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Abstract: To overcome some of the limitations of traditional fractional Brownian motion (fBm), multifractional Brownian
motion (mBm) was created. The Holder exponent of mBm can vary along the trajectory, unlike fBm, which is advantageous
for modeling processes whose regularity varies over time, like internet traffic or photos. This is the main difference between the
two processes. Many continuous observations can be modeled by stochastic differential equations governed by mBm, especially
in biology and finance. Using a non-stationary multifractional Brownian motion with a time-dependent Hurst parameter as
the noise source and a simply linear drift coefficient, we first show the existence and uniqueness of a solution to stochastic
differential equations in this article. Next, we examine multifractional Brownian motion (mBm) driven stochastic differential
equation models that allow for the simulation of some discontinuity-containing phenomena.

KeyWOI‘dS: Multifractional Brownian Motion, Girsanov’s Theorem, Stochastic Differential Brownian,
Riemann-Liouville Multifractional Integral, Multifractional Derivative

1. Introduction techniques.

Xy = Xo+ [y a(u, X,)du + B"(u), forall t € [0,T],
Fractional Brownian motion has some limitations for (1)
modeling certain phenomena. The need to model these The Riemann-Liouville multifractional Brownian motion
increasingly diverse natural phenomena has recently led to B has a regularity function h : [0,T] — [a,b] C (0,3).

)
the introduction of stochastic processes generalizing fractional g 2 well-chosen 3 and o, we only need ¢ ft a(u, X,)du
. . . . . . . > ) u
Brownian motion. This is called multifractional Brownian 0

' ! ) i ° to be locally 3-Holder continuing to build answers.
motion.  Multifractional Brownian motion By (t) was
introduced by Benassi, Jaffar, Levy Vehel, Peltier, and Roux.

The Hurst constant parameter of this Gaussian process, which
is an extension of fractional Brownian motion, is defined here
as a function h(t) and changes with time. This makes it
an excellent choice for simulating a wide range of irregular
phenomena, including image processing, Internet traffic,
hydrology, economics, and finance.

We demonstrate the existence of solutions to specific SDEs
using Girsanov’s theorem and a number of established

2. Notation and Preliminaries

This section contains some ideas that we will utilize to
support our findings.

Definition 2.1. Let h : [0,400) — (0,1) be the Holder
function with exponent 8 > 0. Reduced multifractional
Brownian motion with functional parameter h for ¢ > 0 is
represented by the random function B"(t).
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- {/_OOO [t w3 = (—u)* 4] dB(u) + /t(t - u)h@)—%dB(u)} @)

- T(A(t) + 3)

where mean square integration is employed and B denotes
ordinary Brownian motion. A Riemann-Liouville fractional
integral is represented by the second term on the right
side of equation (2). Similar to fBM with constant Hurst
parameter, the multifractional Brownian motion has an integral
formulation in terms of the Riemann-Liouville fractional
integral with its natural filtration F = {F;,t € [0,T]} that
is formally given by

h — 71 t u u
Bl = D , KBt o

with K'(t,u) = (t —u)?* and ¢, = h — 1.
We shall call it multifractional calculus as the concept of
fractional calculus of variable order is compatible with the
concept of multifractional stochastic processes.

Definition 2.2. (Riemann-Liouville multifractional integral).

D21 = (§) 1700 =

rgy (@) [, oo

0

Riemann-Liouville multifractional integral operator of order
¢ : e, d] = [a,b] C (0,00) of a function f € L'([c,d]) for
0 < ¢ < d is defined by

(1%, ) = ﬁ / @y )y @)

o(x

where I'(.) is the definition of the Euler Gamma function.

+oo
T(p) = /0 t?~Lexp(—t)dt.

Next, the space I, L”([0, T') is created using the operator
I7_, is defined as LP([0,T)’s image.

Definition 2.3. (Multifractional derivative of Riemann-
Liouville). The definition of the Riemann-Liouville
multifractional derivative of order ¢ > 0, n — 1 < ¢ < n,
n € N*is

where the derivatives of the function f(t) are completely continuous up to order (n — 1).

3. Solutions to Differential Equations
Driven by Multifractional Brownian
Motion: Existence and Uniqueness

Within this section, we will use multifractional calculus
to analyze differential equations generated by multifractional
Brownian motion. As aresult, we will begin with the definition
below.

Definition ~ 3.1. Consider  (By)¢cjo,r] to be a one-
dimensional Brownian motion on a filtered probability space

When a real-valued Brownian motion is represented as
{Bi}te(~co,1)» and h = [0,T] +— (0,1) is a continuous
function. In the aforementioned representation, Bt(l)’h is
always measurable with respect to the filtration Fo (produced
by the Brownian motion), because the stochastic process only
contributes from —oo to zero. Thus, we can consider Bgz)’h as
the only part that contributes to the stochasticity of Bf when
t>0.

First, we shall demonstrate the multifractional Brownian
motion Girsanov theorem, and then use this theorem to create
mBm-guided EDS solutions.

(Qy]:y(]:t)te[O,TLP)- h [0,T7] — [a,b] C (0,1) is
a C' function. The filtration (F});co,r) Was applied to
the Riemann Liouville multifractional Brownian motion
(RLmBm) (B{");c(0,71-

t
B = ) /0 (t —uw)"®=34B, forallt e [0,T]

L(h(t) + 3 )

The Gamma function is represented as I'. The regularity
function of B" is represented by the function h.
The definition of the mBm for ¢ € [0, T by

0 t
B = e(h(t)) V (t—w"O=% — (—u)"©-4dB, + /O (t- u>h<”‘éd3"] =B+ B, ©)
—00

Girsanov’s Theorem

We examine the disturbance that follows.

t
Bl = Bf+/ €udu
0

B 1 t - t
O )/O(tu) dBqu/O Eudu

t
7) / (t B u)h(t)—%dé’[“
0

=

=
—
>
—
~
+
N|—=
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This method B is described as

¢ X .
B, =B, +/ Dg_tE (/ §udu> (r)dr.
0 0

1
It is D[’;j ?(fy €udu) that is the multifractional derivative.It

is evident from the final equation that is an element of
1
L2([0, T]).The condition is that [; &,du € Iy} * L2([0, T]).

Theorem 3.1. (The Theorem of Girsanov for mBm):
Consider the multifractional Brownian motion (B}'):c(o,7]
with the regularity function  : [0,7] — [a,b] C (0,3) so
that b € C'. Assume the following two hypotheses are true
fore > 0and 1 — h(t) > eVt € [0,T].

(i) [, &udu is suitable, and Dgié (fy Eudu) (t). ps.
(il) E[Zr] = 1 for

Z(T) = exp [— /OT Dt (/0 fudu> (r)dB, — ;/OT (D(’}jé (/0 fudu> (r)>2 dr.]

The stochastic process comes next,
N t
B! = B! +/ ¢udu,
0

is an mBm under the measure P defined by
dpP
— =Z(T).
dP (T)
Proof of Theorem 3.1. After deriving B{’, the proof is
obtained by using the conventional Girsanov theorem to

Bl = Bu+ [y DT (Jy €udu)(r)dr, CROT3(0, T R) €
Igr%LQ([O, T)), demonstrating that B, is a Brownian motion
under P.

Existence of Multifractionnal Brownian Motion-driven
Solutions to SDEs

First, we shall demonstrate that there is a solution. This
indicates that two stochastic processes X and B", amBmon a
probability space that has been filtered (2, F, (Ft):ep0,17, P)-
exist such that B" is a F, — mBm in accordance with
Definition 3.1 and that X and B”" fulfill the following equation:

t
X, :X0+/ o(u, X )du+ BM (u), forallt € [0,T] (7)
0

Theorem 3.2. Let B" be an mBm on a probability space
that has been filtered (2, F, (Ft):efo,7], P). Assume that o
is integrable and has linear growth, which means that there is
a constant C' > 0 such that for every (¢,x) € [0,T] x R,
la(t,z)] < C(1 + |z|). The preceding equation thus has a
solution (X¢)¢eo,77-

Proof of Theorem 3.2. Let £, = a(u, B" + z), and B} =
Bl + [3 €,du, and

k= DT (/0 gudu) ().

The process fo &, du must satisfy the requirements (i) and
(i) of Theorem 3.1. First, we will demonstrate (i), which
asserts that k € L*([0,T7]) and [; £,du is adapted.a(u, B} +

1
x), is adapted, and ng? is a deterministic operator.
According to Theorem 2.1 [4.2].

: 1
|ke| < ||/0 Sudulln( )11 1es0,mC (T e h+ §§t)

where t — C(T,e,h + 3;t) € L?([0,T]) since 2h, < 1
e>0.

|| / Eudullngy sy 1eqor) < COLIB oo + )T =9,

The theorem of Fernique [4.2] |B"| has finite exponential
moments of all orders, according to (or [4.2, Theorem. 2.7]),
suggesting that

t k€ L*([0,T]) P —aus

‘We then look at condition (ii). It is sufficient to demonstrate
that Novikov’s condition is met [refKaratzas, Cor. 5.13] as
we have previously established that k is adapted. That is, it is
sufficient to demonstrate that there exists A > 0 such that

supo<u<t Elexp(A\k2)] < .

Equation (11) It is evident from the Fernique theorem
[refFernique] that the aforementioned requirement is met. A
solution is implied by Girsanov Theorem 3.1.

Solutions’ Uniqueness

Theorem 3.3. In the associated filtered probability space
(Q, F, {Fi}iepo1), P). let (X,B") be a solution to the
differential equation (7). Legally speaking, the answer is most
likely unique.

Proof of Theorem 3.3. Start again with

ét = Dgi% </ a(u,Xudu) (1),
0

define a new measure of probability.
derivative of Radon and Nikodym to P.

applying the the
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dP T 1 (T
P = exp </0 u,dB, — 5/0 ﬂfdr)

B represents a normal Brownian motion. The derivative of

Radon and Nikodym is identical to the last one, but this time
the differential equation is solved within the function ov. We
shall demonstrate that the new process € still meets Girsanov
Theorem 3.1’s conditions (i) and (ii). Since we understand
that,

t t
X < || + |/ a(u, X,)du| + |BY| < |2 +/ C(1 + |X|)ds + B,
0 0

Gronwall’s inequality is one of our

1X. |0, 0,11 < C (|2 +|B"|oc + T) exp(CT)

P —a.s

Additionally, using the estimates on Theorem 2.1’s multifractional derivative [4.2], we can ascertain that for each £ > 0 such

that h, — 1 > €,

Gl <l [ o

and since

I ]t

We acquire the approximation

6] < OO+ [Xlagor) TH DT 2, h+ 53,
where t — C(T,e,h + 3;t) € L*([0,T]).

Using Fernique’s theorem [4.2, Theorem. 2.7] and
combining the previous estimates, we can determine that
Novikov’s condition According to the Girsanov theory, the
process

t
Bt:/ frdT+Bt.
0

1
UX du||h( )+1 _,’_E[OT]C(T,E,h‘i‘*t

5 )

Uy Xy du||h()+ +¢;[0,T) <O+ ]X. |oo,[0 T])T(2 )7

is a {F;}-Brownian motion under P, from which we may
express

t
Xt:m—&—/ K}, (t,u)dBy,
0

where K}, (t,u) = m(t — u)"M®~2 Thus, we define

Bh = f(f Ky (t,u)dB,. X, — x is a J,-multifractional
Brownian motion with regard to P, as we already know.
Consequently, we need to make sure that, under probability
P, X; — x and Bf have the same distribution. By looking at a
measurable functional ¢ on C ([0, T]), we may show that

Ep [p(X — )]

: [w(x ) exp (/OT Dt (/O o(u, Xu)du> (r)dB, + % /OT pht (/O olu, Xudu> : (r)drﬂ

=E; [cp — ) exp (/ Do+ </ (u,Xu)du> (r)dB, + ;/OT ng:% (/0 a(u,Xu)du>2 (r)dr)]

(p(Bh)eXp< OT Dt (/0 a(u, x—l—Bh)du)

/ Dl (/ (u,m+BZ)ds>2(r)dr>]
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For the nearly certainly uniqueness, assume there exist two
weak solutions. If X! and X?2 are in the same probability
space (€, F, P), then max(X', X?) and min(X', X?) are
two solutions that, as previously shown, have the same
distribution. What does the halting time mean 7, = inf{t >
0|X} < X?}. Afterwards, for every t € [0,7], X} > XZ,
Y; = max(X}, X?) answers

Y, =X}

t
= m+/ a(XNdu + Bl
0
t
_ x—i—/ a(Y.)du+ BE,  te0,m]
0

On [0,7], Y solves (10). Next, define 7» = inf{t >
71|X} > X?}. This implies that X? > X} on |1, 7).
Likewise,

Y, = X7

¢
= x—i—/ a(X2)du + B
0

T1 t
=z + / a(X2)du + By, + / a(X2)du + By — By,
0

T1

t
= X! +/ a(Y,)du + B, — B,

T1

t
:x—i—/ a(Y,)du+ B, te[r,T)
0

The formula X} = X 31 = Y., was applied.Therefore, for
both |71, 72] Y solves (7).[0, 72]. The foregoing argument may
be extended to show that Y is a solution to (10) on [0,T].
A similar argument demonstrates that the solution to (7) is
min(X?', X?).The max(z,y) = 3 (z + y + |z — y|) might be
rewritten and min(z,y) = % (z +y — |z — y|), and so

E [max(X', X?)] = E [min(X", X?)] .,

suggests that

Bp [1X'— X*[] = —Ep [|X' - X7[]

However, this applies only if X! = X2 a.s.

4. Some Stochastic Differential Equations
Involving the MBM Without Jump

We consider a fixed C' deterministic funtion h : R —
(0,1). We also consider (Bi):cr a standard Brownian motion,

and (B,gh) )tcr a mutifractional Brownian motion, independent
of B, of funtional parameter h. The resolutions of stochastic
differential equation models driven by a multifractional
Brownian motion without jumps are provided.

4.1. Multifractional Ornstein-Uhlenbeck Model

Examine the differential equation that follows:

dX, =a(a— X,)dt +od°Bland Xg = 2o € R,  (8)
where d°BJ' designates the differential taken in the sense of
the white noise theory, B = {Bh} 150 where o > 0, a, and
o > 0 are parameters, has a functional parameter h and is a
multifractional Brownian motion. The process (X;):cr with
values in L2 (£2) defined by

t
X =Xoe * +a (1 - e_o‘t) + 0/ eo‘(“_t)doBZ' 9)
0
is the differential equation’s unique solution (8).

4.2. Black-Scholes Multifractional Model

The Black-Scholes model is examined below

dXt = O[Xtdt + O'XtdBt (10)
where B; represents typical Brownian motion and « and o
are constants. By replacing B; by a multifractional Brownian

()

motion B,"", we obtain

h(t)

dXt = O[Xtdt + O'XtdBt (11)

It is assumed that the Holderian function of the mBm Bth ®) ,
or h(t), is known and predictable in time (see, for instance, ref.
[4.2] for the situation of a sinusoidal function that varies with
time). By replacing x; = In X; — bt, the multifractional Ito
lemma [14] leads to:

dz, = —o242h(H-1 [h’tlnt +h(t)| dt + oBM)  (12)
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Abbreviations

fBm Fractional Brownian Motion

mBm Multifractional Brownian Motion
SDE Stochastic Differantial Equations
B Brownian Motion

RLmBm Riemann Liouville multifractional Brownian Motion
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