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Abstract 

The study of almost periodic functions occupies an important place in functional analysis and the theory of differential equations, 

beginning with the classical works of H. Bohr, A. S. Besikovich and B. M. Levitan. Almost periodic functions, being a 

generalization of periodic functions, are characterized by the fact that they retain their structure under shifts, without being 

strictly periodic. On the other hand, entire functions are functions of a complex variable that are analytic in the entire complex 

plane. Their behavior, especially their growth and the location of their zeros, is studied in detail in the theory of functions of a 

complex variable. Of particular interest is the study of entire functions whose values on the real axis are almost periodic in the 

sense of Bohr. The question of under what conditions an entire function takes on values on the real axis that form a uniformly 

almost periodic function is a non-trivial problem at the intersection of function theory and spectral analysis. Such conditions can 

be formulated through the properties of the spectrum of the function, through the conditions on the coefficients of the Fourier 

series, and also through the growth properties of the function itself. These functions find application in spectral theory, quantum 

mechanics, oscillation theory, and other areas of mathematics and physics. In this section, we study the problems of 

approximation of functions f(x)∈B by entire functions of finite degree with arbitrary Fourier exponents. We establish necessary 

and sufficient conditions for functions f(x)∈B to belong to the class of entire functions of bounded degree. 
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1. Introduction 

Almost periodic functions play an important role in vari-

ous areas of analysis, especially in the theory of differential 

equations, spectral theory, and signal theory. They were 

classically introduced by G. Bohr in the context of functions 

defined and continuous on the entire number line, possessing 

the property of approximate periodicity. Subsequently, the 

concept of almost periodicity was significantly expanded in 

the works of such mathematicians as S. Besikovich, A. 

Stefanov, G. Weyl and others, including to spaces of entire 

and analytic functions. 

Of particular interest is the study of conditions under 

which an entire function (that is, a function that is analytic in 

the entire complex plane) is uniformly almost periodic. This 

requires considering the behavior of the function not only on 
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the real axis, but also in a broader context - for example, in 

strips of the complex plane, where its periodic or quasiperi-

odic properties manifest themselves. 

Uniform almost periodicity in the classical sense means 

that with any degree of accuracy one can find a "substitute 

period" that will bring the function closer to itself over the 

entire domain of definition. However, in the case of entire 

functions this requirement must be adapted: it is important to 

take into account their growth (e.g. the order and type of the 

function), the distribution of zeros, and the structure of the 

spectrum (set of frequencies). 

2. Manuscript Formatting 

By          we denote the class of bounded entire 

functions        of degree no greater than σ on the entire real 

axis. S. N. Bernstein [1] established that among the functions 

from the class    that realize the best approximation of the 

  -periodic function f(x) on the entire real axis, there is a 

trigonometric polynomial of degree no greater than  . The 

results of this work are analogous to some results of works 

[7-16] for the class of uniform almost-periodic Bohr func-

tions. 

Аналоги теоремы С. Н. Бернштейна для функций 

       получены в работах Е. А. Бредихиной [2, 3]. 

Она доказала, что если функция       с рядом Фурье 

     ∑    
         

where    are rational numbers and   is a real number, then 

among the functions               , for which 

         |          |               (1) 

there exists a trigonometric polynomial of degree   . 

The space of uniform almost periodic functions, denoted by 

 , is the closure of the set of trigonometric polynomials 

      ∑    
      

     

where    are the Fourier coefficients,    is the spectrum of 

the function       , with the norm 

‖    ‖     
   

|    |  

Let a function        with an arbitrary spectrum       

have a Fourier series 

     ∑    
     

                 (2) 

where the Fourier coefficients      are defined as follows 

    {          }        
 

  
∫             

 

  
   

Consider the following problem. Let the function      

 . What are the necessary and sufficient conditions for this 

function to belong to the class     The answer to this ques-

tion is given by the following. 

Theorem 1 [7]. In order for        to belong to the 

class of entire functions   , it is necessary and sufficient that 

the following conditions be satisfied: 

|  |                     (3) 

Proof. Sufficiency. Consider the function 

        ∫                 
 

  
  

where 

        
 

        
    

   

 
    

   

 
    

It is easy to show that the function         is continuous 

and almost periodic. Indeed, since [6] (see [6], p. 76) 

∫ |       |        
   

   

 

  
   

where   and   are constants, then 

|                 |  ∫ |               |  
 

  

|       |     

          |               | (     
   

   
)    

This implies the continuity and almost periodicity of the 

function          . 

Let         . Then 

        
 

  
∫     

   
      

 
   

       

 

      

 

  
     

or 

        ∑              
      

The reason for this is the exceptionality [4] (see [4], p. 73), 

will be 

              

Necessity. Let the function        belong to the class 

   and have a Fourier series of the form (2). Then, for any 

natural  , the derivative of order r will be 

        ∑      
   

 
                

Using S. N. Bernstein's inequality, we arrive at 
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|       |        
 

|    |        

Means 

      
 

  
∫ |       |

 
  

 

  
          

From here, applying Bessel's inequalities, we get 

|  |
  |  |

                   

or 

|  |    (
 

|  |
)
 

   

Therefore, for |  |    the coefficients     . Theorem 

1 is proven. 

It is known [5] that from the set of functions        , 

which perform the best approximation of functions      

  [    ]  on the entire real axis, one can find a trigonomet-

ric polynomial of degree     

This statement is based on the fact that if            

and 

   
   

|            |         

then the following relations are valid uniformly for all     

|     
 

    
∑           

    |             (4) 

      
 

    
∑                          

     

                 (5) 

where       is the best approximation of order σ. 

This result can be obtained if (4) and (5) are replaced by the 

relations 

|               |         

where         are any natural numbers, 

      
 

 
∫               

 

   
∫     

   

    

 

  

            

          
 

   
∫                

   

    
  

      
         

 

 

           

 

   

and for all fixed n uniformly in     

   
   

                            

When establishing such results for functions f(x)∈B, a 

number of problems arise. First, additional conditions are 

imposed on the smoothness of the functions, and second, the 

Fourier indices of such functions can lie everywhere densely, 

i.e. (see [6], [8-16]): 

              |  |  
|    |                 |  |      

              |  |  
|    |                 |  |      

Similar results of S. N. Bernstein for uniform al-

most-periodic Bohr functions were first established in the 

works of E. A. Bredikhina [2, 3]. She proved that if        

and has a corresponding Fourier series with spectrum at in-

finity, then from the sets of functions         one can find 

a trigonometric polynomial of degree   . 

Let us formulate the main result of this section, which is 

also an analogue of S. N. Bernstein’s theorem for uniform 

almost-periodic functions with arbitrary Fourier exponents 

                  . 

Теорема 2 [7]. If        and 

         
   

|            |       

the best uniform approximation of order  , then for any 

    there is a finite trigonometric polynomial 

      ∑    
      

     

for which the estimate holds uniformly in x 

|          |           

where                

Proof. Suppose that the set of numbers β{β_k } is a basis 

for the set       and             (see [10], p. 99). 

Consider the Bochner-Fejér sums that correspond to func-

tions        

  
               

 

  
∫         

         
 

  
  

 ∑ (  
|  |

  
)|  |   
 (  

|  |

  
)    * (

  

  
     

  

  
  )+  

  (
  

  
     

  

  
  )               

where  (
  

  
     

  

  
  )  Fourier coefficients of the 
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function     , 

   
  

  
     

  

  
  , 

  
       ∏    

(
   

  
) 

      

   
(
   

  
)  ∑ (  

| |

  
)| |   
   *  (

 

  
  )+   

It is known [10] (see [10], p. 103) that   
       are positive 

quantities for which 

      
 

  
∫   

      
 

  
       

Next, we consider the entire function         , satis-

fying relation (3) and the function 

        
 

  
∫         

        
 

  
   

for which uniformly in     

   
   

          
          

and also 

          
 

  
∫          

         
 

  
  

where          and uniformly in     

|     |    |          |          

By virtue of the Bochner-Fejér theorem, for     there 

exists a number   such that 

|       
        |                 (6) 

Next, since 

   
   

 

  
∫  

           

 

  

 

that 

|                 |        
 

  
∫   

         
 

  
  (7) 

and when     the right-hand side in (7) is equal to the 

value of A_     . 

Since         and и |     |   , then for a fixed 

    each of           is an entire function of degree no 

greater than   as     

|         |    
 

  
∫   

            
 

  
  

uniformly in     and  . 

Next, it can be shown that the set of functions {         } 

is uniformly continuous on         This means that for a 

fixed number N, there is a sequence of numbers     , for 

which 

   
    

       
            

uniformly on any finite segment of the real axis. Since 

          , then by (7) uniformly in   and   we have 

|  
              |                (8) 

Now we can show that the function          . Choos-

ing an arbitrary number τ, we estimate the following differ-

ence 

                       

 
 

  
∫            

         
 

  
∫      

 

  

 

  

    
           

 
 

  
∫          ,  

         
        -   

 

  
  

 
 

  
∫            

           
 

  
∫      

 

  

 

  

    
           

 
 

  
∫          ,  

         
        -   

 

  
  

 
 

  
∫          

         
 

  
∫      

 

    

   

 

    
           

                                (9) 

It was shown above that |     |    uniformly in    , 

so for fixed numbers   and   

                                  (10) 

Let        have spectrum      . Then [6] (see [6], p. 

104) for any integers      and           one can find 

a positive number          such that in each interval of 

length ε there is at least one number τ that satisfies the ine-

quality 

|        |                  

So, for τ, taking ε - the almost-period of the function     , 

we estimate       
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|     |    
 

  
∫ |  

           
      |    

 

  
  

   ∑ |   *  (
  

  
     

  

  
  )+   | (  |  |   

|  |

  
) (  

|  |

  
)    

                         

where 

    ∑ |   
   

 
|     

  

  
     

  

  
   

 
     

and   is the number of terms. 

Assuming   
 

   
, we will have 

|     |         
 

  
           (11) 

Substituting (10) and (11) into (9) we finally obtain that 

   
   

|                     |     

This means the function          . 

Let us prove that the function         is a finite trigono-

metric polynomial sum with spectrum satisfying the condition 

|  |    from the set                  . Indeed, 

                      
       

    

 

   
∫      

  

   

    
           

 

∑  (
  

  
     |  |   

  

  
  )∏ (  

|  |

  
) 

      ( 
  

  
  )       ̅̅ ̅̅     

where 

 (
  

  
     

  

  
  )    

    
    

 

   
∫           *  (

  

  
     

  

  
  )    

  

   

  +      

 

   
    

 

   
∫         *  (

  

  
     

  

  
  )  +    

    

       

    
    

 

   
∫                   

    

       

The condition |  |    follows from Theorem 1. Setting 

  such that inequality (6) is satisfied, we estimate the dif-

ference 

|            |   

 |       
      |  |  

              |           

By virtue of (6) and (8) we obtain the statement of Theorem 

2. 

Obtaining further results essentially relies on the following 

concepts [6] (see [6], pp. 47-48). 

Definition 1. A family of functions      is called equi-

bounded if there exists a number     such that for all 

functions of this family the inequality |    |    holds. 

Definition 2. A family of functions f(x) is called equicon-

tinuous if for each     it is possible to find        such 

that for |      |    the inequality |            |    

holds for all functions in the family. 

Definition 3. A family of functions f(x) is called 

equi-almost-periodic if for each     it is possible to specify 

       such that in each interval of length   there is a 

common -almost-period for all functions of the family. 

Theorem 3. Let       . Then among the functions 

        , there is a function           with a Fourier 

series 

∑    
    

|  |     

Proof. By Theorem 2, the set of polynomials {       } in 

the inequality 

|  
              |         

is compact. Therefore, we can select from it a subsequence 

{     
   } that converges uniformly on any segment with the 

corresponding limit function    
   . Therefore, by [4] (see [4] 

p. 48)    
     . This means that as      the function 

   
    converges to      uniformly for all x. It follows that 

       with spectrum                  . Theorem 

3 is proved. 

Let      be a uniformly continuous and bounded on 

       function and       be the best approximations of 

the function      by entire functions of degree   , that is, 

         
       

{    
      

|         |}  

S. N. Bernstein proved (see [3], pp. 371-373) that for uni-

form continuity on the entire real axis of a bounded 

tion     , it is necessary and sufficient that 

        (  
 

 
)           (12) 

where C is some constant and 
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|     |  

|           | 

the modulus of continuity of the functions     . Estimate (12) 

is obtained by passing to the limit as n→∞ from the inequality 

               (  
 

 
)   

where         is the best approximation of the function 

     on the interval [    ] by polynomials of degree  . 

Next, for functions        we will find a function 

        that satisfies condition (12). 

Theorem 4. Let        and for        

      ∫               
 

  
  

where 

      
 

   (
   

  

 

 
)
 

   

Then      belongs to the class of entire functions    and 

the following holds: 

      |          |    (  
 

 
)       (13) 

C is an absolute constant. 

Proof. It is easy to prove that      is an entire function of 

degree     Consider the integral 

∫ |       |    ∫ |       |   
|   |  

 

  

∫ |       |   
|   |  

              (14) 

Because 

|
    

 
|  ∑

| |  

       

 
    ∑

| |  

     

 
     | |   

that 

∫ |       |   
|   |  

 

   ∫ |
          

 

        
|    

|   |  

 

   ∫ |
          

 

(
   

 
 )

  
|   |  

      

  |     
 

 
    | |             (15) 

where C is an independent constant. 

Estimation of the second integral on the right-hand side of 

(14) is carried out using the following inequality 

|    |  
 

 
 |   |  |  |  ∑

| | 

  
  | |          

     

Hence, 

∫ |       |   
|   |  

 

   ∫ |
          

 

        
|    

|   |  

   

   .∫
  

      |   |  
 

∫
  

  |   |  

    

/   
 

     | |      (16) 

Substituting (15) and (16) into (14), we obtain 

∫            (
 

 
    | |     

 

     | |)  
 

  
  

It follows that       is an entire function. 

Let the function be given 

      
 

  
∫      

 

  
          

where 

      

{
 
 

 
   

   

   
 | | 

   | |  
 

 
 

 (  
| |

 
)
 

 
 

 
 | |    

  | |    

  

Then 

∫         
  

  

 

  
∫   

 

 
 

 
 

   ∫
  

  

 
 

 

   
 

 
    (17) 

 ∫          
   

  

 

 
∫    

 

 
 

 
 

   ∫
  

  

 
 

 

   
 

 
  (18) 

Using the Fourier inversion formula [6] (see [6], p. 77), we 

find 

∫                 
 

  
              (19) 

At     υ_       , then (19) takes the form 

∫        
 

  
               (20) 

That's why, 

      ∫             
 

  
        (21) 

Multiplying both sides of (20) by      and subtracting the 

resulting equality from (21), we obtain 

|          |  ∫ |           |        
 

  
  

          ∫               
 

 
  

Due to (17), (18) and the last inequality, estimate (13) fol-
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lows. Theorem 4 is proved. 

Along with Theorem 4, we prove that if the function 

      , then        . 

Theorem 5. If        with Fourier series 

      ∑    
     

       

then         and the function       has a Fourier se-

ries 

       ∑          
      |  |         (22) 

Proof. Let the function       be given in the form 

      ∫               
 

  
  

It can be shown that this function is almost periodic. Due to 

inequality (17), we have 

|             |  ∫ |             
 

  

  |          

     
   

|           |  

where   is an absolute constant. It follows from the latter that 

       . 

Let    be the Fourier coefficient of the function      , 

with spectrum λ. Then, using the strengthened mean value 

theorem [4] (see [4], pp. 55-56), using relation (19), we obtain 

         
 

  
∫                  

 

  
  

 

∫               *      
 

  
∫                

   

    
+   

 

  
 

          

where    is the Fourier coefficient of the function       

which corresponds to the spectrum of  . By virtue of Theo-

rem 1, condition (2) is satisfied for the spectrum of the func-

tion      , and since 

     при | |   ;      при     , то    
 

   
      . 

From this follows relation (22) and Theorem 5 is proven. 

3. Materials and Methods 

The study is based on the developed concepts of the theory 

of almost periodic functions, especially in the sense of Bohr 

and Boscovich. The following spaces are considered as the 

main mathematical model: 

AP is the space of almost periodic functions in the sense of 

Bohr; 

   is the space of functions in the sense of Boscovich, 

where    ; 

      are spaces in the sense of Weyl and Stepanov. 

4. Results 

The results of the work are new, obtained by the author 

independently and consist of the following: the conditions for 

belonging of entire functions of limited degree to the class of 

almost periodic functions are proved. 

5. Discussion 

Let us consider the conditions of uniform almost periodic-

ity of functions belonging to the class of entire functions. We 

will limit ourselves to functions of one variable, although 

some of the reasoning can be generalized to functions of 

several variables. 

6. Conclusions 

Uniform almost periodicity of entire functions is ensured 

by a number of conditions, among which the main ones are the 

local boundedness of the function, its analytical structure, and 

the nature of its spectrum. Understanding these conditions is 

important for working with functions that can be used in 

number theory, analytic number theory, and other areas of 

mathematics where such functions occur. 
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