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Abstract: In this work, we develop a theory of asymptotic growth for quasi-filtrations in the framework of commutative
semirings. A quasi-filtration g = (Gn)n∈N∪{+∞} is a family of submonoids of a semiring B that satisfies the conditions of
a quasi-graduation and is also decreasing for indices n ≥ 1. This structure generalizes the notion of a filtration by using
submonoids instead of the more restrictive semi-ideals. In this context, we extend the Samuel number wI(J) of a pair of semi-
ideals (I, J) to a quasi-filtration f and a submonoid J, denoted wf (J), and also to a pair of quasi-filtrations (f, g), which we
will denote wf (g). The central question is the existence of generalized Samuel number, denoted wf (g), which is defined as the
limit of the radio wf (Gn)/n as n tends to infinity. Our main result provides a positive answer to this question under certain
conditions. We demonstrate that if the quasi-filtration f is regular, then wf (J) exists for any submonoid J, and the generalized
Samuel number wf (g) is well-defined for any quasi-filtration g that is Approximable by Powers of submonoids (AP). Finally,
we study the algebraic properties of this number. We prove that this number is non-negative and positively homogeneous under
certain conditions. These results constitute an essential step towards the development of analytical tools for non-symmetrizable
algebraic structures.

Keywords: Commutative Ring, Semi-ring, Submonoid, Filtration, Quasi-filtration, Generalized Samuel Number,
Regular Quasi-filtration, AP Quasi-filtration

1. Introduction
In commutative algebra, the theory of ideal filtrations is a

powerful tool for studying the asymptotic structure of rings. It
allows for the definition of numerical invariants, such as the
Samuel number introduced in [12–14]. This number captures
deep geometric and algebraic information, particularly
concerning the intersection multiplicity of algebraic varieties
[8–10]. Although these tools were successfully developed for
Noetherian rings, much research has aimed to extend their
scope. The present work is part of this generalization effort.
A first step, initiated by P. Ayegnon and D. Sangare [12],
consisted of extending the Samuel number to the broader

framework of filtrations. More recently, a significant line of
research, led by E. D. Akeke, S. Ouattara, and P. Ayegnon
[3, 4, 7], has sought to adapt these concepts to semirings. In
the same vein, Y. M. Diagana and S. Ouattara [5] extended
the Samuel number vf (g) to decreasing quasi-graduations
and E. D. Akeke, P. K. Ayegnon and H. Dichi extended this
number to bifiltrations in [2]. These algebraic structures,
where addition is not necessarily invertible, arise naturally
in various fields. Fundamental examples include the sets of
natural numbers (N,+, .) or positive real numbers (R+,+, .),
as well as any unital commutative ring. Our goal is to develop
an asymptotic theory for these structures. The first contribution
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of this paper is to introduce the notion of a quasi-filtration on a
semiring. This is a decreasing family (Gn)n∈N of submonoids
that generalizes the usual filtration by powers of an ideal. For
example, on the semiring B = R+ with the sub-semiring
A = N, the family defined by G0 = A and Gn = (0) for
n ≥ 1 is a trivial quasi-filtration. A richer case is given by
Gn = (p +

√
p)nN for a prime number p. We particularly

study the so-called ”Approximable by Powers” (AP) quasi-
filtrations, which are central to our main results. The second
contribution is the extension of the Samuel number concept
to a semimodule, as in [6]. We define a generalized number,
denoted wf (g), which measures the relative growth rate of a
quasi-filtration g with respect to a reference filtration f . The
central question is the existence of this number, defined as a
limit. We prove that if f is an AP quasi-filtration, this limit
always exists and can be computed as an infimum, which
facilitates its analysis. This number provides a new invariant
to compare growth rates in non-Noetherian contexts, opening
avenues for analyzing the complexity of systems described by
semirings in algebraic geometry. The paper is organized as
follows. The first section is devoted to preliminaries, where
we recall the basic definitions of semirings and submonoids.
The second section formally introduces quasi-filtrations, their
operations, and their properties. Finally, the third and final
section is dedicated to the definition and in-depth study of the
generalized Samuel numberwf (g), where we present our main
theorems on its existence and properties.

2. Preliminaries

2.1. Definitions and Examples

Definition 2.1. (1) A monoid is a set B equipped with an
internal composition law ∗ that is associative, commutative,
and has an identity element, denoted eB .

(2) Let (B, ∗) be a monoid and A be a subset of B. We say
that A equipped with the law ∗ from B is a submonoid of B if
(A, ∗) is a monoid such that eA = eB .

(3) A pre-semiring is a set B equipped with an addition and
a multiplication, for each of which it is a monoid.

(4) A semiring is a set B equipped with an addition and
a multiplication satisfying: (i) (B,+, .) is a pre-semiring;
(ii) Multiplication is distributive over addition; (iii) 0 is an
annihilator for B.

(5) Let (B,+, .) be a semiring and A be a subset of B. We
say thatA is a sub-semiring of B if (A,+, .) is a semiring such
that 0A = 0B and 1A = 1B .

Example 2.1. (1) Any unital commutative ring is a semiring.
(2) The sets (N,+, .), (R+,+, .), (Q+,+, .) are semirings.

Thus, N is a sub-semiring of Q+, and Q+ is a sub-semiring of
R+.

(3) The set N[X] of polynomials in one variable with
coefficients in N, equipped with addition and multiplication,
is a semiring.

2.2. Operations on Submonoids of a Semiring

2.2.1. Sum of Submonoids
Definition 2.2. Let H and G be two submonoids of a

semiring B. We call the sum of the submonoids H and G
the set of sums h+ g, where h ∈ H and g ∈ G. It is denoted:
H +G = {h+ g|h ∈ H and g ∈ G}.

Proposition 2.1. If H and G are two submonoids of a
semiring B, then H +G is a submonoid of B. More generally,
if (Gs)s∈S is a family of submonoids of B, the set of finite
sums

∑
s∈S gs where gs ∈ Gs for all s ∈ S is a submonoid of

B, denoted
∑
s∈S Gs.

2.2.2. Product of Two Submonoids
Definition 2.3. Let H and G be two submonoids of a

semiring B. The set of finite sums
∑
s∈S hsgs where hs ∈ H

and gs ∈ G, is a submonoid of B denoted HG and called the
product of the submonoids H and G.

Remark 2.1. The product of an arbitrary family of
submonoids is defined analogously. In particular, we define
the powers Gn (n > 0). By convention, G0 is a sub-semiring
of B.

3. Quasi-filtrations of a Semiring

3.1. Definitions and Examples

Definition 3.1. Let B be a semiring and g = (Gn)n∈N∪{∞}
be a family of submonoids of B. (1) We say that g is a quasi-
graduation of B if: (i) G0 = A is a sub-semiring of B; (ii)
G∞ = {0}; (iii) GpGq ⊆ Gp+q,∀p, q ∈ N.

(2) We will say that g is a quasi-filtration of B, if: (i) g is a
quasi-graduation of B; (ii) Gn+1 ⊆ Gn,∀n ∈ N∗.

Example 3.1. Let B = R+ and A = N. (1) The family
g = (Gn)n∈N defined by: G0 = A and Gn = {0},∀n ∈ N∗,
is a quasi-filtration of B. It is denoted g = g(0).

(2) The family h = (Hn)n∈N defined by: Hn = A,∀n ∈ N,
is a quasi-filtration of B. It is denoted h = hA. More generally,
g(0) and gB are the trivial quasi-filtrations of the semiring B.

(3) If p is a prime number, then by setting Gn = (p +√
p)nN, g = (Gn)n∈N∪{∞} is a quasi-filtration of the semiring

B with G∞ = (0).

3.2. Some Classes of Quasi-filtrations

Definition 3.2. The set QF (B) of quasi-filtrations of the
semiring B is ordered by the relation: h = (Hn) ≤ g = (Gn)
if Hn ⊆ Gn for all n ≥ 0.

(1) Let I be a submonoid of a semiring B and A be a
sub-semiring of B such that IA ⊆ I . The quasi-filtration
g = gI = (In)n∈N∪{∞} where I0 = A and I∞ = {0}, is
called the I-adic quasi-filtration of B.

(2) A quasi-filtration g = (Gn)n∈N∪{∞} of the semiring
B is said to be AP if there exists a sequence of positive
integers (kn)n∈N such that: (i) Gmkn ⊆ Gnm,∀m,n ∈ N∗

(ii) limn→∞
kn
n

= 1.
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(3) A quasi-filtration g = (Gn)n∈N∪{∞} of the semiring
B is said to be strongly AP if there exists m ∈ N∗ such
that: (Gm)n+1 ⊆ Gmn+j ⊆ (Gm)n,∀n ≥ 0 and ∀j ∈
{0; ...;m− 1}.

(4) Let λ be a positive real number. We denote by {λ} the
smallest integer greater than or equal to λ, and for any quasi-
filtration g = (Gn)n∈N∪{∞} of the semiring B, we consider
the quasi-filtration g(λ) = (G{nλ})n∈N∪{∞}.

(5) A quasi-filtration g = (Gn)n∈N∪{∞} of the semiring
B is said to be regular if there exists k ∈ N∗ such that:
g(k) = gGk .

Proposition 3.1. Let g = (Gn)n∈N∪{∞} be a quasi-filtration
of the semiring B. Then we have: (1) If g is strongly AP, then
g is AP. (2) If g is strongly AP, then g is regular.
Proof. (1) By taking k = m, we get the result. (2) The proof is
the same as that of Proposition 3.3.1 in [1].

3.3. Operations on the Set of Quasi-filtrations of a
Semiring

Definition 3.3. Let h = (Hn)n∈N∪{∞} and g =
(Gn)n∈N∪{∞} be two quasi-filtrations of a semiring B. (1)
The sum of the quasi-filtrations h and g is the quasi-filtration
h + g = (

∑n
k=0HkGn−k)

n∈N∪{∞} of B, with (h + g)∞ =

{0}.
(2) The product of h and g is the quasi-filtration of B defined

by: hg = (HnGn)n∈N∪{∞}.

4. Study of wf(g)

Definition 4.1. Let f = (Fn)n∈N∪{∞} be a quasi-filtration
of the semiring B and J be a submonoid of B such that JF0 ⊆
J . We set: wf (J) = inf{r ∈ N|Fr ⊆ J} and if the set
{r ∈ N|Fr ⊆ J} is empty, we set wf (J) = +∞. Let x ∈ B,
we set wf (x) = wf (xF0).

Proposition 4.1. Let f = (Fn)n∈N∪{∞} be a quasi-filtration
of the semiring B and K be a submonoid of B such that
KF0 ⊆ K. Then we have: wf (K) ≤ infx∈K wf (x)

Proof. Let m = infx∈K wf (x). We can assume m < +∞.
Then there exists x ∈ K such that wf (x) = m, and we have
Fm ⊆ xF0 ⊆ K. Hence wf (K) ≤ m = infz∈K wf (z).

Definition 4.2. Let f = (Fn)n∈N∪{∞} and g =
(Gn)n∈N∪{∞} be quasi-filtrations of the semiring B such that

F0 = G0 = A. We set wf (g) = limn→∞
1

n
wf (Gn) if

this limit exists. If g = fJ is the J-adic quasi-filtration, then
we set wf (fJ) = wf (J). If g = fJ and f = fI , we set
wf (g) = wI(J).

Proposition 4.2. Let f = (Fn)n∈N∪{∞} and g =
(Gn)n∈N∪{∞} be quasi-filtrations of the semiring B such that
F0 = G0 = A. The following assertions are equivalent: i)
wf (g) exists in R. ii) ∀λ ∈ R∗+, wf(λ)(g) exists in R. iii)
∃λ ∈ R∗+, wf(λ)(g) exists in R. If one of these assertions
holds, we have λwf(λ)(g) = wf (g).
Proof. Let us show that wf (Gn) = +∞ if and only if
wf(λ)(Gn) = +∞,∀λ ∈ R∗+. Indeed, let wf(λ)(Gn) = +∞.

Then by definition β = {r ∈ N|F{rλ} ⊆ Gn} = ∅.
Suppose that wf (Gn) = p ∈ N. Then there exists s ∈ N
such that sλ ≥ p, hence {sλ} ≥ p and F{sλ} ⊆ Fp ⊆ Gn.
We then obtain β 6= ∅, which is absurd. Thus wf (Gn) = +∞.
Conversely, if s = wf(λ)(Gn) < +∞, then F{sλ} ⊆ Gn.
Consequently, wf (Gn) ≤ {sλ} < +∞. We thus deduce that
wf (Gn) ∈ N if and only if wf(λ)(Gn) ∈ N.

Let us show that i) implies ii). If there exists p ∈ N such
that wf (Gp) = +∞, then ∀k ≥ p, we have wf (Gk) = +∞
because the sequence wn = wf (Gn) is increasing. From the
above, we thus have wf(λ)(Gk) = +∞ for all k ≥ p, hence
ii).

Suppose now that wf (Gn) ∈ N for all n ∈ N. Then
wf(λ)(Gn) ∈ N for all n ∈ N. Let r = wf(λ)(Gn);
then F{rλ} ⊆ Gn and F{(r−1)λ} 6⊆ Gn. We then have:
λ(r − 1) ≤ {λ(r − 1)} < wf (Gn) ≤ {λr} < λr + 1 then
λwf(λ)(Gn)−λ ≤ wf (Gn) ≤ λwf(λ)(Gn)−λ+1. Equation
(4.1) implies wf (Gn)− λ ≤ λwf(λ)(Gn)− λ+ 1, hence:

λwf(λ)(Gn)− λ
n

≤ wf (Gn)

n
≤
λwf(λ)(Gn) + 1

n
(1)

As n → +∞, the first and last terms of the inequalities
tend to wf (g), and we deduce the existence of W f(λ)(g) with:
wf (g) = λwf(λ)(g).

Thus i) =⇒ ii). That ii) implies iii) is evident.
Let us show that iii) implies i). If wf(λ)(Gn) = +∞, then

wf (Gn) = +∞ and we have the result. Suppose therefore
that wf(λ)(Gn) ∈ N for all n ∈ N. Then according to (1),

we have:
λwf(λ)(Gn)− λ

n
≤ wf (Gn)

n
≤
λwf(λ)(Gn) + 1

n
.

As n → +∞, the first and last terms of the inequalities tend
to λwf(λ)(g), so we deduce that wf (g) exists in R and that:
λwf(λ)(g) = wf (g). Hence the result.

Proposition 4.3. If f = (Fn)n∈N∪{∞} is a regular quasi-
filtration of B and J is a submonoid of B such that JF0 ⊆ J ,
then wf (J) exists in R.

Proof. Let wfk(J) = wk(J). We remark that w1(Jn) ≤
nw1(J) for all n ∈ N. Since f is a regular quasi-filtration, there
exists k ∈ N∗ such that f (k) = fFk . Thus, it suffices to show
that wf(k)(J) exists in R (Proposition 4.4). Let the sequence

(wn)n∈N be defined by: wn =
1

n
wf(k)(Jn) =

1

n
wFk(Jn)

(since f (k) = fFk ). Let w (resp. w) be the limit superior (resp.
inferior) of the sequence wn. We need to show that w = w. If
w = +∞ or w = 0, it is clear. We therefore assume that w
is finite and w > 0. By definition: (1) ∀ε > 0,∀i ∈ N,∃j >
i;wj < w + ε. (2) ∀ε > 0,∀i ∈ N,∃j ≥ i;wj > w − ε
(if w < +∞). (3) ∀N ∈ N,∀i ∈ N,∃j > i;wj > N (if
w = +∞). Let us fix ε > 0 and choose an index i large enough

such that
1

i
<

ε

w + ε
. From (1), there exists j ≥ i such that

wj ≤ w+ε. There exists s ≥ ij such that ws > w−ε (resp. N
if w = +∞). Let us divide s by j; s = lj + q with 0 ≤ q < j.
Since for any submonoid I of B, wI(Jn) ≤ nwI(J),∀n ∈ N,

then w − ε ≤ 1

lj + q
wFk(J lj+q) ≤ 1

lj + q
wFk(J lj) ≤



164 Kouadjo Pierre Brou et al.: A Study of Quasi-filtrations on a Semiring and Extension of the Generalized Samuel
Number wf (g) to Quasi-filtrations on a Semiring

1

lj + q
lwFk(Jj).

Proposition 4.4. Let f = (Fn)n∈N be a regular quasi-
filtration and g = (Gn)n∈N be a quasi-filtration of the
semiring A such that F0 = G0 = A. Then we have: i)

limk→+∞
1

k
wf (Gk) exists in R and limn→∞

1

n
wf (Gn) ≤

limk→+∞
1

k
wf (Gk). ii) If g is an AP quasi-filtration, wf (g)

exists in R and we have wf (g) = limn→+∞
1

n
wf (Gn).

Proof. Since f is a regular quasi-filtration, wf (Gn) exists in
R, ∀n ∈ N (Proposition 4.5). Let us prove i). a) First,

let’s show that limk→+∞
1

k
wf (Gk) exists in R. Indeed,

for all (k, n) ∈ N2, assume n ≥ k. By Euclidean
division, we have n = qnk + rn, 0 ≤ rn < k. And
1

m
wf (Gnm) ≤ (qn + 1)

1

(qn + 1)m
wf (G

(qn+1)m
k ). because

Gn = Gqnk+rn ⊇ Gqnk+k = G(qn+1)k ⊇ Gqn+1
k .

Hence, as m → +∞, wf (Gn) ≤ (qn + 1)wf (Gk).

Consequently,
1

n
wf (Gn) ≤ 1

n
(qn + 1)wf (Gk). And as

n → +∞, we have limn→∞
1

n
wf (Gn) ≤ 1

k
wf (Gk),∀k ∈

N∗. Thus the sequence
1

k
wf (Gk) converges. b) Now

let’s show that limn→∞
1

n
wf (Gn) ≤ limk→∞

1

k
wf (Gk).

As before, let n = qnk + rn with 0 ≤ rn < k.

Then we have:
1

n
wf (Gn) ≤ qn + 1

n

wf (Gqn+1
k )

qn + 1
, hence

limn→∞
1

n
wf (Gn) ≤ 1

k
wf (Gk),∀k ∈ N∗, and we have

the result. Let’s prove ii). It suffices to show that

limn→∞
1

n
wf (Gn) ≤ limn→∞

1

n
wf (Gn) and use i). Since g

is an AP quasi-filtration, there exists a sequence kn of positive
integers such that for all n,m ∈ N, Gkn,m ⊆ Gnm with
kn
n
→ 1 as n → +∞. By Euclidean division, we have

knqm ≤ m = knqm + rm with 0 ≤ rm < kn and Gm ⊆
Gknqm ⊆ Gknqm , which implies

1

qm
wf (Gknqm) ≤ 1

qm
wf (Gm).

As m → +∞, we have
1

kn
wf (Gn) ≤ limm→∞

1

m
wf (Gm),

and since
n

kn
→ 1 as n → +∞, then limn→∞

1

n
wf (Gn) ≤

limm→∞
1

m
wf (Gm).

Proposition 4.5. Let f = (Fn)n∈N∪{∞} and g =
(Gn)n∈N∪{∞} be quasi-filtrations of the semiring A and λ
be a positive real number. Then the following assertions
are equivalent: i) wf (g) exists. ii) wf(λ)(g) exists. iii)
wf (g(λ)) exists. Under these conditions, we have: wf (g) =

λwf(λ)(g) =
wf (g(λ))

λ
.

Proof. The proof is analogous to that of Proposition 2.3 in
[12].

Theorem 4.1. Let f = (Fn)n∈N∪{∞} and g =
(Gn)n∈N∪{∞} be quasi-filtrations of the semiring B such that

F0 = G0 = A and f is a strongly AP quasi-filtration. Then

the sequences (
1

n
wf (Gn))n∈N∗ and (nwFn(g))n∈N∗ converge

in R+ and we have: i) wf (g) = limn→∞
1

n
wf (Gn) =

infn∈N∗
1

n
wf (Gn). ii) wf (g) = limn→∞ nwFn(g).

Proof. Since f is strongly AP, f is an AP quasi-filtration,
so there exists a sequence of positive integers (kn)n∈N such

that Fknm ⊆ Fnm for all n, m with limn→∞
kn
n

= 1. i) We

know from Proposition 4.5 that wf (Gn) exists in R for every
integer n ≥ 0. Furthermore, since the sequence (wf (Gn))n∈N
is increasing, we can assume that wf (Gn) < +∞ for every
integer n. Since wf (J) ≤ kwf (J) for any submonoid J of
B such that JA ⊆ J , we obtain limn→∞ wf (Gn) ≤ wf (g).
On the other hand, for any integers n and m, we have Gnm ⊆

Gnm, hence
wf (Gnm)

n
≥ wf (Gnm)

nm
. As m → ∞, we get

wf (Gn)

n
≥ wf (g) for all n. It follows that the sequence

(
1

n
wf (Gn))n∈N∗ converges to wf (g). Moreover, wf (g) =

infn∈N∗
1

n
wf (Gn).

ii) Let us first show that wf (g) = limn→∞ nwFn(g). We
can assume that kn ≥ n for all n ≥ 1. Then if g =
(Gn), the sequence of inequalities fFkn ≤ f (kn) ≤ fFn

gives us wFkn (g) ≤ wf(kn)(g) =
1

kn
wf (g) ≤ wFn(g).

(*) Then, by multiplying the terms of (*) by kn and taking
the limit inferior, we obtain: lim inf knwFn(g) ≤ wf (g) ≤
lim supnwFn(g) and lim supnwFn(g) ≤ lim sup knwFkn (g)
because kn ≥ n for all n. We have thus shown that wf (g) =
limn→∞ nwFn(g).

Now let us show that lim inf nwFn(g) ≤ wf (g). Suppose
that wf (g) ∈ R+ and let us take two integers p ≥ 1 and q ≥ 1

such that wf (g) <
p

q
. Then wf (g(q)) < p (Proposition 4.7)

and there thus exists an integerN ≥ 1 such that for allm ≥ N ,
we have wf (Gmq) ≤ mp. Consequently, for any integer
m ≥ N , we have Fmp ⊆ Gmq . Let n be an integer greater
than or equal to 1 and qm be the integer part of

m

n
. We then

have the sequence of inclusions F(qm+1)p ⊆ Fn(qm+1)p ⊆
Fmp ⊆ Gmq , which gives the inequality wFn(Gmq) ≤
p(qm + 1)

mq
. By taking the limit as m tends to +∞, we obtain

lim supwFn(g) ≤ 1

n

p

q
, that is, lim supnwFn(g) ≤ p

q
. Hence

lim supnwFn(g) ≤ wf (g). We deduce from (4.2) and (4.3)
that wf (g) = limn→∞ nwFn(g).
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