asm — oo, we get
> wy¢(g) for all n. It follows that the sequence
Moreover, W¢(g) =

1
infneN* 7mf(Gn).
ol
ii) Let us first show that W;(g) = lim,— nWg, (g). We
can assume that k, > n for all n > 1. Then if ¢ =
(Gp), the sequence of inequalities fr, < f) < fr

gives us W, (9) < Wyols) = 2-Wsle) < Wr, (o)
(*) Then, by multiplying the terms of (n;k) by k, and taking
the limit inferior, we obtain: liminf k,Wr, (9) < Wr(g) <
lim sup nWr, (g) and lim sup nr, (9) < limsup k, W, (g)
because k, > n for all n. We have thus shown that ws(g) =
lim,, 00 NWF, (g).

Now let us show that lim inf nwg, (g) < Ws(g). Suppose
that Wy (g) € Ry and let us take two integers p > 1 and ¢ > 1

such that W (g) < 2 Then w(g'?) < p (Proposition 4.7)
q
and there thus exists an integer N > 1 such thatforallm > N,

we have Wy(Gpq) < mp. Consequently, for any integer
m > N, we have F,,, C G,q. Let n be an integer greater

than or equal to 1 and g, be the integer part of ™ We then
n

have the sequence of inclusions F(, 1), € Fugn.+1)p S

Fop C Gpyg. which gives the inequality Wg, (Grg) <

plgm +1)
mq

. By taking the limit as m tends to +co, we obtain

1
limsupwg, (g) < 712, that is, lim sup nwr, (g) < B. Hence
n q

limsup nwg, (g9) < Ws(g). We deduce from (4.2) and (4.3)
that Wy (g) = lim,,—,00 NWE, (g).
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