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Abstract: This work explores coherent filters in the framework of pseudocomplemented 1-distributive lattices. After reviewing
the basic properties of such lattices and their pseudocomplements, we introduce the notion of coherent filters and establish
conditions under which a filter is coherent. The study further examines the relationships between coherent, strongly coherent, and
T-closed filters, showing how these concepts interact with classical structures such as p-filters and D-filters. Several equivalent
characterizations are derived, linking coherence with closure, pseudocomplements, and annihilators. In addition, we investigate
semi Stone and Stone lattices, proving that a pseudocomplemented 1-distributive lattice is semi Stone precisely when every
T-closed filter is strongly coherent. This provides a new structural perspective on the role of coherence in lattice theory. By
generalizing results previously known in distributive lattices, the paper offers a unified approach to understanding filter behavior
in broader algebraic settings, with potential implications for further developments in lattice theory and related algebraic systems.
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The pentagon lattice Ps (Figure 1) serves as an example of a
1-distributive lattice that is not distributive, while the diamond

1. Introduction

The theory of ideals and filters in pseudocomplemented
semilattices has been investigated by T. S. Blyth [1].
Extensions of the notion of pseudocomplementation were
studied by J. C. Varlet [2]. T. Katrindk has also
explored pseudocomplemented algebras, offering valuable
characterizations of p-algebras [6, 7]. The works of Nag et
al. [8-10] address p-algebras, along with the study of their
ideals and congruences. M. S. Rao [11] has contributed
results concerning coherent ideals and median prime ideals
in distributive pseudocomplemented lattices. In this paper,
we extend some of these ideas to the context of 1-distributive
lattices.

A lattice L with a top element 1 is said to be 1-distributive
if, for any a, b, c € L,

aVb=1=aVe = aV(brnce) =1

lattice M3 (Figure 1) fails to be 1-distributive.
In a 1-distributive lattice L, for any a € L,
x<a* ifandonly zAa=0,
the element o™ is called the pseudocomplement of a.

In Section 2, we discuss about some basic definitions and
properties of 1-distributive lattices. We also gives some
characterizations of 1-distributive lattices.

In Section 3, we give the definition of coherent Filter. We
prove some conditions for a filter to be a coherent filter. We
discuss about Stone lattices and semi Stone lattices. We prove
some conditions for 1-distributive lattice to be semi Stone
lattice.
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Figure 1. The pentagonal lattice and the diamond lattice.

2. Preliminaries

We recall the following well-known identities for
pseudocomplemented lattices: [1, 3-7]:

1. a < bimplies b* < a*.

2. a < a**.

3. a=a*"".

4. (aVb)* =a* Nb*.

5. (@A D)™ = a™* A b,

6. aA(aAb)* =aAnb"

7. (aVb)*™ = (a** vV b*)**.

Ideals

Let L be a pseudocomplemented 1-distributive lattice. A
non-empty subset I C L is an ideal if:

1. Forae Landb € I,a < bimplies a € I;

2. Ifa,be I, thenaVbel.

For any pseudocomplemented 1-distributive lattice L, define
the dense set:

D(L)={a€ L|a*=0}.

Clearly, for each a € L, the element aV a* belongs to D(L).

Filters

A non-empty subset F' of a pseudocomplemented 1-
distributive lattice L is a filter if:

1. Fora € Landb € F,b < aimpliesa € F}

2. Ifa,be F,thenaAbe F.

(1) A proper filter is a filter if F' £ L.

(2) A maximal filter is a proper filter that is not strictly
contained in any other proper filter.

(3) A prime filter P satisfies: for all a,b € L,aVb € P
impliesa € Porb € P.

Special Types of Filters
1. A p-filter satisfies: for any a € L, a** € F implies
a € F. The family of all p-filters in a p-algebra L is
denoted by F*(L).
2. The set D(L) is the smallest p-filter in a p-algebra [9].
3. A D-+filter is a filter F' such that D(L) C F.

3. Coherent Filters

Let A be a non-empty subset of a 1-distributive lattices L.
Define

AT={zeL|a™ va*™ =1foralla € A}.

It is immediate that (D(L))” = L and L™ = D(L). For a
singleton {a}, we write (a)” instead of {a}7.

M. Sambasiva Rao [11] proved that A” is a filter in any
distributive pseudo-complemented lattice. We observe that the
same holds for the pentagon lattice P5 (Figure 2), which is
1-distributive but not distributive.

Now we have the following theorem.

Theorem 3.1. Let L be a 1-distributive lattice and A C L a
non empty subset. Then A™ is D-filter of L.

Proof. Since d** = 1 for every d € D(L), it follows that
D(L)C A".

Letxz,y € A”. Then 2** V o™ = 1 and y** V a** = 1 for
alla € A.

By I-distributivity:

Thusz Ay € A",

Ifz € A" and z < y for some y € L, then z** < y** and
hence:

1 :I** \/a** S y** \/a**

foralla € A,soy € A™.

Finally, since z*** = x*, it follows that A7 is a p-filter.

Remark 3.1. If AN A™ # ¢, then AN A™ C D(L). Indeed,
ift € AN A7, then t** vV t** = 1, which implies t* = 0, so
te D(L).

Now we have the following identities.

Theorem 3.2. Let A, B be two non-empty subsets of a
pseudocomplemented 1-distributive lattice L. Then

(1) ACB = B C A",

(2) ACA™,

(3) AT = A7T7

(4) A™ = Lifandonly if A= D(L)
Proof.

(1) f AC Bandz € B7, then z** VvV b** = 1 forall b € B.
This implies z** V a** = 1 for all a € A and hence
re A

(2) Letz € Aanda € A7, thenx** Va*™* = 1,sox € A™".

(3) From (ii), AT C A™™". If t € A7"", then t** V a** = 1
foralla e A"",sot € A™.

4) If A" = L,thenz** vV a* = 1forallz € L,a € A,
implying a** = 1 for all a € A, hence A = D(L). The
reverse inclusion is clear.

Now we have the following theorem.
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Theorem 33.Let F and G be filters of a
pseudocomplemented 1-distributive lattice L. Then (F V
G)"=F"NnG".

Proof. Since F C FV G and G C F V GG, Theorem 3.2
gives

(FVG) CF NG

For the reverse inclusion, take + € F7 N G7 and any
te€ 'V G. Thereexist f € Fand g € G suchthatt = f A g.
From x € F™" N G", we know:

TV =1,V gt = 1.
By 1-distributivity, for all f € F and g € G:
TN (FFAGF) =2V (fA g =1
which gives
VT =2V (fAg)T =1

Thus z € (F vV G)".

Now we have the following corollary.

Corollary 3.1. Let L be a pseudocomplemented 1-
distributive lattice and a, b € L. Then:

M a<b = (a)” C ()

2) (aAb)" = (a)"N(b)7;

3) (a)” = Lifand only if a € D(L);
@) ae ()™ = aVbe D(L);

(5) a* =b" = (a)7 = (b)";
Proof.

(HIfa < band z € (a)7, then a** < b**. From
x** Va** =1, we deduce z** V b** = 1,s0x € (b)".

(2) Since (a Ab) < aand (a Ab) <D, (i) yields (a Ab)T C
(a)" N (D).

Conversely, if x € (a)” N (b)7, then z** V ¢** = 1 and
x** V b** = 1. By 1-distributivity:

V(@A) =2V (aAb)T =1,
sox € (aAD)".
(3) Follows directly from Theorem 3.2.

4) If a € (b)7, then ™ V b** = 1, which implies
(a**Vb*™)** = 1and (aVb)** = 1, hence aVb € D(L).

(5) If a* = b*, then a™ = b**, s0 (a)” = (b)".

Closed and Stone Elements
An element a € L is called closed if a = a™*. The set of all
closed elements is:

B(L)={aeL|a=a""}.

Clearly 0,1 € B(L).
An element a € L is a Stone element if:

a*VvVa*=1
The set of all Stone elements is:
S(Ly={a€L|a"Va"* =1}

A pseudocomplemented 1-distributive lattice L is a Stone
lattice if every element satisfies the Stone identity a*Va™* =1
foralla € L.

Figure 2. Two p-algebras.

Annihilators and o-operation
For A C L non-empty, define the annihilator:

At ={zeL|rAna=0forallac A}.

For a singleton {a}, write:

at ={xreL|xzAa=0}
Define:

A°={xeL|xVaecD(L)foralla € A}.

Now we have the following result.
Theorem 3.4. For a pseudocomplemented 1-distributive
lattice L, the following are equivalent:

(1) L is Stone lattice;
(2) F™ = F*° for every filter F' of L;
(3) (a)” = (a)° fora € L;

(4) for any two filters F', G of L, FNG C D(L) if and only
if FC G,

®) avbe D(L) = a™Vb™* =1foralla,be L;
6) (a)™™ = (a*)" foralla € L.

Proof. (i) = (i1): Let F be an ideal of a
pseudocomplemented 1-distributive Stone lattice L. Let z €
F7. Then z** Vv f** = 1 for all f € F. This implies
*Af* = (xVf)*=0.So(zVf) € D(L). Hence F™ C F*°.

To prove the converse part, let z € F°. Thenx V f € D(L)
for all f € F. This implies z* A f* = 0. So z* < f**. Now
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since L is Stone, we have 1 = z* V z** < z* vV f**. Hence
re .

(#4) = (¢i7): It is obvious.

(i4i) = (iv): Let F,G be two filters of L. Let F NG C
D(L) and let € F. Then for any y € G, we have
xVy € FNGC D(L). This implies = € (y)° forall y € G.
By condition (i), x € (y)” forally € G. So z** vV y** =1
forally € G. Thus z € G".

Conversely, let ' C G" and x € FNG. Since ' C G7,
xr€G™.Sox € GNG™ = D(L). Hence F NG C D(L).

(iv) = (v): Leta,b € L witha Vb € D(L). This implies
[a) N [b) € D(L) and so (a] C (b]”. Hence a € (b]™ and thus
a** v b =1.

(v) = (vi): Leta € L. Since a V a* € D(L), we have
by condition (v), a*** V a** = a* Va** = 1. So a* € (a)".
Hence by Theorem 3.2, we have (a)™" C (a*).

Conversely, let z € (a*)” and t € (a)”. So we have
t**Va** = 1andsot* Aa* = 0. This implies t* < a**. Now
x € (a*)7 implies a*** Vz** =1. So 0 = a™* Az* > t* Az*
as t* < a**.

Thus, we get z* A t* = (x V t)* = 0. This implies
tV x € D(L) and from condition (v), we have t** V z** = 1
forallt € (a)”. Sox € (a)™".

(vi) = (i): Leta € L. Since a € (a)™™ = (a*)” we have
a*Va*=1.

Coherent Filters

A filter F' in a pseudocomplemented 1-distributive lattice L
is called coherent if, for all x,y € L,

()" =(y)andz € F = y € F.

It is straightforward to verify that (x)7 is a coherent filter for
every x € L.

Lemma 3.1. Let L be a pseudocomplemented 1-distributive
lattice and F' be a p-filter of L. Then F’ is a coherent ideal if
forany x € F,

()" C F.

Proof. From theorem 3.4, we know that:

Ifx € Fanda € ()7 = (z*)7, then 2™* V a** = 1,
which gives z** < a**. Since x € F and F is a p-filter,
x** € F implies a** € F and hence a € F. Thus (z)"” C F.

Now we have the following result.

Theorem 3.5. For a pseudocomplemented 1-distributive
lattice L, the following statements are equivalent:

(1) Every element of L is closed;

(2) Every filter in L is a p-filter;

(3) Every principal filter is coherent;
(4) Every filter is coherent;

(5) Every prime filter is coherent;

6) ()" =(b)" = a=bforalla,be L;

(7 a* =b" = a=bforalla,be L.

Proof. (i) = (i1): If each « € L is closed, then x = x**.
Hence z** € F immediately gives z € F', so every filter is a
p-filter.

(#4) = (4i3): Let [x) be a principal filter. Since z V z* €
D(L) for all x € L, we have (z V z*)** = 1. By (i),
xVz* = 1. Nowif (a)” = (b)" and a € [z), thena > x
andsoaVz* >z Va* =1, gvinga*™* Va*™* >aVa* =1.
This forces z < b**, and (i¢) then implies b € [z), so [z) is
coherent.

(#i1) = (iv): If F is any filter and a € F with (a)” = (b)",
thenb € [a) C F.

(tv) = (v): Clear, as prime filters are particular cases of
filters.

(v) = (vi): If (a)” = (b)" but a # b, pick a prime filter
P containing a but not b. Coherence of P forces b € P, a
contradiction. So a = b.

(vi) = (vii): If a* = b*, then a™* = b**, hence (a)” =
(b)™ and (vi) gives a = b.

(vii) = (i): Let condition holds. Let x € L. Since
(x**)* = x*, (vii) implies x = z** for all z, so all elements
are closed.

Definition of w(F)

For any filter F' in a pseudocomplemented 1-distributive
lattice L, define:

m(F)={zeL|(x)"VF=L}.

This construction will be used in the next lemmas.
Lemma 3.2. Let F, G, H be filters of a pseudocomplemented
1-distributive lattice L. If 'V G = L and I’V H = L, then:

Fv(GNnH)=L.

Proof. From F'V G = L, there exist f; € F and g1 € G
such that f1 A g1 = 0. Similarly, F vV H = L gives fo € F
and h; € H with fo A hy = 0. Then:

finfaAgi=0and fi A fo ARy =0.
Thus f1 A fa < g7 and f1 A f2 < h7, hence:

(finfa) Sgi ANy = (g1 Vh1)"

It follows that:

(fiNfa)N(grVh)=0

with fi A fo € Fandg; Vh; € GN H.
Therefore,0 € FV (GNH),so FV(GNH)=L.
Lemma 3.3. Let F, G be filters in L. Then:

(1) If F C G, then 7(F) C 7(G);
2) 7n(FNG) ==n(F)Nnn(Q).

Proof. (i) If z € n(F), then (x)” V F = L. Since F C G,
we also have ()" VG = L, so z € 7(G).
(it) From (7), 7(F N G) C n(F) N7 (G).
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Conversely, if x € 7(F) N 7(G), then (z)” V F' = L and
(x)" VG = L. By Lemma 3.2, ()™ V (FNG) = L, hence
zen(FNG).

Lemma 3.4. For any filter F in L, w(F) is a D-filter.

Proof. Since d** = 1 for all d € D(L), we have D(L) C
m(F). If a,b € 7w(F), then (a)" VF = Land (b)" VF = L.

By Lemma 3.2 and Corollary 3:

(@7 NB)T)VF=(Ab) VF=L,

soaANbem(F).
If a € 7(F) and a < b, then (a)™ C (b)" and:

L=(a) VFC(b)VF,

so b € w(F). Hence 7(F) is a D-filter.
Lemma 3.5. A filter F' is a D-filter if and only if 7(F) C F.
Proof. If F' is a D-filter and a € 7(F'), then (a)” V F' = L.
This implies a = p A ¢ with p € (a)” and ¢ € F. Since
p € (a)” = (a)° by Theorem 3.4, pV a € D(L) C F. Also
q<qVackF,so:

(pVa)AN(gVa)=pAg=a€F.

Conversely, if 7(F') C F, then D(L) C «(F) C F,so F'is
a D-filter.
Strongly Coherent and T-Closed Filters

(1) Afilter F is called strongly coherent if F' = 7(F).
(2) Afilter F'is called 7-closed if ' = F™7.

It holds that ' C D(L) if and only if F'™" = D(L).

Observe that the smallest 7-closed filter is D(L), and the
largest is L.

Lemma 3.6. Every strongly coherent filter is coherent.

Proof. If F is a strongly, then F' = 7(F'). By Lemma 3.5,
Fisa D-ilter. If (a)” = (b)" and a € F, then (a)” V F' = L,
so()"VF=Landben(F)=F.

Lemma 3.7. Every T-closed filter is coherent.

Proof. If F' is T-closed and (x)™ = (y)” with « € F, then:

yeW) =@ T CFT=F

Thus F' is coherent.
Semi Stone Lattices
A pseudocomplemented 1-distributive lattice L is semi
Stone if:
()" V (z)"" = L forevery x € L.

Theorem 3.6. Every Stone lattice is semi Stone.

Proof. If L is Stone, assume for some z € L that (z)” V
()™ # L. Then there exists a maximal filter M containing
both (z)™ and (x)7". Since = € (z)”" C M and M is proper,
so z* ¢ M. But the Stone property z* V z** = 1 implies
z* € ()™ ¢ M, a contradiction. Hence, (z)” V (z)"" = L.

M. S. Rao [11] showed that the converse of the above
theorem is not true for distributive lattices. So the converse
part is also not true for 1-distributive lattices. Now we have
the following theorem.

Theorem 3.7. For a pseudocomplemented 1-distributive
lattice L, the following are equivalent:

(1) L is semi Stone;
(2) Every 7-closed filter is strongly coherent;
(3) Forallz € L, (z)"" is strongly coherent.

Proof. (i) = (4i): If L is semi Stone and F' is 7-closed, then
Fis a D-filter with F"™ = F. By Lemma 3.5, 7(F') C F.
For x € I, semi Stone implies:

L = (:L')T v (x)TT C (.I')T Vv FTT7

sox € (F') and thus F' = 7 (F’), making F’ strongly coherent.
(#9) = (747): Immediate, since (z)77 is T-closed.
(#4i) = (4): If (x)"" is strongly coherent, then 7((z)"") =
(x)™. Since z € ()™, we have ()™ V ()" = L.

4. Conclusion

This study has provided a comprehensive investigation
into the structure and properties of coherent filters within
pseudocomplemented 1-distributive lattices. By establishing
rigorous conditions under which a filter can be classified as
coherent, we have extended classical results on distributive
lattices to a broader algebraic framework. The interplay
between coherent, strongly coherent, and 7-closed filters
has been clarified, revealing their connections to semi
Stone and Stone lattice properties.  In particular, we
demonstrated equivalence results that characterize when a
pseudocomplemented 1-distributive lattice attains the semi
Stone property, thereby enriching the understanding of filter
behaviour in these settings.
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