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Abstract 

The co-infection of HIV-1 viruses has emerged as a significant threat to global public health as a result of shared mode of 

transmission. This article presents a novel mathematical model that addresses the dynamics of this co-infection by extending the 

SVEIR (Susceptible – Vaccinated – Exposed – Infectious - Recovered) framework to incorporate time-delay, chemotherapy and 

quarantine compartments. The population is divided into twelve compartments, with infections individuals further subdivided 

into symptomatic and asymptomatic individuals. The mathematical model developed is constrained to adhere to fundamental 

epidemiology properties such as non-negativity and boundedness within a feasible. We investigate the fundamental reproduction 

number that guarantees stability of equilibrium points are disease free and endemic qualitative behavior of models are examined. 

Stability threshold explicitly state that when reproduction number is less than one the disease free equilibrium is globally 

asymptotically stable, meaning the infection can be eliminated. Using Lyapunov functions, local and global stability of these 

states are explored and findings presented graphically. They were used to account for the history dependent nature of time delay. 

Our research assessed control policies and proposed alternatives, performing bifurcation analysis so as to establish prevention 

strategies. We investigated Hopf bifurcation analytically and numerically to demonstrate disease dynamics, which is novel to our 

study.. Numerical simulations, performed using the MATLAB dde23 solver, demonstrate that the introduction of chemotherapy 

and quarantine significantly reduces the peak of symptomatic infections. Crucially, our Hopf bifurcation analysis identifies a 

critical delay threshold beyond which stable equilibrium is lost to sustained periodic oscillations, representing recurrent waves 

of infection or rather viral blips. This offered new insights into the long-term management of HIV-1 co-infection cycles. 
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1. Introduction 

A disease called Coronavirus which had symptoms resem-

bling that of pneumonia was reported in Wuhan China early 

December 2019. It was reported that it was the most devastat-

ing infectious disease caused by the novel Coronavirus SARS-

CoV-2. It affected integration of communities worldwide in 

terms of health, economy and social interaction [22]. Due to 

weak immunity from other infections like HIV, pneumonia, 

tuberculosis and malaria, Coronavirus infection may be more 
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common in people who already have such diseases. WHO im-

planted wearing of face mask, quarantine, vaccination, wash-

ing hands with alcohol as significant prevention and control 

strategies. Co-infection is when a single individual is infected 

by two or more pathogens or even different strains of the same 

pathogen. This is common in every society. Several scholars 

have investigated that Coronavirus disease infection is high in 

people living with other infections like cholera, tuberculosis 

and HIV who have compromised immunity. In order to under-

stand the dynamics of infectious diseases mathematical mod-

eling approaches have been used. Most scholars have formu-

lated and analyzed mathematical models to investigate trans-

mission dynamics of different infectious diseases using ordi-

nary differential equations approach. [2, 9, 15, 17]. According 

to [6, 8, 12, 21] they developed and examined a co-infection 

model on HIV/AIDs and pneumonia by putting in control 

measures such as pneumonia vaccination and treatments of 

HIV/AIDs and pneumonia infections. They found out that 

pneumonia vaccination assisted in prevention of pneumonia 

infection. Similarly, [5, 3, 13, 17, 23, 27] costructed a mathe-

matical model for Coronavirus and cholera co-infection that 

described the transmission dynamics of Coronavirus and chol-

era in Yemen. The model examined control measures such as 

lockdown, social distancing, number of test kits of control 

Coronavirus outbreak and number of susceptible individuals 

who can get CWTs for water purification. They found out that 

these four control measures played a major role in reducing 

the spread of Coronavirus. According to [4, 11, 15, 19, 22, 26] 

they developed a mathematical model on bifurcation and op-

timal control analysis of HIV-1 and Coronavirus co-infection 

with numerical simulation. They found out that backward bi-

furcation occurred whenever effective reproduction number is 

less than one. In their study, time-delay, vaccination and quar-

antine were not factored in. We therefore, suggest a delay non-

linear twelve-dimensional epidemic model to control the epi-

demic spread, vaccination and treatment of HIV-1 Corona-

virus co-infection disease. Total population is denoted by 

𝑁(𝑡). It is divided into 12-dimensional compartments. 

2. Model Formulation 

To explore transmission and control dynamics of co-infec-

tion between HIV-1 and Coronavirus, we partition total human 

population into twelve epidemiological compartments: sus-

ceptible individuals (𝑆∗), vaccinated individuals (𝑉∗), individ-

uals not vaccinated (𝑉𝑛
∗), Exposed individuals (𝐸∗), Exposed 

individuals with HIV-1 (𝐸ℎ
∗), Exposed individuals with AIDs 

(𝐸𝐴
∗), symptomatic individuals with AIDs (𝐼𝑠𝐴

∗ ), symptomatic 

individuals with HIV-1 (𝐼𝑠ℎ
∗ ), asymptomatic individuals with 

HIV-1 (𝐼𝑎ℎ
∗ ), Quarantined individuals with HIV-1 (𝑄ℎ

∗ ), Hos-

pitalized individuals (𝐻∗ ) and Removed individuals (𝑅∗ ). 

Other parameters considered are: 

Recruitment rate into susceptible class (𝜙2), effective con-

tact rate between 𝑆∗ and 𝑉∗ (𝛽3), effective contact rate be-

tween 𝑆∗  and 𝑉𝑛
∗ (𝛽4) , effective contact rate between 

𝑉∗  and 𝐸∗ (𝛼3) , effective contact rate between 𝑉𝑛
∗  and 

𝐸∗ (𝛼4) , effective contact rate between 𝑉∗  and 𝑅∗ (𝛼5) , 

effective contact rate between 𝐸∗  and 𝐸ℎ
∗  (𝜔3) , effective 

contact rate between 𝐸∗ and 𝐸𝐴
∗ (𝜔4), effective contact rate 

between 𝐸𝐴
∗  and 𝐼𝑠𝐴

∗  (𝜔5) , effective contact rate between 

𝐸ℎ
∗   and 𝐼𝑠ℎ

∗  (𝜔6) , effective contact rate between 𝐸ℎ
∗  and 

𝐼𝑎ℎ
∗  (𝜔7) , effective contact rate between 𝐻∗  and 𝑅∗ (𝛾2), 

effective contact rate between 𝐼𝑠ℎ
∗   and 𝑄ℎ

∗  (𝛾3) , effective 

contact rate between 𝐼𝑠𝐴
∗  and 𝐻∗ (𝛾4), effective contact rate 

between 𝐼𝑎ℎ
∗   and 𝐻∗(𝛾5) , effective contact rate between 

𝑄ℎ
∗   and  𝑅∗ (𝛿4) , effective contact rate between 𝑄ℎ

∗   and 

𝐻∗ (𝛿5), Natural mortality rate (𝜇) and time-delay (𝜏). [11, 

14, 18, 25]. 

2.1. Assumptions of the Model 

The following are the model assumptions for this research 

work. 

1) Dealing with closed population i.e no immigration nor 

emigration. 

2) Mass action law applies. 

3) Permanent immunity upon vaccination is attainable. 

4) Removed class consists of individuals who recover nat-

urally and through medication. 

5) There is time lapse between exposure and being symp-

tomatic. 

6) A fraction of asymptomatic group goes to hospital on re-

alizing that their contacts have been hospitalized or quar-

antined. 

7) The rate of mortality is higher in infective cells followed 

by exposed cells, then recovered cells and lowest in sus-

ceptible cells i.e. 𝜇1 ˂ 𝜇4 ˂ 𝜇2 ˂ 𝜇3 … ˂ 𝜇16. 

2.2. Mathematical Model 

The dynamics of HIV-1 Coronavirus co-infection transmis-

sion system are governed by the following set of non-linear 

DDEs. 

𝑑𝑆∗

𝑑𝑡
= ∅2 − 𝜇5𝑆

∗ − 𝛽2𝑆
∗ − 𝛽3𝑆

∗  

𝑑𝑉∗

𝑑𝑡
= 𝛽2𝑆

∗ − 𝜇6𝑉
∗ − 𝛼2𝑉𝜏

∗ − 𝛼4𝑉𝜏
∗  

𝑑𝑉𝑛
∗

𝑑𝑡
= 𝛽3𝑆

∗ − 𝜇7𝑉𝜏
∗ − 𝛼3𝑉𝑛𝜏

∗   

𝑑𝐸∗

𝑑𝑡
= 𝛼2𝑉𝜏

∗ + 𝛼3𝑉𝑛𝜏
∗ − 𝜇8𝐸

∗ − 𝜔2𝐸𝜏
∗ − 𝜔3𝐸𝜏

∗  

𝑑𝐸𝐴
∗

𝑑𝑡
= 𝜔3𝐸𝜏

∗ − 𝜇9𝐸𝐴
∗ − 𝜔4𝐸𝐴𝜏

∗   

𝑑𝐸ℎ
∗

𝑑𝑡
= 𝜔2𝐸𝜏

∗ − 𝜇10𝐸ℎ
∗ − 𝜔5𝐸ℎ𝜏

∗ − 𝜔6𝐸ℎ𝜏
∗   

𝑑𝐼𝑠ℎ
∗

𝑑𝑡
= 𝜔5𝐸ℎ𝜏

∗ − 𝜇11𝐼𝑠ℎ
∗ − 𝛾1𝐼𝑠ℎ𝜏

∗   
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𝑑𝐼𝑎ℎ
∗

𝑑𝑡
= 𝜔6𝐸ℎ𝜏

∗ − 𝜇12𝐼𝑎ℎ
∗ − 𝛾2𝐼𝑎ℎ𝜏

∗   

𝑑𝐼𝑠𝐴
∗

𝑑𝑡
= 𝜔4𝐸𝐴𝜏

∗ − 𝜇13𝐼𝑠𝐴
∗ − 𝛾3𝐼𝑠𝐴𝜏

∗   

𝑑𝑄ℎ
∗

𝑑𝑡
= 𝛾1𝐼𝑠ℎ𝜏

∗ − 𝛿1𝑄ℎ𝜏
∗ − 𝛿2𝑄ℎ𝜏

∗ − 𝜇14𝑄ℎ
∗   

𝑑𝐻ℎ
∗

𝑑𝑡
= 𝛾2𝐼𝑠𝐴𝜏

∗ + 𝛾3𝐼𝑎ℎ𝜏
∗ + 𝛿2𝑄ℎ𝜏

∗ − 𝜇15𝐻ℎ
∗ − Γ1𝐻ℎ𝜏

∗   

𝑑𝑅∗

𝑑𝑡
= 𝛿1𝑄ℎ𝜏

∗ + Γ1𝐻ℎ𝜏
∗  + 𝛼4𝑉𝜏

∗
𝜏
 − 𝜇16𝑅

∗      (1) 

Subject to the following initial conditions: 

𝑆∗(0) ≥ 0, 𝑉∗(0) ≥ 0, 𝑉𝑛
∗(0) ≥ 0, 𝐸∗(0)  ≥ 0, 𝐸𝐴

∗(0) ≥ 0, 𝐸ℎ
∗(0) ≥  0, 𝐼𝑠ℎ

∗ (0) ≥ 0, 𝐼𝑎ℎ
∗ (0) ≥ 0, 𝐼𝑠𝐴

∗ (0) ≥ 0, 𝑄ℎ
∗(0) ≥

0,  𝐻ℎ
∗(0) ≥ 0, 𝑅∗(0) ≥ 0                               (2) 

3. Theoretical Analysis 

3.1. Positivity of Solutions 

Theorem 3.1 

Given non-negative initial conditions, all solutions of sys-

tem (1) remain non-negative for all 𝑡 ≥ 0. 

Proof: We prove non-negativity of every compartment in 

system (1) using contradiction and differential inequalities. 

For 𝑠∗(𝑡) ≥ 0 

Suppose there exist a first time 𝑡0 > 0 such that 𝑆∗(𝑡0) =

0  with 𝑆∗(𝑡) > 0  for 𝑆∗(𝑡0) = 0  with 𝑆∗(𝑡) > 0  for 𝑡 <

𝑡0 and 𝑆∗(𝑡) < 0 for > 𝑡0. The governing equation is 

𝑑𝑆∗

𝑑𝑡
= ∅2 − 𝜇5𝑆

∗ − 𝛽2𝑆
∗ − 𝛽3𝑆

∗        (3) 

At 𝑡 = 𝑡0, since 𝑆∗(𝑡0) = 0 we have: 

𝑑𝑆∗

𝑑𝑡 𝑡0
= ∅2 ≥ 0                 (4) 

which contradicts 𝑆∗(𝑡) < 0 for 𝑡 < 𝑡0. Thus, 𝑆∗(𝑡) ≥ 0 

for all 𝑡 ≥ 0. 

Similarly, it can be shown that 

(𝑉∗ > 0, 𝑉𝑛
∗ > 0, 𝐸∗  > 0, 𝐸𝐴

∗ > 0, 𝐸ℎ
∗ >  0, 𝐼𝑠ℎ

∗ > 0, 𝐼𝑎ℎ
∗ > 0

, 𝐼𝑠𝐴
∗ > 0, 𝑄ℎ

∗ > 0,𝐻ℎ
∗ > 0, 𝑅∗ > 0)        (5) 

Hence, all compartments remain non-negative for all 𝑡 ≥ 0. 

3.2. Model Analysis and Boundedness 

Let’s define; 

𝑁(𝑡) = 𝑆∗(𝑡) + 𝑉∗(𝑡)+𝑉𝑛
∗(𝑡) + 𝐸∗(𝑡) + 𝐸𝐴

∗(𝑡) + 𝐸ℎ
∗(𝑡) + 𝐼𝑠ℎ

∗ (𝑡) +  𝐼𝑎ℎ
∗ (𝑡) + 𝐼𝑠𝐴

∗ (𝑡) + 𝑄ℎ
∗(𝑡) + 𝐻ℎ

∗(𝑡) + 𝑅∗(𝑡)    (6) 

(𝑑𝑁(𝑡))/𝑑𝑡 = (𝑑(𝑆^ ∗ (𝑡) + 𝑉^ ∗ (𝑡) 〖 + 𝑉〗_𝑛^ ∗ (𝑡) + 𝐸^ ∗ (𝑡) + 𝐸_𝐴^ ∗ (𝑡) + 𝐸_ℎ^ ∗  (𝑡) + 𝐼_𝑠ℎ^ ∗  〖(𝑡) +

 𝐼〗_𝑎ℎ^ ∗  〖(𝑡) + 𝐼〗_𝑠𝐴^ ∗ (𝑡) + 𝑄_ℎ^ ∗ (𝑡) + 𝐻_ℎ^ ∗ (𝑡) + 𝑅^ ∗ (𝑡)))/𝑑𝑡             (7) 

Thus, 

𝑑𝑁(𝑡)

𝑑𝑡
≤ ∅2 − ∑𝜇. Where ∑𝜇 = 𝜇1 + 𝜇2 + ⋯+ 𝜇12.                      (8) 

This implies that 𝑁(𝑡) is bounded and so 

(𝑆∗(𝑡), 𝑉∗(𝑡), 𝑉𝑛
∗(𝑡), 𝐸∗(𝑡), 𝐸𝐴

∗(𝑡), 𝐸ℎ
∗(𝑡), 𝐼𝑠ℎ

∗ (𝑡), 𝐼𝑎ℎ
∗ (𝑡), 𝐼𝑠𝐴

∗ (𝑡), 𝑄ℎ
∗(𝑡), 𝐻ℎ

∗(𝑡), 𝑅∗(𝑡))  

3.3. Basic Reproductive Number R0 and Stability Analysis 

The disease free equilibrium is the state of variable of the model in the absence of disease. Its stability can be tested using the 

eigenvalues of Jacobian matrix obtained at DFE, where at this point reproduction number is less than one. The linearization 

matrix of system (1) is given by: 

http://www.sciencepg.com/journal/mma
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[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
−𝜇5 − 𝛽2 − 𝛽3 0 0 0 0 0 0 0 0 0 0 0

𝛽2  −𝜇6 − 𝛼2𝑒
−𝜆𝜏 − 𝛼4𝑒

−𝜆𝜏 0 0 0 0 0 0 0 0 0 0

𝛽3 0 −𝜇7 − 𝛼3𝑒
−𝜆𝜏 0 0 0 0 0 0 0 0 0

0 𝛼2𝑒
−𝜆𝜏 𝛼3𝑒

−𝜆𝜏 −𝜇8 − 𝜔2𝑒
−𝜆𝜏 − 𝜔3𝑒

−𝜆𝜏 0 0 0 0 0 0 0 0

0 0 0 𝜔3𝑒
−𝜆𝜏 −𝜇9 − 𝜔4𝑒

−𝜆𝜏 0 0 0 0 0 0 0

0 0 0 𝜔2𝑒
−𝜆𝜏 0 −𝜇10 − 𝜔5𝑒

−𝜆𝜏 − 𝜔6𝑒
−𝜆𝜏 0 0 0 0 0 0

0 0 0 0 0 𝜔5 𝑒−𝜆𝜏 −𝜇11 − 𝛾1𝑒
−𝜆𝜏 0 0 0 0 0

0 0 0 0 0 𝜔6𝑒
−𝜆𝜏 0 −𝜇12 − 𝛾2𝑒

−𝜆𝜏 0 0 0 0

0 0 0 0 𝜔4𝑒
−𝜆𝜏 0 0 0 −𝜇13 − 𝛾3𝑒

−𝜆𝜏 0 0 0

0 0 0 0 0 0 𝛾1𝑒
−𝜆𝜏 0 0 −𝛿1𝑒

−𝜆𝜏 − 𝛿2𝑒
−𝜆𝜏 − 𝜇14 0 0

0 0 0 0 0 0 0 𝛾3𝑒
−𝜆𝜏 𝛾2𝑒

−𝜆𝜏 𝛿2𝑒
−𝜆𝜏 −𝜇15 −Γ1𝑒

−𝜆𝜏

0 0 𝛼4𝑒
−𝜆𝜏 0 0 0 0 0 0 𝛿1𝑒

−𝜆𝜏 Γ1𝑒
−𝜆𝜏  −𝜇16 ]

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

The system (1) is locally asymptotically stable if all the ei-

genvalues of linearization matrix of system (1) (*) are nega-

tive. Clearly, the dominant eigenvalues is: 

𝜆 = −𝜇14 + ((𝛿1 + 𝛿2)𝑒
−𝜆𝜏) 

Theorem 1 

Disease free equilibrium is stable whenever 𝑅0 <  1 oth-

erwise unstable. 

Proof 

𝜆10
∗∗  should be negative. This can only be negative if; 

𝛿1𝑒
−𝜆𝜏 < 𝛿2𝑒

−𝜆𝜏 − 𝜇14 

Clearly, 

𝛿1𝑒−𝜆𝜏

𝛿2𝑒−𝜆𝜏−𝜇14
< 1              (9) 

Therefore 𝑅0 <  1 is attained for DFE to be stable. [16, 20, 

24]. 

3.4. Stability of Endemic Equilibrium Point 

If all the eigenvalues of the linearization matrix about EEP 

are negative, then the system (1) is said to be stable. For sta-

bility analysis the equilibrium points are transformed to the 

origin. 

We start by centering the model system (1) at endemic equi-

librium 𝐸(𝑆∗, 𝑉∗, 𝑉𝑛
∗, 𝐸∗, 𝐸𝐴

∗, 𝐸ℎ
∗ , 𝐼𝑠ℎ

∗ , 𝐼𝑎ℎ
∗ , 𝐼𝑠𝐴

∗ , 𝑄ℎ
∗ , 𝐻∗, 𝑅∗)  by 

introducing new variables𝐼𝑎ℎ
∗ , 𝐼𝑠𝐴

∗ , 𝑄ℎ
∗ , 𝐻∗, 𝑅∗ 

𝐾1 = 𝑆 − 𝑆∗, 𝐾2 = 𝑉 − 𝑉∗, 𝐾3 = 𝑉𝑛 − 𝑉𝑛
∗, 𝐾4 = 𝐸 − 𝐸∗, 𝐾5 = 𝐸𝐴 − 𝐸𝐴

∗, 𝐾6 = 𝐸ℎ − 𝐸ℎ
∗ , 𝐾7 = 𝐼𝑠ℎ − 𝐼𝑠ℎ

∗ , 𝐾8 = 𝐼𝑎ℎ − 𝐼𝑎ℎ
∗ ,, 𝐾9 =

𝐼𝑠𝐴 − 𝐼𝑠𝐴
∗ ,, 𝐾10 = 𝑄ℎ − 𝑄ℎ

∗𝐾11 = 𝐻 − 𝐻∗, 𝐾12 = 𝑅 − 𝑅∗                          (10) 

We then rewrite the model system (1) in terms of the new var-

iables, and because  

𝐸(𝑆∗, 𝑉∗, 𝑉𝑛
∗, 𝐸∗, 𝐸𝐴

∗, 𝐸ℎ
∗, 𝐼𝑠ℎ

∗ , 𝐼𝑎ℎ
∗ , 𝐼𝑠𝐴

∗ , 𝑄ℎ
∗ , 𝐻∗, 𝑅∗) is an equilib-

rium point, the constant term cancel. We also discard the quad-

ratic terms because their partial derivatives at the origin are zero. 

The system (1) with the new variables becomes: 

𝐾̇1 = ∅2 − (𝜇5+𝛽2 + 𝛽3)(𝐾1 + 𝑆∗)  

𝐾̇2 = 𝛽2(𝐾1 + 𝑆∗) − 𝜇6(𝐾2 + 𝑉∗) − (𝛼2 + 𝛼4)(𝐾2𝜏 + 𝑉𝜏
∗)  

𝐾̇3 = 𝛽3(𝐾1 + 𝑆∗) − 𝜇7(𝐾3 + 𝑉𝑛
∗) − 𝛼3(𝐾3𝜏 + 𝑉𝑛𝜏

∗ )  

𝐾̇4 = 𝛼2(𝐾2𝜏 + 𝑉𝑛𝜏
∗ ) + 𝛼3(𝐾3𝜏 + 𝑉𝑛𝜏

∗ ) − 𝜇8(𝐾4 + 𝐸∗) − (𝜔2 + 𝜔3)(𝐾4𝜏 + 𝐸𝜏
∗)  

𝐾̇5 = 𝜔3(𝐾4𝜏 + 𝐸𝜏
∗) − 𝜇9(𝐾5 + 𝐸𝐴

∗) − 𝜔4(𝐾5𝜏 + 𝐸𝐴𝜏
∗ )) 

𝐾̇6 = 𝜔2(𝐾4𝜏 + 𝐸𝜏
∗) − 𝜇10(𝐾6 + 𝐸ℎ

∗) − (𝜔5 + 𝜔6)(𝐾6𝜏 + 𝐸ℎ𝜏
∗ ) 

𝐾̇7 = 𝜔5(𝐾6𝜏 + 𝐸ℎ𝜏
∗ ) − 𝜇11(𝐾7 + 𝐼𝑠ℎ

∗ ) − 𝛾1(𝐾7𝜏 + 𝐼ℎ𝜏
∗ ) 

𝐾̇8 = 𝜔6(𝐾6𝜏 + 𝐸ℎ𝜏
∗ ) − 𝜇12(𝐾8 + 𝐼𝑎ℎ

∗ ) − 𝛾2(𝐾8𝜏 + 𝐼𝑎ℎ𝜏
∗ ) 

𝐾̇9 = 𝜔4(𝐾5𝜏 + 𝐸𝐴𝜏
∗ ) − 𝜇13(𝐾9 + 𝐼𝑠𝐴

∗ ) − 𝛾3(𝐾9𝜏 + 𝐼𝑠𝐴𝜏
∗ ) 

𝐾̇10 = 𝛾1(𝐾7𝜏 + 𝐼𝑠ℎ𝜏
∗ ) − (𝜕1 + 𝜕2)(𝐾10𝜏 + 𝑄ℎ𝜏

∗ ) − 𝜇14(𝐾10𝜏 + 𝑄ℎ
∗) 

𝐾̇11 = 𝛾2(𝐾9𝜏 + 𝐼𝑠𝐴𝜏
∗ ) + 𝛾3(𝐾8𝜏 + 𝐼𝑎ℎ𝜏

∗ ) + 𝜕2(𝐾10𝜏 + 𝑄ℎ𝜏
∗ ) − 𝜇15(𝐾11 + 𝐻∗) − Γ1(𝐾11𝜏 + 𝐻𝜏

∗) 

𝐾̇12 = 𝜕1(𝐾10𝜏 + 𝑄ℎ𝜏
∗ ) + Γ1(𝐾11𝜏 + 𝐻𝜏

∗) + 𝛼4(𝐾2𝜏 + 𝑉𝜏
∗) − 𝜇16(𝐾12 + 𝑅∗)  
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A solution of the form 𝐾(𝑡) = 𝐾𝑜𝑒
−𝜆𝑡 and system (2) is linearized about the equilibrium 

(𝐾1, 𝐾2, 𝐾3, 𝐾4, 𝐾5, 𝐾6, 𝐾7, 𝐾8, 𝐾9, 𝐾10, 𝐾11, 𝐾12) = (𝑆∗, 𝑉∗, 𝑉𝑛
∗, 𝐸∗, 𝐸𝐴

∗, 𝐸ℎ
∗, 𝐼𝑠ℎ

∗ , 𝐼𝑎ℎ
∗ , 𝐼𝑠𝐴

∗ , 𝑄ℎ
∗ , 𝐻∗, 𝑅∗)            (11) 

to obtain; 

𝐾̇(𝑡) = 𝐵𝐾(𝑡)                                    (12) 

Differentiating system (2) partially with respect to state variables we obtain 12*12 matrix 𝐽2; 

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
−𝜇5 − 𝛽2 − 𝛽3 0 0 0 0 0 0 0 0 0 0 0

𝛽2  −𝜇6 − 𝛼2𝑒
−𝜆𝜏 − 𝛼4𝑒

−𝜆𝜏 0 0 0 0 0 0 0 0 0 0

𝛽3 0 −𝜇7 − 𝛼3𝑒
−𝜆𝜏 0 0 0 0 0 0 0 0 0

0 𝛼2𝑒
−𝜆𝜏 𝛼3𝑒

−𝜆𝜏 −𝜇8 − 𝜔2𝑒
−𝜆𝜏 − 𝜔3𝑒

−𝜆𝜏 0 0 0 0 0 0 0 0

0 0 0 𝜔3𝑒
−𝜆𝜏 −𝜇9 − 𝜔4𝑒

−𝜆𝜏 0 0 0 0 0 0 0

0 0 0 𝜔2𝑒
−𝜆𝜏 0 −𝜇10 − 𝜔5𝑒

−𝜆𝜏 − 𝜔6𝑒
−𝜆𝜏 0 0 0 0 0 0

0 0 0 0 0 𝜔5 𝑒−𝜆𝜏 −𝜇11 − 𝛾1𝑒
−𝜆𝜏 0 0 0 0 0

0 0 0 0 0 𝜔6𝑒
−𝜆𝜏 0 −𝜇12 − 𝛾2𝑒

−𝜆𝜏 0 0 0 0

0 0 0 0 𝜔4𝑒
−𝜆𝜏 0 0 0 −𝜇13 − 𝛾3𝑒

−𝜆𝜏 0 0 0

0 0 0 0 0 0 𝛾1𝑒
−𝜆𝜏 0 0 −(𝛿1 + 𝛿2)𝑒

−𝜆𝜏 − 𝜇14 0 0

0 0 0 0 0 0 0 𝛾3𝑒
−𝜆𝜏 𝛾2𝑒

−𝜆𝜏 𝛿2𝑒
−𝜆𝜏 −𝜇15 − Γ1𝑒

−𝜆𝜏 0

0 𝛼4𝑒
−𝜆𝜏 0 0 0 0 0 0 0 𝛿1𝑒

−𝜆𝜏 Γ1𝑒
−𝜆𝜏  −𝜇16]

 
 
 
 
 
 
 
 
 
 
 
 
 
 

  (13) 

The system (2) is locally asymptotically stable if all the ei-

genvalues of linearization matrix of system (2) are negative. 

Clearly, the eigenvalues are: 

𝜆1
∗∗∗ = −(𝜇5 + 𝛽2 + 𝛽3)  

𝜆2
∗∗∗ = −(𝜇6 + (𝛼2 + 𝛼4)𝑒

−𝜆𝜏)  

𝜆3
∗∗∗ = −𝜇7 − 𝛼3𝑒

−𝜆𝜏  

𝜆4
∗∗∗ = −(𝜇8 + (𝜔2 + 𝜔3)𝑒

−𝜆𝜏)  

𝜆5
∗∗∗ = −𝜇9 − 𝜔4𝑒

−𝜆𝜏 

𝜆6
∗∗∗ = −(𝜇10 + (𝜔5 + 𝜔6)𝑒

−𝜆𝜏) 

𝜆7
∗∗∗ = −𝜇11 − 𝛾1𝑒

−𝜆𝜏 

𝜆8
∗∗∗ = −𝜇12 − 𝛾2𝑒

−𝜆𝜏 

𝜆9
∗∗∗ = −𝜇13 − 𝛾3𝑒

−𝜆𝜏  

𝜆10
∗∗∗ = −𝜇16  

For 𝜆11
∗∗∗ and 𝜆12

∗∗∗ they are obtained from the characteristic 

equation below: 

[(−𝜇14 + ((𝛿1 + 𝛿2)𝑒
−𝜆𝜏)) − 𝜆][(−𝜇15 − Γ1𝑒

−𝜆𝜏) − 𝜆] = 0 (14) 

𝜆2 + 𝑎𝜆 + 𝑏 = 0              (15) 

𝜆11
∗∗∗ =

−𝑎−√𝑎2−4𝑏

2
  

𝜆12
∗∗∗ =

−𝑎+√𝑎2−4𝑏

2
  

Where, 

𝑎 = 𝜇14 + 𝜇15 + Γ1𝑒
−𝜆𝜏 + (𝛿1 + 𝛿2)𝑒

−𝜆𝜏  

𝑏 = 𝜇15(𝛿1 + 𝛿2)𝑒
−𝜆𝜏 − Γ1𝑒

−2𝜆𝜏(𝛿1 + 𝛿2) + Γ1𝑒
−𝜆𝜏  

Therefore, Reproduction number at EEP is given by; 

𝑅1 = 𝜆12
∗∗∗ =

−𝑎+√𝑎2−4𝑏

2
  

Clearly, 

𝑅1 =
𝑎2

𝑎2−4𝑏
> 1               (16) 

The reproduction number at EEP is greater than one mean-

ing that the disease existence persists hence becomes endemic. 

3.5. Global Stability of Endemic Equilibrium 

In this sub-section global stability of endemic equilibrium 

point 𝜀∗ is proofed by constructing Lyapunov functions. 

Theorem 2 

For system (1) endemic equilibrium is asymptotically stable 

when 𝑅0 > 1 and otherwise unstable when 𝑅0 < 1. 

Proof 

Consider the following Lyapunov function; 

𝜈: {((𝑆∗, 𝑉∗, 𝑉𝑛
∗, 𝐸∗, 𝐸𝐴

∗, 𝐸ℎ
∗ , 𝐼𝑠ℎ

∗ , 𝐼𝑎ℎ
∗ , 𝐼𝑠𝐴

∗ , 𝑄ℎ
∗ , 𝐻∗, 𝑅∗) ∈

Ω: (𝑆∗, 𝑉∗, 𝑉𝑛
∗, 𝐸∗, 𝐸𝐴

∗, 𝐸ℎ
∗, 𝐼𝑠ℎ

∗ , 𝐼𝑎ℎ
∗ , 𝐼𝑠𝐴

∗ , 𝑄ℎ
∗ , 𝐻∗, 𝑅∗  > 0} → ℝ 

is given by 

𝜈((𝑆∗, 𝑉∗, 𝑉𝑛
∗, 𝐸∗, 𝐸𝐴

∗, 𝐸ℎ
∗, 𝐼𝑠ℎ

∗ , 𝐼𝑎ℎ
∗ , 𝐼𝑠𝐴

∗ , 𝑄ℎ
∗ , 𝐻∗, 𝑅∗) =

1

2
[(𝑆∗ − 𝑆∗∗)2 + (𝑉∗ − 𝑉∗∗)2 + ⋯+ (𝑅∗ − 𝑅∗∗)2]       (17) 

Differentiating 𝜈 with respect to 𝑡, we get, 
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𝜈̇((𝑆∗, 𝑉∗, 𝑉𝑛
∗, 𝐸∗, 𝐸𝐴

∗, 𝐸ℎ
∗, 𝐼𝑠ℎ

∗ , 𝐼𝑎ℎ
∗ , 𝐼𝑠𝐴

∗ , 𝑄ℎ
∗ , 𝐻∗, 𝑅∗) = (𝑆∗ − 𝑆∗∗)𝑆 ∗̇ + (𝑉∗ − 𝑉∗∗)𝑉∗̇ + ⋯ (𝑅∗ − 𝑅∗∗)𝑅∗̇̇                (18) 

= (1 −
𝑆∗∗

𝑆∗ ) 𝑆̇ + (1 −
𝑉∗∗

𝑉∗ ) 𝑉∗̇ + ⋯+ (1 −
𝑅∗∗

𝑅∗ )𝑅
∗̇                        (19) 

= (1 −
𝑆∗∗

𝑆∗ ) (∅2 − 𝜇5𝑆
∗ − 𝛽2𝑆

∗ − 𝛽3𝑆
∗) + (1 −

𝑉∗∗

𝑉∗ ) (𝛽2𝑆
∗ − 𝜇6𝑉

∗ − 𝛼2𝑉𝜏
∗ − 𝛼4𝑉𝜏

∗) + ⋯+ (1 −
𝑅∗∗

𝑅∗ )(𝛿1𝑄ℎ𝜏
∗ + Γ1𝐻𝜏

∗ +

𝛼4𝑉𝜏
∗  − 𝜇16𝑅

∗)                             (20) 

By considering the system (1) (**) at endemic equilibrium 

point we have; 

∅2 = 𝜇5𝑆
∗∗ + 𝛽2𝑆

∗∗ + 𝛽3𝑆
∗∗ 

𝛽2𝑆
∗∗ = 𝜇6𝑉

∗∗ + 𝛼2𝑉𝜏
∗ + 𝛼4𝑉𝜏

∗ 

𝛽3𝑆
∗∗ = 𝜇7𝑉𝑛𝜏

∗∗ + 𝛼3𝑉𝑛𝜏
∗  

𝛼2𝑉𝜏
∗∗ = −𝛼3𝑉𝑛𝜏

∗ + 𝜇8𝐸
∗ + 𝜔2𝐸𝜏

∗∗ + 𝜔3𝐸𝜏
∗ 

𝜔3𝐸𝜏
∗∗ = 𝜇9𝐸𝐴

∗ + 𝜔4𝐸𝐴𝜏
∗  

𝜔2𝐸𝜏
∗∗ = 𝜇10𝐸ℎ

∗ + 𝜔5𝐸ℎ𝜏
∗∗ + 𝜔6𝐸ℎ𝜏

∗          (21) 

𝜔5𝐸ℎ𝜏
∗∗ = 𝜇11𝐼𝑠ℎ + 𝛾1𝐼𝑠ℎ𝜏

∗∗  

𝜔6𝐸ℎ𝜏
∗∗ = 𝜇12𝐼𝑎ℎ

∗ ∓ 𝐼𝑎ℎ𝜏
∗  

𝜔4𝐸𝐴𝜏
∗∗ = 𝜇13𝐼𝑠𝐴

∗ + 𝛾3𝐼𝑠𝐴𝜏
∗  

𝛾1𝐼𝑠ℎ𝜏
∗∗ = 𝑄ℎ𝜏

∗ + 𝛿2𝑄ℎ𝜏
∗∗ + 𝜇14𝑄ℎ

∗   

𝛾2𝐼𝑠𝐴𝜏
∗∗ = −𝛾3𝐼𝑎ℎ𝜏

∗ − 𝛿2𝑄ℎ𝜏
∗∗ + 𝜇15𝐻

∗ + Γ1𝐻𝜏
∗ 

𝛿1𝑄ℎ𝜏
∗∗ = −Γ1𝐻𝜏

∗ − 𝛼4𝑉𝜏
∗ + 𝜇16𝑅

∗ 

Substituting the values obtained in equations (21) into equa-

tion (20) and simplifying we have; 

(1 −
𝑆∗∗

𝑆∗
) (∅2 − 𝜇5𝑆

∗ − 𝛽2𝑆
∗ − 𝛽3𝑆

∗) + (1 −
𝑉∗∗

𝑉∗
) (𝛽2𝑆

∗ − 𝜇6𝑉
∗ − 𝛼2𝑉𝜏

∗ − 𝛼4𝑉𝜏
∗) + ⋯+ (1 −

𝑅∗∗

𝑅∗
)(𝛿1𝑄ℎ𝜏

∗ + Γ1𝐻𝜏
∗ + 𝛼4𝑉𝜏

∗  − 𝜇16𝑅
∗) (22) 

Here 𝑣 = 0 when  

(𝑆∗, 𝑉∗, 𝑉𝑛
∗, 𝐸∗, 𝐸𝐴

∗, 𝐸ℎ
∗ , 𝐼𝑠ℎ

∗ , 𝐼𝑎ℎ
∗ , 𝐼𝑠𝐴

∗ , 𝑄ℎ
∗ , 𝐻∗, 𝑅∗ =

 (𝑆∗∗, 𝑉∗∗, 𝑉𝑛
∗∗, 𝐸∗∗, 𝐸𝐴

∗∗, 𝐸ℎ
∗∗, 𝐼𝑠ℎ

∗∗ , 𝐼𝑎ℎ
∗∗ , 𝐼𝑠𝐴

∗∗ , 𝑄ℎ
∗∗, 𝐻∗∗, 𝑅∗∗). Other-

wise 𝑣̇ >  0. Therefore the greatest compact invariant set in 

{(𝑆∗, 𝑉∗, 𝑉𝑛
∗, 𝐸∗, 𝐸𝐴

∗, 𝐸ℎ
∗, 𝐼𝑠ℎ

∗ , 𝐼𝑎ℎ
∗ , 𝐼𝑠𝐴

∗ , 𝑄ℎ
∗ , 𝐻∗, 𝑅∗) ∈  Ω: 𝑣̇  >

 0 } is the singleton {𝜀∗}, where 𝜀∗ is the endemic equilib-

rium point. It then implies that 𝜀∗ is globally asymptotically 

stable in the interior of Ω. 

3.6. Birfucation Analysis 

This section highlights the sufficient and necessary condi-

tions for hopf bifurcation to occur using the bifurcating pa-

rameter time-delay 𝜏. In this, we assume that 𝑅0 > 0, that is, 

the endemic equilibrium 𝜀∗, exists. To study stability of 𝜀∗, 

we consider the linearization of the system (1) (*) at point 𝜀∗. 

Stability of EEP in absence of time-delay (𝜏 = 0). 

From characteristic equation, clearly; 

𝜆11
∗∗∗ =

−𝑎−√𝑎2−4𝑏

2
  

𝜆12
∗∗∗ =

−𝑎 + √𝑎2 − 4𝑏

2
 

Where, 

𝑎 = 𝜇14 + 𝜇15 + Γ1𝑒
−𝜆𝜏 + (𝛿1 + 𝛿2)𝑒

−𝜆𝜏  

𝑏 = 𝜇15(𝛿1 + 𝛿2)𝑒
−𝜆𝜏 − Γ1𝑒

−2𝜆𝜏(𝛿1 + 𝛿2) + Γ1𝑒
−𝜆𝜏  

Considering this when 𝜏 = 0  then 𝜆11,12
∗∗∗ < 0  hence sta-

bility is guaranteed. This implies that in absence of delay i.e 

𝜏 = 0 and for 𝑅0 > 1, the EEP is stable. This equilibrium cre-

ates people with co-nifections of HIV-1 Coronavirus disease. 

Stability of EEP in presence of time-delay 𝜏𝑖 

In presence of time-delay 𝜏𝑖, the eigenvalues obtained from 

the transcedendal equation that gave us the dominant eigen-

value at EEP compares to the one analyzed by Kirui et al 

(2015) and we use the same approach to find the roots of this 

equation analytically. Let 𝜆 = 𝑥(𝜏) + 𝑖𝑦(𝜏)  be the eigen-

value of the characteristic equation. Since EEP is stable in ab-

sence of delay, it implies that 𝑅𝑒(𝜆) = 𝑥(0) < 0 . As 𝜏  in-

creases from zero, there is a value 𝜏0 > 0 such that EEP is 

stable for 𝜏 = [0, 𝜏0] and unstable for 𝜏 > 𝜏0. At this thresh-

old value, EEP loses stability and Hopf bifurcation occurs. Bi-

furcation value of 𝜏0 > 0  occurs when 𝜆 = 𝑥(𝜏0) + 𝑖𝑦(𝜏0) 

is purely imaginary, that is 𝑥(𝜏0) = 0. This eigenvalue is de-

fined as 𝜆 = ±𝑖𝑦0. Substituting this in the equation we obtain 

the following; 

(𝑖𝑦0)
2 + [𝑎1 + 𝑎2𝑒

−𝑖𝑦0𝜏]𝑖𝑦0 + 𝑎3𝑒
−𝑖𝑦0𝜏 − 𝑎4𝑒

−2𝑖𝑦0𝜏 (23) 

Where, 

𝑎1 = 𝜇14 + 𝜇15  

𝑎2 = Γ1 + 𝛿1 + 𝛿2 
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𝑎3 = (𝜇15(𝛿1 + 𝛿2)  

𝑎4 = (𝛿1 + 𝛿2)Γ1  

Writing equation (10) in terms of trigonometric ratios, 

−𝑦0
2 + 𝑖𝑎1𝑦0 + 𝑖𝑦0𝑎2[𝑐𝑜𝑠𝑦0𝜏 − 𝑖𝑠𝑖𝑛𝑦0𝜏] + 𝑎3[𝑐𝑜𝑠𝑦0𝜏 − 𝑖𝑠𝑖𝑛𝑦0𝜏] − 𝑎4[𝑐𝑜𝑠2𝑦0𝜏 − 𝑖𝑠𝑖𝑛2𝑦0𝜏] = 0       (24) 

Collecting real and imaginary we have that; 

𝐼𝑚:−𝑦0
2 = 𝑦0𝑎2𝑠𝑖𝑛𝑦𝜏 + 𝑎3𝑐𝑜𝑠𝑦0𝜏 − 𝑎4𝑐𝑜𝑠2𝑦0𝜏 (25) 

𝑅𝑒: 𝑎1𝑦0 = 𝑦0𝑎2𝑐𝑜𝑠𝑦0𝜏 − 𝑎3𝑠𝑖𝑛𝑦0𝜏 − 𝑎4𝑠𝑖𝑛2𝑦0𝜏 (26) 

Adding the squares of both sides of equations (25) and (26) 

and collecting like terms one gets; 

𝑦0
4 + 𝑎1

2𝑦0
2

= 0             (27) 

Let ℎ(𝑦0) = 𝑦0
4
+ 𝑎1

2𝑦0
2            (28) 

Then 
𝑑ℎ(𝑦0)

𝑑𝑦0
= 4𝑦0

3

+ 2𝑎1
2𝑦0 > 0       (29) 

Since, 
𝑑ℎ(𝑦0)

𝑑𝑦0
 is positive it implies that 𝜆 crosses the imag-

inary axis with non-zero speed hence Hopf bifurcation occurs. 

4. Main Results 

Analytic solutions can be demonstrated using analytic results 

with specific numerical examples. The model system (1) (*) is con-

sidered. A numerical simulation of the model is calculated using 

list of parameters and their estimated values given in the Table 1. 

The values have been obtained from [1, 7, 10]. In simulation of the 

model system (1), the following initial values in each compartment 

at the onset of infection is assumed to apply;  

(𝑆∗(0), 𝑉∗(0), 𝑉𝑛
∗(0), 𝐸∗(0), 𝐸𝐴

∗(0), 𝐸ℎ
∗(0), 𝐼𝑠ℎ

∗ (0),

𝐼𝑎ℎ
∗ (0), 𝐼𝑠𝐴

∗ (0), 𝑄ℎ
∗(0), 𝐻ℎ

∗(0), 𝑅∗(0)) =

(1000, 0, 0.01, 0.01, 500,30,0,0,0,0,0,0)  on the interval 

[−𝜏, 0]. 

Table 1. The table of Variable, Variable description and Value. 

Parameters Value Source 

𝑆∗  2500 Fixed 

𝑉∗  1000 Estimated 

𝑉𝑛
∗  1500 Estimated 

𝐸∗  100 Estimated 

𝐸𝐴
∗  10 Estimated 

𝐸ℎ
∗  10 Estimated 

𝐼𝑠𝐴
∗   0 Assumed 

𝐼𝑠ℎ
∗   0 Assumed 

𝐼𝑎ℎ
∗   0 Assumed 

𝑄ℎ
∗   15 Estimated 

𝐻∗  20 Estimated 

𝑅∗  5 Assumed 

𝜙2  2500 16 

𝛽3  0.20 Assumed 

𝛽4  0.002 14 

𝛼3  0.53 Estimated 

𝛼4  0.45 Estimated 

𝛼5  0.50 Estimated 
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Parameters Value Source 

𝜔3  0.4 Estimated 

𝜔4  0.05 Estimated 

𝜔5  0.043 Estimated 

𝜔6  0.045 Estimated 

𝜔7  0.3425 Estimated 

𝛾2  0.05 22 

𝛾3  0.3 16 

𝛾4  0.3 16 

𝛾5  0.38 16 

𝛿4  0.200 22 

𝛿5  0.3 Assumed 

𝜇  0.019 < 𝜇 < 0.51  16 

 

 
Figure 1. A plot of 𝑅1 against time against time-delay (𝜏). 

Figure 1 shows a plot of reproduction number at EEP (R1) 

against the time-delay. It is evident that the time-delay affects 

the reproduction number at EEP. If this latent period is length-

ened then stability is achieved. 

 
Figure 2. A plot of 𝑅1 against time against drug efficacy (𝛤1). 

Figure 2 shows a graph of Reproduction number at EEP 

against drug efficacy. It is evident that when drug efficacy is 

100% the minimization of the growth of disease is achieved. 

At this point EEP is unstable. 
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Figure 3. A plot of 𝑅1 against time against death rate (𝜇). 

Figure 3 shows a graph of reproduction number at EEP 

against death rate. It is evident from the graph that the higher 

the death rate the higher the reproduction number meaning 

that the disease is growing. 

 
Figure 4. A plot of 𝜆 against time-delay (𝜏). 

Figure 4 is a graph of lamda against time-delay. From the 

graph it is evident that the system (1) (*) is stable when time-

delay is less than the threshold value of 0.56 days. Above this 

threshold value hopf bifurcation occurs that destabilizes the 

equilibrium. 

5. Conclusion 

In this study, a SVEIR model for HIV-1 and Coronavirus 

disease co-infection was developed. This model incorporates 

vaccination, quarantine, chemotherapy and time-delay to ana-

lyze the dynamics of the disease. To measure the spread of the 

disease, Basic Reproduction Number 𝑅0  was used. Disease 

Free Equilibrium (DFE) is attained when 𝑅0 < 1. This is af-

fected by vaccination, time-delay, quarantine and chemother-

apy of both HIV-1 and Coronavirus. The study found out that 

if all other factors are kept constant then DFE is achieved 

when drug efficacy is above 50%. From the numerical analy-

sis it is clear that for time-delay 𝜏 > 0 DFE is stable and un-

stable otherwise. 

To understand the dynamics of the disease, local and global 

stabilities of the SVEIR model were determined using Lya-

punov functions. It was found out that local stability is at-

tained when 𝑅0 < 1  and global stability is achieved when 

𝑅0 > 1. Finally, Bifurcation analysis was carried out to deter-

mine the effect of changing time-delay parameter 𝜏  on the 

equilibrium of the SVEIR model. It was found out that for the 

threshold value 𝜏 = 0.56, the system is in equilibrium. When 

this value is changed, oscillation occurs. This causes instabil-

ity resulting in the Hopf Bifurcation. 
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DDE Delay Differential Equations 

DFE Disease Free Equilibrium 

EEP Endemic Equilibrium Point 

HIV Human Immuno Deficiency Virus 

J Jacobian 
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