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Abstract: Malaria is a public health problem that has affected many countries across the continent. To address this problem, a
malaria mathematical model on assessing the impact of strong and weak immunity was investigated. In addition to that drug
resistance and intensive treatment analysis was also analyzed between human and mosquito population by the use of appropriate
and standard procedures. A malaria model was developed where strong immunity, and weak immunity parameters were
incorporated. A variable of drug resistance was also incorporated to describe the rates of transmission of human and mosquito
populations. The basic reproductive number was derived using the Next Generation Matrix Method. The stability of the basic
reproductive number was checked by use of the Jacobian Matrix. The disease Free equilibrium was found to be locally
asymptotically stable as the basic reproductive number is less than one and unstable if greater than one. The results were found
that increased immunity, and intensive treatment helped reduce the number of infections and increased recoveries. This study
will be useful to the government and non governmental organizations because they will do intensive treatment to those who
have resistance malaria infections and low immunity. The government will also give immune boosters so that drug resistance
can stop and increase immunity hence leading to high recoveries. The mathematical malaria modelers will use this study as
reference in their research.
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To reduce the malaria disease cases in the world, several
mathematical models have been developed where the first
model was done by Ross et al. [5]. According to their
research, if malaria could be reduced to a certain threshold
then it could not be an endemic in the world. Later the
model was modified by George et al. [6] by including
higher infection. They showed that number of mosquitoes

1. Introduction

Epidemics of vector borne diseases are usually serious
threats globally where malaria is among the deadliest parasitic
diseases by Zhao et al. [1]. When an adult female anopheles
mosquito infected with malaria bites human blood, it transmits
the infection by Fortin et al. [2]. An estimation of 241, 000,

000 malaria cases, 627, 000 deaths in 2020 were reported and
14, 000, 000 cases, 69, 000 deaths had been reported in 2019
in eighty five endemic malaria countries across the world by
World Health Organization 2021 [3]. Symptoms of malaria are
cold, fevers and sweat which are severe, they are accompanied
by pains in joint and abdomen, extreme fatigue, headache and
vomiting by Gbenga et al. [4].

reduction had a little elimination on malaria epidemiology in
endemic areas by George et al. [6]. Several models have
been dedicated in order to come up with strategies that can
eliminate malaria but, it continues to be an endemic in Sub
Saharan Africa by Bakary et al. [7]. Therefore, there is
need to develop new models and more research on malaria
mathematical models by Bakary et al. [7]. Tchoumi et al.
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[8] developed a model with numerical simulations for malaria
transmission dynamics with differential susceptibility and
partial immunity. Therefore, understanding how immunity,
drug resistance could impact dynamics of malaria and control
strategies is important in predicting the its dynamics. Eckhoff
et al. [9] did a mathematical model on malaria parasite
diversity and transmission intensity and how it affected the
development of parasitological immunity.

A mathematical model analysis of competitive dynamics
and aggressive treatment in the evolution of drug resistance
in malaria parasites was done by Song et al. [10]. In
their study they found out that aggressive treatment on drug
resistant reduced the malaria infections. They recommended
exploring the underlying issue of drug resistance and providing
theoretical support for more effective drug treatment strategies
by Song et al. [10]. Onifade et al. [11], did a research
on the impact of drug resistance and treatment on malaria
transmission dynamics. The result of their simulations
revealed that to effectively control the widespread drug
resistance, it was crucial for the policy makers to ensure
that the individuals who become resistant from a particular
treatment should be introduced to another treatment to ensure
proper healing from the malaria infection by Onifade et al.
[11]. Haringo et al. [12], developed a mathematical model
with media awareness and treatment interventions. In this
study, they found out that media awareness and treatment
utilized the control of malaria infections. Olutimo et al. [13],
did a malaria mathematical transmission model on the effect of
environmental immunity between vector and host population
where they developed and analyzed it. The conclusion of
their study was that acquired environmental immunity due to
nutrition, and medicinal herbs increased the recovery rates
and lowered the infected class. Furthermore, Tumwiine et
al. [14], found out that drug resistance against antimalarial
drugs was a major hindrance to malaria control. The reports
of drug resistance of Plasmodium falciparum have been
increasing since 2012 across the globe as done by Wurtz et
al. [15]. Mathematical models have been used to successfully
understand the transmission of infectious diseases by Collins
2020 et al. [16], Collins 2021 et al. [17], Collins 2014 et al.
[18], Herdicho et al. [19], Ibrahim et al. [20], Ojo et al. [21],
Koella et al. [22], and Tien et al. [23].

In this paper, a deterministic malaria mathematical model
was developed with six compartments. The impact of partial
immunity, strong immunity, drug resistance and intensive
treatment is analyzed using the proposed model which has not
been done before. Drug resistance is considered as a model
variable that varies with time. The people with low immunity
after they decline normal treatment and become resistant must
be introduced to another intensive treatment and immune
boosters for them to recover. This paper is organized as
follows; in Section 2, is the Susceptible S}, Infected Iy, drug
resistant Rey,,, recovered humans, Ry,, Susceptible S,,,, and
infected mosquitoes I,,,, malaria mathematical model with six
compartments. Section 3, is the analysis of the mathematical
model which include positivity and boundedness, invariant
region, basic reproductive number, Disease Free Equilibrium

and Endemic Equilibrium. Section 4, is the mathematical
numerical simulations and section 5, are the conclusions and
recommendations.

2. Research Methodology

2.1. Mathematical Malaria Model and Description

The SholnoRenoRnoSmolmo model was an extension
of the mathematical malaria model done by Ndendya et
al. [24] where these researchers only looked at effect
of environmental immunity in their research. Their
model was a Susceptible, infected recovered humans, and
susceptible, infected mosquitoes; SITRSI, but this study
is @ SholhoRenoRhoSmolmo Where strong immunity, weak
immunity, drug resistance and intensive treatment were
incorporated. This makes it different from other researches
that have been done before. The variables and the parameters
of the malaria mathematical model figure 1 are described
below, where; Sp, is the number of the susceptible human
population, I, is the number of human population who are
infected with malaria, Rep, is the is the infected human
population who are resistant to antimalarial drugs, and Ry,
is the recovered human population. Additionally S,,, is the
total number of susceptible mosquito population and I, is
the total number of infected mosquito population. Ny, (t)
is the total number of human population at time ¢ given by;
Nho(t) = Sho(t) + I}w(t) + Reho(t) + Rho(lf) and Nmo(t)
is the total number of mosquito population at time ¢ given by
Nmo(t) - Smo(t) + I’mo(t)'

Ay, is the birth rate of humans, while A,,, is the birth
rates of mosquitoes. Susceptible mosquitoes increase by
natural births at a rate of Ay, and when the recovered human
population lose immunity at a rate of . They decrease due
to natural deaths at a rate u and Tmono Which is the rate at
which susceptible humans become infected. Infected humans
increase at a rate mmoho While they decrease by natural and
induced deaths at rates p and o respectively. Additionally,
they decrease when they are given medication and gain strong
immunity at a rate ap. Finally, they decrease when infected
human population with weak immunity become resistant to
drugs at a rate (1-a)p.

Resistant to drugs human population increase at a rate (1-
a)p after infected to malaria with weak immunity become
resistant to drugs. They decrease due to disease induced and
natural death rates denoted as o and p respectively. Finally
they decrease at a rate 7 due to intensive treatment and
taking of immune boosters. The recovered human population
increase after infectious humans are treated and take immune
boosters to gain strong immunity. They also increase after
the infected who are resistant to drugs are treated with
stronger antimalarial drugs and given immune boosters. They
decrease due to natural deaths and loss of immunity at rates
w1 and ~y respectively. Mosquitoes become susceptible after
biting human blood from infectious humans (I,) or from
infected humans who are resistant to drugs Rep,. Susceptible
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mosquitoes increase due to natural births at a rate Ayo.
They decrease after natural deaths of mosquitoes pimo and
when they move to infected mosquitoes compartment at a rate
Thomo-

Infected mosquitoes increase at a rate Thomo and decrease
at lmo Which is the death rate. -~ is the rate at which
the recovered human population lose immunity and become
susceptible to malaria infections. [y is the contact rate of
human beings while Sy, is the contact rate of the mosquitoes.
b is the biting rate of the mosquitoes, while v is the relative

I-Lmosmo

infectivity from the infected human population resistant to
antimalarial drugs. Mathematical Model Assumptions include:

1. All newborns are susceptible to malaria infections (both
humans and mosquitoes). 2. Humans and mosquito population
are constant. 3. All compartments have natural death rates
where p is for the humans while e is for the mosquitoes.
4. Mosquitoes do not have immune category because majority
die after malaria infections. 5. Humans lose immunity after
recovery at a rate -y and become susceptible again.

umolmo

Figure 1. Mathematical Malaria Model.

2.2. Mathematical Malaria Model Equations

The following are the Equations for the Sy 150 Reno RhoSmolmo

Mathematical malaria Model;

dSho
d__: - AhoNho + 'YRho — Tmoho — MShzr (1)
dl,
i = Tmoho — (1= @)plho — aplio — (u+0)Iho (2)
dRe;w

=(1—a)plpo — TRepo — (L + 0)Repo.  (3)

dt

dRy,

5 = OPlho+ TRepo = YRho — pRno  (4)

dSmo
7 - Amono — Thomo — ,U/mOSmo (5)

dI
dr:o = Thomo — ,UmOImo~ (6)
Let Tmoho = —bﬁhf}\}g :LZI’"" and Thomo =
bBmoS

T”“I(\f:"JrVRe""). Where ho represents human population
and meo is the mosquito population.
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2.2.1. Description of Mathematical Model Variables and
Parameters

Ao is the Recruitment of susceptible humans by birth.

Amo is Constant total recruitment rate of susceptible
mosquitoes by birth.

1 1s Natural death rate of humans.

Imo 18 Natural death rate of mosquitoes.

Bho is Transmission probability from infected vector to
susceptible humans

Bmo 18 the transmission probability from infected humans
to susceptible mosquito.

b is the average biting rate of mosquitoes on humans per
day.

Tmoho 18 Susceptible humans become infected rate.

Thomo 18 Susceptible mosquitoes become infected rate.

ap is Infected humans recover due to strong immunity rate.

(1 — a)p is weak immunity resist drugs rate.

o is Induced death rate.

pm 1s Death rate of mosquitoes.

T is Recovery rate due to intensive treatment.

Sho 1s Susceptible human Population.

I, is Infected human population.

Rey,, is Human population resistant to drugs.

dSho
dt

R}, 1s Recovered human Population.
Smo 18 Susceptible mosquito Population.
I, is Infected mosquito population.

3. Analysis of the Mathematical Model

3.1. Mathematical Model Basic Properties

The mathematical model figure 1 monitors the changes of
human and mosquito populations. To prove that the solutions
of the system in figure 1 with initial non-negative conditions
remains non-negative for all ¢ > 0, the following theorem
applies;

Theorem: Given that the initial conditions of mathematical
model figure 1 are; Sp,(0) > 0,15,(0) > 0, Rep,(0) >
0, Rho(0) > 0,5,,0(0) > 0, and T,,,(0) > 0, the solutions
Sho(t), Ino(t), Reno(t), Ruo(t), Smo(t), and Ip,(t) are non-
negative for all £ > 0.

Proof: Assume that; ¢ = sup [t > 0; Spo(t) > 0, Ino(t) >
0, Repo(t) > 0, Rpo(t) > 0, Smo(t) > 0, Io(t) > 0]€ [0, 1].
Thus ¢ > 0, and it follows directly from equation 1 of the
mathematical model figure 1 that;

2 AhoNho + 'tho - (7Tm0h0 + MSho)~ (7)

Using the integrating factor to solve the inequality (7), we obtain; %[Sho(t)exp[ut + fot TmohodS]] > AnoNpoexp[ut +

fot Tmoho@S]. When both sides are integrated we get; Sp,(t)exp|ut + fg TmohodS] > fot Anoexp|ut + fg Tmoho(Z)]dt + B,
where B is the integrating constant. Hence, S (tA) > 0¥t > 0. For the second equation of the model figure 1, it gives;

dly,
é > Tmoho — (1 — a)plhe — aplne — (14 0)ho > —[(1 — a)p + ap + p+ o lh,. (®)
Which yields; I}, (t) > Ip.exponential[(1 — a)p + ap + p + o]t > 0. The third equation of the mathematical model figure
1 gives;
dRe;w
o >(1—a)plho — TRepo — (W4 0)Repo > — (7 + 4 o) Repo. 9)

Where; Rep,,(t) > Repoexponential (T + p + o)t > 0. The fourth equation is;

dRho
dt

> aplho + TRepo + 'YRho - .UJRh,o > *(’Y + ,U)Rho-

(10)

Where Rp,(t) > Rpoexponential|(y + u)t] > 0. The fifth equation of our mathematical model figure 1 gives;

dSmo
dt

Which results to; Sy,0(t) > Smoeexponential(Thomo +
lmo)t > 0. Finally the sixth equation of the mathematical
model system figure 1 is;

dlpmo
dt

Z Thomo — //Jmolmo 2 _,UJmOImo- (12)
which yields; I,,,,(t) > Inoexponential — (fimo)t > 0.
Therefore all the solutions of this mathematical model figure 1
with non-negative initial conditions will remain non-negative

> AmoNmo — Thomo — MmoSmo > _(7Thomo + ,Umo)Smtr

(1)

for all time ¢ > 0.

3.2. Invariant Region

Total human and mosquito population is shown here to be
bounded for all time ¢ > 0. Mathematical model figure 1 is
therefore analyzed in a biological interest region (2.

Theorem: The 2 which is the feasible region is thus defined
by:

Qho = [Sho(t), Ino(t), Reno(t), Ruo(t)eR{10 < Ny <
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max[Nho( ) AhONhO]] Qmo = [Smo(t) mo( )€R+‘O <

Npmo < max[Npo(0), A mo ’"”]] With initial conditions
Sho( ) > 0 Iho( ) 2 Reho( ) > 07 Rho(o) >
0, Smo(0) > 0, and I,,,(0) > 0 is invariant positively and
attracting with respect to mathematical model figure 1 for all
t> 0.

Proof: From mathematical model figure 1, the total human
and mosquito populations give;

In general, Nj,(t) < % and Ny, (t) < AmeNmo

Hmo
if Npo(0) < % and Np,,(t) < % Therefore,
Npo(t) and N,,,(t) are bounded above.  Subsequently,
Sho(t)y Tno(t), Reno(t), Ruo(t), Smo(t), and Ip,,(t) are
bounded above. Thus in €2, mathematical model figure
1 is well posed. Therefore, to study the dynamics of the
mathematical model figure 1 in €2 is well sufficient.

3.3. Disease Free Equilibrium and the Basic Reproductive

dNpo(t
dt( ) = AhoNho + YRho — Tmoho — MNhO<t)' (13) Number
In the absence of malaria disease, (I, = Repo = Rpo =
ANmo(t) = AmoNmo — Thomo — HamoNmo(t). (14)  Imo = 0). Mathematical model figure 1 has a disease
dt free equilibrium given by; Ey = (S),,0,0,0,5%,,0) =
Since I0,Ino, and Rp, are non-negative hence, (Ah"uN he (), 0,0, "I‘°7N"“’ 0). Next generation technique was
Npo(t) < Npo(0)exp™# + %(1 — exp~ ) and  applied by Irunde et al. [25], Korobeinikov et al. [26] where
Nio(t) < Npo(0)exp Hmot 4 AmoNuo (] _ ggp—#mot)  the basic reproductive number Ry is the result of spectral
Home radius of FV~1 = Ry = p(FV ).
0 0 e —ap—p+pla-1)-o 0 0
F = 0 0 0 and V = p(l —a) ——0c—-T 0
AmoNmobBmo Ao NiobBmov —_
Nholmo Nholtmo 0 0 0 Hmo
Therefore FV ! is
AnhoNhobBho
0 Nemoptitmo
Fv=t=10
Ao NiobBmov O
Nhottmo (p+o+T)
AmoNmobBmov(ap — p) AmoNmobBmo

A:

Nhottmo (k2 + p1p + 2010 + pu7 + po + p7 + 0% + 07)

Eigenvalues include:

|

_AhoAmoﬁhoBmo(ap'U —U—pv—0— T)
p(p+p+o)(p+ 0+ 7)pimo?

*NhOMmO(_,u —pP— U)

\/_AhoAmoBhoﬁmo(ap'U —U—pUv—0— T)
or b m

(p+p+0o)(p+0+T)imo?

which is the basic reproductive number because it is the most dominant eigen value.

3.4. Local Stability of the Disease Free Equilibrium

Using the basic reproductive number, the theorem 2 by Van
et al. [31], follows that the disease free equilibrium is locally

— 0
0 —(Q-a)p—ap—(p+o)
J(Eo) = 8 (1 ;pa)p
0 0

The eigen values of the Jacobian matrix at the Disease
Free Equilibrium must be real parts which are negative for
the Disease free Equilibrium to be locally asymptotically

asymptotically stable whenever Ry < 1 and unstable when
Ry > 1. The Jacobian Matrix is evaluated at F and it is
obtained as;

—bBhoSho |
0 ~ 0 bﬁ]\[r:%7 !
0 0 0 7}\}‘:”0’”
-7 —(u+o0) 0 0
T -y — i 0 0
—Hmo 0 —Hmo 0
bBmo SmovV bBmoSmo
Nho 0 Nho ~Hmo J
stable. Therefore, the eigen values include; \; = —p, A2 =
—l-a)—ap—(p+0),A3=—-T—(u+0),Aa=—7—p

and A5 = —pmo. Since all the eigen values of the Jacobian
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matrix at the Disease Free Equilibrium are negative, then the
Disease Free Equilibrium is locally asymptotically stable.

3.5. Global Stability at the Disease Free Equilibrium

Theorem: The disease free equilibrium point for the malaria
model figure 1 is globally asymptotically stable if Ry < 1.

Proof: To proof global stability at the disease free
equilibrium, the approach by Castillo et al. [32] is used.

The total population is divided in to uninfected and diseased
dXx

population. The malaria model is then written as; ‘% =
F(X,X1), and €5 = G(X,X;),G(X,0) = 0 where

X = Sho, Rho, Smoe'l'i, represents the number of uninfected

human and mosquito population is represented by X; =
110, Reno, Imo]e'l'f_, represents the diseased human and
mosquito populations. The disease free equilibrium is then
denoted as Ey = (Xo,0). It is important to prove the two
criteria;

a). For % = F(X,0), Xy is globally asymptotically stable
and,

b). G(X, X)) = JX; — G(X,X,),G(X,X;) > 0, for
all (X, X1)ep where J = G(Xo,0) is a Metzler meaning
the off diagonal S of J are not negative and 1 is biologically
meaningful region of the model.

Case (i):

Consider the uninfected class;

d Sho AhoNho + ’tho — Tmoho — MSho
Xl (t) = % Rpo | = aplho + TRepo — ’YRho - MRho
Smo AmoNmo — Thomo — UmoSmo
At the disease free equilibrium when X; = 0, that is  shown below;

Ino = Repo = Iy = 0, the uninfected population becomes;

4 | Sho AnoNno — 11Sho
% Rho - 0
Smo Amono - ,umOSmo

Integrating the system above by use of the separation of
variables gives; Spo(t) = % + (Sho(0) — %)e_“t,
Smo(t) = Amellme (5, (0) — Amelume)e=mmol 5o that
t — 00, Spolt) — % Ruo(t) — 0, Spolt) —
AmoNumo Regardless of the values of Sj,,(0), Rio(0), Spmo(0),

thefn Xy = (A*‘°MN’W ,0, A";LJZW’) is globally asymptotically
stable for the subsystem F'(X,0).

Case (ii):

It is also necessary to prove that CAJ(X7 X1) = JXq1 —

G(X,X1),G(X,X1) > 0. Therefore the system is globally
asymptotically stable at the disease free equilibrium if Ry < 1.

3.6. Endemic Equilibrium

The endemic equilibrium of the mathematical model figure
1 are steady states where malaria may persist in the population.
This happens when one of the infected classes in the
malaria mathematical model figure 1 is not empty. In each
compartment, the rate of change in the populations is zero at
equilibrium; hence the right hand side is set to be zero that is;

0 _ AhoNho _ ’YRZO _ thoj\»[S;::Imp _ MS;;O’
bBhoSh, * * *
0= Lyvh o — (1 —aplf, —a)pl}, — (u+ o)},

0= (1—a)pl}, — TRe}, — (L + 0)Rej,,,
0=aply, +71Re;, — R}, — uRlR;,.

— bBnoShoTimo *
0 - Amono - T - Nmos

mo?

— UBnoSiolim, *
0= "5 — Hmolp,-
SiorInor Rep o, Ry, SY . and Iy are solved and endemic

equilibrium occurs when the state variables take the form

Nmo(AhoNho + ’YR;; )
Sy = o, 15
ho bﬁhol;‘;w - /’LNmo ( )
bBnoSi 1
I* — o~ mo . 16
o = ap+apt(ut om0
1— I
Re}, = %. (17)
T+u+o
Ry, = "o T T e lho + 7HCh, (18)
v+
NhoAmono
St = . 19
" bBmo(l}, + VRe],) 19
* b moS;fno I*O+UR€*O
1, = LmeSmolli ho) (20)

Nho,u/mo

By substituting the values above in to the force of infections
which include; Tmoho = bﬁh"[\}qM. And Thomo =
bBmo o Ui ’

tuliene) Where we obtain a quadratic equation;

ho

Thomo (V2Thomo> + ViThomo + Vo) = 0. And the case
Thomo = 0 corresponds to the trivial equilibrium. For the
possibility of multiple equilibrium, this study is interested
in analyzing the following quadratic equation; VoThome? +
ViThoemo + Vo = 0. Hence, we have established the results
below;

Theorem: The malaria model figure 1 admits precisely;

a). One unique endemic equilibrium if Ry > 1, or if
Ro =0, and V1 <0,

b). two endemic equilibrium if Ry < 1, —% > 0, and
V2 —4VaVy > 0,

¢). no endemic equilibrium otherwise.

3.7. Global Stability at the Endemic Equilibrium Point

Theorem; If Ry > 1, then the malaria model figure 1 has
a unique equilibrium point which is globally asymptotically
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stable.

Proof'; Using the Lyapunov function technique as a suitable
method by Chitnis et al. [27], the global stability of the
endemic equilibrium point of figure 1 was established. It
was formed using the general formula; B = Z?:l ci(yi —
yi Iny) = ci(yr —yilnyr) + ca(y2 — y5 Inys) + c3(ys —
y3nys) + cays — yiInys) + cs(ys — y5 Inys) + ce(ve —
yg Inyg). Note that ¢; is a constant which is positive, y; is
the population of the i*" compartment and y; is the endemic
equilibrium point. So, we differentiate B with respect to

: . dB _ Sho\dSho Tio\dIno
time toRget G = call - % o) S5he 4 co(1 —SI:L )dhe 4

€ho \ dRep, ho dR o dSmo

c3(1— gbe) e +ea(l— ghe) Soe + o5 (1 — 522 ) S
ce(1 — ﬁﬂ)% Substituting the malarla model equations
of figure 1 to the above equations we get; % = (1 —

Sho

2)[AnoNro+7Rno— Wmoho_ﬂsho]+c2(1_i)[ﬂ'moho_
(1 — a)plpo — aplpo — (1 + 0)Ino] + c3(1 — %)[(1 -
(1 + o) Repo) + 04(1 - ’“’)[ap]ho

= pRpo] + e5(1 — 222)[AmoNmo —

- ,umOSmo] + 06(1 - 5:2)[77h0m0 - ,UJmOIm,o]-
Additionally, with the help of Lyapunov technique by Maliyon
et al. [28], function &(Sho, Ihos Reho, Rhos Smoy Imo)
is not positive i.e, @(Sho, Iho, Rehos Rhoy Smoy Imo) <
0 for all &(Sho,Iho, Rehos Rhos Smos Imo)s and it is

Oé)PIho - TReho -

TRepo — YRho

Smo

Thomo

zero only when Sy, = S;,, Ino = I, Reno =
Re},, Rho = R},, Smo = Spmo and I, = I},
so that % = 0. Recalling the Lyapunov stability

conditions that if; B(Sho, Thos Rehos Rhos Smos Imo) >
OV(Shos Thos Reho, Rhos Smo, Imo) S Q\ [Unique
equilibrium point] then, Unique equilibrium point = [ S},
Iy, Rej, ), R, ), Spo0» 1501 is locally asymptotically stable.

3.8. Sensitivity Analysis

The sensitivity analysis of the basic reproduction number
are determined here as used by Wedajo et al. [29], and it
measures the initial malaria disease transmission. Sensitivity
analysis enables the measurement of the change in a state
variable in relation to parameter changes by Olutimo et al.
[13]. The normalized forward sensitivity index of a variable
in relation to parameter change is a ratio of variables change to
the change of parameter. In table 2, the parameter values are
used for sensitivity analysis and also for numerical results in
simulations. XZ¢ = % X pL is the formula for normalized
forward sensitivity index of the variable pe to a parameter
r. Change will occur in pe as dpe, where r is any of the
parameters. For the malaria infections, sensitivity analysis
of the effective reproduction number (pe), will be done to
investigate the parameters that are more sensitive to the malaria
mathematical model figure 1. Also it is done to investigate the
right way to intervene the rate of malaria disease transmission
in the population. The most sensitive and negative parameters
were «, and 7. If these values were increased and other

parameters held constant, the malaria disease would reduce.
The other parameters which are positive, if they are increased
and the other parameters held constant, then the malaria
infections would increase in the human population.

Table 1. This is the table style in LaTeX.

Variables Value Reference
Ano 2.5 [28]
Amo 125 [29]

m 0.00006 [30]
Hmo 0.067 [30]

Bho 02 [30]
Bmo 0.09 [30]

b 39 Variable
a 0.5 [29]

¥ 0.000056 Assumed
a 0.005 [30]
(1—a)p 0.0005 Assumed
o 0.0095 [30]

r 0.00067 Variable
T 0.00045 Assumed
Nho 100 [30]
Nmo 30 [30]

4. Numerical Simulations

The parameter values that have been used in this study are
estimates from other researchers as shown in table 2. The
initial conditions are; N,,, = 300, N, = 1000,S;, =
1000, I, = 500, Rep, = 250, Rp, = 50,S5,, = 300
and [,,, = 150. The initial conditions of the state variables
are arbitrary chosen mostly to show a certain behavior of the
mathematical model.

4.1. Human Dynamics Against Time in Months

From figure 2, the human population in the exposed class
drop rapidly due to malaria infections, natural deaths, and the
remaining move to the infected class. In the infected class,
there is an increase due to the movement of the susceptible
class to the infected class. Then a rapid drop due to disease
induced death rates and natural deaths. The rest move to the
recovery and those who have low immunity become resistant
to drugs and move to resistant to drugs class. The resistant to
drugs increase rapidly due to movement of the infected class
to the resistant to drugs because of low immunity. Then they
drop rapidly due to movement to recovery and death rates
due to malaria infections and natural deaths. The recovered
population increase rapidly due to movement from infected
then to recovered due to medication and high immunity. Also,
they increase due to movement from drugs resistant population
after intensive treatment and due to taking immune boosters to
the recovered human population.
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Figure 2. Human population against time in months.

4.2. Mosquito Dynamics Against Time in Months
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Figure 3. Mosquito population against time in months.
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In figure 3 is mosquito population against time in months where susceptible mosquito population decreases rapidly with time
due to natural deaths and movement to infectious class. Also, the infected mosquito class increase rapidly with time due to the
movement from susceptible class and then drop due to natural deaths.

4.3. Dynamics of Various Values of o on Infected and Recovered Human Population

Effects of various values a on the Recovered Human Population
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— o=0.075
— oa=0.85

0=1.05
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Figure 4. Plot of Infected human population against time in months on the dynamics of varying values of c.

Effects of various values a on the Infected Human Population
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Figure 5. Plot of Infected human population against time in months on the dynamics of varying values of c.

In figure 4 shows that the higher the value of « that is the
higher the immunity level, the higher the number of individuals
who recover from malaria and the lower the immunity level,
the lower the level of recoveries. In figure 5, the higher
the level of immunity, the lower the number of infectives,

and the lower the rate of immunity, the higher the rate of
infectives. Therefore there is need for immune boosters so
that the recoveries can increase and infected decrease in the
community.
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4.4. Dynamics of Various Values of T on Both Resistant to Drugs and Recovered Human Population

Effects of various values T on the Resistant Human Population
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Figure 6. Plot of human population who have resistent drugs against time in months.

Effects of various values T on the Recovered Human Population
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Figure 7. Plot of Recovered human population against time in months.

In figure 6 shows clearly that when intensive treatment and
intake of immune boosters is high, then the number of those
resistant to drugs decrease. Also, when the rate of intensive
treatment and intake of immune boosters is low, then the
number of those resistant to drugs is very high. In figure 7
shows the higher the rate of intensive treatment and intake

of immune boosters, the higher the number of recoveries.
Likewise, the lower the rate of intensive treatment and intake
of immune boosters, the lower the number of recoveries.
Therefore, there is need for intensive treatment and high intake
of immune boosters for those who resist drugs in order for
recoveries to increase.
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4.5. Dynamics of Various Values of v on Both Resistant to Drugs and Recovered Human Population

Effects of various values y on the Resistant Human Population
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Figure 8. Plot of human population who have resistent drugs against time in months on the dynamics of varying values of ~y.

Effects of various values y on the Recovered Human Population
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Figure 9. Plot of Recovered human population against time in months on the dynamics of varying values of ~y.

Figure 8 shows the higher the loss of immunity the high
the number of those who resist drugs and the lower the rate
of immunity, the lower the number of those who are resistant
to drugs. In figure 9 shows clearly that the higher the rate of
immunity, the higher the number of those who recover and the
lower the rate of immunity, the lower the number of those who
recover.

5. Conclusion and Recommendation

The main objective of this study was mathematical malaria
model focusing on the effects of immunity, drug resistance,
and intensive treatment on the human population who become
resistant to drugs. Mathematical model basic properties
like positivity boundedness was performed and the system
mathematical figure 1 was found to be positively bounded.
Basic reproductive number was done using the next generation
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matrix where it was found that the most dominant value
was the most positive. The Jacobian matrix was used to
get the disease free equilibrium where it was found to be
locally asymptotically stable wherever Ry < 1 and unstable
Ry > 1. Additionally, global stability at the endemic
equilibrium was obtained using the Lyapunov function. Again,
sensitivity analysis of the basic reproductive number was
performed to get the most sensitive parameters which were
v, a, and 7. Numerical simulations were done to investigate
effects of immunity, drug resistance, and intensive treatment
as shown in figures 2,3,4,5,6,7,8, and 9. The results
showed that low immunity decreases recoveries and increases
malaria infections. Also, high immunity increases recoveries
and decreases malaria infections. Finally, when intensive
treatment decreases those who are resistant to antimalarial
drugs increase. Then when intensive treatment increases,
recovered human population also increases. This study
recommends that the society to be provided with immune
boosters, free malaria testing, and free medication especially
in areas which are highly endemic because malaria is difficult
to eliminate.

Acknowledgments

The authors are grateful to the reviewers for their
constructive comments and suggestions that have improved the
quality of the manuscript.

Author Contributions

Grace Maithya: Writing original draft, Conceptualization,
Methodology, Analysis and Simulation.

Virginia Kitetu: Review, Editing, and Supervision.

Isaac Okwany: Review, Editing, and Supervision.

Funding

No funding was received for this work.

Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this paper. There has not been
any financial support for this work that could have led to its
outcome.

References

[1] S. Zhao, S. S. Musa, J. T. Hebert, P. Cao, J. Ran, J.
Meng, D. He, J. Qin, Modelling the effective reproduction
number of vector-borne diseases: the yellow fever
outbreak in Luanda, Angola 2015-2016 as an example,
PeerJ. 8 (2020) e8601. https://doi.org/10.7717/peerj.8601

[2] A. Fortin, M. M. Stevenson, P. Gros, Susceptibility to
malaria as a complex trait: big pressure from a tiny
creature, Hum. Mol. Genet. 11 (20) (2002) 2469-2478.
https://doi.org/10.1093/hmg/11.20.2469

[3] World malaria report 2021, World Health Organization,
Geneva, 2021. https://doi.org/10.1186/s12936-022-
04178-7

[4] Gbenga J. Abiodun, P. Witbooi and Kazeem O. Okosun.
Modelling the impact of climatic variables on malaria
transmission. Hacettepe Journal of Mathematics and
Statistics. Volume 47 (2) (2018), 219-235.
https://dergipark.org.tr/en/pub/hujms

[51 R. Ross. The prevention of malaria, London, John
Murray, 1911.

[6] A. George Maria Selvam, A. Jenifer Priya: Analysis of
a Discrete SEIR Epidemic Model. International Journal
of Emerging Technologies in Computational and Applied
Science, 12(1-5), (2015) Pp. 73-76.

[7] Bakary Traor e et al. A Mathematical Model
of Malaria Transmission with Structured Vector
Population and Seasonality. Journal of Applied
Mathematics. Volume 2017, Article ID 6754097.
https://doi.org/10.1155/2017/6754097, 1-15.

[8] Tchoumi, S. Y., Rwezaura, H., Tchuenche,
J. M. (2023). A mathematical model with
numerical simulations for malaria transmission

dynamics with differential susceptibility and partial
immunity. Healthcare Analytics, 3, 100165.
https://doi.org/10.1016/j.health.2023.100165

[9] Eckhoff, P. A. (2012). Malaria parasite diversity
and transmission intensity affect de- velopment of
parasitological immunity in a mathematical model.
Malaria journal, 11, 1-14. https://doi.org/10.1186/1475-
2875-11-419

[10] Song, T., Wang, Y., Li, Y, Fan, G. (2024).
A Mathematical Analysis of Competitive Dynamics
and Aggressive Treatment in the Evolution of Drug
Resistance in Malaria Parasites. Mathematics, 12(10),
1595. https://doi.org/10.3390/math12101595

[11] Onifade, A. A., Ojo, M. M. (2024). Assessing the impact
of drug resistance and treat- ment on malaria transmission
dynamics. Modeling Earth Systems and Environment,
10(2), 2905-2916. https://doi.org/10.1007/s40808-023-
01938-5

[12] Haringo, A. T., Obsu, L. L., Bushu, F. K. (2024).
A mathematical model of malaria transmission with
media-awareness and treatment interventions. Journal
of Applied Mathematics and Computing, 1-39.
https://doi.org/10.1007/s12190-024-02195-0



Mathematical Modelling and Applications 2025; 10(1): 1-13 13

[13] Olutimo, A. L., Mbah, N. U., Abass, F. A., Adeyanju,
A. A. (2024). Effect of en- vironmental immunity on
mathematical modeling of malaria transmission between
vector and host population. Journal content...of Applied
Sciences and Environmental Management, 28(1), 205-
212. https://doi.org/10.4314/jasem.v28i1.23

[14] Tumwiine, J., Hove-Musekwa, S. D., Nyabadza,
F.  (2014). A mathematical model for the
transmission and spread of drug sensitive and
resistant malaria strains within a human population.
International  Scholarly Research Notices, 2014.

https://doi.org/10.1155/2014/636973

[15] Wurtz, N., Pascual, A., Marin-Jauffre, A., Bouchiba,
H., Benoit, N., Desbordes, M., Briolant, S. (2012).
Early treatment failure during treatment of Plasmodium
falciparum malaria with atovaquone-proguanil in the
Republic of Ivory Coast. Malaria Journal, 11(1), le4.
https://doi.org/10.1186/1475-2875-11-146

[16] Collins, O. C., Duffy, K. J. (2020). Estimating
the impact of lock-down, quarantine and sensitization
in a Covid 19 outbreak: Lessons from the Covid
19 outbreak in China. Peer J, 8, Article €9933.
https://doi.org/10.7717/peerj.9933/table- 1

[17] Collins, O. C., Duffy, K. J. (2021). Mathematical
analyses on the effects of control measures for
a waterborne disease model with socioeconomic
conditions. Journal of Computational Biology, 28(1),
19e32. https://doi.org/10.1089/cmb.2019.0352

[18] Collins, 0. C, Govinder, K. S. (2014).
Incorporating  heterogeneity into the transmis-
sion dynamics of a waterborne disease model.
Journal of Theoretical Biology, 356, 133el43.
https://doi.org/10.1016/j.jtbi.2014.04.022

[19] Herdicho, F. F., Chukwu, W., Tasman, H. (2021). An
optimal control of malaria transmission model with
mosquito seasonal factor. Results in Physics, 25, Article
104238. https://doi.org/10.1016/j.rinp.2021.104238

[20] Ibrahim, M. A., Denes, A. (2021). A mathematical model
for Lassa fever transmission dynamics in a seasonal
environment with a view to the 2017 epidemic in Nigeria.
Nonlinear Analysis: Real World Applications, 60, Article
103310. https://doi.org/10.1016/j.nonrwa.2021.103310

[21] Ojo, M. M., Gbadamosi, B., Benson, T. O,
Adebimpe, O., Georgina, A. L. (2021). Modeling
the dynamics of Lassa fever in Nigeria.  Journal

of the Egyptian Mathematical Society, 29(1), lel9.
https://doi.org/10.1186/s42787-021-00124-9

[22] Koella, J. C., Antia, R. (2003). Epidemiological models
for the spread of anti-malarial resistance.  Malaria
Journal, 2(1), lell. https://doi.org/10.1186/1475-2875-
2-3

[23] Tien, J. H., Earn, D. J. (2010). Multiple transmission
pathways and disease dynamics in a waterborne pathogen
model. Bulletin of Mathematical Biology, 72(6),
1506e1533. https://doi.org/10.1007/s11538-010-9507-6

[24] J. Z. Ndendya, L. Leandry, A. M. Kipingu, A next-
generation matrix approach using RouthHurwitz criterion
and quadratic Lyapunov function for modeling animal
rabies with infective immigrants, Healthc. Anal. 4 (2023)
100260. https://doi.org/10.1016/j.health.2023.100260

[25]J. 1. Irunde, J. Z. Ndendya, J. A. Mwasunda,
PK. Robert, Modeling the impact of screening and
treatment on typhoid fever dynamics in unprotected
population, Results Phys. 54 (2023) 107120.
https://doi.org/10.1016/.rinp.2023.107120

[26] A. Korobeinikov, G. C. Wake, Lyapunov functions and
global stability for SIR SIRS, and SIS epidemiological
models, Appl. Math. Lett. 15 (8) (2002) 955-960.

[27] J. M. Chitnis, Hyman, J. M. Cushing, Determining
important parameters in the spread of malaria through
the sensitivity analysis of a mathematical model,
Bull. Math. Biol. 70 (5) (2008) 1272-1296.
https://doi.org/10.1007/s11538-008-9299-0

[28] Miliyon Tilahun. Backward bifurcation in SIRS malaria
model, Lsevier arXiv, 1707.00924, Vol. 3, (2017).
https://doi.org/10.48550/arXiv.1707.00924

[29] Wedajo, A. J., Bole, B. K., Koya, P. R. (2018). Analysis
of SIR mathematical model for malaria disease with
the inclusion of infected immigrants. IOSR Journal of
Mathematics, 14, 10-21. https://doi.org/10.9790/5728-
1405011021

[30] Dorner, F., Mosleh, R. (2020).
ODE models for malaria propagation.
Marisiensis. Seria Technologica, 17(1),
https://doi.org/10.1155/2012/946504

Analysis of
Acta
31-39.

[31] Van den Driessche P, Watmough J. Reproduction
numbers and sub-threshold endemic equilibria for

compartmental models of disease transmission. Math
Biosci 2002; 180: 29-48.

[32] C. Castillo-Chavez, B. Song, Dynamical models of
tuberculosis and their applications, Math. Biosci. Eng. 1
(2) (2004) 361. https://doi.org/10.3934/mbe.2004.1.361



