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Abstract: We investigate the interplay between the Chinese Remainder Theorem and the theory of congruent numbers through
a modular approach to expressing integers as sums of three cubes. By analyzing congruence systems arising from specific
residue classes modulo 8 and modulo 9, we classify the possible integers likely to be representable as sums of cubes based
on their modular residues. We also explore computational methods applying this modular framework to identify explicit cube

decompositions within these classes.
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1. Introduction

Congruent numbers have held a central place in number
theory, from ancient mathematicians to modern developments.
A positive integer n is called congruent if it is the area of a
right triangle with rational side lengths. More formally, n is
congruent if there exist rational numbers a, b, ¢ such that

{a2+b2:c2 Or{a2+b2262
1 1 *
5ab=n Qab:dzn,de(@.

The problem of determining whether an integer is congruent
is renowned for its difficulty. It translates into the
question of existence of rational solutions to certain elliptic
curve equations, linking geometry, analysis, and arithmetic.
Historically, the study of congruent numbers traces back to
ancient mathematicians like Diophantus [17] and Fibonacci
[9], with seminal contributions from Fermat [16] in the 17th
centuries. In the 20th century, modern breakthroughs by
Tunnell [11] connected congruent numbers to elliptic curve
theory and conjectures such as Birch and Swinnerton-Dyer
[14, 15] enriching the depth and scope of this classical
problem. Up to the weak Birch-Swinnerton-Dyer conjecture
for the elliptic curve F(n), an elegant characterization of
congruent numbers has been obtained by Tunnel (see Koblitz

[10], Theorem, p. 221, or Cohen [6], Theorem 6.12.4). Several
authors, including Lagrange [12], Abdolmalki and Izadi [1]
and Johnstone and Spearman [4] have made contributions to
the study of congruent numbers. Hiirlimann [2] revisited
Tunnel’s Congruent Number Criterion. Four elementary
characterizations of congruent numbers were reviewed by
Hiirlimann [3].

The importance of congruent numbers appear in rational
geometry, useful in modeling physical phenomena where exact
ratios between lengths and areas are important. They help
understand algebraic structures in elliptic curve theory, with
ramifications in cryptography, mathematical physics, and the
modeling of complex systems. The mystery surrounding these
numbers means that their study continues to be a vibrant field
of theoretical research.

Meanwhile, the problem of expressing integers as sums
of three cubes—writing n as a® + b3 + ¢3 with integers
a, b, c—attracts significant interest, particularly concerning
modular restrictions. Conditions modulo 8 and modulo 9
impose strong limitations on the integers n that can admit such
decompositions. A key step in our study lies in understanding
the modular residues of the integers n, especially modulo
8 and modulo 9. In modular arithmetic, two integers are
congruent modulo m if they leave the same remainder upon
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division by m. This idea groups integers into equivalence
classes, simplifying the study of their algebraic properties. For
the congruent number conjecture and the sum-of-three-cubes
problem, certain residue classes are privileged:

1. Modulo 8, only three residue classes matter: 5,6,7
(mod 8). These correspond to numbers that can
represent the areas of right triangles with rational sides
and satisfy particular modular square properties [5, 7,
10, 11].

2. Modulo 9, only residues 0,1, and —1 = 8 (mod 9)
allow representations as sums of three cubes. This
relates to the properties of cube residues modulo 9 and
the algebraic structure of the integers modulo 9.

The intersection of these constraints defines nine residue
classes modulo 72 (the least common multiple of 8 and 9)
where the sum-of-cubes representation problem is focused.
This modular stratification is a powerful tool guiding our
theoretical and computational investigations. To tackle these
challenges, the Chinese Remainder Theorem displays decisive
power. It reduces complex modular constraints into simpler
systems. Here, the Chinese Remainder Theorem helps classify
congruent numbers and candidates for cube sums by their
residue classes modulo 72. In this exposition, we explore
this modular approach, combining theory and numerical
experimentation to better understand congruent numbers and
their sum-of-cubes decompositions. We analyze relevant
congruence systems, identify meaningful residue classes, and
develop methods for finding solutions, illustrated by explicit
examples. This approach highlights the rich interplay among
modular arithmetic, Diophantine equations, and algorithmic
computation.

2. Main Result

Theorem 2.1. Let a, b, c € Z. If
n=la®+b* + |
is a congruent number, then

n=r (mod 72)
with
r € {37,45, 46,53, 54,55,62,63,71}.

In other words, every congruent number that can be written
as the sum of three positive cubes lies in one of these nine
residue classes modulo 72.

Proof. A well-known classical conjecture from Alter, Curtz
and Kubota [13] says that ” an positive integer n is a congruent
number if n = 5,6,7 (mod 8) (see also [8, 10, 11], ). We
also find in [5] ”n = 5,6,7 (mod 8), and if the ii eak Birch
Swinnerton Dyer conjecture holds for En then n is a congruent
number”. Next, consider n expressible as a sum of three cubes,

n=la>+b+c,

with a, b, ¢ € Z. Observe that cubes modulo 9 only take values

in
{-1,0,1},
since for all integers x,
3= -1,0,0r1 (mod 9).
Hence,
a®+ >4+ =-1,0,0r1 (mod9).

By combining modulo 8 and modulo 9 congruences through
the Chinese Remainder Theorem, since lem(8,9) = 72, we
have the results shown in Table 1.

Table 1. Residue classes modulo 72 derived from the Chinese Remainder Theorem.

Residue (mod 8) Residue (mod 9) Resulting Res. (mod 72)
45
37
53
54

0
1
8
0
1 46
8
0
1
8

62
63
55
71

~N 99 e

Thus, any congruent number expressible as a sum of three
cubes lies in one of these nine residue classes modulo 72.

3. Statistical Commentary

Among the 322 congruent numbers less than 1000 identified
in Lagrange’s classical framework [12], our specific family—
defined by numbers

n=la®+ b+

with the modular constraints

n={5,6,7} (mod 8)
n={-1,0,1} (mod9)
n={37,..,71} (mod 72)

generates 112 distinct congruent numbers less than 1000.
Table 2 lists these 112 values of n.

Table 2. List of the 112 congruent numbers n < 1000 in the studied family.

37 45 46 53 54 55 62 63

71 109 117 118 125 126 127 134
135 181 189 190 197 198 199 206
207 215 253 261 262 269 270 271
278 279 287 333 334 341 342 343
350 351 359 397 405 406 413 414
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485 486 487 495 503 541 549 550
557 558 559 566 567 575 613 622
629 630 631 638 639 647 685 694
701 702 703 710 711 757 766 775
782 783 791 837 838 845 846 847
854 855 863 901 909 910 917 918
919 927 935 973 981 989 990 991
998 999
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This represents approximately

112

393 0.348
i.e., 34.8% of the known congruent numbers under 1000. This
shows that our modular filter based on sums of cubes captures
a substantial and meaningful portion of the congruent number
set.

Moreover, these 112 numbers correspond to elliptic curves
of rank 1. Rank 1 curves possess rich rational point structures
that intimately relate to the congruency problem and the
Birch and Swinnerton-Dyer conjecture. This suggests that
our modular family not only filters a significant subset but
also aligns with important arithmetic properties signaled by
elliptic curve theory, reinforcing the deep connections between
sums of cubes, modular congruences, and rational solutions on
elliptic curves.

This is a significant outcome for computational
experimentation and theoretical research, providing a focused
framework for studying congruent numbers through the lens
of sums of cubes and modular arithmetic.

4. Conclusion

This study highlighted a particular family of congruent
numbers defined by stringent modular constraints on sums
of three cubes, effectively reducing the search space through
modular structures modulo 8 and 9, and then modulo 72.
The finding that this family accounts for nearly 34,8%
of congruent numbers between 0 and 1000 underscores its
richness and fundamental role in the arithmetic understanding
of congruent numbers.  This modular approach opens
promising avenues for finer classification and efficient filtering
in algorithmic searches for representations of congruent
numbers.

Further work may extend these methods to larger intervals
and explore connections with deep conjectures, such as the
Birch and Swinnerton-Dyer conjecture, which links number
theory and elliptic curves in this context.
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