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Abstract

In this paper, we obtain convergence of a posteriori error indicator to 0 when the mesh size h goes to 0 for the finite element
approximation of source-boundary control problems governed by a system of semi-linear elliptic equations. We give the upper
and lower bound of a posteriori error, and convergency of a posteriori error indicator.
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1. Introduction

Differential equations and their control problems appear
a lot in the thermal engineering, metallurgical engineering,
chemical process and in the field of a system of optia-
mality. In many previous works, a posteriori error esti-
mates of a differential equation have been done by using
finite element method and spectral method [1-3, 7-9, 14,
16-18], and these methods are being extended to optimal
control problems [4-6, 10-12, 13, 15].

If the solution of a differential equation is smooth, a
posterior error estimates are obtained by spectral method
[4, 5] but if not, by finite element method [6, 10, 12, 13,
15]. One of the difficulties in estimating a posteriori error
by finite element method(FEM) is to verify the conver-
gence of a posteriori error indicator to 0 when the mesh
size h goes to 0, for an error indicator 7 is denoted as

the form of sum with respect to elements of an indicator
N , i.e., as the form of infinite series when h goes to 0

unlike spectral method.
ly=ynll" <n® =Cn® > Jmc o =man®. 7 =Dl
K K

In [12], for control problem of a linear differential
equation, the convergence of an error indicator was stud-
ied in the meaning of a subsequence. In [5], for a
semi-linear parabolic source control problem, the upper
bound estimates of a posteriori error by spectral method
were obtained but not the convergence of an indicator.

The purpose of this work is to obtain a finite element
posteriori error estimates for a semi-linear elliptic source
control problem and study the convergence of an error
indicator.

We are not aware of any existing work on a posteriori
error estimates and the convergenc of error indicator by
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FEM for a semi-linear elliptic control problem.

For convergence of an error indicator, we’ve obtained a
finite element posterio-ri lower estimates, estimated a
priori error and osc (osc: oscilliation) of the residual, in-
troduced a proper finite dementional norm and applied
proof method using Lis theorem.in the Hilvert space.

Our paper is constructed as follows. In section 2, we
give establishiment of problem and optimality condition,
in section 3, 4 upper, lower bound of a posteriori error
estimates of finite element, in section 5, priori error esti-
mates and in section 6, convergency of error indicator of
FEM.

Let |||, (- denote the H*(Q) norm and inner prod-

uct. We set H=H°(Q)=L%(Q) , U=L%Q) with

k=0..We denote by [, (.)r or [f,., ¢)or the

L2(C) norm and  inner  product, and by

||||OS < >04(s>2) the L°(Q)-norm and duality product

between L°(Q) and LS'(Q)(%+ %,:1).

2. Setting of Problems and Optimality
Condition

Let Q be a bounded convex polygonal domain in
R? with boundary T .

Let us consider the boundary problem of differential
equation as follows.

—div(AVy)+g(y)=f +u, Q

;ﬂw(y):g, r
n

€]

ueU;, geU,are to be controlled and the feasible sets

are convex closed subsets of L2(Q), L2(T) as follows.

U, :={u e Q)] u(x) >0, XEQ}, f e 2(Q)

U, ::{g e ()| go<9(x), XGF}' 9o <0

[Assumption 1] We assume the following properties
for ¢, ¢.

#(t), p(t) eW?*(-R,R), O0<R<+0, and they are
strictly monotonic in g1
#(0)=0, p(0)=0, ¢'(t)=0,¢'(t)=0, teR
The weak form of model (1) is (2) as follow
J. AVYV vdx +I #(y)odx =
’ i @

:j (f +u)udx+j gudl, Vo eV
Q r

We assume that there exist unique weak solutions y
of 2)in V=HY(Q).
The cost functional is defined as follows:
where z4 € L2(Q) isgiven, U :=U,xU,.
[Problem1] inf J § u g
u.g¥u

where y=y(u,g) isasolution of (2).

Assume that there exists at least one solution of
Problem 1.

[Theorem 1] (Optimality conditions)

Assume that T is a solution of Problem 1. There

exists peV that satisfies:

(VB,V0)o +(#'(Y)P,0)o + (@' (V) P 0)or = (Y =24, 0)g, VL EV,

(VY, VU)o +(4(Y),0)g +(@(¥), ) r = (f +U,0)g +(T,0)or, VUEV,

where y=y(U,g) are unique solutions of (2) when
u=u,g=g.
Proof. Let y, denote Gateaux differential of the solution

of (1) y=y(u,g) at (U,q) inthedirectionof u—0,

3)

Yg inthe y, inthe direction of g—@.

Yur Yg satisfy the following equations, respectively.

(W, VO)o +(#'(Y)Yu:0)o + (@' (V)Y )or =(U-T,0)g, VeV

(Vyg ,VU)O + (¢,(y)yg 1U)O + (qJ,(V)yg 1U)0,r = (g - g!U)O,T‘! Vo EV

The Gateaux differentials of the cost functional at (U, Q)
in the direction of u—U, g—g are as follows:

(4)

(Jl;(yrﬁr g),u—ﬁ)o = (y_zdaYu)o +(VU,U—U)0 ZO:
vYueU;
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(Jg(V;0,8),9-0)or =(Y—24.¥g)o +(¥3,9-T) 20,
vgeU,

Let us consider the unique solution p of the following
adjoint system.

(VP,Vu)o +(#'(Y)P,v)o + (¢ (V) P, U)o,r =
=(Y—-124,0)y, YvoeV

By setting v = p in the first equation of (4) and v =Y,
in the adjoint system, and comparing them, we get

(Y—24,Yu)o =(P,u—0),.

Similarly, by setting v =P in the second equation of (4)
and v =Yy, in the adjoint system, and comparing them, we
get

(Y=24,Yg)or =(P.9-0)or.

Thus, we have

Qu(¥;0,9),u-t)=(p+vl,u-0), 20, Yuel,
(Jg(¥:0,8),9-9)=(p+v3, g—0)or 20, Vg €U,

The proof is completed.

3. Upper Bound of a Posteriori Error

Now, we partition Q into regular triangles
K;(i=12,--,M) and denote the diameter of a triangle

K by hg, hg, respectively. We set h:= max h,, let
1<k<M

T, be the family of triangles, E, the set of all the
sides of the triangles and denote finite element function
space of H'(Q) as:

Voi={on € HHQ) NC(@)|vy [ € R(K), VK €T, |

where PB(K) denotes a polynomial space whose
order is less or equal than one on element K

(V¥n, Voo +(@(Yn), 0n)o + (#(Vh) n)or = (F +Up,0)0 + (9, 0p)or (5)

The finite element approximation of (2) is as follows:
Problem 2.

. 1 2 V(o L )
min <= —24)°dXx+—|usdx+— dl
(Uhvgh)euh{zi(yh d) Zi h Z'F[Qh }

Vi €Vp, Uy €Uy, gn €Uy,
where vy, €V, is the unique solution of (5).

Lemma 1. Problem 2 has the unique solution U, €U,
which satisfies the following system (optimality system)

.[(vlTh + Pp)(0, —U)dx >0, U, €Uy, Yo, €Uy,

Q

J-(Vgh + Pn)W, —G,)dl 20, G, €Uy, YW, €Uy,
T

(V¥n: Von)o +(8(Yn): vn)o +(@(Yh) 0 )or = (F +Up,04)0 +(9n,00)or

Yo, eV, cV =HY(Q),

(6)

(VP Vop)o + (8" (Y1) P n)o + (8" (Yn) Prsth o =(Vh — 24, 0n)o

Yo, €V, <V =HYQ),
where p, €V, isthe unique solution of (7).
Proof. It’s similar to the proof of Theorem 1.
Lemma 2 ([2, 3]) Let I,:V >V, c H'(Q) denote an
orthogonal projection operator. For
Yve Hl(K), vk €Ty, VE € B, we have:

()

"U_ IhU”o,K <Chy "U"l,a)K '

o-tyolye <CHEZ [,


http://www.sciencepg.com/journal/ml

Mathematics Letters

http://www.sciencepg.com/journal/ml

v K/,
KnK'#d

v K

B T B

o =
Vo eHYK), Vk €T, VE<€E,
2) (ol ¢ <C 2ol +e2 [Vl )

3) ||U||o,w,|< S('\'th”U"o,K ' "U":L,K <Chg "UHO,K

Lemma 3
1) If ©.9) is the solution of problem 1, then
UeC’(Q),, geC’(N).
2) The solutions y,,, p;, of (6), (7) are bounded inde-

pendent of h.
(proof) 1) From theorem 1, we have

(p+vU,u-u)y =20, YueU,
(P+v8,9-0)or 20, vVgeU,,

and this is equivalent to the followings.

(ViU —(=p), u—-t), 20, YueUy,
(v3-(=p). 9-9)or 20, Vg eU,,

Uzlmax{—p, 0}, O
=
g=—max{-p,0}, T
|4

But YeV and el (Q@<r <+wx)

Since  ¢(y) € (), () € L*(T)
¥ € H2(Q) from the smoothness of the solution of an elliptic

by assumption 1,

equationand P has a unique solution in. V = H?(Q)
From peH?(Q), the continuity of H?(Q < C(Q) and

H%(F)CC(F) and the properties of operator maX, the

(ij“dex+j¢(y“)udx+j¢(yh)ud| = j(f +uh)udx+IghudI, VoeV,
Q Q T Q T

IVphVde+ I¢’(y“) phodx +j¢'(y“) podl :j(yh —z)udx, VoeV
Q Q T Q

Where y" = y(u,,g,) is a unique solution of the first

expression of (5).

[Assumption 2] Functional is strictly convex in the neigh-

assertion of the theorem holds.
2) From the fact that the functional J(:) is coercive with

respect to Uy, 0, Uy, 0, are bounded independent of h.
In the below equation satisfied by Y,

(V¥h, Vop)o +(@(Vh ) n)o + (@(Vn): 0n)or = (F +Ty, Vo )o +
+(@n.h)or. Yo, €V,
when considering the asumption 1, we get

[¥al, <CIf +8a, <C
when v, =Y.

Here, C:=1/C,, C, are norm equivalent constants of

spaces H'(Q), H3(Q) and C is a constant independent of

h.
In the adjoint equation

(VPh, Von)o + (@' (V) Prson)o + (@' (Yn) Pro Vn)or =
=(Yh —2g,0n)0, V0, €V CV = H3(Q)

considering assumption 1, we get
IPul, <ClI¥n 24, <€,
when vy, = By, .

Let us estimate the upper bound of a posteriori error.
The following expression holds. ([5])

(J'(u), w) = (vu+ p,w),
(3" (up)wy) = (U, + P, Wy )o

(3'(uy), W) = (vuy, + p", w)g

Here, p" = p(u,, 9y) €V satisfies the following system

(8)

borhood of a solution and there exists a proper constant so that

(J'(5) - J'(W), 56— W) > C(Ju —wllliz(g) +|g _w2||ﬁ2 o (9)
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w:= (W, W,) is an arbitrary element in the neighborhood
of 0:=(u,q).
In the future, assumptions 1, 2 are assumed to be satisfied.

Lemma 4 When are the solutions of (3) and (6), (7) re-
spectively, it holds that

Ju-unlf <C[p"~ by +CA +22)

where p" = p(u;,, 95,) is a function defined in (8), C>0isa

constant of h and

o =l + ol 7 =l + mal

(proof) From assumption 2 (expression (9)), we have

independent

C(lu-unl +lo - 9nl5,) <
<(I'(U,9) = J'(Un, 9p), (U=Up, g~ Gp)) =
= [+ p)u=-uy)ax+[ (g + PG - gyl +
r

Q

+ [ @y + Py ~u)dx+ [ (g4 + p")(gy ~ )l <
Q r

Here, we consider that

[+ pu-u)ax+[ g+ p)g-gy)dl <0,
Q r

v(uhlgh)euh cu

from the optimality condition.
From the above inequality,

Cllu-unlj+lg-anl5 ) < [ n + pr)y ~wax+
Q
+[ (0" = pu)(uy ~u)x+ [ (g + Pa)(gy ~ Q)+
Q Q
h h 2 llah 2
+[(P" = P)(@n ~ )l <C@E)(|P" = Py +[p"— P, )+
r

+0(un ~ul +an - gl ) +C08 +7E) <
h 2 2 2 2 2
<C@)|p"~ o] +5(u—un[o +lgn gl ) +C@aE +72)

2
<C(©)|P" - pu[, +u—unl+gn -l )+ CE +nd)

45

Thus, we come to the following conclusion

2
Ju=unlls +la = gnll- <C[[p" = Py +CaE +n2).

Lemma 5 Let be solutions of (6), (7) and (8), respectively.
Then it holds that

=
where 7? are as follows.

=Y 0 7l 7k = Yo~ 20+ APy~ ¢ (Y Py

KeT,
n; = Z he ||7E||(2J,E’
EeE,
{aﬁ} — (Vp, —VP,)-Ng, EAC =
Ye = o Je

aph 2
— e+ , EnT#O
on |E @'(Yn)

And [%ﬁ} is the jump value of the directional deriva-
n Je

tive in the common boundary E of two elements K, K .

773? - Z hé ”rK "é,K’ k=AY —o(Yp) + f +u,

KeT,
2
M = Z e e e
EeE,
Similarly, {jy—h} is the jump value of the directional
K e

derivative in the common boundary E of two elements
K, K.

(proof) Step 1: We set,. Considering the assumption 1 about,
we get
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Cleff < (VEVE, +(#(Y)E o + (0 (Y)E E)or <
<(VP",VE)y +(#'(y")P" &) + (@' (Y") p" O -
—(VPn, VE)o — (' (Y") B, E)o — (@' (Y") Pr o =
=(y" - 24,8)0 = (VPh: VE)o = (8'(Yn) Prs&)o — (@' (Yn) Prs E)or +
+ (@' (V) =2 (YN P E)o + (@' (V) =0 (Y ) P E)or =

Here, C:=min(L, &), « are positive, seen in theorem 1.
Let us make a use of lemma 2 adding

(VPr, V& )o + (8" (Y1) Prs &1 )o + (8" (Vn) Prs &1 dor —
—(Yh—24:81)0 =0, & €V,

to the above expression.

CElf < (Y — 26,6~ & o~ (VP VE=E)o -
(@'Y Ph, & =& )0+ (@' (V) Ph & =& dor +
+((@' () -4/ (Y P E)o +
+((@' (V) = @' (V") P E)o.r + (V" = Yo €)=

= Z (rk §=& ok + Z (7e:& =& )oE +

KeT, EecE,
+((@'(Yn) = ' (Y")) Prs ) +
+{(@' W) =2 Y") P o + (Y = Vi E)o

Considering £—¢, €V = H(Q) and 1) of lemma 2, we
get

2
Clefl < 3 Wl e bl + - Wl W22 ol +

KeT, EcE,

+Cllvn =", Inll Il + € yn ="

el bl o+ "] el <

01,4

<CEOY Il 02+ 3 Il hed+Clyn -y +5lk

KeT, EeE,

Thus, we get the following inequality.
[ ol sclon - o <

Step 2: We set &=y"—y,,
£eV.

Taking into account the assumption 1, we get the follow-
ing estimation.

Clle < (Vy", Ve +(B(Y"). o + (@Y. o -
= (W, VE)o = (8(Yn). &)o — (@(Yn). E)or =
=(f+Up, &) +(9h:Eor — (VY VE)o -
—(@(yn). $)o = (@(¥n). )or

where C:=min(L 1), | is a strictly monotonic constant of in

assumption 1.
Adding

(VYn: V& o +(8(Yn): €1 )o +(2(Yn) & )or —
=(f+up,&)o— (9, &1 )or =0

to the above expressing and using lemma 2, then we get

=(f+uq,&=& )0 +(9n:E =& )or — (VYR VE=E1 )0 —
—(@(¥n).& =S )or = Z (e, & =S ok —

KeT,

—z (e, &=& ook <

KeT,

s Z (he "rK ||0'K)(h|21||§—§| "o,K )+ Z (hE% "rE "o,E)(h;% "é:_‘fl ”o,E)

KeT,
Therefore, we get

Cllel @) (f el + X the e ) +5)

KeTy EeE,

EcE,

and the following holds.

[y" -], <co +id)
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In the following theorem, we give the upper bound esti-
mate of a posteriori errorwhich is one of the main results of
this paper.

[Theorem 2] If ((u,9); Y. P). (U, Gn)i Y. Py) are the
solutions of (3) and (6), (7) respectively, then the following
relation holds.

6
ol o 0ol +ly -l +lp-mlE <c Y

i=1

(proof) From lemma 4 and 5, it holds that
2 2 h||2 3 2
Ju=-unl+lg=gnll, <Clpa—p"| <CQ 7. (10
’ 1
i=1
On the other hand, it holds that

R o M

[p=p"; =cly=y"[} <clu-ul; +lo-al;,.

From (10) - (14), we get the result.

4. Lower Bound of a Posteriori Error
We introduce the following function by barycentric coor-

dinates Ay, A, A, of element K eT,.[2]

b, = 2721 A2 Ak K
K 0, Q\K

We introduce the following function when E<E, is a
common edge of elements K, K'.

i K
be = A i Acm K
0, O\ o

lp=po <[o- " +[o" -] 2

Subtracting the equation satisfied by v, yh , setting a test

function as u:y—yh and using the strong monotonicity
of ¢(-) and the monotonicity of ¢(-), we get

”Y— thf <Clu—ul, ”y - yh”o +o-gnllr ”y— yh“o,r :
<C(lu-upf, +g - ghuo,r)uy_ yh“l
From above, we get the following inequality

vyl <Clu-ul+]o-anle,) 13

Similarly, subtracting the equation satisfied by p, ph,

setting a test function as v= p—ph and considering as-
sumption 1, we get

(14)

wg =KUK'’
Lemma 6 ([2]) For each element keT, and edge
Ee€E,, bk, bz have the following properties.

supby <K, be €[0,1], Tea% by =1

9 —
[oct= K[ O 190y <Ol
K

supbe c @, be €[0,1], max bg =1,
Xewg
jb dx:1|a, |<ChZ, |vbe|, —<Chg'-|og|
E 3|¢el= e Ello,we =€ "IFEllo, 0
Wg

[Theorem 3] For the lower bound of a finite element pos-
teriori error, the following estimation holds.

6
Dot <c(y- Yol +[p = pul; +Ju-us[t +]o —ghlli,r>+050+Ch-

i=1

0sc(Ty,) == 0sc(yk ) +0sc(yg ) +0sc(ry ) +0sc(rg ) +0sc(zy,) +0sc(zyy, ),

0sC(yy ) = z hli ||7K _77K||(2)’K1 0sC(yg) = z hk ||7E _77E||(2)‘E’

KeTy,

47

EeE,
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osc(r ) = z hg [Inc — T ||§K osc(rg) = Z he [Ire —FE||;E

KeT, EcE,
0s¢(z,,) = Z |z - 7, ||§K . 05C(zy,) = Z |z, —71h||§E
KeT, EeE,

where is independent of and denotes the different constants in the proof below, and is oscilliation
(proof) Let us estimate 7?2 .
It holds that

2 ) _ 2 — 1
wwwsm%KWW—mmwywjﬂjmw
K

I =k =7k P 7k ok

||77K||§YK ~ (kb7 ok = (kb 7ok + (ke =7k b 7k dok =
=(Yn =29 =¢'(Yn) P+ APn. D 7k Dok + 1k =
=(Yn —2g =" (Yn) P + AP, b 7k Jok +
+(=(Y—24)+#'(Y)P—Ap. b 7k Dok + 1k =

=(Yn =Y, bc 7k Jo.x + (@' (Y)P—&'(Yn) Pns bk i ok +
+(A(PL —P) bk 7k ok =i+ 1+ 15+ 1.

Using 2) and 3) of lemma 2, we estimate the above integrals.
ly <[¥n =Yl lou7ic o <lIvn =Y Iy 7 <

s C"yh - y"l,K hlzﬂz "77K "0,K <C "yh - y"l,K hlzl "77K "0,K

12 < ClYn = Yl arc [Pl [P il <
<Cht ||yh - y||0’K || Pn ||O,K 17 ”o,K =
< Ch,}l”yh - y”O,K "}7'( ”O,K

Iy <[[ACo = Py i [0 Pl i < O [P = Pl 73 o
I = =7 Dok <[7 _7K||0'K 17|l

(7l = Ch ¥ = Yl + o0 = Pl + 7 =7ic o

& 17l = Clvn =Ylo P =Pl )+l =7 o c

From the above relations, we get the following result.

<> 2l < Clvn—yE +]pn - )+ osclri),

KeT,

Let us estimate 7.

48
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_ _ _ 1
el ¢ <I7ell ¢ +lre ~7el e e = g [reox,
E
le =(e —7& rbE77E)O,E

1) Incase of ENT'=Y

_ 2 _ _
||)/E||0,E ~(7e.be7e)oe = (Ve beYE)oE +1E =
=(VPn, V(be 7)o, +(APh.bEVE )0, =(V(Ph — P). V(BeYE )00 +

=(Vpp, V(bere )o,wE +(Apy, beye )o,wE =(V(pn— ), V(be 7 ))O,a)E +
+(@'(Yn) P —(Yn _Zd)vi?7E)o,wE + (AP, =8 (Yn) Pn +Yn — 24 ’bE77E)0,a)E =

=(V(Pr = P). V(O 7E))o.0, +1e+
+(@'(Yn) P —2' (V) P+ Y= Yn:beVe)om +

+(7k beTe)ow, =+ +13+1g.
Using inverse inequality, we estimate the above integrals

L <Chic[p=pul,,, [oe7el,, <Chi[P=Ppul,,, [Pl 172l

||1,a)E

<Clp-paly,, 17l <Cti[p=pull, I7Eloe

||1,a)E

Similarly, we get the following expression.

1 <ch2(p=pul,, Iy Yol IFele

v o

13 <17l IPe7E 0,0, <17l [Pl o, 1761 <

<O [yl [Pl

le = (e —7e:Peve)oE S||77E _77E||0’E ||77E||OYE ,

0 el = CAP Pl +1Y = Yol )+ Il o, 27—l

Taking into account the above expressions, we get

= helreloe <CUp—puli +ly=yal)+C D 0 [rc s +05c(re) =

EeE, KeT,

—C(|p- Py} +]y— ol +nZ +osc(re),

2) Incase of ENT'#
Like in 1), we get

49
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||}7E "35 ~(7e.be¥e)oe = (e beve)oe *(Ye —7e DeVE)oE=
=(Aph, be7E ok + (VPR V(OE7E ok + (@' (Yh) PriPe7e)oe +1E =
= (App,be7e)ok + (VP V(O 7))ok +

+(@'(Yn) PnsPere)oe — (VP V(Oe7E)) ok — (8" (Y) P beYE)ok —
—(@' (V)P be7E)oe +(Y—24:.0e7E)ok +1E =

=(V(P=Pn) V(Be7E ok +(#'(Yn) P =4 (Y) P.be¥e ok —

+(@'(Yn) P — @' (V) P, be7E )0 + (AP, =" (Yh) Ph + Y — 24, PeE )oK +

+(Y=24,0e7e)ok —(Yh =24 PeE)ok +1g =

=(V(p—pn), VO 7)ok + (@' (Yn)Ph =8 (V)P +Y = YnDere)ok +
(@' (V) Pr =@ (V)P beVE)oe + (Y beVE)ok +1g =i+ 1+ 13+ 1, + 1.

We estimate the above integral parts.

<[l P, Ioe7e ], < Ch o= pul loe7e « <
<Chi[p— pnly ey 72 <Cllp =Pl 7e <

< Ch;% [p—=pu, 17,

Here, we consider that
Chl% ||77E"0,E < C(" p- ph”l,K +"y_ yh||1,K)+ChK "7K "0,K +

Ve =Chi?[7e ], - Y
+hK2 "77E _77E"0,E’

1= 2 M el <CAP=pal +ly=yall)+ +

EeE,

1, < 2 (P Pyl +[y = Yo ) e o .
1y <02 iy e +ose(re),
I, =(@' (Y )(P— Pn):beVE)oE + Let us estimate 72 .
+((@'(Yn)—2' (V) p.bere)o e
_ _ _ 1
Il = e o i =Rl T = o
K

<[’ Om)lo.e [P = Prlly 4 ¢ I 7e o 4 e +
+Cly = Ynllo.a g [Plo 4 e IPe7elo £ < = (=i Do
<ch(p- Poll 1Y =Yaly )17l e - Rl « ~ (e b o = (e Bicicdoe +
le = (7e ~7e beedoe <[7e _7E”°'E |7 "°'E ’ +(Tx =N b T o = —(AY = Yp )b dok +

+(P(Y) = A(Yn): BTk Jo.x —(U—Up, BT )o + 1 <

Thus, we get the following result.
<Y =Yl IPxcTic o +C 1Y = Vil i [Tl +
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+||u _uh"0,K "bKFK "o,K +ly <
= Chlzl "y - yh”l,K "FK "o,K + Chlzl ”y ~Yn ||1,K ”FK ||0,K +

+Ch* u —u, ”O,K (X ||0,K +[f — ||0,K :
Thus, we get

M il SCIY = Ynll +u=unllg  + i [Fc =i o
= 0l <CUY—yal} +[u—un]3)+osc(rc),

KeT,

Let us estimate 7.
1) Incase of ENI'=O
For convenience, we set | = (g —Tg,beTe)o e -

Considering the calculating process of, we can see that the
following expressions hold.

"FE ||§'E ~(Te,Pele)oe = (e, Pele)oe +1e =
=(V(Yn = ¥), V(bele))o,o. +(@(Vn) —@(Y). Dele)o o +

+ (N bele)o,p +(U—Uy,bETE) g +1g <

<2y~ ¥l + O 2t O ol +

+"FK —Tk "o,K )"FE "0,E s

0 ey < CA3 Yl +u=tal )+ Chic il +

+ hl% "FE —Ie "o,E )

1 <Oy =y, IbeTe o ¢ < Ch Iy =Yl el e

|4 = ((P(yh)—(l’(Y):bEFE)o,E SC"y_ yh"o,E ”bEFE"o,E <

< Ch,;% ”y —Yh ”O,K ”FE ||O,E < Chlz% "y ~Yh ||1,K ”FE "0,E !

1= 3 el e < Qv =Yl +u-uno) +

EeE,

+C g e ||§  +0sC(rg) <
KeT, ’

<Cly,- y||f +|u —uh||§) +Cn? +osc(rz),

nz <C(|y, - y||l2 +u —u||§)+7732 +0sc(rg).

2) Incaseof ENI'#

In this case, we set rg = %+(p(yh) -0
n

"FE "(Z)E ~(Te beTe )oe =(Ve PeTe)og +(Te — e beTe)oe =
=(AYp,beTe)o .k + (VWh, V(BeTe))ok +(@(Yn) Pele)oe —
—(9n,beTe)oe — (VY. V(BeTE))ok — (A(Y), DeTe)ok —
—(p(y),befe)o e +(f +U,bele)ok +(9,beTe)oe +1g =

=(V(Yh = ¥), V(beTe))ok + (1 Pele)ok +
+(B(Yn) = B(¥),beTe)o k +(@(Yn) —@(Y),beTe)o e +
+U—up,beTe)ok +(9—0h,beTe)oe +1e =

Let us estimate the above integral parts.

1 el el

Iy < Chj/2 1Y = Yall Il e -

Is = (U—up,befe)o k SC"u_uh"o,K e <

<on 2 fu-uyy el

le =(9—0n,Pele)oe < ”9 - gh"o,E "bEFE"o,E < "g - gh”o,E [loe "0,E e

<cn 29 - gy, o I

”o,E !
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Ch2 [, < COY=val, +lu=tly  +19 -0l )+ Che il +
N .

2 2 2 2
7t = 2 N l7elloe < CAy=yalk +lu-unll . +lo -9l ) +

EeE,

+n? +osc(rz),
We estimate 72 . For convenience, we accept the follow- Ly = (b Zn)ok <[Pl Bl Zn <

ing notation _
<o ol [7

_ 1 _ _ _
Z, =Uy + Py s Z :=mJ‘zhdx, Ik =(Z, —Zy.bx Zn)ok . ||Zh||0,|< <up —u||0’K +Ch% ||u||0‘K +|p- ph||1’K +
K

2 ol + 12 =2l
It is obvious that the inequality

1 <[zaflg < CQlu-un + P pof;) +

- 12
+Ch(uly +plp)+ X lon 7ol =

KeT,

||Zh"(2),K <||z, "§,K +[z, —7h||§,|<

holds. We give a similar consideration like before.
2 2
2 =C(Ju=up[, +p = pn[}) +Ch+osc(z,),
"7h||o,K ~(Zn, D¢ Zn)ok = (20, 0cZn)ok +(Zn =7 Bk Zp)ok =
= (U =B Zy )o k + (U, bk Zy)o.k +(Pan — Pk Zn)o + We estimate 75 .
4
+(POcZh)ok +1k =D li+ 1k, - 1 _ _
iz=1: I Zh =9h + Pns Zn ::Hj.zlhdll le = (Zth — 21, beZin o e
E

Iy = (U —U,bc Zy ok < "uh _u"0,K "szh " s

I =t 2l JeanlZ e <122 ¢+~ 2l

I, =(u,beZ,)ok <|u b Z, < B _ _ _ _ _
2 KoK " "0‘K " K"O’K " "Zlh";E ~(ZinPeZin Do .e = (2anPeZin o g +(Zy —2n:beZin)o e =

< Chl%é ”u"O,K ”Z‘”o,K =(9h = 9.0 Zin)o.e +(9.PeZin)o.e + (Ph — P beZin)o e
4
+(p,bez)oe +le =) li+lg,
Here, we used the inequality [[o [, « <Chk . EEnlE e ; LE

ly = (P — P.bc Z Yok < " P, — p||0 . "bK Z, "0 = By estimating the above integrals, we get

< ” Ph = p"l,K "7h "0,K

Iy = (Up —U,beZp ) e <||up —u||O'E [Jog 2, ||0,E s

< Chim "Uh _u"o,K "bE”o,E |Zlh| < Chlzllz ”uh _u"0,K ChK hlzllz "ilh ||0,E =
= "uh _u"0,K "71h "0,E
I3 =(pn— pvifh)O,E < " Pn — p”O,E ”bEZlh "0,E =

2= 0che bl Fatche SOl <o, -, el 2l -l i
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Lo = (PbZnoe <[P, e [Zunbel, e <Pl [Enly
2l  <Jun —ul,  +Cn2Jul, +1p = Pul, . +Ce [Pl +

+[Zn — z1n,

16 <zl < CQlu-ualg +p— ol +

2 2 - 2
+on(ul ok + 2 o =zl =

KeT,

=C(|lu —uh||§ +|p- ph||12) +Ch+o0sc(z,),

By summing 77 —7& , we get the result of the theorem.
(VP", Vo )o + (@' (¥ P", 0n)o + (@' (Y") P" 01 )o - =

.. ) =(y" - Yo, eVl cV
5. A Priori Error Estimates V" =2a:0n)o, Vo €Wy <V,

For convenience, we set the cost functional as follows (vyh ,Von)o + (¢(yh), U)o +(¢(yh), Vh)or =

=(f+U,00)0+(9,p)or VoneVy eV,
= 1 2 1 1 :
3(u.0)= Iy, ) -2l + 5 ol + ol

Lemma 7 Let Y Pit:@) (Vhs PrilnaGn) pe the solu-

3 (U, 80) = 5 9 e ) 2 45+ 5
AT Sh 7o IR Eh 7 Td o T g Pl ™ o I¥hflor tions of (3) and (6), (7) respectively. Then it holds that

Then we get the following. ([5])
5 (u=til +]9 = auly ) <o~ pul, +Ch

(j’(u, 9),v)=U+p,v)o+(9+P:Va)ors

(37 (Un, Gn) Vi) = (Un + ProVin Yo + (G + ProVan o where C is a constant independent of_ h. _ o
- b h (proof) From (3) and (6), (7) the relation which satisfy is as
(', g) V) =(U+p" V) +(9+ P, V2)or follows.

where p":=p"(u,g) eV, is the solution of the following

equation.
(p+vu,v—-u), 20, YveU,, uey;
(P+vg,Ww=0g)or 20, vweU,, geU, (15)
(pp +VvUp, 0, — U)o =0, Yu, €Uy, U, €U
h h»Uh —UnJo h €VY1n, U €Yin (16)

(Ph +vGh Wy —Gn)or 20, YW, €Uy, g, €Uy,

We choose o as 0<o<1 and fix u ECO(Q)+, 9 eCO(F)+ and we define u®,u’; g, gf
Let I, :V —V, beastandard interpolation operator.
By the smoothness of a control (lemma 3),

uc = (1—O')Uh +O'Gl’ uﬁ' = (l—O')HhU +Oﬂhl]! @an
9° =(-0)gy +0l,, gy =@-0)1,g" +0ll,d,

Then we can see that
u’ ECO(Q)Jrv uf? EU1h7 ga ECO(F)+1 gﬁ- eU2h'
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In (15) and (16), we seto=u?, v, =uy,

w=g, w, =07 add together and put in order, then we get

2 2
V(”U —UhHO +“g - gh“o) < (Vu,U% =Up)o + (VU UT —U)g +(P,U7 —Up)o +

+(Pp,upy —U )o+(P = PpiUy —U)o+ (v9,97 —gp)o +

(18)

+(v0n,9n —9)o + (P97 —9n)o +(Ph.9n =9 Jo+(P —Ph.9h—9)o

From (18), we get inequality

om0 =fp-n [ oo

(p=Pr0n - =[p-paf, +2]on -0,

Setting 3hy >0, Vh<hy, 0<h<l. &=h and consid-

ering the boundedness (lemma 2) of finite element solutions
independent of h, we get the estimation.

(vu,,uf —u)g = (vuy,, I u —u)g + o(vuy, I, (0; —u))y <Ch,
(p,u® —up)y =a(p, Gy —up)y <Ch,

(Pn,uy —U)g = (v Py, [Tu =u)g + o (v py,, 11, (G, —u))o < Ch,

(v9,9% = 0n)o =0v(9,0, — gp)p <
<ovgll, (I, +|an],) <ch

(vOh 9 —9)o = VO, 1,9 =)o +0(vgp. 1, (0, — g))y <Ch,

(P97 =9n)o = a(p, G, —gp)o <Ch,
(Ph 9 —9)o =(pp, 1, -9)o +
+o(vpy, I, (0, - 9))o <Ch,

(20)

From (18), (19) and (20), we get the result.

The following theorem about a priori error estimates
shows the convergence of an approximation solution.

[Theorem 4] Let be the solutions of (3) and (6), (7) re-
spectively. Then it holds that

R R N R e

We denote by C the different constants independent of
h

(proof)
We set &=1,p—p", gi=p-Iyp, £+5=p-p".
We first estimate ”p— ph”l. Taking into account the as-

sumption 1, we get

54

Clélf < (VEVE+(#(NEE)o +(@(NE ENor =
= (V(7,P), VE), + (@' (V)P E)o + (' (V)7 P Eo - —

—(Vp"), V&) = (@' ()", &) — (@' (Y) P", E)or —(VP,VE)y +
HVP,VE), — (8 (V) P o + (@' (V) P.E)o — (@' (V) P, E)or +
+He'(Y)P,E)or =

=—(V5,V&) = (8'(¥)5, &) — (@' (V)6 E)or +
+(y-24,¢)0 —(yh =24,6)0=—(V5, V&) -
~(@'(V)5.E)0— (@5, E)or + (YY" &)

where C:=min(l, &), « is positive seen in assumption 1.
Considering the Lipschitz continuity of
#()el”(Q), ¢'() and 1) of lemma 2, we get

[o- 0], <l +let, <Cn+|y-y"]. @

We estimate ”y—yh”l.
This time we set

E=ly-y" g =y—lyy, E+g=y-y".
Considering the assumption 1, strong monotonicity of,

Lipschitz continuity and 1) of lemma 2, we get

Clef < (VEVE) +(@(my) ~ 4(Y").E)o + (0(myY) -
~p(Y"), E)or < (V(mY), VE)G +(#(mnY). E)o + (4 Y), £)o —
—(VY", V&) = (#(¥"), E)o —(B(Y"). Eor — (VY. VE)g +
+(VY,VE)o = (#(Y¥), &) +(8(¥), §)o — (0(¥), E)o r +
+(@(¥),$)or =

=—(Vg,VE&)y +(d(mnY) —4(Y), E)o +(f +U,&)g +(9,E)or
—(f+U,8)+(9.8)or <

<[€l: Il + Cllello Il = el Ity

€], = Cllel, = Cnlly],, <Sh,
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(V" = Y1), Voo + (") = (%) 0p)o + 0(Y") -
=@(Yn):Un)or = (U—=Up,0)o +(9—9n,Un)or
Yo, eV,

ly=y"], <liéf, +lel, <¢n. 22)

On the other hand, subtracting the equations which y", Yh

satisfy, it holds that
and when we set v, = y" - Yn €V, and consider the strong

monotonicity of ¢(-) and monotonicity of ¢(-) , then we get

el 7y - <ol -l o -, .

[v" = nl, <Cu=ualy +la = gnl, )

Similarly, subtracting the equations which ph, p;, satisfy, we get

(V(ph = Pn)Voy)o+ (¢'(yh) ph —#'(Yn) PnsOp)o + ((P'(yh) Ph —@'(Yn) PnsOn)or

:(yh ~Yn:Un)o» YU, EVh0

Now when we consider

NP =4y pn =4 (P = p) + (B Y - (V) Py
'Y P" =@ (¥n) P = @' (Y )(P" = Pr) + (@ (Y") — @' (¥n)) P

and Lipschitz continuity of ¢'()>a >0, ¢'()2>0,¢'(), ¢'() and set a test function as v, = p"— p, €V, , we get the fol-

lowing expression
Clo" = b} = @) - # DR, B~ o+ (0 () ~ @'Y Prs D"~ Pido +
<(Y" =¥ P" = Pn)o

where C:=min(l, ), « is positive seen in assumption 1.
lo=muf, <yl IonL. " - pal, + ]y sl foal [o" - o], +
o =l el <l =il [o" -

[p" = pu], <C]y" -], <Cqu-unll, +lo - nl) (24)

On the other hand, it holds that
Iy = ol <ly =yl " -, 5
[o—=pul, <[o—"], 0" ~pu],.

From lemma 7 and (21)-(25), using the above results, it holds that

2 Qu=uyl +lg=nl ) <[P puf; +Ch=

55


http://www.sciencepg.com/journal/ml

Mathematics Letters

http://www.sciencepg.com/journal/ml

<Cllu=tnf, +9 - gnf,-)+Ch

(= C)Ju =ty + ]~ gnl, ) < Ch

We choose v tosatisfy v >2C . Then it holds that

Ju=unfl, +lg = gnfl, - <C M

(26)

and considering (21)-(26), we get the result of the theorem. Here, C(v) is a constant independent of h .

6. Convergence of a Posteriori Error
Indicator

We see the following lemma before the convergence of a
posteriori error indicator 7%(i =1,---,6).
Lemma8 For osc(T,), it holds that

osc(T,) <Ch

(In the proof, we denote by C all the constants inde-
pendent of h.)
(proof) Step 1: Let us see

Z"rK”;K + Z ||rE||;’E <C (C is independent of h).

KeT, EeE,

Here, rc, rg aredefined in lemma 5 to be

N =AY, —a(yn)+ f +up,

{%
on

} =(V¥h =V¥p) N, ENT=02
e = E

%'E"'(D(Yh)_gha Enl'=g

From lemma 3 and theorem 4, we get the following result
about the boundedness, i.e.,

"uh"o :”uh"|_2(9) =C, "gh"o :"gh|||_2(r) <C

(27)
lynl, <C. |lpuf, <C

where C isa constant independent of h.
Thus, Y, €L?(Q)(L< p<o) and by assumption 1,
[¢Cyn)ly = C. o0y, <€

From the variational equation satisfied by y,, €V,

(V¥n, Vun)o +(@(Yn), 0n)o +(@(Yn), 05 =)or
=(f+Uy, Vun)o +(9h th)or, Yo, €V,

56

we get

Z (AYh, Vo )ok + Z (-Te,Uh)og < ||¢(Yh)||0 "Uh "o +

KeTy EcE,

+ " f+up "o ”Uh ”o <

< (Ol +1F +unlpdlenly <Cllenll

We introduce the norm in V,, as

ol = Jonlf o+ 3 onf )2

KeT, eck,

Since finite dimensional norms are equivalent, we get.
Ci[on], <[onlly <C2Jon,, In Vi , we think of a functional

F(yn)(wn) = z (AYh:n)ox + Z (=Te th)oe

KeT, EcE,

Since|F (yy)(wn)| <CJon]l, <Cllonll, - F(¥n) is @ bounded
linear functional in V|, and by Riesz’ representation theo-

rem, there exists a unique element

F(¥n)(n) = @ 0n) suchthat [F(yy)]=]ay),-
And it holds that

Joulh = Al + DIl )2 <€

KeT, 5=

a.h th

(28)

Since [¢#(yy)[, <C (C is independent of h), we get

2lncli e = 2 1A —0m) + T+l <23 [Avlg, +

KeTy KeTy KeTy

+2|d(y,) + f +uh||§ <C
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osc(re ) = Z hli ”rK Tk ";K = 2(2 hli ”rK ";K +

KeTy KeT,

2 2 _ 2
L AMELIEON PPN ANIE

KeT, KeT, KeT,

<Cht+ 3 Il

KeTy

Since

. F = 1
[ ||§,K =IFK2dx =R K| =< =

< (| rdx)?
J Rk

1
s?(jfdx)(j r2dx) <[ |2
K% Tk
it holds that

osc(f ) = Z hg [ — T ||§K sShZ(Z Irc ||(2)1K) <Ch?

KeT, KeT,

Considering (28), we get

osc(rg) = Z hg |re —FE||§’E <Ch

EeE,

in a similar way and in turn, osc(rc)+osc(rg) <Ch.

Step 2: Let us see Z";/K ||r2J|< + Z "7E”§,E <C(C isa

KeTy ecky,
constant independent of h). Here, y., yg are defined in
lemma 5 to be as follows.

7k = Yn =24 + APy — 8" (Y1) Pr s

{%} =(Vpy =Vpp)-ng, ENnl'=9
Ve = on |¢
E=

0
%|E+(P'(Yh)ph, Enl=zd

From (27), it holds that

F) €L (), #(vn)pr 2@ '), <C

From an adjoint equation

(VPn, Voo + (&' (Yn) Prstn)o + (@' (V) Pro O or =
=(Yh —Z4+Un)o> Yo, eV, cV

it holds that

57

(Z(Aphvvuh)O,K + Z (=7e:Vn)oe <

KeTy Eck,

< (¢ (yn) P "0 +[ v 24 ||0)||Uh "0 <
<Clln]l, <€[en],, - (C. C are independent of h)

In V, introducing a functional

F(pn)(wy) = Z (Aph, R )ok + Z (=7e:th)oe

KeT, EeE,

Then it holds that

F () ©0)] < (18 CY) oy +[1 Y0 = 2ally) on ],

<C < onll, < Clonll,

And, similar to step 1, there is a unique element &, €V,

such that |[F(py)| = (&, 0n)n and |F(py)| =[], - There-
fore, it holds that

ladl, = lapl  + S lrel2 )2 <€

KeTy, Eck,
2o = 18P0 = () Pal e <2 bl +
KeTy, KeTy, KeT,

+2|g (vl <C
and the following result follows.
0s¢(yy ) +0s¢(yg) <C(h? +h )<Ch ,

Step 3: Let us see

0sc(zp,) = Z |z, -z, ||§K <Ch?,
KeT,

0sc(zy,) = Z |2n - Zun ||(2)K <Ch?
KeT,

Using lemma 3.4 in [9] (or theorem 3.1 in [8]), it holds that

Z ||Zh -1 ";K = Z Chli ”Vzh"(z),K <

KeT, KeT,

<Ch? D[V e + pallg <Ch*un; +leu)

KeT,

(29)

By lemma 1 and 3, we get

Uy = max{-py, O}, ©
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and since p, € HY(Q), max(p,,,0) € HY(Q) , we get. where a partial derivative is a weak derivative, i.e.,
1 op,
-——, <0
‘Ziz v o, I
% 0, Py >0

VgGCSO(Q)! .[Emax(_ph,())a_gdx: J. l%gdx, (| =1, 2)
v 0% v 0%
Q Qn{p, <0}

Considering the above and (27), we get

2 1 1
sl = Huﬁ +|Vuh|2H == j (P2 +[Vpn[Ydx < =||py[F <C
Qn{p,<0}

Considering (27) and (29), we get

osc(z) = D 20 =2 < Ch*(Jun; +[pyl}) < Ch?[[py [} <Ch?
KeT,

In a similar way, we get

osc(zp) = D [z ~Znlge < Ch*anl;y + Il ) < Ch? oy} <Ch?
EcE, NI

and thus we get the following result.

0sc(T,,) == 0sc(yk ) +0sc(yg ) +0sc(rg ) +osc(rg) +
+0s¢(z,) +0sc(z,) <Ch

Now we give the theorem on the convergence of a poste-  dition and in the source term, and based on this, got a poste-
riori error indicator which is one of the main results in the riori error estimates of finite element approximation solution
paper. in an adaptive finite element function space and verified the

[Theorem 5] Let (Y, p; U,0), (Yn, Pn; Uy, 0,) be the so-  convergence of an error indicator to 0 when the meshsize

lutions of (5) and (6), (7) respectively. When h—0, the 9085100
following convergence result about a posteriori error indicator

holds. Abbreviations

26:773 —0.
i=L

FEM Finite Element Method

Funding

(proof) From lemma 3, all the constants in a posteriori er-

ror and a priori error estimates are bounded independent of

h. Using theorem 4 and lemma 8, the result follows from
theorem 3.
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