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Abstract: This paper seeks to use the Moving Block Bootstrap method to determine the confidence intervals for a change point
in conditional variance function of data exhibiting conditional heteroscedasticity and heterogeneity. Confidence intervals for a
change point normally provide or give a range within which the true change point location is likely to lie. This is usually based on
a specified confidence level. This helps to in turn determine whether the change point is statistically significant especially after
determining the critical values for the distribution of the change point test statistic. Confidence intervals are also called interval
estimates as opposed to point estimates which provide a single estimate for a parameter.
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1. Introduction
A Non parametric Auto-Regressive Conditional

Heteroscedastic model is considered in the simulations. The
conditional mean and conditional variance functions are first
estimated using Nadaraya Watson kernel estimator. A test
statistic for unknown abrupt change point in volatility which
takes into consideration conditional heteroskedasticity and
the fourth moment of the time series (hence the residuals)
is considered. The test statistic is based on L2 norm of the
conditional variance functions of the squared residuals. The
volatility change point estimator is there after obtained by
maximizing the change point test statistic. Consistency of
the change point estimator is clearly shown in the work of
[8]. The limit distribution of the change point test statistic is
obtained hence the critical values as in the work by [9] and by
simulation, the test is shown to be consistent with asymptotic
power one.A point estimate provides a single plausible value of

a certain parameter. However, the point estimate being a single
value does not express the statistical variation, or random
error, that the estimate has. Hence, instead of supplying a
single estimate of a parameter, a logical step is to provide
a plausible range of values constructed from sample data so
that the population parameter occurs within that range at a
specified probability. The plausible range of values is called
a confidence interval and the specified probability before
sampling is called confidence level. Confidence interval for
the change point can be determined by either knowing or
approximating the limit distribution of τ̂n − τ where τ is the
true change point and τ̂n is its estimate for a sample of size n,
[3]. One approximation is the bootstrap approach [7].

The bootstrap method introduced by [4] samples individual
data points with replacement and is only applied to
independent and identically distributed (i.i.d) data [5]. For
a stationary time series, successive observations are usually
correlated but observations separated far apart in time are
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nearly uncorrelated. Hence one cannot re-sample individual
data points but re-sample blocks of data. The idea behind
block re-sampling for stationary series is that individual blocks
of observations separated far enough in time will be nearly
uncorrelated hence are treated as exchangeable. In this study,
due to the nonparametric set-up, and since the data displayed
dependence and conditional heteroskedasticity, then blocks of
observations were re-sampled. Otherwise, statistics computed
from the re-sampled data or from transformations of the re-
sampled data without blocking are usually inconsistent.

The block bootstrap methods introduced by [6] divides
the time series into blocks of b consecutive observations.
The blocks which can be overlapping or non-overlapping in
addition to being of either fixed or variable length are then
re-sampled with replacement to create pseudo-time series on
which the statistic of interest is computed. They include
the Moving Block Bootstrap (MBB), Non-overlapping Block
Bootstrap (NBB), the Circular Block Bootstrap (CBB) and the
Stationary Block Bootstrap (SBB) [1].

The motivation behind block bootstrap is that the
dependence structure of the original data is preserved within
the block by sampling blocks of data so that one obtains
asymptotically correct estimates if the length of the block
converges to infinity with the size of the sample. Further, since
the length of the blocks increases with the size of the sample,
when data is generated by a weakly dependent process, the
MBB introduced by [6] is able to reproduce the underlying
dependence structure of the process in an asymptotic manner
and thus was employed in this work. In the MBB, overlapping
blocks of fixed length are applied. This allows for more blocks
than when there is no overlapping and hence is more efficient.
[7] provides theoretical and practical examples showing that
fixed block lengths are better than varying ones and that
overlapping blocks are much better than non-overlapping ones.

For analysis, the block length b, which acts as a tuning
parameter, and which increases with the sample size should
be long enough so as to preserve heteroscedasticity and the
correlation structure in the time series which involves a trade-
off. If the block size is too small, the time dependency of
the data is destroyed whenever a new block is started while
if the block size is too large, then one obtains few blocks, the
bootstrap samples are not random enough, hence the pseudo-
data may tend to look similar. In both cases, the consequence
is the decline in the average accuracy of the MBB. This
implies that there exist an optimal block size b̂ which is able
to maximize this accuracy. Optimal block length depends on
the sample size, the test statistic being considered and the data
generating process (correlation structure in the data). Due to
this reason, the block size which on average produced the best
estimate of change point (minimizes the mean squared error)
was utilized.

2. Moving Block Bootstrap Procedure

2.1. Step Wise Description

To perform the MBB procedure, given a time series
{Xt, t = 1, 2, ..., n}, estimate the change point τ̂n.

Obtain N = n − b + 1 overlapping blocks of data Bt =
(Xt, ..., Xt+b−1) of length b < n. For simplicity, one supposes
that b divides n and with the condition that for dependent data
b −→ ∞ and b

n −→ 0 as n −→ ∞. The first block contains
observations 1 to b, the second contains observations 2 to b+1
and the last contains observations n− b+ 1 to n as

B1 = (X1, ..., Xb)

B2 = (X2, ..., Xb+1)

...
...

BN = (Xn−b+1, ..., Xn)

From the N overlapping blocks {B1, B2, .., BN}, re-
sample with replacement l = n

b blocks to form pseudo-data
{B∗

1 , B
∗
2 , ..., B

∗
l } of length n = lb where each of the N

overlapping blocks has a 1
n−b+1 chance of being selected.

Stitch all the l blocks together so as to form the bootstrap
sample also called the pseudo-time series (the order in which
the blocks are sampled is the same order followed when
stitching the blocks in order to obtain the bootstrapped series).
The re-sampling is done L times. The estimate of change
point τ̂∗n is then obtained for each of the many sets (L sets)
of pseudo-data so as to obtain the bootstrap change point
vector τ̂∗1

n , ..., τ̂∗Ln . As long as the block size increases with
the sample size, the distribution of the bootstrap statistic
approximates the asymptotic distribution. The bootstrap
change point vector is then arranged in ascending order. From
the replicates of change point, one is able to estimate the
distribution function of τ̂∗n − τ̂n where τ̂∗n is the estimate of
the change point of the re-samples.

2.2. Percentile Bootstrap Confidence Intervals for the
Change Point

To construct a confidence interval for the time of change,
the distribution of τ̂n − τ where the value of τ̂n gives an
estimate for the time of change and τ is the true time of change
is approximated using the MBB approach (The bootstrap
distribution of τ̂∗n− τ̂n approximates the distribution of τ̂n−τ ).
The percentile method for construction of confidence intervals
is then applied.

Theoretically, a 100 (1− α) % confidence interval for the
change point τ is given by the form

100(1− α)%ci = (τ̂n − a2 , τ̂n − a1) (1)

where a1 and a2 satisfy

P (τ̂n − a2 ≤ τ ≤ τ̂n − a1) = 1− α (2)

In addition, if one wants an equitailed interval, then the
requirement is

P (τ ≤ τ̂n − a2) =
α

2
= P (τ > τ̂n − a1) (3)

hence a1 and a2 are the quantiles of the random variable τ̂n−τ .
Suppose that τ∗α

2
and τ∗1−α

2
are the quantiles of τ̂∗n such that
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P
(
τ̂∗n ≤ τ∗α2

)
= P

(
τ̂∗n > τ∗1−α

2

)
=
α

2
(4)

Then one has that
P
(
τ∗α

2
≤ τ̂∗n ≤ τ∗1−α

2

)
= 1− α (5)

Equation (5) implies that
P
(
τ∗α

2
− τ̂n ≤ τ̂∗n − τ̂n ≤ τ∗1−α

2
− τ̂n

)
= 1− α (6)

The bootstrap principle for confidence intervals assumes that one can approximate the quantiles of τ̂n − τ by the quantiles of
τ̂∗n − τ̂n. If one assumes that this bootstrap approximation is possible, then from Equation (3) and Equation (6)

P
(
τ∗α

2
− τ̂n ≤ τ̂n − τ ≤ τ∗1−α

2
− τ̂n

)
≈ 1− α (7)

Introducing −τ̂n in Equation (7), one obtains

P
(
τ∗α

2
− τ̂n − τ̂n ≤ τ̂n − τ − τ̂n ≤ τ∗1−α

2
− τ̂n − τ̂n

)
≈ 1− α (8)

P
(
−τ∗α

2
+ τ̂n + τ̂n ≥ −τ̂n + τ + τ̂n ≥ −τ∗1−α

2
+ τ̂n + τ̂n

)
≈ 1− α

P
(
τ̂n −

(
τ∗1−α

2
− τ̂n

)
≤ τ ≤ τ̂n −

(
τ∗α

2
− τ̂n

))
≈ 1− α

where
(
τ∗1−α

2
− τ̂n

)
and

(
τ∗α

2
− τ̂n

)
are the bootstrap

approximations of a2 and a1 respectively in Equation (1)
in the equitailed scenario. As noted in [4], estimation of
confidence intervals for a parameter transformation gives
better confidence intervals than the direct estimation for the
parameter. Hence, the random variable τ̂n is transformed

using a symmetric function say h() (which has a symmetric
distribution) denoted as

ω̂n = h(τ̂n) (9)

From Equation (9), one has

P
[
ω̂n −

(
ω∗

1−α
2
− ω̂n

)
≤ h(τ) ≤ ω̂n −

(
ω∗
α
2
− ω̂n

)]
≈ 1− α (10)

where ω∗
α
2

is the α
2 quantile of the transformed random variable h(τ̂∗n). Due to symmetry, it is known that a1 = −a2 and hence(

ω∗
1−α

2
− ω̂n

)
= −

(
ω∗
α
2
− ω̂n

)
which means that one can transform the approximated quantiles of ω̂n − h(τ) in Equation (10)

such that
P
[
ω̂n +

(
ω∗
α
2
− ω̂n

)
≤ h(τ) ≤ ω̂n +

(
ω∗

1−α
2
− ω̂n

)]
≈ 1− α (11)

which reduces to
P
(
ω∗
α
2
≤ h(τ) ≤ ω∗

1−α
2

)
≈ 1− α (12)

Simplifying Equation (12) and transforming it back to its initial (original) scale gives

P
(
τ∗α

2
≤ τ ≤ τ∗1−α

2

)
≈ 1− α (13)

so that
P
(
τ∗
n,((L+1)α2 ) ≤ τ ≤ τ

∗
n,((L+1)(1−α

2 ))

)
≈ 1− α (14)

Hence, the 100(1− α)% bootstrap percentile confidence interval for the time of change τ is given by

100(1− α)%ci =
(
τ∗
n,[(L+1)α2 ], τ

∗
n,[(L+1)(1−α

2 )]

)
(15)

where the square brackets means that one rounds to the nearest
integer. For example, when α = 0.05 and L = 999, then
lower = 25th and upper = 975th value of the ordered change
point estimates from the bootstrap distribution forms a 95%
confidence interval for the change point estimate. This implies
that the limits of the 100(1−α)% confidence interval for τ̂n are

given by the
(
100.α2

)
th and the

(
100.

(
1− α

2

))
th percentiles

of the approximated distribution of change point obtained from
the L bootstrap samples.
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3. Simulation Study

3.1. Confidence Intervals for a Single Change Point

To investigate the confidence interval for the change point,
the case of a single break in volatility when the data generating
process is an ARMA(1, 1)− ARCH(1)

Xt = 0.35Xt−1+εt+0.4εt−1, εt = σ(Xt−1)zt, zt ∼ N(0, 1)

σ2
t (Xt−1) =

{
(0.1 + ∆) + 0.1ε2t−1 1 ≤ t ≤ τ
0.1 + 0.1ε2t−1 τ < t ≤ n

(16)

with ∆ = 0.4 was considered. The sample size is fixed at
n = 500 and the change point at τ = 249. τ̂n is estimated from
the simulated data. L = 999 bootstrap replications of τ̂n are
done in line with the moving block bootstrap procedure. The
change point estimated from the simulated data using Equation
(16) with ∆ = 0.4 is τ̂500 = 246 against the true one τ = 249.
Figure 1 displays the results.

Figure 1. A Histogram of L = 999 bootstrap replications of τ̂n.

One can deduce from the histogram of change points in
Figure 1 that the distribution of the change point estimates is
not symmetric.

Figure 2. A Histogram of L = 999 bootstrap replications of τ̂n. The red vertical
line represents τ̂500 = 246. The two blue vertical lines represent the 90% confidence
interval. The two brown vertical lines represent the 95% confidence interval. The two
green vertical lines represent the 99% confidence interval.

Table 1. Confidence Interval results for L = 999 bootstrap replications of the change
point τ̂500 = 246 from a sample size n = 500 generated as in Equation (16) with
∆ = 0.4.

Confidence level True change point τ Confidence Interval

90% 249 244-260

95% 249 242-261

99% 249 236-264

From Figure 2, one can deduce that the percentile bootstrap
confidence intervals for the change point are not symmetric
around the change point estimate τ̂n. This is especially
so because the bootstrap distribution of the change point
estimates is not symmetric. The results are similar to those
obtained by [2].

3.2. Coverage Performance

Due to variation in sampling which brings about sampling
error, a confidence interval can fail to cover the true change
point τ . A 95% confidence interval means that on collecting
a large number of samples and constructing the corresponding
confidence interval for each sample, about 95% of the intervals
will contain the change point. Hence 0.95 is the coverage
probability. The coverage performance of the Percentile
Bootstrap confidence intervals for the change point τ was
assessed by using the empirical coverage rate c given by
Equation (17) below as

c =
Number of confidence intervals including τ

Total number of trials
× 100 (17)

In cases where the lower end of the confidence interval is
larger than τ then this is referred to as “miss left ”, and in
cases where the upper end of the confidence interval is less
than τ , then it is referred to as “miss right ”. The “miss ”
rate is the sum of the “miss left ” rate and “miss right ”
rate. When determining confidence intervals by bootstrapping,
a 100 (1− 2α) % confidence interval (τ̂Lower, τ̂Upper) is
usually expected to have a probability α of miss-coverage of
the true change point τ from above or below. This means,

Prob (τ < τ̂Lower) = α or Prob (τ > τ̂Upper) = α (18)

Table 2. Results for 100 Percentile Bootstrap Confidence interval realizations for the
volatility change point τ from a sample size n = 500 generated as in Equation 16 with
∆ = 0.4. In each realization, L = 999 bootstrap replications of τ̂100 = 246 are
done.

Confidence level (%) % Miss Left % Miss Right

90% 12 4

95% 8 2

99% 3 1

Approximate confidence intervals are usually graded on
how accurately they are able to match Equation (18) as noted
in [4]. Table 2 displays the number of times in percentage
that the percentile bootstrap confidence intervals missed the
true change point on the left and on the right hand side in 100
realizations.

From Table 2, the percentile bootstrap confidence intervals
do not have the expected coverage probably because the
bootstrap distribution of the change point estimates is skewed
(asymmetric) and not centered on the true change point. The
method over covers on the right and under covers on the left.
Remedies to this exist which could be looked into in the future.
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Figure 3. A graph of 100, 90% confidence interval realizations of the change point
τ = 249 from a sample of size n = 500 simulated as per Equation (16) with ∆ = 0.4.
For each realization, L = 999 bootstrap replications of τ̂n were done.

In Figure 3, the red horizontal line indicates the true change
point τ = 249, the green line represents the lower 90%
Confidence Interval Limits while the blue line represents the
upper 90% Confidence Interval Limits.

Figure 4. A graph of 100, 95% confidence interval realizations of the change point
τ = 249 from a sample of size n = 500 simulated as per Equation (16) with ∆ = 0.4.
For each realization, L = 999 bootstrap replications of τ̂n were done.

In Figure 4, the red horizontal line indicates the true change
point τ = 249, the green line represents the lower 95%
Confidence Interval Limits while the blue line represents the
upper 95% Confidence Interval Limits.

3.3. Summary on Confidence Intervals for the Change
Point

This research aimed at determining confidence intervals
for the change point τ . The 90%, 95% and 99% percentile
bootstrap confidence intervals for τ were determined using
Moving Block Bootstrap approach. The distribution of the
bootstrap change point estimates was not symmetric and
not centered around the true change point. The percentile
bootstrap method was found to over cover on the right
and under cover on the left. probably due to asymmetric
distribution of the bootstrap change point estimates.
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