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Abstract

The study of almost periodic functions occupies an important place in functional analysis and the theory of differential equations,
beginning with the classical works of H. Bohr, A. S. Besikovich and B. M. Levitan. Almost periodic functions, being a
generalization of periodic functions, are characterized by the fact that they retain their structure under shifts, without being
strictly periodic. On the other hand, entire functions are functions of a complex variable that are analytic in the entire complex
plane. Their behavior, especially their growth and the location of their zeros, is studied in detail in the theory of functions of a
complex variable. Of particular interest is the study of entire functions whose values on the real axis are almost periodic in the
sense of Bohr. The question of under what conditions an entire function takes on values on the real axis that form a uniformly
almost periodic function is a non-trivial problem at the intersection of function theory and spectral analysis. Such conditions can
be formulated through the properties of the spectrum of the function, through the conditions on the coefficients of the Fourier
series, and also through the growth properties of the function itself. These functions find application in spectral theory, quantum
mechanics, oscillation theory, and other areas of mathematics and physics. In this section, we study the problems of
approximation of functions f(x) €B by entire functions of finite degree with arbitrary Fourier exponents. We establish necessary
and sufficient conditions for functions f(x) €B to belong to the class of entire functions of bounded degree.
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1. Introduction

Almost periodic functions play an important role in vari-
ous areas of analysis, especially in the theory of differential
equations, spectral theory, and signal theory. They were
classically introduced by G. Bohr in the context of functions
defined and continuous on the entire number line, possessing
the property of approximate periodicity. Subsequently, the
concept of almost periodicity was significantly expanded in

the works of such mathematicians as S. Besikovich, A.
Stefanov, G. Weyl and others, including to spaces of entire
and analytic functions.

Of particular interest is the study of conditions under
which an entire function (that is, a function that is analytic in
the entire complex plane) is uniformly almost periodic. This
requires considering the behavior of the function not only on
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the real axis, but also in a broader context - for example, in
strips of the complex plane, where its periodic or quasiperi-
odic properties manifest themselves.

Uniform almost periodicity in the classical sense means
that with any degree of accuracy one can find a "substitute
period" that will bring the function closer to itself over the
entire domain of definition. However, in the case of entire
functions this requirement must be adapted: it is important to
take into account their growth (e.g. the order and type of the
function), the distribution of zeros, and the structure of the
spectrum (set of frequencies).

2. Manuscript Formatting

By B, (¢ > 0) we denote the class of bounded entire
functions g, (x) of degree no greater than o on the entire real
axis. S. N. Bernstein [1] established that among the functions
from the class B, that realize the best approximation of the
2m-periodic function f(x) on the entire real axis, there is a
trigonometric polynomial of degree no greater than o. The
results of this work are analogous to some results of works
[7-16] for the class of uniform almost-periodic Bohr func-
tions.

Amnanoru Tteopemsl C. H. Beprmreitna mnst QyHKumit
f(x) € B nonyuenst B paborax E. A. Bpenuxunoii [2, 3].
Ona nokasaia, uto eciu Gpyukuusf (x) € B ¢ psaom @ypbe

fOO~ Ly Ape b,

where A, are rational numbers and g is a real humber, then
among the functions g,(x) € B, (¢ > 0), for which

Sup—oo<x<oo|f(x) - go‘(x)l = Aa(f)' (1)
there exists a trigonometric polynomial of degree < o.
The space of uniform almost periodic functions, denoted by
B, is the closure of the set of trigonometric polynomials

T (x) = Yioy Age' M,

where A, are the Fourier coefficients, 4, is the spectrum of
the function f(x) € B, with the norm

Iflls = Slelglf(x)l-

Let a function f(x) € B with an arbitrary spectrum {A,},
have a Fourier series

f(x)~ Zlc;oz—oo Akeilkx! (2)

where the Fourier coefficients {A4,} are defined as follows

Ap = M{f(x)e™ W} = limp o, = [ f(x)e" M dx.

Consider the following problem. Let the function f(x) €
B. What are the necessary and sufficient conditions for this
function to belong to the class B,. The answer to this ques-
tion is given by the following.

Theorem 1 [7]. In order for f(x) € B to belong to the
class of entire functions B,, it is necessary and sufficient that
the following conditions be satisfied:

Akl < 0. ®)

Proof. Sufficiency. Consider the function

fap @) = [ flx + Dpg,0)dt,

where

., _a—b . b+a
. SlTthSlTth.

2
var(D) = Tpm

It is easy to show that the function f,,(x) is continuous
and almost periodic. Indeed, since [6] (see [6], p. 76)

a+b
b-a’

I |@ap®)|dt < A+ Bin
where A and B are constants, then

[fap G+ ) = fap | < [ Ifx+t+D) = flx + )] -
|pap(@®)]dt <

< SUP_wpexcanl fx +E+T) — f(x + 1) (A + Blng).

This implies the continuity and almost periodicity of the
function f, ,(x) € B.
Let a =A4,b = 2. Then

2 o sin(t—x)/lsinsl(t—x)
fap(x) = o L f® % dt,

—-x)

or
fap (O~ Xk A exp(idgx) .

The reason for this is the exceptionality [4] (see [4], p. 73),
will be

fap(x) = f(x).

Necessity. Let the function f(x) € B belong to the class
B, and have a Fourier series of the form (2). Then, for any
natural r, the derivative of order r will be

f(r) ()~ Do (i) Ay exp(idex).

Using S. N. Bernstein's inequality, we arrive at
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lfP@)| <o suplf(x)|=0"-C
X
Means

limg_,, - f |f(r)(x)| dx < o?" - C2.

From here, applying Bessel's inequalities, we get
A2 AR < 0?7 C%(r = 1,2, ...),

or

14, < C- (MUH)

Therefore, for || > o the coefficients A, = 0. Theorem
1 is proven.

It is known [5] that from the set of functions f(x) € By,
which perform the best approximation of functions f(x) €
L,[—m,m], on the entire real axis, one can find a trigonomet-
ric polynomial of degree < o.

This statement is based on the fact that if g,(f;x) € B,
and

iléglf(x) - 9s(f; )| = As(f),

then the following relations are valid uniformly for all x € R

fG) - k=—n o (X + 2km)| < A5 (f), (4)

2n+1

k__n{go(x + 2km + 2m) — g5 (x + 2km)} =
0, ®)

lim L
n—-oo 27’l

where A, (f) is the best approximation of order o.
This result can be obtained if (4) and (5) are replaced by the
relations

|Cl)n(x) - Qa,N,n(x)| < A, (),

where ¢ > 0; N,n are any natural numbers,

2N

D, (x) == 7 flx+ DR, (Dt = — [ f
t)E,(t)dt,

2N

QJ,N,n(x) 2N gd(x + t)F (t)dt

il

sin?(n+ 1)%

Fn(t) =

2(n+1)sin2§'

and for all fixed n uniformly in x € R

&%{Q”'N'”(x + 2”) - QJ,N,n(x)} = 0.

When establishing such results for functions f(x) €B, a
number of problems arise. First, additional conditions are
imposed on the smoothness of the functions, and second, the
Fourier indices of such functions can lie everywhere densely,
i.e. (see [6], [8-16]):

Ao = 0, /’l_k = _/’lkﬁl)lkl >
|/‘lk+1|' (k = 1,2, ...),limk_,oollkl = 0,
Ao =0; A = =i, Akl <
I/’{k+1|‘ (k = 1,2, ...),limk_,ooll’{kl = 00,

Similar results of S. N. Bernstein for uniform al-
most-periodic Bohr functions were first established in the
works of E. A. Bredikhina [2, 3]. She proved that if f(x) € B
and has a corresponding Fourier series with spectrum at in-
finity, then from the sets of functions f(x) € B, one can find
a trigonometric polynomial of degree < o.

Let us formulate the main result of this section, which is
also an analogue of S. N. Bernstein’s theorem for uniform
almost-periodic functions with arbitrary Fourier exponents
A} (k=0,%£1,%2,..).

Teopema 2 [7]. If f(x) € B and

As(f) = iréglf(x) = 39s(f;0)|(c > 0)

the best uniform approximation of order o, then for any
& > 0 there is a finite trigonometric polynomial

Py (x) = Xi=q bre™*,
for which the estimate holds uniformly in x
lf(x) —P.(x)| < As(f) + ¢,
where € = ¢(N,6)(6 < m).
Proof. Suppose that the set of numbers B{p_k } is a basis
for the set A{A,} and B{B;} < A{A,} (see [10], p. 99).

Consider the Bochner-Fejé& sums that correspond to func-
tions f(x) € B

P (f5 %) = limgog o [ f O+ DK (6)dt =

= Ylvl<ny (1 - l:—il) (1 lvrl) exp[ ( 1! By + -+
bl

AR+ 2B ) (k=1,2,..,7),

where A( B+ += ﬁr) Fourier coefficients of the
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function f(x),
Ay =Bt 4B,

K(©) = jes Ky (1),

m!

Ky (75) = Siten, (1 - 'n—,') ew [~ (355)]

It is known [10] (see [10], p. 103) that K, IS,’”) (t) are positive
quantities for which

limy o, % JLKSP @) dt = 1.

Next, we consider the entire function g,(x) € B,, satis-
fying relation (3) and the function

Fur () = = 1 f e+ OKJV (Bt
for which uniformly in x € R
}1_13310 Fyr(x) = PAgm)(f; x),
and also
Qo) = 5= [} 9o (e + DK™ (©)dt,
where g,(x) € B, and uniformly in x € R

19Ol < C, 1 (x) = go ()| < A (f).

By virtue of the Bochner-Fejé& theorem, for € > 0 there
exists a number N such that

[Fe) - R (0| < e (6)
Next, since
T
lim % f KiM™(t)dt =1,
-T
that

|Fur () = Qorn (O] < Ag(F) - [ KV (B)de - (7)

and when T — oo the right-hand side in (7) is equal to the
value of A_A,(f).

Since g,(x) € Byand u |g,(x)| < C, then for a fixed
o > 0 each of Q,ry(x) is an entire function of degree no
greater than ¢ as T — o

1 T
|Qorn@)| < € [L kS (Dde < €,

uniformly in x,T and N.

Next, it can be shown that the set of functions {Q, 7y (x)}
is uniformly continuous on (—oo, c0). This means that for a
fixed number N, there is a sequence of numbers {T;}, for
which

Tlliil(l)o Qa,TL,N x) = Qon (x)

uniformly on any finite segment of the real axis. Since
Qun(x) € By, then by (7) uniformly in x and N we have

|P™ (@) — Qon ()] < Ag(f). @®)
Now we can show that the function Q, y(x) € B. Choos-

ing an arbitrary number t, we estimate the following differ-
ence

Qorn(x +71) = Qprn(x) =

1 T 1 T
= — [ 9o(x + t+ DRYV (D)t — — [ g (x +
K™ (D)dt =

= %f_Tng(x i+ T){Kzsm)(t) —K™M(t + T)}dt +

1 T 1 (T
+— [ gox + L+ DRVt +Ddt —— [ g, (x +
K™ (D)dt =

= [T oG + £+ D{KJV(©) = K{V (e + ) )dt +
1 (T 1 T
+ 0 T gt + WK @du + - [1 L go(x +
wK ,f,m) (wWdu =
= L(T) + I,(T) + I5(T). ©)

It was shown above that |g,(x)| < C uniformly in x € R,
so for fixed numbers 7 and N

limT_)oo 12 (T) = 0, hmT_)oo 13 (T) = 0. (10)

Let f(x) € B have spectrum A{A,}. Then [6] (see [6], p.
104) for any integers N,n;, and § > 0 (6 < ) one can find
a positive number € = (N, ) such that in each interval of
length € there is at least one number t that satisfies the ine-
quality

AT — 2| < 8 (k=1,2,...,N).

So, for 1, taking ¢ - the almost-period of the function f(x),
we estimate I, (T)

109


http://www.sciencepg.com/journal/pamj

Pure and Applied Mathematics Journal

http://www.sciencepg.com/journal/pamj

1 (T
LD < € — LK™ (e + 1) — Ky (©)]de <

<C 'Z|vk|snk |exp [_ ( Bt — ﬁr)] - 1|(
':—1') (1 —%) <
<C-S,<C-N-6(k=1,2..1),

where

S, =2YN_, |sm—

/1 .Bl +- + .Br'

and N is the number of terms.
Assuming & = —, we will have

|I,(T)| < eCN§ = czv% =e. (11)
Substituting (10) and (11) into (9) we finally obtain that

}E?JQo,T,N(x +1) - Qa',T,N(x)l <e

This means the function Q, y(x) € B.

Let us prove that the function Q, (x) is a finite trigono-
metric polynomial sum with spectrum satisfying the condition
[A;] < o from the set A{1,} (k =1,2,...,N). Indeed,

. .1 (T
Qo (x) = limz, e Qo,Tl,N(x) = #ll_rgoz_nf—;l go(x +
K™ (Ddt =

E|Vk|<nk ¢ (V1 t

) () 1)

where

C(Bp++2p)=

= lim legU(x+t)exp[ (,81+ 4= ,Br)(x+

T;—o0 2T
t)] dt =

im o GaQexp [~ (7B + o 25 By )u] du =

Tl—>oo 2T,

1 (Ti+x

= lim — —rp4x 9o

Hm (wWexp(—il,u)du.

The condition |A;| < o follows from Theorem 1. Setting
N such that inequality (6) is satisfied, we estimate the dif-
ference

|f () = Qon()| <

< F ) = PP @)| + [P () = Qo ()| = € + Ao (f).

By virtue of (6) and (8) we obtain the statement of Theorem
2.

Obtaining further results essentially relies on the following
concepts [6] (see [6], pp- 47-48).

Definition 1. A family of functions f(x) is called equi-
bounded if there exists a number A > 0 such that for all
functions of this family the inequality |f(x)| < A holds.

Definition 2. A family of functions f(x) is called equicon-
tinuous if for each € > 0 it is possible to find § = §(¢) such
that for |x’ —x"| < & the inequality [f(x") —f(x")| <e
holds for all functions in the family.

Definition 3. A family of functions f(x) is called
equi-almost-periodic if for each ¢ > 0 itis possible to specify
[ =1(¢) such that in each interval of length [ there is a
common -almost-period for all functions of the family.

Theorem 3. Let f(x) € B. Then among the functions
Jo(x) € B, there is a function Q,(f; x) € B with a Fourier
series

iAgx
Yialso Are .

Proof. By Theorem 2, the set of polynomials {Q,(x)} in
the inequality

1P () = Qe (0)| < 45(),

is compact. Therefore, we can select from it a subsequence
{Qsn, ()} that converges uniformly on any segment with the
corresponding limit function fy, (x). Therefore, by [4] (see [4]
p. 48) fy, (x) € B. This means that as N, — oo the function
fw, (x) converges to f(x) uniformly for all x. It follows that
f(x) € B with spectrum {1,}(k =0,+1,+2,...). Theorem
3 is proved.

Let f(x) be a uniformly continuous and bounded on
(—o0,00) function and A, (f) be the best approximations of
the function f(x) by entire functions of degree < o, that is,

4D = inf { sup IfG) - gl

g(X)EBy \—0<x<00

S. N. Bernstein proved (see [3], pp. 371-373) that for uni-
form continuity on the entire real axis of a bounded
tion f(x), it is necessary and sufficient that

4,(F) < Coo (f32), (12)

where C is some constant and
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w(f;8) = sup 6|f(x1) = f(x)l

[x1—x3]<

the modulus of continuity of the functions f(x). Estimate (12)
is obtained by passing to the limit as n—oo from the inequality

45(f:8) < En(f:8) (0 = 5)

where E,(f; &) is the best approximation of the function
f(x) on theinterval [—o, o] by polynomials of degree n.

Next, for functions f(x) € B we will find a function
g(x) € B, that satisfies condition (12).

Theorem 4. Let f(x) € B andfor z =x + iy

fo(2) = [ f, - 2)du,

where

. oz 4

Yo (D) = 5 (22)

o3 z

Thenf,;(z) belongs to the class of entire functions B, and
the following holds:

supxerlf () — £ < Co (F32),  (13)

C is an absolute constant.

Proof. It is easy to prove that f;(z)is an entire function of
degree < . Consider the integral

Jo e = 2)ldu << [, 1o (u = 2)|du +

J oo = 2)ldu. (14)
Because
sinz w _lzI?K w 127% _ i
< Xk=o (2k+1)! < Zk=o (2k)! <er,
that
flu—z|52|lpg(u - Z)ldu =
Lf Sin‘l-(u—llZ)a' B Lf Sin‘l'(u_:)a .
o3 J|u-z|<2 | 63(u-2)3 u= a3 Ju—z|<2 | (u—z \*
(*5%)
(u-z)o 9 20
v dus(,‘ne (Iz| + 2), (15)

where C is an independent constant.
Estimation of the second integral on the right-hand side of
(14) is carried out using the following inequality

k
|sinz| < %(Ie‘yl +le¥]) < Z?:o% =ell(z = x +iy).

Hence,

fspoaltho (= 2)ldu =
e?y du
< L
U=so3 <f|u—x|>1 (u—x)* +

du 1 olz
ﬁu—x|>1 F) S C_TL'O'_3 e | |
y2>3

. u—-z)o
sint®=2

4
o3 (u-z)3

1
na3 J|u-z|>2

(16)

Substituting (15) and (16) into (14), we obtain
[ s u = 2du < € (2e27(|2] + 2) + e,

It follows that £, (z) is an entire function.
Let the function be given

Yo (W) = - [ 0, (8) e7Mudt,

where
6t?  6|t|3 o
(1—?+?.|t| <z
9o(0) = 2(1_M)3 Z<|ti<o
0_ 52 — )
0,ltl=z0
Then

oo du

© 30 (& 2 1
f_wlp(,(u)du < Efoffdu +$ % T <C " an

oo du

[e9) 2 4
o [, upy(Wdu < %fo"udu +%f4 —==<C % (18)

g

Using the Fourier inversion formula [6] (see [6], p. 77), we
find

2 s Wexp(itw)du = ¢,(0). (19)
Att =0 ¢ ¢,(0) =1, then (19) takes the form
I7 W, Wdu = 1. (20)
That's why,
fo(0) = [, f Y, (Wdu. (21)

Multiplying both sides of (20) by f(x) and subtracting the
resulting equality from (21), we obtain

IF GO = £l <[5 1 () — F(x + w)hy w)du <
< Cw(f;07Y) fooo(l + ou)y, (u)du.

Due to (17), (18) and the last inequality, estimate (13) fol-
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lows. Theorem 4 is proved.

Along with Theorem 4, we prove that if the function
f(x) € B, then f,(x) € B.

Theorem 5. If f(x) € B with Fourier series

f(x) ~ Zlé.o:—oo Akeilkxl

then f,(x) € B and the function f;(x) has a Fourier se-
ries

fcr(x) ~Z|,1k|<o' Ak(pa()‘k)e_mkx- (22)

Proof. Let the function f,(x) be given in the form

fr(0 = [7 flx + Wy, Wdu.

It can be shown that this function is almost periodic. Due to
inequality (17), we have

I+ D) = I < [ Ifc+u+1) — flx +
W, (w)du <

< Ciﬁ?'f(x +17) =),

where C is an absolute constant. It follows from the latter that
fo(x) € B.

Let B, be the Fourier coefficient of the function £, (x),
with spectrum A. Then, using the strengthened mean value
theorem [4] (see [4], pp. 55-56), using relation (19), we obtain

B; = limg_,o %f_TT fs(x) exp(—idx)dx =

150, o wexp(idw) [limy. = 1

Al Do (A),

where A, is the Fourier coefficient of the function f(x),
which corresponds to the spectrum of A. By virtue of Theo-
rem 1, condition (2) is satisfied for the spectrum of the func-
tion f;(x), and since

Ay=0 npu || =0; Ay =0 npu A+ A, 10 By, =
Alk(pa(/lk)-

From this follows relation (22) and Theorem 5 is proven.

3. Materials and Methods

The study is based on the developed concepts of the theory
of almost periodic functions, especially in the sense of Bohr
and Boscovich. The following spaces are considered as the
main mathematical model:

AP is the space of almost periodic functions in the sense of
Bohr;

B, is the space of functions in the sense of Boscovich,

reaf ) EXp(—i/'lx)dx] du =

where p > 1;
W,, S, are spaces in the sense of Weyl and Stepanov.

4. Results

The results of the work are new, obtained by the author
independently and consist of the following: the conditions for
belonging of entire functions of limited degree to the class of
almost periodic functions are proved.

5. Discussion

Let us consider the conditions of uniform almost periodic-
ity of functions belonging to the class of entire functions. We
will limit ourselves to functions of one variable, although
some of the reasoning can be generalized to functions of
several variables.

6. Conclusions

Uniform almost periodicity of entire functions is ensured
by a number of conditions, among which the main ones are the
local boundedness of the function, its analytical structure, and
the nature of its spectrum. Understanding these conditions is
important for working with functions that can be used in
number theory, analytic number theory, and other areas of
mathematics where such functions occur.
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