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Abstract 

In this paper, we obtain convergence of a posteriori error indicator to 0 when the mesh size h goes to 0 for the finite element 

approximation of source-boundary control problems governed by a system of semi-linear elliptic equations. We give the upper 

and lower bound of a posteriori error, and convergency of a posteriori error indicator. 

Keywords 

Semi-linear Elliptic Equations, Source Control, A Posteriori Error Estimate 

 

1. Introduction 

Differential equations and their control problems appear 

a lot in the thermal engineering, metallurgical engineering, 

chemical process and in the field of a system of optia-

mality. In many previous works, a posteriori error esti-

mates of a differential equation have been done by using 

finite element method and spectral method [1-3, 7-9, 14, 

16-18], and these methods are being extended to optimal 

control problems [4-6, 10-12, 13, 15]. 

If the solution of a differential equation is smooth, a 

posterior error estimates are obtained by spectral method 

[4, 5] but if not, by finite element method [6, 10, 12, 13, 

15]. One of the difficulties in estimating a posteriori error 

by finite element method(FEM) is to verify the conver-

gence of a posteriori error indicator to 0 when the mesh 

size h goes to 0, for an error indicator   is denoted as 

the form of sum with respect to elements of an indicator 

K , i.e., as the form of infinite series when h goes to 0 

unlike spectral method. 

2 2 22 2 2 2 2

0, 0,
,h K KK K

K K

y y Ch h            

In [12], for control problem of a linear differential 

equation, the convergence of an error indicator was stud-

ied in the meaning of a subsequence. In [5], for a 

semi-linear parabolic source control problem, the upper 

bound estimates of a posteriori error by spectral method 

were obtained but not the convergence of an indicator. 

The purpose of this work is to obtain a finite element 

posteriori error estimates for a semi-linear elliptic source 

control problem and study the convergence of an error 

indicator. 

We are not aware of any existing work on a posteriori 

error estimates and the convergenc of error indicator by 
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FEM for a semi-linear elliptic control problem. 

For convergence of an error indicator, we’ve obtained a 

finite element posterio-ri lower estimates, estimated a 

priori error and osc (osc: oscilliation) of the residual, in-

troduced a proper finite dementional norm and applied 

proof method using Lis theorem.in the Hilvert space.  

Our paper is constructed as follows. In section 2, we 

give establishiment of problem and optimality condition, 

in section 3, 4 upper, lower bound of a posteriori error 

estimates of finite element, in section 5, priori error esti-

mates and in section 6, convergency of error indicator of 

FEM. 

Let 
,
( , )kk

  
 

denote the ( )kH 
 

norm and inner prod-

uct. We set 
0 2: ( ) ( )H H L    , 

2: ( )U L 
 
with 

0.k  .We denote by , ( , )
    or 

0,0,
, ( , ) 

    the 

2 ( )L 
 

norm and inner product, and by 

0,0,
, , ( 2)ss

s       the ( )sL  -norm and duality product 

between ( )sL   and 1 1( )( 1)sL
s s


  


. 

2. Setting of Problems and Optimality 

Condition 

Let   be a bounded convex polygonal domain in 
2R  with boundary  . 

Let us consider the boundary problem of differential 

equation as follows. 

( ) ( ) ,

( ) ,

div y y f u

y
y g

n

 



     



  



            (1) 

1 2,u U g U  are to be controlled and the feasible sets 

are convex closed subsets of 
2 2( ), ( )L L  as follows. 

 

 

2 2
1

2
2 0 0

: ( ) ( ) 0, , ( )

: ( ) ( ) , , 0

U u L u x x f L

U g L g g x x g

      

     
  

[Assumption 1] We assume the following properties 

for ,  . 

2,( ), ( ) ( , ), 0 ,t t W R R R        and they are 

strictly monotonic in 1.R
 

(0) 0, (0) 0, ( ) 0, ( ) 0,t t t R          

The weak form of model (1) is (2) as follow 

( )

( ) ,

y dx y dx

f u dx g dl V

   

  

 

 

   

    

 

 
          (2) 

We assume that there exist unique weak solutions y  

of (2) in 1( )V H  . 

The cost functional is defined as follows: 

where 
2 ( )dz L   is given, 1 2:U U U  . 

[Problem 1]  
( , )

i n f ( ; , )
u g U

J y u g


 

where ( , )y y u g
 is a solution of (2). 

Assume that there exists at least one solution of 

Problem 1. 

[Theorem 1] (Optimality conditions) 

Assume that u  is a solution of Problem 1. There 

exists p V  that satisfies: 

0 0 0, 0

0 0 0, 0 0,

( , ) ( ( ) , ) ( ( ) , ) ( , ) , ,

( , ) ( ( ), ) ( ( ), ) ( , ) ( , ) , ,

dp y p y p y z V

y y y f u g V

      

       



 

        

        
                       (3) 

where ( , )y y u g
 are unique solutions of (2) when 

,u u g g  . 

Proof. Let uy  denote Gateaux differential of the solution 

of (1) ( , )y y u g  at ( , )u g  in the direction of u u , 

gy  in the gy  in the direction of .g g  

,u gy y  satisfy the following equations, respectively. 

0 0 0, 0

0 0 0, 0,

( , ) ( ( ) , ) ( ( ) , ) ( , ) ,

( , ) ( ( ) , ) ( ( ) , ) ( , ) ,

u u u

g g g

y y y y y u u V

y y y y y g g V

      

      



 

        

        
                    (4) 

The Gateaux differentials of the cost functional at ( , )u g  

in the direction of ,u u g g   are as follows: 0 0 0

1

( ( ; , ), ) ( , ) ( , ) 0,u d uJ y u g u u y z y u u u

u U

      

 
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0, 0 0

2

( ( ; , ), ) ( , ) ( , ) 0,g d gJ y u g g g y z y g g g

g U


      

 
 

Let us consider the unique solution p  of the following 

adjoint system. 

0 0 0,

0

( , ) ( ( ) , ) ( ( ) , )

( , ) ,d

p y p y p

y z V

    

 

     

   
 

By setting p   in the first equation of (4) and uy   

in the adjoint system, and comparing them, we get 

0 0( , ) ( , )d uy z y p u u   . 

Similarly, by setting p   in the second equation of (4) 

and gy   in the adjoint system, and comparing them, we 

get 

0, 0,( , ) ( , )d gy z y p g g    . 

Thus, we have 

0 1

0, 2

( ( ; , ), ) ( , ) 0,

( ( ; , ), ) ( , ) 0,

u

g

J y u g u u p u u u u U

J y u g g g p g g g g U



 

       

       
 

The proof  is completed. 

3. Upper Bound of a Posteriori Error 

Now, we partition   into regular triangles 

( 1,2, , )jK j M
 

and denote the diameter of a triangle 

K  by
 

,K Eh h , respectively. We set 
1

: max k
k M

h h
 

 , let 

hT  be the family of triangles, hE  the set of all the 

sides of the triangles and denote finite element function 

space of 1( )H 
 as: 

 1
1:= ( ) ( ) ( ),h h h K hV H C P K K T         

where 1( )P K  denotes a polynomial space whose 

order is less or equal than one on element K .  

1 2 1 1 2 2

0 0 0, 0 0,

1 2

: , , , ,

( , ) ( ( ), ) ( ( ), ) ( , ) ( , ) ,

, ,

h h h h h h h h h

h h h h h h h h h h

h h h h h h

U U V U U U U U V U U V

y y y f u g

V u U g U

      



 

       

      

   

                  (5) 

The finite element approximation of (2) is as follows: 

Problem 2. 

2 2 2

( , )

1
min ( )

2 2 2h h h

h d h h
u g U

y z dx u dx g dl
 


  

  
   

  
    

where h hy V  is the unique solution of (5). 

Lemma 1. Problem 2 has the unique solution h hu U , 

which satisfies the following system (optimality system)

1 1

2 2

( )( ) 0, , ,

( )( ) 0, , ,

h h h h h h h h

h h h h h h h h

u p u dx u U U

g p w g dl g U w U

  







     

     




  

0 0 0, 0 0,

1

( , ) ( ( ), ) ( ( ), ) ( , ) ( , )

( ),

h h h h h h h h h h

h h

y y y f u g

V V H

      



       

    
                              (6) 

0 0 0, 0

1

( , ) ( ( ) , ) ( ( ) , ) ( , ) ,

( ),

h h h h h h h h h d h

h h

p y p y p y z

V V H

     



      

    
                                  (7) 

where h hp V  is the unique solution of (7). 

Proof. It’s similar to the proof of Theorem 1. 

Lemma 2 ([2, 3]) Let hI :
1( )hV V H    denote an 

orthogonal projection operator. For 
1( ), ,K Eh hH K T E      , we have: 

1) 
1,0,

1
2

1,0,

,

.

K

E

h kK

h EE

I Ch

I Ch





  

  

 

 
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: , :K E
K K K E

K K 
   

   
 

1( ), ,K Eh hH K T E     
  

2) 
1 1

2 2
0, 0, 0,

( ( )K KE K K
C h h  


     

3) 
1 1

0, , 0, 1, 0,
,K KK K K K

Ch Ch    


   

Lemma 3 

1) If 
( , )u g

 is the solution of problem 1, then 
0 0( ) , ( )u C g C    

. 

2) The solutions ,h hy p of (6), (7) are bounded inde-

pendent of h . 

(proof) 1) From theorem 1, we have 

0 1

0, 2

( , ) 0, ,

( , ) 0, ,

p u u u u U

p g g g g U



 

    

    
 

and this is equivalent to the followings. 

0 1

0, 2

( ( ), ) 0, ,

( g ( ), ) 0, ,

u p u u u U

p g g g U



 

     

     
 

1
max{ , 0},

1
max{ , 0},

u p

g p





  



  

  

But y V  and ( )(1 )ry L r      

Since 3 3( ) ( ), ( ) ( )y L y L      by assumption 1, 

2 ( )y H  from the smoothness of the solution of an elliptic 

equation and p  has a unique solution in. 2 ( )V H   

From 2 ( )p H  , the continuity of 2 ( ( )H C  and 

3
2 ( ) ( )H C    and the properties of operator max , the 

assertion of the theorem holds. 

2) From the fact that the functional ( )J   is coercive with 

respect to ,h hu g , ,h hu g  are bounded independent of h . 

In the below equation satisfied by hy  

0 0 0, 0

0,

( , ) ( ( ), ) ( ( ), ) ( , )

( , ) ,

h h h h h h h h

h h h h

y y y f u

g V

     

 





       

  

when considering the asumption 1, we get 

1 0h hy C f u C    

when .h hy   

Here, 1: 1/ ,C C  1C  are norm equivalent constants of 

spaces 
1 1

0( ), ( )H H   and C  is a constant independent of 

h . 

In the adjoint equation 

0 0 0,

0 1
0 0

( , ) ( ( ) , ) ( ( ) , )

( , ) , ( )

h h h h h h h h

h d h h h

p y p y p

y z V V H

    

 

     

      
  

considering assumption 1, we get 

1 0h h dp C y z C   , 

when h hp  . 

Let us estimate the upper bound of a posteriori error. 

The following expression holds. ([5]) 

0

0

0

( ( ), ) ( , )

( ( ), ) ( , )

( ( ), ) ( , )

h h h h h

h
h h

J u w u p w

J u w u p w

J u w u p w







  

  

  

  

Here, : ( , )h
h hp p u g V  satisfies the following system 

( ( ) ( ) ( ) , ,

( ) ( ) ( ) ,

h h h
h h

h h h h h h
d

y dx y dx y dl f u dx g dl V

p dx y p dx y p dl y z dx V

       

      

    

   

        

        

    

   
                     (8) 

Where : ( , )h
h hy y u g  is a unique solution of the first 

expression of (5). 

[Assumption 2] Functional is strictly convex in the neigh-

borhood of a solution and there exists a proper constant so that 

2 2

2 2

1 2( ) ( )
( ( ) ( ), ) ( .

L L
J J w w C u w g w 

 
                             (9) 
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1 2: ( , )w w w  is an arbitrary element in the neighborhood 

of : ( , )u g  . 

In the future, assumptions 1, 2 are assumed to be satisfied. 

Lemma 4 When are the solutions of (3) and (6), (7) re-

spectively, it holds that 

22 2 2
5 60 1

( )h
h hu u C p p C        

where : ( , )h
h hp p u g is a function defined in (8), 0C  is a 

constant independent of h  and 

2 22 2
5 60 0

: , :h h h hu p g p     . 

(proof) From assumption 2 (expression (9)), we have 

2 2

0 0,
( )

( ( , ) ( , ), ( , ))

( )( ) ( )( )

( )( ) ( )( )

h h

h h h h

h h

h h
h h h h

C u u g g

J u g J u g u u g g

u p u u dx g p g g dl

u p u u dx g p g g dl



 

 

   

     

      

      

 

 

 

Here, we consider that 

( )( ) ( )( ) 0,

( , )

h h

h h h

u p u u dx g p g g dl

u g U U

 

     

  

 
 

from the optimality condition.
 From the above inequality, 

2 2

0 0,

2 2

0 0,

2 2 2 2
5 50 0,

( ) ( )( )

( )( ) ( )( )

( )( ) ( )( )

( ) ( )

h h h h h

h
h h h h h

h h h
h h h h

h h

C u u g g u p u u dx

p p u u dx g p g g dx

p p g g dl C p p p p

u u g g C



  





 






      

      

       

      



 



 

2 2 2 2 2
5 50 0,1

( ) ( ) ( )h
h h hC p p u u g g C   


       

 

2 2 2 2 2
5 50 0,1

( ) ( ) ( )h
h h hC p p u u g g C   


       

 

Thus, we come to the following conclusion 

22 2 2 2
5 50 0, 1

( )h
h h hu u g g C p p C  


       .

 

Lemma 5 Let be solutions of (6), (7) and (8), respectively. 

Then it holds that 

4
2 2

2

1 1
1

h h
h h i

i

y y p p C 


      

where 
2
i  are as follows. 

22 2
1 0,

, : ( )

h

K K K h d h h hK
K T

h y z p y p   


      

22
2 0,

,

h

E E E
E E

h 


 

( ) ,

:

( ),

h
h h K

E
E

h
E h

p
p p n E

n

p
y E

n





  
          


    

 

And h

E

p

n

 
  

 is the jump value of the directional deriva-

tive in the common boundary E of two elements ,K K . 

22 2
3 0,

, : ( )

h

K K K h h hK
K T

h r r y y f u 


       

22
4 0,

,

h

E E E
E E

h r


 

 

 

Similarly, h

K E

y

n

 
 
 

 is the jump value of the directional 

derivative in the common boundary E of two elements 

,K K . 

(proof) Step 1: We set,. Considering the assumption 1 about, 

we get 
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2

0 0 0,1

0 0 0,

0 0 0,

0 0 0 0,

0

( , ) ( ( ) , ) ( ( ) , )

( , ) ( ( ) , ) ( ( ) , )

( , ) ( ( ) , ) ( ( ) , )

( , ) ( , ) ( ( ) , ) ( ( ) , )

(( ( ) ( )) , )

h h

h h h h h

h h
h h h

h
d h h h h h

h
h h

C y y

p y p y p

p y p y p

y z p y p y p

y y p

        

    

    

     

  









      

      

      

        

    0,(( ( ) ( )) , )h
h hy y p   

  

 

Here, : min(1, ),C    are positive, seen in theorem 1. 

Let us make a use of lemma 2 adding 

0 0 0,

0

( , ) ( ( ) , ) ( ( ) , )

( , ) 0,

h I h h I h h I

h d I I h

p y p y p

y z V

    

 

     

   
 

to the above expression. 

2

0 01

0 0,

0

0, 0

( , ) ( , )

( ( ) , ) ( ( ) , )

(( ( ) ( )) , )

(( ( ) ( )) , ) ( , )

h d I h I

h h I h h I

h
h h

h h
h h h

C y z p

y p y p

y y p

y y p y y

    

     

  

   





       

     

   

     

 

0, 0,

0

0, 0

( , ) ( , )

(( ( ) ( )) , )

(( ( ) ( )) , ) ( , )

h h

K I K E I E

K T E E

h
h h

h h
h h h

y y p

y y p y y

     

  

   

 



    

   

    

 
 

Considering 
1( )I V H      and 1) of lemma 2, we 

get 

12 2
0, 1, 0, 1,

0,400,4 0, ,4

0, ,4 10 1

h h

K K E EV K K E K
K T E E

h h
h h h

h
h h

C h h

C y y p C y y

p y y

    



 

 





  

    

   

 

 

22 2 22

0, 0, 11
( )( )

h h

h
K K E E hK E

K T E E

C h h C y y    
 

     

. 

Thus, we get the following inequality. 

2
2 2
1 2

1 1
.h h

h hp p C y y        

Step 2: We set : ,h
hy y    :I h hI V V    , 

V  . 

Taking into account the assumption 1, we get the follow-

ing estimation. 

2

0 0 0,1

0 0 0,

0 0, 0

0 0,

( , ) ( ( ), ) ( ( ), )

( , ) ( ( ), ) ( ( ), )

( , ) ( , ) ( , )

( ( ), ) ( ( ), )

h h h

h h h

h h h

h h

C y y y

y y y

f u g y

y y

     

    

  

   









     

     

      

 

 

where : min(1, ),C l l  is a strictly monotonic constant of in 

assumption 1. 

Adding  

0 0 0,

0 0,

( , ) ( ( ), ) ( ( ), )

( , ) ( , ) 0

h I h I h I

h I h I

y y y

f u g

    

 





    

   
 

to the above expressing and using lemma 2, then we get 

0 0, 0

0, 0,

0,

( , ) ( , ) ( , )

( ( ), ) ( , )

( , )

h

h

h I h I h I

h I K I K

K T

E I K

K T

f u g y

y r

r

     

    

 











         

    

  





1 1
1 2 2

0, 0, 0, 0,
( )( ) ( )( )

h h

K K K I E IE EK K E E
K T E E

h r h h r h   


 

      

Therefore, we get 

2 2 2 22

1 0, 1
( )( ( ) ( )

h h

K K E EK E
K T E E

C C h r h r   
 

     

and the following holds. 

2
2 2
3 4

1
( ).h

hy y C       
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In the following theorem, we give the upper bound esti-

mate of a posteriori errorwhich is one of the main results of 

this paper. 

[Theorem 2] If (( , ); , ), (( , ); , )h h h hu g y p u g y p  are the 

solutions of (3) and (6), (7) respectively, then the following 

relation holds. 

6
2 2 2 2 2

0 0, 1 1
1

.h h h h i

i

u u g g y y p p C 




           

(proof) From lemma 4 and 5, it holds that 

6
22 2 2

0 0, 1
1

.h
h h h i

i

u u g g C p p C 




         (10) 

On the other hand, it holds that 

2 22

1 1 1
,h h

h hy y y y y y               (11) 

2 22

1 1 1

h h
h hp p p p p p                (12) 

Subtracting the equation satisfied by , hy y , setting a test 

function as 
hy y    and using the strong monotonicity 

of ( )   and the monotonicity of ( )  , we get 

2

0 0,1 0 0,

0 0, 1
( )

h h h
h h

h
h h

y y C u u y y g g y y

C u u g g y y

 



       

    

 

From above, we get the following inequality 

2 2 2

0 0,1
( )h

h hy y C u u g g


     .        (13) 

Similarly, subtracting the equation satisfied by , hp p , 

setting a test function as 
hp p    and considering as-

sumption 1, we get 

2 2 2 2

0 0,1 1
( ).h h

h hp p C y y C u u g g


                             (14) 

From (10) - (14), we get the result. 

4. Lower Bound of a Posteriori Error 

We introduce the following function by barycentric coor-

dinates 
1 2 3
, ,K K K   of element hK T . [2] 

,1 ,2 ,327 ,
:

0, \

K K K
K

K
b

K

    
 


 

We introduce the following function when hE E  is a 

common edge of elements ,K K  . 

, ,

, ,

4 ,

: 4 ,

0, \

K i K j

E K i K m

E

K

b K

 

 






 




 

:E K K    

Lemma 6 ([2]) For each element hK T  and edge 

hE E , ,K Eb b  have the following properties. 

2 1

0, 0,

sup , [0,1], max 1,

9
,

20

K K K
x K

K K K K KK K

K

b K b b

b dx K Ch b Ch b





  

    
 

sup , [0,1], max 1,
E

E E E E
x

b b b





  
 

2 1

0, 0,

1
,

3 E E

E

E E E E E Eb dx Ch b Ch b
 



       

[Theorem 3] For the lower bound of a finite element pos-

teriori error, the following estimation holds. 

6
2 2 2 22

1 1 0 0,
1

1

2 22

0, 0,

( ) .

( ) : ( ) ( ) ( ) ( ) ( ) ( ),

( ) : , ( ) : ,

h h

i h h h h

i

h K E K E h h

K K K K E K E EK E
K T E E

C y y p p u u g g osc Ch

osc T osc osc osc r osc r osc z osc z

osc h osc h



 

     




 

         

     

   



 
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2 22

0, 0,

2 2

1 1 10, 0,

( ) : , ( ) :

( ) : , ( ) :

h h

h h

K K K K E K E EK E
K T E E

h h h h h hK E
K T E E

osc r h r r osc r h r r

osc z z z osc z z z

 

 

   

   

 

 

 

where is independent of and denotes the different constants in the proof below, and is oscilliation 

(proof) Let us estimate 2
1 . 

It holds that 

2 2 2

0, 0, 0,

0,

1
, : ,

: ( , )

K K K K K KK K K

K

K K K K K K

dx
K

I b

     

  

   

 


 

2

0, 0, 0,0,

0,

0,

0,

~ ( , ) ( , ) ( , )

( ( ) , )

( ( ) , )

( ( ) ( ) , )

K K K K K K K K K K K K K KK

h d h h h K K K K

h d h h h K K K

d K K K K

b b b

y z y p p b I

y z y p p b

y z y p p b I

       

 

 

 

   

      

     

      

 

0, 0,

0, 1 2 3

( , ) ( ( ) ( ) , )

( ( ), ) .

h K K K h h K K K

h K K K K

y y b y p y p b

p p b I I I I

   



     

      
 

Using 2) and 3) of lemma 2, we estimate the above integrals. 

1 0, 00, 1,

1/2 1

0, 0,1, 1,

h K K h K KKK K

h K K h K KK KK K

I y y b y y b

C y y h C y y h

 

  

    

   
 

2 0,0,4, 0,4,

1

0,0, 0,

1

0,0,

h h K K KK K

K h h K KK K

K h K KK

I C y y p b

Ch y y p

Ch y y











  

  

 

 

1
3 0, 0,0, 1,

( ) ,h K K K h KK KK K
I p p b Ch p p       

0, 0,
: ( , )K K K K K K K K KK

I b          

1

0, 0,1, 1,

2 22 22 2

0, 0,0, 0,

( ) ,

( ) ,

K K h h K KK KK K

K K h h K K KK KK K

Ch y y p p

h C y y p p h

  

  

     

     

 

From the above relations, we get the following result. 

2 222 2
1 0, 1 1

( ) ( ),

h

K K h h KK
K T

h C y y p p osc  


       

Let us estimate 
2
2 . 
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2 2 2

0, 0, 0,

0,

1
, : ,

: ( , )

E E E E E EE E E

E

E E E E E E

dx
E

I b

     

  

   

 


 

1) In case of E   

2

0, 0,0,

0, 0, 0,

~( , ) ( , )

( , ( ) ( , ) ( ( ), ( ))
E E E

E E E E E E E E E EE

h E E h E E h E E

b b I

p b p b p p b  

    

  

  

         
 

0, 0, 0,( , ( ) ( , ) ( ( ), ( ))
E E Eh E E h E E h E Ep b p b p p b               

0, 0,( ( ) ( ), ) ( ( ) , )
E Eh h h d E E h h h h d E Ey p y z b p y p y z b               

0,

0,

0, 1 2 3

( ( ), ( ))

( ( ) ( ) , )

( , ) .

E

E

E

h E E E

h h h E E

K E E E

p p b I

y p y p y y b

b I I I I









  

 

     

     

    

 

Using inverse inequality, we estimate the above integrals 

1 1
1 0, 0,1, 1,E EE E

K h E E K h E EI Ch p p b Ch p p b
  

        

1/2

0,1, 1,
,

E E
h E K h E E

C p p Ch p p
 

      

Similarly, we get the following expression. 

1
2

2 0,1, 1,
( ) ,

E E
h h EK E

I Ch p p y y
 




     

3 0, 0, 0, 0,

1
2

0, 0,
,

E E E E

E

K E E K E E

K EK E

I b b

Ch

   



   

 

  


 

0, 0, 0,
( , ) ,E E E E E E E E EE E

I b        
 

1 1
2 2

0, 0, 0,1, 1,
( )

EE E
E h h K K E EK KE E

h C p p y y Ch h
 

          .  

Taking into account the above expressions, we get 

2 22 22 2
2 0, 0,1 1

2 2 2
11 1

( ) ( )

( ) + ( ),

h h

E E h h K K EE K
E E K T

h h E

h C p p y y C h osc

C p p y y osc

   

 

 

       

    

 
 

2) In case of E   

Like in 1), we get 
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2

0, 0, 0,0,E

0, 0, 0,

0, 0,

~( , ) ( , ) +( , ) =

=( , ) ( , ( )) ( ( ) , )

( , ) ( , ( ))

E E E E E E E E E E E E E E

h E E K h E E K h h E E E E

h E E K h E E K

b b b

p b p b y p b I

p b p b

       

   

 

 

      

     

 

0, 0, 0,

0, 0,

( ( ) , ) ( , ( )) ( ( ) , )

( ( ) , ) ( , )

h h E E E E E K E E K

E E E d E E K E

y p b p b y p b

y p b y z b I

    

  

      

    

 

0, 0,( ( ), ( )) ( ( ) ( ) , )h E E K h h E E Kp p b y p y p b            

0, 0,

0, 0,

( ( ) ( ) , ) ( ( ) , )

( , ) ( , )

h h E E E h h h h d E E K

d E E K h d E E K E

y p y p b p y p y z b

y z b y z b I

    

 

         

     
 

0, 0,

0, 0, 1 2 3 4

( ( ), ( )) ( ( ) ( ) , )

( ( ) ( ) , ) ( , ) .

h E E K h h h E E K

h h E E E K E E K E E

p p b y p y p y y b

y p y p b b I I I I I I

   

    

         

         
 

We estimate the above integral parts. 

1
1 1 0,1 1

1

0,1 1

1
2

01
,

h E E K h E E K

K h E E h EK

h EK

I p p b Ch p p b

Ch p p b C p p

Ch p p

 

 









    

    

 

 

Here, we consider that 

1/2

0,E K E K
Ch  . 

1
2

2 0,1 1

1
2

3 0, 0,

( ) ,

,

h h EK E

K EK K E

I Ch p p y y

I Ch



 


   



 

4 0,

0,

( ( )( ), )

(( ( ) ( )) , )

h h E E E

h E E E

I y p p b

y y p b

 

  

  

  
 

0,4,0, 0,4,

0,4, 0,0,4,

1
2

0,1, 1,

( )

( ) ,

h h E E EE E

h E EE EE

h h EK EK K

y p p b

C y y p b

Ch p p y y

 






  

  

   

 

0, 0, 0,
( , ) ,E E E E E E E E EE E

I b          

Thus, we get the following result. 

1
2

0, 0,1, 1,

1
2

0,

2 222 2
2 10, 1 1

( )

,

( )

( ),

h

E h h K KK E KK K

E EK E

K E h hK
E

E

Ch C p p y y Ch

h

h C p p y y

osc

 

 

  





     

 

      




E

 

Let us estimate 2
3 . 

2 2 2

0, 0, 0,

0,

1
, : ,

: ( , ) ,

K K K K K KK K K

K

K K K K K K

r r r r r r dx
K

I r r b r

   

 


 

2

0, 0,0,
( , ) ( , )K K K K K K K K KK

r r b r r b r   

0, 0,

0, 0

( , ) ( ( ), )

( ( ) ( ), ) ( , )

K K K K K h K K K

h K K K h K K K

r r b r y y b r

y y b r u u b r I 

      

     
 

1

0, 0,1, 0,K h K K h K KK KK K
Ch y y b r C y y b r    
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0,0,

1 1

0, 0,1, 1,

1

0, 0,0,
.

h K K KKK

K h K K h KK KK K

K h K K KK KK

u u b r I

Ch y y r Ch y y r

Ch u u r r r

 



   

    

   

 

Thus, we get 

0, 0,1, 0,

2 222 2
3 0, 1 0

,

( ) ( ),

h

K K h h K K KK KK K

K K h h KK
K T

h r C y y u u h r r

h r C y y u u osc r


     

     
 

Let us estimate 
2
4 . 

1) In case of E   

For convenience, we set 0,: ( , )E E E E E EI r r b r  . 

Considering the calculating process of, we can see that the 

following expressions hold. 

2

0, 0,0,

0, 0,

0, 0,

~( , ) ( , )

( ( ), ( )) ( ( ) ( ), )

( , ) ( , )

E E

E E

E E E E E E E E E EE

h E E h E E

K E E h E E E

r r b r r b r I

y y b r y y b r

r b r u u b r I

 

 

 

  

      

    

 

1 1 1
2 2 2

0,1, 0,

0, 0,

(

)

E E
h h KK K K K

K K EK E

Ch y y Ch u u Ch r

r r r

 

 
     

  

 

1
2

0, 0,1, 0,

1
2

0,

( )

.

EE E
E h h K KK E

E EK E

h r C y y u u Ch r

h r r

 
     

 

 

2 222
4 0, 1 0

( )

h

K E h hE
E E

h r C y y u u


     
 

22

0,
( )

h

K K EK
K T

C h r osc r



    

2 2 2
31 0

) ( ),h h EC y y u u C osc r       

2 22 2
4 31 0

( ) ( ).h h EC y y u u osc r        

2) In case of E   

In this case, we set : ( )h
E h h

y
r y g

n



  


. 

2

0, 0, 0,0,

0, 0, 0,

0, 0, 0,

0, 0, 0,

~( , ) =( , ) +( , ) =

=( , ) ( , ( )) ( ( ), )

( , ) ( , ( )) ( ( ), )

( ( ), ) ( , ) ( , )

E E E E E E E E E E E E E EE

h E E K h E E K h E E E

h E E E E E K E E K

E E E E E K E E E E

r r b r r b r r r b r

y b r y b r y b r

g b r y b r y b r

y b r f u b r g b r I









     

     

     

 

 

0, 0,

0, 0,

0, 0,

1 2 3 4 5 6

( ( ), ( )) ( , )

( ( ) ( ), ) ( ( ) ( ), )

( , ) ( , )

.

h E E K K E E K

h E E K h E E E

h E E K h E E E E

E

y y b r r b r

y y b r y y b r

u u b r g g b r I

I I I I I I I

   

     

    

     

      

 

Let us estimate the above integral parts. 

1 1
1 0, 0,1 1

,K h E E K h EK E
I Ch y y b r Ch y y r      

1
2

2 0, 0,

1
2

3 0,1

,

,

K EK K E

h EK E

I Ch r r

I Ch y y r




 

 

4 0, 0,0,

1 1
2 2

0, 0,0, 1,

( ( ) ( ), )

,

h E E E h E E EE

h E h EK KE EK K

I y y b r C y y b r

Ch y y r Ch y y r

 

 

    

   
 

5 0, 0,

1
2

0,0,

( , )

,

h E E K h EK

h EK EK

I u u b r C u u r

Ch u u r


    

 
 

6 0, 0, 0,0, 0,

1
2

0,0,

( , )

,

h E E E h E E h E EE EE E

h EK EE

I g g b r g g b r g g b r

Ch g g r


     

 
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1
2

0, 0, 0, 0,1,

1
2

0,

2 2 222
4 0, 1 0, 0,

2
3

( )

,

( )

( ),

h

E h K KK E K K KK

E EK E

K E h h hK K E
E

E

Ch r C y y u u g g Ch r

h r r

h C y y u u g g

osc r

 





       

 

       

 


E

 

We estimate 
2
5 . For convenience, we accept the follow-

ing notation 

0,

1
: , , : , : ( , )h h h h h K h h K h K

K

z u p z z dx I z z b z
K

     . 

It is obvious that the inequality 

2 2 2

0, 0, 0,h h h hK K K
z z z z     

holds. We give a similar consideration like before. 

2

0, 0, 0,0,

0, 0, 2 0,

4

0,

1

~( , ) ( , ) ( , )

( , ) ( , ) ( , )

( , ) ,

h h K h K h K h K h h K h KK

h K h K K h K h K h K

K h K K i K

i

z z b z z b z z z b z

u u b z u b z p p b z

p b z I I I



   

     

   

1 0, 0,

0, 0,

( , )h K h K h K hK

h hK K

I u u b z u u b z

u u z

    

 
 

2 0, 0, 0,

1
2

0, 0,

( , )K h K K hK K

hK K K

I u b z u b z

Ch u z

  


 

Here, we used the inequality 0,K KK
b Ch . 

3 0, 0, 0,

1, 0,

( , )h K h K h K hK K

h hK K

I p p b z p p b z

p p z

    

 
 

4 0, 0, 0,

1
2

0, 0,

1
2

0,0, 0, 1,

1
2

0, 0,

( , )K h K K hK K

hK K K

h h hK KK K K

h hK K K

I p b z p b z

Ch p z

z u u Ch u p p

Ch p z z

  



     

  

 

2 2 22
5 0 0 1

22 2

0 0 0,

2 2

0 1

( )

( )

( ) ( ),

h

h h h

h h K
K T

h h h

z C u u p p

Ch u p z z

C u u p p Ch osc z





     

    

     

  

We estimate 
2
6 . 

1 1 1 1 1 1 0,

1
: , : , : ( , )h h h h h E h h E h E

E

z g p z z dl I z z b z
E

      

2 2 2

1 1 1 10, 0, 0,h h h hE E E
z z z z  

 

2

1 1 1 0, 1 1 0, 1 1 1 0,0,

1 0, 1 0, 1 0,

4

1 0,

1

( , ) ( , ) ( , )

( , ) ( , ) ( , )

( , ) ,

h h E h E h E h E h h E h EE

h E h E E h E h E h E

E h E E i E

i

z z b z z b z z z b z

g g b z g b z p p b z

p b z I I I



   

    

   

 

By estimating the above integrals, we get 

1 1 0, 10, 0,
( , )h E h E h E hE E

I u u b z u u b z      

1/2 1/2 1/2
1 10,0, 0, 0,

10, 0,

K h E h K h K K hEK K E

h hK E

Ch u u b z Ch u u Ch h z

u u z

      

 

1
2

2 1 0, 1 10, 1,0, 0,
( , )K h E h K hKE KE E

I u b z u z b Ch u z    
3 0, 10, 0,

1/2
1 10,1, 1, 0,

( , )h E h E h E hE E

K h E h h hEK K E

I p p b z p p b z

Ch p p b z C p p z

    

   
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1
2

4 1 0, 1 10, 1,0, 0,

1 1
2 2

1 1, 1,0, 0, 1,

1 1 0,

( , ) ,K h E h E hKE KE K

h h hK KK KK K K

h h E

I p b z p z b Ch p z

z u u Ch u p p Ch p

z z

  

      

 

 

2 2 22
6 1 0 0 1

22 2

1 11 1 0,

2 2

10 1

( )

( )

( ) ( ),

h

h h h

h h K
K T

h h h

z C u u p p

Ch u p z z

C u u p p Ch osc z





     

    

     



By summing 
2 2
1 6  , we get the result of the theorem. 

5. A Priori Error Estimates 

For convenience, we set the cost functional as follows 

2 2 2

0 0,0

2 2 2

0 0 0,

1 1 1
( , ) : ( , ) ,

2 2 2

1 1 1
( , ) : ( , ) ,

2 2 2

d

h h h h h h d h h

J u g y u g z u g

J u g y u g z u g





   

   

 

Then we get the following. ([5]) 

1 0 2 0,

1 0 2 0,

1 0 2 0,

( ( , ), ) ( , ) ( , ) ,

( ( , ), ) ( , ) ( , ) ,

( ( , ), ) ( , ) ( , )

h h h h h h h h h h

h h

J u g v u p v g p v

J u g v u p v g p v

J u g v u p v g p v







    

    

    

 

where : ( , )h h
hp p u g V   is the solution of the following 

equation. 

0 0 0,

0
0

( , ) ( ( ) , ) ( ( ) , )

( , ) , ,

h h h h h
h h h

h
d h h h

p y p y p

y z V V

    

 


     

    
 

0 0 0,

0
0 0,

( , ) ( ( ), ) ( ( ), )

( , ) ( , ) ,

h h h
h h h

h h h h

y y y

f u g V V

    

  





    

     
 

Lemma 7 Let 
( , ; , ), ( , ; , )h h h hy p u g y p u g

 be the solu-

tions of (3) and (6), (7) respectively. Then it holds that 

0 0, 1
( ) .

2
h h hu u g g p p Ch




       

where C  is a constant independent of h . 

(proof) From (3) and (6), (7) the relation which satisfy is as 

follows. 

0 1 1

0, 2 2

( , ) 0, ,

( , ) 0, ,

p u u U u U

p g w g w U g U

  

 

     

     
                                     (15) 

0 1 1

0, 2 2

( , ) 0, ,

( , ) 0, ,

h h h h h h h h

h h h h h h h h

p u u U u U

p g w g w U g U

  

 

     

     
                                 (16) 

We choose   as 0 1   and fix 

0 0
1 1 2 2( ), ( )u U C u U C      . 

Let :h hV V   be a standard interpolation operator. 

By the smoothness of a control (lemma 3), 

0 0( ) , ( )u C g C      and we define , ; ,h hu u g g   

as 

1

2 2

: (1 ) , : (1 ) ,

: (1 ) , : (1 )

h h h h

n n
h h h h

u u u u u u

g g u g g u

 

 

   

   

       

       
                                      (17) 

Then we can see that 
0 0

1 2( ) , , ( ) ,h h h hu C u U g C g U   
       . 
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In (15) and (16), we set , ,h hu u   
 

, h hw g w g    add together and put in order, then we get 

2 2

0 0 0
0 0

0 0 0

0 0 0 0

( ) ( , ) ( , ) ( , )

( , ) ( , ) ( , )

( , ) ( , ) ( , ) ( , )

h h h h h h

h h h h h

h h h h h h h

u u g g u u u u u u p u u

p u u p p u u g g g

g g g p g g p g g p p g g

  

 

  

  





         

       

        

                         (18)  

From (18), we get inequality 

2 2

0
1 0

2 2

0
1 0

( , ) ,
2

( , ) ,
2

h h h h

h h h h

p p u u p p u u

p p g g p p g g





     

     

      (19) 

Setting 0 00, , 0 1.h h h h       h   and consid-

ering the boundedness (lemma 2) of finite element solutions 

independent of h , we get the estimation. 

0 0 1 0

0 1 0

0 0 1 0

( , ) ( , ) ( , ( )) ,

( , ) ( , ) ,

( , ) ( , ) ( , ( )) ,

h h h h h h

h h

h h h h h h

u u u u u u u u u Ch

p u u p u u Ch

p u u p u u p u u Ch







   



  

       

   

       

 

0 2 0

20 0 0

( , ) ( , )

( )

h h

h

g g g g u g

g u g Ch

 



   

  
 

0 0 2 0( , ) ( , ) ( , ( )) ,h h h h h hg g g g g g g u g Ch          

 

0 2 0

0 0

2 0

( , ) ( , ) ,

( , ) ( , )

( , ( )) ,

n n
h h

h h h h

h h

p g g p u g Ch

p g g p g g

p u g Ch









 

   

    

   

        (20) 

From (18), (19) and (20), we get the result.   

The following theorem about a priori error estimates 

shows the convergence of an approximation solution. 

[Theorem 4] Let be the solutions of (3) and (6), (7) re-

spectively. Then it holds that 

2 2 2 2

0 0, 1 1
.h h h hu u g g p p y y Ch


       

 

We denote by C  the different constants independent of 

h . 

(proof)  

We set : , : , .h h
h hI p p p I p p p           

We first estimate 
1

hp p . Taking into account the as-

sumption 1, we get 

2

0 0 0,1

0 0 0,

( , ) ( ( ) , ) ( ( ) , )

( ( ), ) ( ( ) , ) ( ( ) , )h h h

C y y

p y p y p

        

       





      

      
  

0 0 0, 0

0 0 0 0,

0,

( ), ) ( ( ) , ) ( ( ) , ) ( , )

( , ) ( ( ) , ) ( ( ) , ) ( ( ) , )

( ( ) , )

h h hp y p y p p

p y p y p y p

y p

     

      

 







         

        

 

 

0 0 0,

0 0 0

0 0, 0

( , ) ( ( ) , ) ( ( ) , )

( , ) ( , ) ( , )

( ( ) , ) ( ( ) , ) ( , )

h
d d

h

y y

y z y z

y y y y

       

   

      





       

        

    

  

where : min(1, ),C    is positive seen in assumption 1. 

Considering the Lipschitz continuity of 

( ) ( ), ( )L      and 1) of lemma 2, we get 

1 11 1
.h hp p Ch y y                (21) 

We estimate 
1

hy y . 

This time we set 

: , : ,h h
h hI y y y I y y y          . 

Considering the assumption 1, strong monotonicity of, 

Lipschitz continuity and 1) of lemma 2, we get 

2

0 01

0, 0 0 0

0 0 0, 0

0 0 0 0,

0,

( , ) ( ( ) ( ), ) ( ( )

( ), ) ( ( ), ) ( ( ), ) ( ( ), )

( , ) ( ( ), ) ( ( ), ) ( , )

( , ) ( ( ), ) ( ( ), ) ( ( ), )

( ( ), )

h
h h

h
h h h

h h h

C y y y

y y y y

y y y y

y y y y

y

        

         

     

      

 









      

      

        

      

 

 

0 0 0 0,

0 0,

( , ) ( ( ) ( ), ) ( , ) ( , )

( , ) ( , )

h y y f u g

f u g

       

 





        

   
 

1 1 0 0 1 1
C C         

1 1 2
,C Ch y Ch     
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1 11
.hy y Ch                 (22) 

On the other hand, subtracting the equations which ,h
hy y  

satisfy, it holds that 

0 0

0, 0 0,

( ( ), ) ( ( ) ( ), ) ( )

( ), ) ( , ) ( , ) ,

h h h
h h h h

h h h h h h

h h

y y y y y

y u u g g

V

    

   



 

      

    

 
 

and when we set : h
h h hy y V     and consider the strong 

monotonicity of ( )  and monotonicity of ( )  , then we get 

2 2

0 0,1 0 0 0,

0 0,1

( )

( ).

h h h h
h h h h h h

h
h h h

C y y y y u u y y g g y y

y y C u u g g

 



         

    

                (23) 

Similarly, subtracting the equations which ,h
hp p satisfy, we get

  

0 0 0,

0
0

( ( ), ) ( ( ) ( ) , ) ( ( ) ( ) , )

( , ) ,

h h h h h
h h h h h h h h

h
h h h h

p p y p y p y p y p

y y V

      

 


         

     

Now when we consider 

( ) ( ) ( )( ) ( ( ) ( ))

( ) ( ) ( )( ) ( ( ) ( ))

h h h h h
h h h h h

h h h h h
h h h h h

y p y p y p p y y p

y p y p y p p y y p

    

    

        

        
 

and Lipschitz continuity of ( ) 0, ( ) 0        , ( ), ( )     and set a test function as : h
h h hp p V    , we get the fol-

lowing expression 

2

0 0,
1

0

( ( ) ( )) , ) ( ( ) ( )) , )

( , )

h h h h h
h h h h h h h

h h
h h

C p p y y p p p y y p p p

y y p p

    
          

  

 

where : min(1, ),C    is positive seen in assumption 1. 

2

,1 0 0 0, 0,

0 0 1 1

h h h h h
h h h h h h h

h h h h
h h h h

C p p C y y p p p C y y p p p

y y p p C y y p p

   
       

     

 

0 0,1 1
( ),h h

h h h hp p C y y C u u g g


                                  (24) 

On the other hand, it holds that 

1 1 1

1 1 1

,

,

h h
h h

h h
h h

y y y y y y

p p p p p p

    

    
                                (25). 

From lemma 7 and (21)-(25), using the above results, it holds that 

2

0 0, 1
( )

2
h h hu u g g p p Ch




         
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0 0,
( )h hC u u g g Ch


      

0 0,
( )( )
2

h hC u u g g Ch



      

We choose   to satisfy 2C  . Then it holds that 

0 0,
( )h hu u g g C h


                                   (26) 

and considering (21)-(26), we get the result of the theorem. Here, ( )C   is a constant independent of h .  

6. Convergence of a Posteriori Error 

Indicator 

We see the following lemma before the convergence of a 

posteriori error indicator 
2 ( 1, ,6)i i  . 

Lemma 8  For ( )hosc T , it holds that 

( )hosc T Ch   

(In the proof, we denote by C  all the constants inde-

pendent of h .) 

(proof) Step 1: Let us see 

2 2

0, 0,

h h

K EK E
K T E E

r r C

 

   ( C  is independent of h ). 

Here, ,K Er r  are defined in lemma 5 to be 

: ( ) ,K h h hr y y f u      

( ) ,

:

( ) ,

h
h h K

E
E

h
E h h

y
y y n E

n
r

y
y g E

n


  
          


     

 

From lemma 3 and theorem 4, we get the following result 

about the boundedness, i.e., 

2 20 ( ) 0 ( )

1 1

,

,

h h h hL L

h h

u u C g g C

y C p C

 
   

 
  (27) 

where C  is a constant independent of h . 

Thus, ( )(1 )p
hy L p      and by assumption 1,  

0 0,
( ) , ( ) .h hy C y C 


   

From the variational equation satisfied by h hy V  

0 0 0,

0 0,

( , ) ( ( ), ) ( ( ), )

( , ) ( , ) ,

h h h h h h

h h h h h h

y y y

f u g V

    

  





    

     
 

we get 

0, 0, 0 0

0 0

( , ) ( , ) ( )

K Eh h

h h K E h E h h

T E

h h

y r y

f u

   



 

     

  

 
 

0 0 0 0
( ( ) )h h h hy f u C      . 

We introduce the norm in hV as 

12 2
2

0, 0,
: ( )

K Eh h

h h hh K E
T E

  
 

    

Since finite dimensional norms are equivalent, we get. 

1 20h h hh h
C C    In hV , we think of a functional 

0, 0,( )( ) : ( , ) ( , )

h h

h h h h K E h E

K T E E

F y y r  
 

     . 

Since
0

( )( )h h h h h
F y C C    , ( )hF y is a bounded 

linear functional in hV  and by Riesz’ representation theo-

rem, there exists a unique element h ha V ,

( )( ) ( , )h h h h hF y a   such that ( )h h h
F y a . 

And it holds that 

12 2 2
0,0,

( )

K Eh h

h h E Eh K
T E

a y r C

 

            (28) 

Since 
0

( )hy C  ( C is independent of h ), we get 

2 22

0, 0, 0,

2

0

( ) 2

2 ( )

K K Kh h h

K h h h hK K K
T T T

h h

r y y f u y

y f u C





  

       

   

  
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2 22 2

0, 0,

2 2 22 2

0, 0, 0,

( ) : 2(

) 2 ( )

h h

h h h

K K K K K KK K
K T K T

K K K KK K K
K T K T K T

osc r h r r h r

h r h r r

 

  

   

   

 

  
 

22

0,

h

K K
K T

Ch r



   

Since 

2 2 2 2

0,

22 2

0,

1
( )

1
( 1 )( )

K K K KK

K K

K K K

K K

r r dx r K r dx
K

dx r dx r
K

   

 

 

   

it holds that 

2 22 2 2

0, 0,
( ) : 3 ( )

h h

K K K K KK K
K T K T

osc r h r r h r Ch

 

      

Considering (28), we get 

2

0,
( ) :

h

E K E E E
E E

osc r h r r Ch



    

in a similar way and in turn, ( ) ( )K Eosc r osc r Ch  . 

Step 2: Let us see 
2 2

0, 0,
K Eh h

K EK E
T E

C 
 

   ( C  is a 

constant independent of h ). Here, ,K E   are defined in 

lemma 5 to be as follows. 

: ( ) ,K h d h h hy z p y p      

( ) ,

:

( ) ,

h
h h K

E
E

h
E h h

p
p p n E

n

p
y p E

n





  
          


    

 

From (27), it holds that 

2( ) ( ), ( ) ( )h h hy L y p L       0
( )h hy p C   

From an adjoint equation 

0 0 0,

0

( , ) ( ( ) , ) ( ( ) , )

( , ) ,

h h h h h h h h

h d h h h

p y p y p

y z V V

    

 

     

    
 

it holds that 

0, 0,

0 0 0

( ( , ) ( , )

( ( ) )

K Eh h

h h K E h E

T E

h h h d h

p

y p y z

  

 

 

     

   

 
 

0h h h
C C   , ( ,C C  are independent of h ) 

In 
0

hV , introducing a functional 

0, 0,( )( ) : ( , ) ( , )

h h

h h h h K E h E

K T E E

F p p   
 

      

Then it holds that 

0 0 0

0

( )( ) ( ( ) )h h h h h d h

h h h

F p y p y z

C C

  

 

  

  
 

And, similar to step 1, there is a unique element 
0

h ha V

such that ( ) ( , )h h h hF p a   and ( )h h h
F p a . There-

fore, it holds that 

12 2 2
0,0,

( )

K Eh h

h h E Eh K
T E

a p C
 

     , 

2 22

0, 0, 0,

2

0

( ) 2

2 ( )

K K Kh h h

K h h h hK K K
T T T

h h

p y p p

y p C

 



  

     

 

    

and the following result follows. 

2( ) ( ) ( ) ,K Eosc osc C h h Ch      

Step 3: Let us see 

2 2

0,

2 2
1 1 1 0,

( ) : ,

( ) :

h

h

h h h K
K T

h h h K
K T

osc z z z Ch

osc z z z Ch





  

  




 

Using lemma 3.4 in [9] (or theorem 3.1 in [8]), it holds that 

2 22

0, 0,

2 2 22 2

0, 1 1
( ) ( )

h h

h

h h K hK K
K T K T

h h h hK
K T

z z Ch z

Ch u p Ch u p

 



   

    

 


 (29) 

By lemma 1 and 3, we get 

1
max{ , 0},h hu p


    
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and since
1 1( ), max( ,0) ( )h hp H p H    , we get.

 

1
, 0

( 1, 2)

0, 0

h
hh

i

i
h

p
pu

x i
x

p




  

 
  

 

where a partial derivative is a weak derivative, i.e., 

 

 

0

0

1 1
( ), max( ,0) , ( 1, 2)

h

h
h

i ip

p
C p dx dx i

x x


 

 



  


       

    

Considering the above and (27), we get 

 

2
2 2 2 22 2

1 1
0

0

1 1
( )

h

h h h h h h

p

u u u p p dx p C
 

 

        . 

Considering (27) and (29), we get
 

2 2 2 22 2 2

0, 1 1 1
( ) ( )

h

h h h h h hK
K T

osc z z z Ch u p Ch p Ch



      .
 

In a similar way, we get
 

2 2 2 22 2 2
1 1 1 0, 1, 1, 1,

( ) ( )

h

h h h h h hE
E E

osc z z z Ch g p Ch p Ch
  

 

       

and thus we get the following result. 

1

( ) : ( ) ( ) ( ) ( )

( ) ( )

h K E K E

h h

osc T osc osc osc r osc r

osc z osc z Ch

     

  

Now we give the theorem on the convergence of a poste-

riori error indicator which is one of the main results in the 

paper. 

[Theorem 5] Let ( , ; , ), ( , ; , )h h h hy p u g y p u g  be the so-

lutions of (5) and (6), (7) respectively. When 0h  , the 

following convergence result about a posteriori error indicator 

holds. 

6
2

1

0.i

i




   

(proof) From lemma 3, all the constants in a posteriori er-

ror and a priori error estimates are bounded independent of 

h . Using theorem 4 and lemma 8, the result follows from 

theorem 3. 

7. Conclusion 

We obtained the optimality condition about a mixed con-

trol problem (two variable control) of a semi-linear elliptic 

equation with a control in the right side of the boundary con-

dition and in the source term, and based on this, got a poste-

riori error estimates of finite element approximation solution 

in an adaptive finite element function space and verified the 

convergence of an error indicator to 0 when the meshsize 

goes to 0. 
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