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Abstract

In this paper, we proposed a new approximate solution method of the Bagley- Torvik fractional order differential equation with
damping term. The solution of this equation is of great practical interest and has been studied extensively. In general, the
solution of the Bagley-Torvik equation is known to be computationally expensive and the process is complicated. However, the
new proposed method significantly reduced the computational effort while ensuring the accuracy of the solution in a novel
way. Since 1.5 order derivative of absolutely continuous a function on some interval in the Caputo’s sense is equal to the
temperature gradient at the boundary of the one-dimensional heat conduction problem in the semi-infinite interval with 1 order
derivative of the function as boundary conditions, we transformed the given fractional differential equation into a general
differential equation. Then, according to the characteristics of the obtained equation, we used the variables separation and
Fourier series approximation. So the proposed method transforms the Bagley-Torvik fractional order differential equation into
an integer order differential equation. Prior to the main content, we have given and proved two definitions and two theorems as
preliminaries. And the convergence analysis of this method is discussed. And then we solved two different example problems
for the cases with and without damping by using various methods including proposed method and verified that the
computational effort is significantly small and the accuracy is guaranteed through comparison of the results with other
methods. So the effectiveness of the proposed method is analyzed.
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1. Introduction

This paper proposed the method to decrease the computa-
tional time of numerical solution of Bagley- Torvik equation.
Fractional order calculus has been used in many fields, such
as automation engineering, signal processing, viscoelastic
mechanics, because it can accurately model the real world
compared to integer-order calculus. [1, 2, 21, 22] Especially,

the viscoelastic model lying between the elastic models
based on Hook’s model and the damping model based on the
Newton model can be accurately described by fractional or-
der calculus. [3] The Bagley-Torvik equation is obtained
when modeling the motion of a steel plate immersed in a
Newtonian fluid. [4] Due to the great practical significance
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of this equation, Studies on analytical and numerical solu-
tions of this equation have been carried out in many litera-
tures. [5-7] In the study by Z. H. Wang et al. [5], a method
for finding the general solution of the homogeneous Bag-
ley-Torvik equation using a-exponential functions was pro-
posed, but no general solution of the nonhomogeneous Bag-
ley-Torvik equation with damping terms was proposed. In
the study by Denghao Pang et al. [6], the analytical solution
of the Bagley-Torvik equation without damping terms is
obtained using the Prabhakar function and the Wiman func-
tion. However, the integration of the Mittag- Leffler function
is included in the analytical solution. In the study by Yuji Liu.
[7], also the analytical solution without damping was ob-
tained using Picard iterative technique using Schauder’s
fixed point theorem, and the integration of the Mittag-Leffler
function as in the study by Denghao Pang et al. [6] is in-
cluded in the analytical solution.

In the study by Rajarama Mohan Jena et al. [8], an analyt-
ical solution method based on the Sumudu transformation
method is proposed, but this method does not consider the
damping term and has the disadvantage of being difficult to
find the inverse Sumudu transformation.

In addition, there are the Adomian decomposition method
[9], the homotopy perturbation method [10], the evolu- tion-
ary computational intelligence method [11], the Laplace
transform method [12], the Galerkin method [13], the repro-
ducing kernel method [14], etc. But the computational cost is
huge and all the damping terms are not considered. In addi-
tion to the above methods, one of the important methods for
solving the Bagley-Torvik fractional differential equation is
the solution based on the approximation of the basis function,
and the advantage of this method is that the given linear frac-
tional-order differential equation is trans- formed into a line-
ar algebraic equation. For example, methods using Taylor
polynomials [15], Bessel polynomials [16], Haar wavelets
[17], Fermat polynomials [18], Chebyshev polynomials [19],
Legendre polynomials [20], etc. have been proposed.

These methods have the advantage of being applicable to
general linear fractional differential equations and can be
used for linear fractional identification. [21, 22] Since frac-

tional differential equations are directly transformed into
algebraic equations, they have the disadvantage of excessive
computational effort when the number of collision points
increases.

We aim to propose a solution of the Bagley-Torvik frac-
tional differential equation with damping terms, and trans-
form the given fractional differential equation into a general
differential equation, unlike the previous methods, since the
1.5-order fractional derivative in the Caputo’s sense of the

function y(t) is equal to the temperature gradient at the

boundary of the one-dimensional heat conduction problem in
the semi-infinite interval with boundary conditions. Then,
according to the characteristics of the problem obtained, an
approximate solution method using the variables separation
and Fourier series approximation is newly proposed.

The advantage of this method is its significantly lower
computational cost compared to the conventional methods.

The paper consists of five sections. Section 2 contains the
basic conception, Section 3 contains proposed solution
method, Section 4 presents the simulation analysis, and Sec-
tion 5 gives a conclusion.

2. Preliminary Knowledge

Definition 1([1])
The Riemann Liouville’s fractional integral R-1* of the

order o of the function f(t)eC[0,b] is defined as
RLI“f(t)zth(t—s)o’_lf(s)ds 1)
! F(a) 0

Where e >0, and I'(-) isthe gamma function.

Since the integer differential operator D" is the left in-

verse operator of the integer integral operator I" , Rie-
mann-Liouville’s fractional order integral is defined as fol-
lows.

RLDt(Zf(t):RL It—af(t):DnIn RLI;af(t) :Dn Rthn—af(t)

:F n—a) 0

Definition 2([1])

The Caputo’s fractional derivative ¢ D of the order « of the function f (t) IS C[to , b] is defined as;

C Dtaf (t) :U RL Itn—a Dn f (t) —

d”{F(;j‘(t_r)-“”-lf(f)df}, (n-1<a<n , neN) @
1t £0s) S
r(n-a) Io (t-s)* "™ ’ ®)

(n-1<a<n, neN)


http://www.sciencepg.com/journal/ml

Mathematics Letters

http://www.sciencepg.com/journal/ml

By (1) and (3), the relation between the Riemann-Liouville’s fractional integral and the Caputo’s fractional derivative can be

written as
n-1 ‘ tk
Rtha(CDtaf(t)):f(t)_Zf()(O+)E, (n—1£a<n) (4)
k=0 :

We consider the Bagley-Torvik fractional differential
equation with Caputo’s fractional derivative. For simplicity
of notation, we denote the Caputo's fractional derivative op-

erator D by D
Theorem 1([24])
For initial condition

u(x,0)=0 5)
and boundary condition
u(0+t)=y(t), y(0)=0 (6)

lim u(x,t)=0 @)

X—>+00

the one-dimensional
semi-infinite interval

boundary conditions is;

heat conduction equation in the
[0,00) with the above initial and

au(xt) o°u(x,t)
a

(8)

Atany time teR"of its solutionu(x,t), the temperature

gradient at boundary x =0+ is equal to D*®y(t). i.e.

ou(x,t) 1 J‘t y(7) dr

alh - r(0.5)Jo (t—r)°'5 ©)

x—=0+  OX

The proof about this is given in Appendix A.

3. Main Result

3.1. Bagley-Torvik Equation with Damping
Term

Suppose that a steel plate of mass M immersed in a
Newtonian fluid of density p be suspended by a zero mass

spring and a damper of damping coefficientc, and vibrate
under the action of external f (t) and resistive forces Fy.

In the figure, the steel plate is assumed to be fixed at one end
of the spring and one end of the damper and not affected by
the fluid flow.

Figure 1. The steel plate of mass M immersed in a Newtonian

fluid.

The elastic force acting on the steel plate and the damping
resistance are respectively —ky(t),—c y(t) and the re-
sistance force acting on the mechanism is:

t .
1 yl\z
FR :—ZSJ,up ﬁ_{oﬁd‘[

According to Newton’s second law, the equation of mo-
tion of a steel plate is:

M §(t) = Fg —ky(t)—cy(t)+ f(t)
Thus

i} 109 .
M y(t)+25\/y_pﬁ.[o&dr+cy(t)+ky(t) = f(t) (10)

Whent <0, ify=0, y(t)=0, y(t)=0, f(t)=0, the vi-
bration equation of the steel plate is as follows:

t .
M y@)+%ﬁ%j&dr+w(t)+ ky(t) = f (1)
0

Considering T'(1/2) =7 and Definition 2, the above ex-
pression becomes as follows:

My (t)+mD¥?y(t) +cy(t)+ky(t) = f(t), t>0  (11)
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Here, m=2S./up
and u is the viscous drag coefficient. This equation is
called the Bagley-Torvik equation with damping term.

By Theorem 1, the fractional equation (11) is transformed

into an equivalent integer-order differential equation as fol-
lows:

, S is the surface area of the steel plate

mé’u(x,t)

M y(t)_ OX

lecor +0y (1) +ky(t) = (t) (12

The differential equation (12) is called the equivalent
transformed integer-order Bagley-Torvik differential equa-
tion.

3.2. A Variables Separation Method for
Equivalently Transformed Integer-order
Bagley- Torvik Differential Equation

We propose a variables separation method for the solution
of differential equations (12).

If we assume as follows for sufficiently large parameter
(L>0),

u(Lt)~0 (13)

We can consider the problem of finding the solution of the
one-dimensional heat transfer equation (12) with boundary
conditions (6) and (13) instead of the problem shown in
Theorem 1.

We find the solution u(x,t)of the heat conduction equa-
tion (8) in the form of

u(xt)=A(xt)+B(xt) (14)

If in Eq. (14), we suppose as follows
(15)

By boundary condition (6), (13) B(x,t) must satisfy the
following condition.

(16)

Then we choose the function B(x,t) satisfying condition
(16) as follows:

B(x,t)=(l—%Jy(t) 17)

Then Eq. (14), i.e. the solutionu(x,t) of the heat conduc-
tion equation (8) is written as:

u(xt)= A(x,t)+(1—%jy(t) 18)
Substituting Eq. (18) into Eq. (8), we have

OA(X,t)

X .. _62A(X,t)
LU D

Considering boundary conditions (15), the solution of the
partial differential equation (19) can be found in the form of
Fourier series as follows:

o0

(x.t) Zan smm (20)
n=
Then Eq. (18) becomes as follows:
= nzx X
(x,t) Zan sm—+(1—rjy(t) (1)

n=

Then, we have

P ’ ©
LD L -390 @

So the equivalent transformed Bagley-Torvik equation (12)
with viscous term becomes as follows.

M y(t)—m(zn%an (t)—%y(t)J+cy(t)+ky(t): f(t)

n=1

Or

. m all
M y(t)+(L+cJ O ((-m e (0= 1(0) @
Let us now promise the following variables:

y(t)=2(t) (24)

And, by truncating the Fourier series to the N™ term in Eq.
(23), and considering Eq. (24), we have
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M z'(t)J{%+cjz(t)+ky(t)—min%an H)~1(t) @5

To obtain the relation between y(t) and a(t) in (25),

we approximate the function 1-x/L of (21) by a Fourier
series.
For this, in the interval [-L, L]

1—%, (0<x<L)
g(x)= 0, (x=0)
—1+%, (-L<x<0)

We can find the Fourier series of an odd function g(x)
with period 2L defined as above as follows.

- . nzX

= E a, sin = (26)
- L
n=1

Where

ao = [ g(x)sin o - J(l__jsmmdx 2

(27)

Thus

+00
X 2 nzX
l-—=>» —sin——, (0<x<L 28
P ( ) @9

Comparing the Fourier coefficients of both sides in the
above equation, the following result is obtained.

2_2

a, (t)=—nL72T a, (t)—%y(t), (n=1,2,

) @9)

And also we can also obtain a relation between the initial
conditions of the function y(t) and a(t)by the initial
condition (5).

Za

Sln—

sm— :—Zan

Comparing the Fourier series coefficients in the above
equation, we have

a,(0)=—-2y(0) (30)

nz

This shows that all initial conditions for a(t) in Eq. (25)

can be expressed by y(0).

For Eq. (25), we define the following parameter vector:
®N :[y,z,al,az,"‘,aN]T,q)N :[0, f,O,O,“',O]T

Then, using Egs. (24), (25) and (29), we can write

ENOy ~ FyOy + Dy (31)
Here
1 0 0 0]
0 M 0 0
E=|0 2/z 1 0
0 2/(Nz) 0 1
0 1 0 0
-k -m/L-c zm/L Nzm/L
F=|0 0 72 L2 0
K 0 0 /L

WhenM =0, det(E)=M =0 and

1 0 0 - 0
0 1M 0 - 0

E'=[0 -2/(Mx) 1 0 (32)
|0 2/(NMz) 0 - 1

So the differential equation (31) can be written as follows.
Oy ~ EN'Fy Oy + EN'Dy (33)

Thus, from Peano’s theorem [23] on the unique existence
of solutions of ordinary differential equations, the solution of
the initial value problem (33) is unique. Then the first com-

ponent y(t) of solution ©, of the differential equation

(33) is the solution of the Bagley-Torvik equation with the
viscous term. Using Eq. (30), the initial condition for the
differential equation (33) can be obtained as follows:

©(0)=Iy(0).y

3.3. Convergence Analysis
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Let us define the following variables:
T T
®=[yvzaalv"'vaNvaN+1v"‘] :[®Tv®:]
T
®=[0,1,0,0,-] =[@],0" ]
Then Eq. (31) can be written as
En O]|Oy| [Fv X Onl,[®n
0 1)|e,| Lo Y] 0

where | is an infinite dimensional unit matrix and the matri-
ces nand v are respectively

(34)

(N+j)ymr
T (i=2
[X]= C =)
0 (i#2
(35)
(N+i)27r2 o
M= e (=)
0 (i# )
Since |Ey | = 0, Eq. (34) can be written as
{@N = E{lF O + ExiDy + ELIX O, )
0, =Y0,

Oy (t)=efv e, (0)+ j;eEﬁlFN By (1) + Ey'x o, (7) [ir

Comparing Egs. (33) and (36), the first expression of Eq.
(36) is the exact solution.

We prove the convergence of the approximate solution by
Eg. (33) through the following theorem.

Theorem 2

For vt >0, the approximate solution ®, of Eq. (33)

corresponding to the order of cut N and the exact solution
®L of Eq. (36) are obtained by the following relation:

(I)Nlim ay.i(t)=0, I|m m Ay (t)=0,(i=12--)
(1) Nlinfw“@"; _®N“2 =0

Proof

The relation (1) is proved by considering the initial condi-
tion (30) and using the solution of the second expression in
Eq. (36) as follows.

2y(0) e—(N;‘) 2t

3
(N+i)7r 37

ay,i(t)=- (i=12,-)

Let us prove the relation (I1).
The exact solution ®,, based on the first expression of
Eq. (36) is obtained as follows:

(38)

Thus, using Egs. (32), (36), and (37), the norm of the error vector between the approximate solution ®, of Eq. (33) and

the exact solution ®T\, of Eg. (36) becomes as follows:

ek ~eu, = ft SRETX 0, (r)dr < j S TEIX @, (1) de
SJ.OQGV (t=r) ExIX O, (Z’)sz‘[
2my | & {N“j 5 o T
=Q———= I r(t- Ze {01,—;,..._,\]_”} ZdT
P TR
1-e e?r

Here 7:max{Re/1:/1€a(EglFN)} and Q>1 is a

ENtFy t

certain number satisfying (e <Qe’t.

End of Proof

4. Simulation Analysis

Example 1
First, we compared proposed method of solution of the
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Bagley-Torvik fractional differential equation with damping
terms with the Chebyshev collocation method [19] and the
homotopy perturbation method [10] that are the methods
based on polynomial basis functions through the following
example.

§(t)+0.3D7y(t)+0.2y(t)+2y(t)=2cost  (39)

The initial condition is y(0)=2, y'(0)=2.5. The time

step is given byh=10‘3s. The simulation time interval is

given as[0,40] .

The calculation result is shown in Figure 2.

As shown in Figure 2, the proposed method has almost the
same result as the Chebyshev collocation method. As pointed
out in [19], the Chebyshev collocation method is more accu-
rate than the homotopy perturb- bation method.

Therefore, it is shown that the proposed method has al-
most the same accuracy as those based on polyno- mial basis
functions. To show the effectiveness of our method, we
compare the computational time according to step number.

T T T T

0.6¢1 | 14234
08 14232
3 1473
0.6
7% 79 795

/]

— Proposed Method
Homotopy Perturbation Method[10] |
— Chebyshev Collocation Method[19]

N

y(t)

o

24727 24728 24728 247
1

L

VY

1
0 5 10 15

.20 25 30 35 40
time(s)

Figure 2. Comparison of the computational accuracy of the proposed method with the Homotopy perturbation method and the Chebyshev

collocation method.

The fountion used in the simulation is Processor: 11th Gen Intel(R) Core(TM)i9-11900F@2.5GHz(16 CPUs), ~2.5GHz,

RAM: 32GB.

250 T T T T T T T
— Proposed Method
— Homotopy Perturbation Method[10)
200+ Chebyshev Collocation Method[19]
5 3
& P
® 150 o
)
B > i
“E’ y
100 v 1
c -
o v
x o
50 il 1
0 — Vl 1 1 l I /|
0 500 1000 1500 2000 2500 3000 3500 4000
Step Size

Figure 3. Comparison of the computational time of the proposed method with the homotopy perturbation method and the Chebyshev collo-

cation method.

The curves shown in Figure 3 were obtained by collecting
the computational times of each 50 steps and by polynomial

interpolation of these points. As shown in Figure 3, the pro-
posed method has much less computational time than the
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homotopy perturbation method and the Chebyshev colloca-
tion method. Unlike Figure 2, the homotopy method has less
computational accuracy but less computational time than the

Chebyshev collocation method.
Table 1 gives the computational time according to step
number quantitatively.

Table 1. Comparison of the computational time of three methods.

Step Number

Method
500 1000
Proposed method 5.0730s 7.9572
Homotopy method 5.1233s 12.6603
Chebyshev method 5.2315s 15.3425
Example 2

Our method can be applied even in the absence of damp-
ing. In the past, many methods have been considered for the
cases without damping.

To this case the analytical exact solution [5] and the
wavelet method [17] are compared with our proposed meth-
od. As an example of simulation, this Vagley-Torvik equa-
tion without damping term was used in the study by S. Saha
Ray. [17].

1500 2000 3000 4000
11.3718 14.6043 20.0623 24.5993
26.2513 45.9833 101.6672 178.8723
31.9521 54.5471 115.6518 201.6393

§(t)+0.5D¥?y(t)+05y(t) = f (t) (40)

Where f (t)= {80 (© ?ttjll)) ,

y(0)=y(0)=0 The simulation time interval is given by

the initial condition is

[0,20]. The results are shown in Figure 4. The time step is

givenas h=10"2s.

3 : T T T T T T T
/ - Proposed method
2 / = Analytical Exact Solution([5]
Wavelet Method[17]
1 - -
g /

| F _—

Ak /
LV

2 1 1 1 1 L Il 1 1 1

0 2 4 6 8 10 12 14 16 18 20

time(s)

Figure 4. Comparison of accuracy of the proposed method with analytical exact solution and wavelet method.

To evaluate the accuracy of the proposed method, we used
the mean square error (MSE) between the exact solution

y(t) and approximate solutions y(t).

N
MSE :i

N JZ(y(k)—

k=1

(k)

(41)

Table 2 shows the MSE according to the total step number
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when the simulation time interval is constant ([0, 20]).

150 T T

— Proposed Method
Analytical Exact Solution[5]
Wavelet Method(17]

?
S 100 1
Q
()]
w
71
o
€
b
5§ 50
['4
el —
0 1 1 1 1
0 500 1000 1500 2000 2500 3000
Step Size

Figure 5. Comparison of computational time between the proposed method, analytical method and wavelet method.

Table 2. MSE according to step number.

Step Number

Method

1000 1500
Proposed method 0.0236 0.0201
Wavelet method 0.0421 0.0366

As shown in Figure 4 and Table 2, the proposed method is
more accurate than the wavelet method. Since the method
using basis functions such as wavelet method uses inverse
matrix of matrix with dimensions equal to step humber, these
methods have the disadvantage of limiting step number in
computation by computer.

However, proposed method has the advantage of not being
limited to this kind of problem.

Figure 5 compares the computational time between the
proposed method, the analytical method and the wavelet
method. In Figure 5, the computational time of the proposed
method is not significantly different than that of the analyti-
cal method, but the wavelet method still has the disadvantage
of large computational time.

Since the methods based on basis functions, such as
wavelet methods, are almost the same computational time as
wavelet methods, the proposed method is superior to those
based on basis functions.

5. Conclusion

In this paper, we studied the efficient solution of the Bag-
ley-Torvik fractional differential equation with damping
terms transformed into integer-order differential equations.

2000 2500 3000
0.0173 0.0103 0.0093
0.0278 0.0208 0.0163

The advantage of the proposed method over the previous
solution methods for the Bagley-Torvik equation is the low
computational load. This was compared and evaluated in
computer computational time through several simulation
examples. A small computational load can satisfy the re-
quirements of the necessary computational time for the vi-
bration control of a rigid body immersed in a Newtonian
fluid and are expected to have a wide range of applications.

We also compared the accuracy of the proposed method
over the previous methods based on the exact solution of the
Bagley-Torvik equation without damping terms which is
possible for analytical solution.

Appendix

Proof of Theorem 1

We prove using Laplace transform.

First, the Laplace transform of both sides of Eq. (8) and
using the initial condition (5) can be obtained as follows:

U (x,s)

sU (x,s) = 2
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The solution of this equation by the boundary condition (7)
is

U(xs)= (:@”\EX
Then
U(xs) 1 B 1 ou(x,t)
™ _—ﬁsu(x,s) _ﬁ{F(O.S)tl’Z} { P }
ou(x,7)
au(x,t):_ 1 *au(x,t):_ 1 J-t or g,
ox r(0_5)t”2 ot r(0.5) o(t_T)M

By the boundary condition (6), the above equation is ob-
tained as follows:

( ) 6u(0+,r) ( )
im u(xt =— 1 tT T=— 1 iy T
me ox F(O_S)Io (t_,)ﬂz d F(O.S)Io (t_T)le d

End of proof

Abbreviations

MSE Mean Square Error
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