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Abstract 

Viral infections target the same immune system cells which fight against the infection, significantly curtailing the capacity of the 

body to fight associated diseases. Once the virus successfully infects a cell, it uses the same highly proliferating immune host 

cells to multiply, and enjoy host immunity. With the absence of HIV treatment, available chemotherapy is used to boost immune 

system, inhibit infection, and disrupt the assembling of viral materials during reproduction. This is achieved by use of Highly 

Active Anti-Retroviral Therapy (HAART) which contains immune proliferation boosters, reverse transcriptase inhibitors (RTI) 

and Protease Inhibitors (PI) components. In this paper, a host-pathogen-drug interaction triangle mathematical model is 

formulated to depict the effect of chemotherapeutic control on reproductive ratio. A SEIR paradigm was used and modified to 

show differentiated adaptive immune T and B cells, and a viral load compartment. Reproductive ratio R0 was computed using the 

next generation matrix, together with its elasticity to control parameters. It was found that in absence of any controls, the 

reproductive ratio R0 = 0.659 and as CE increases, this value reduces with elasticity of ECE = -1.298 at the critical drug 

concentration at effect site of CE(t) = 0.72 of the dose. Simulation revealed that the most sensitive component of HAART is the 

PI at elasticity of Eπ = -1.573, followed by the drug potency to directly kill viral materials ω, closesly followed by the drug 

potency to kill infected immune cells ψ and lastly by the RTI’s ability to prevent infection η. In conclusion, correct composition 

of HAART and consist dosing to maintain therapeutic window concentration reduces the viral load, boosts the immune system to 

normalcy, and generates a pool of memory cells, ready for immediate attack in the subsequent re-infection. This restores the 

health of People Living with HIV/AIDS (PLWHA), reduces the force of infection of susceptible cells and consequently reduce 

disease incidence rate across the population. 
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1. Introduction 

Human beings are in constant interaction with their envi-

ronment, and some of these interactions adversely affect their 

health through exposure to contaminated food, polluted air, 

physical injury, psychological stress, and intrinsic physio-
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logical dysfunctions. Ill health arises when normal physio-

logical functions are disrupted, either through pathogenic 

invasion or autoimmune malfunction. This makes the use of 

drugs for treatment, or to relieve symptoms, or to prevent 

infection and to restore physiological balance inevitable. The 

dosages in administration of drugs depends on the age, body 

weight, bioavailability and severity of the disease. These are 

monitored through blood plasma concentrations, side effect 

tracking or by use of pharmacokinetics and pharmacody-

namics [1]. 

Pharmacokinetics plays a critical role in determining the 

onset, duration and intensity of a drug’s effect [2]. This acu-

men helps in understanding the time course of the concentra-

tion of a drug in the body and how these varied concentrations 

impact the therapeutic results [3]. Pharmacodynamics is the 

branch of pharmacology that studies the biochemical and 

physiological effects of drugs and their mechanisms of action 

in the body [4]. 

The use of mathematical modeling in pharmacology helps 

in describing the absorption, distribution, metabolism, and 

excretion of drugs together with its effects on the target site. 

Mathematical model simulation helps predict, optimize drug 

dosages, improves the drug designs and help monitor antici-

pation of side effects. These are vital parameters in clinical 

decision making. In this paper, the focus is on compartmental 

modeling to show the relationship between the drug concen-

tration and the effect at the site of action [5]. Mathematical 

models have been used to describe the relationship between 

drug dose or concentration in blood plasma and the physio-

logical effect at the target site. The connection dynamics 

between glucose homeostasis, insulin kinetics and the phar-

macological effects of antidiabetic therapeutic agents on the 

treatment of diabetes mellitus was best described by phar-

macokinetic and pharmacodynamics models [6]. This model 

also captured the delayed and feedback regulated responses in 

glucose insulin systems. 

The parameters used in pharmacokinetic and pharmaco-

dynamics integration models showed that the maximum 

plasma concentration (𝐶𝑚𝑎𝑥 ) determines how quickly and 

how much the drug is bioavailable in the blood stream [7]. 

The pharmacokinetic and pharmacodynamics model was used 

to accurately predict the lung growth curves when using data 

from a clinical study for testing growth hypotheses of the lung 

tumor against clinical data [8]. Analyses of various mathe-

matical compartmental models were employed to predict drug 

dosage and efficacy incorporating genetic, physiological and 

environmental factors. Modeling has therefore helped to op-

timize therapeutic outcomes while minimizing adverse effects 

[9]. 

Pharmacokinetic and pharmacodynamics models’ analysis 

have proven to be very useful in establishing rational dosage 

regimens of antimicrobial agents in human medicine [10]. In 

addition, the simultaneous processes of drug release and in 

vivo absorption, distribution, metabolism and elimination 

processes following different administration routes have 

shown that bioavailability drug solubility, permeability, gas-

trointestinal transit time and systemic absorption can be ac-

curately predicted [11]. This was done using a system of 

ordinary differential equations to model the chemotherapeutic 

pharmacokinetics and pharmacodynamics derived from reac-

tion kinetics. 

In this study, the adaptive immune system is structured into 

T and B cells, in order to evaluate their distinct roles and 

contributions to pathogen clearance and control. The formu-

lation of a tripartite model facilitated the inclusion of PK/PD 

components in determining the critical therapeutic threshold, 

together with the analysis of the efficacy of specific ingredi-

ents of HAART, besides monitoring the viral load. This is the 

contribution of this study to existing related literature. 

2. Materials and Methods 

In order to formulate the mathematical model, the descrip-

tion of the modeling domain is first defined as follows: After 

the invasion of a pathogen, the human system mounts a cas-

cade of biochemical defense mechanism reactions to neu-

tralize the pathogens. The first line of defense in the innate 

immune system, which is unspecific and always ready. The 

first line of defense involves natural killer cells, dendritic cells, 

phagocytes among others. The second line of defense in the 

adaptive immune system, which involves antigen-specific T 

and B cells, which are activated on interaction with the anti-

gen. Once activated, the T and B cells undergo clonal differ-

entiation and rapid proliferation of cells which induce apop-

tosis, lysis of infected cells, and activate other cells involved 

in clearing the infection [12]. Once the pathogens are cleared, 

memory cells are retained for effective response in an event of 

subsequent infection [13]. 

The use of chemotherapy supports the interaction of the 

immune system and the pathogens. Specially formulated 

antigens and other materials can be used in vaccination to 

develop and boost the immune system against the specific 

pathogen [14]. 

2.1. Mathematical Modeling of Immune System 

The interaction of the immune system, pathogens and 

chemotherapy involve highly complex pathways. For the 

purpose of understanding the immune response to viral in-

fection, a simplified model is formulated using compart-

mental paradigm. The immune and pathogen cell density per 

unit volume is categorized and clustered into different com-

partments and the transition rates due to cause and effect 

across the compartments is monitored. Six categories of cells 

will be considered, namely; Naïve phagocytes, exposed latent 

phagocytes, Infected Phagocytes, activated T-Cells, activated 

B-Cells and free viral pathogens, denoted by 

𝑆, 𝐸, 𝐼, 𝑇, 𝐵, 𝑉 respectively. 

The following variables will be used to denote the cell 

population of each cluster. Let 𝑆(𝑡) denote the concentration 
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of naive immune cells, 𝐸(𝑡) is used to denote the concentra-

tion of immune cells exposed to viral materials but not in-

fected. These are the cells that become activated and differ-

entiate to produce antibodies or transform to other antigen 

specific immune cells. A collection of successfully infected 

cells which have viral materials integrated into their DNA and 

are denoted by 𝐼(𝑡) . The differentiated adaptive immune 

system cells are monitored using the variables 𝑇(𝑡) and 𝐵(𝑡) 

for the cytotoxic T cells and B-Cells respectively. The viral 

load determining the level of infection is monitored using the 

variable 𝑉(𝑡). Additional compartment to model the presence 

of chemotherapy is introduced. The variable indicating the 

concentration of drugs is here denoted by 𝐶𝑝(𝑡) and 𝐶𝐸(𝑡), 

where the subscript denoted the plasma and the effect site 

concentration respectively. The drug concentration is mod-

eled using two-compartment PK-PD model and since chem-

otherapy is not part of the immune system cells, its model is 

treated separately and the concentration at the target site is 

incorporated into the cel dynamics model to account for the 

physiological effect of the drug. 

2.2. Model Parameters 

The following parameters describe the transition rates be-

tween compartments. New naive susceptible immune cells are 

produced from the bone marrow at a constant rate of 𝜆 and 

naturally die at a rate of 𝜇1. In presence of viral particles, 

antigen presenting cells bind to the antigen and expose the 

naive immune cells at a rate of 𝜉. The exposed cells have a 

natural death of 𝜇2 and if the immune system does not pre-

vent infection (penetration of viral materials into the cells), 

they become infected at a rate of 𝛽. Exposed cells differenti-

ate and undergo clonal selection and expansion into effector 

cells (tailored to fight the specific virus directly) B cells or 

(effector cells that respond by indirectly killing infected cells) 

T cells. The proportion (1 − 𝜗)  of exposed immune cells 

become activated and undergo clonal differentiation, and the 

remaining complement 𝜗 remain inactivated. The proportion 

𝜀 of activated cells proliferate into T cells at the rate of 𝛽1 

and other proportion 𝛾 differentiate into B cells at a rate of 

𝛽2. The T cells cause accelerated elimination of infected cells 

(both T and B cells) at a rate 𝜋. Proliferated T cells reproduce 

at a rate of 𝛿 while the B cells reproduce at a rate of 𝜌 and 

are eliminated due to natural attrition or become used up at a 

rate of 𝜇4. Infected cells die naturally at a rate of 𝜇3  and 

additional accelerated death rate of (𝛼 + 𝜏 + 𝜓𝑐𝐸) is expe-

rienced due to apoptosis 𝛼, lysis at a rate 𝜏 and by chemo-

therapeutic effect at a rate of 𝜓𝐶𝐸 which depends on the drug 

efficacy 𝑐𝐸. 

Infected cells with viral genome integrated in the host DNA, 

burst after lysis and produce viral materials at a burst size of 

𝐾 with 𝜏 as the bursting rate. Free viral materials are as-

sumed to enter into our bodies at a constant rate of 𝜃 and 

naturally die at a constant rate of 𝜇5 . Viral materials can 

however be eliminated by chemotherapy at accelerated death 

rate of 𝜔 and additional viruses are killed by B cells at a rate 

of 𝜑. 

 
Figure 1. Flow chart showing Innate and Adaptive immune response to pathogenic infection. 
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The drug concentration at the effect site denoted by 𝐶𝐸 is 

hereby coupled with the system of cell dynamics to show the 

effect of chemotherapy on the treatment of the pathogens. It is 

here assumed that chemotherapy 𝐶𝐸 has a triple effect in the 

body. One by reducing the infection rate of exposed naive 

immune cells by the factor 𝜂. This reduces the infection rate 

𝛽 to (1 − 𝜂𝐶𝐸)𝛽. Secondly, chemotherapy augments elimi-

nation of infected cells with a drug efficacy rate of 𝜓 and by 

boosting the immune response of lysis 𝜏, apoptosis 𝛼 and B 

– Cell viral removal 𝜑 by the 𝜋𝐶𝐸  which depend on drug 

concentration. The number of infected cells eliminated by 

chemotherapy will be 𝜓𝐶𝐸𝐼 , which depends on the drug 

concentration 𝐶𝐸. Thirdly, chemotherapy is assumed to play 

the role of killing or dissolving free viral materials at a rate of 

𝜔 multiplied by the drug concentration in the effect site 𝐶𝐸. 

The interaction of variables through transition parameters 

described is represented schematically by the flow chart in 

Figure 2. The rectangular shapes represent the compartments, 

while the arrows represent the transition of cells from one 

compartment to the other due to change in status. 

2.3. Model Equations of Immune Response with 

Chemotherapy 

From the flow chart and the descriptions of variables and 

parameters above, the following system of differential equa-

tions are formulated, to account for the changes in each 

compartment. 

𝑑𝑆

𝑑𝑡
= 𝜆(1 + 𝜌𝐶𝐸) − 𝜉𝑆𝑉 − 𝜇1𝑆           (1) 

𝑑𝐸

𝑑𝑡
= 𝜉𝑆𝑉 − (1 − 𝜗)[𝜀𝛽1 + 𝛾𝛽2]𝐸 − 𝜗𝜙𝐸 − 𝜇2𝐸    (2) 

𝑑𝐼

𝑑𝑡
= 𝛽(1 − 𝜂𝐶𝐸)(𝐵 + 𝑇) + 𝜗𝜙𝐸 − (𝛼 + 𝜏)𝑇𝐼 − 𝜓𝐶𝐸𝐼 −

𝜇3𝐼  (3) 

𝑑𝑇

𝑑𝑡
= 𝛿 + (1 − 𝜗)𝜀𝛽1𝐸 − 𝛽(1 − 𝜂𝐶𝐸)𝑇 − 𝜇4𝑇     (4) 

𝑑𝐵

𝑑𝑡
= 𝜌 + (1 − 𝜗)𝛾𝛽2𝐸 − 𝛽(1 − 𝜂𝐶𝐸)𝐵 − 𝜇5𝐵     (5) 

𝑑𝑉

𝑑𝑡
= 𝜃 + 𝜏(1 − 𝜋𝐶𝐸)𝐾𝐼 − 𝜑𝐵𝑉 − 𝜔𝐶𝐸𝑉 − 𝜇6𝑉    (6) 

This model was analyzed for its stability at disease free 

equilibrium and the effect of chemotherapy on the value of 

reproductive ratio 𝑅0. 

2.4. Disease Free Equilibrium and Reproductive 

Ratio 

Define disease free equilibrium as 

𝐸𝑞0 = (𝑆0, 𝐸0, 𝐼0, 𝑇0, 𝐵0, 𝑉0) = (𝑆0, 0, 0, 0, 0, 0 ) , where 

𝑆0 =
𝜆

𝜇1
. Using the next generation matrix method [15], the 

infection classes are identified as 𝑥 = (𝐸, 𝐼, 𝑇, 𝐵, 𝑉)𝑇 . The 

new infection terms matrix 𝐹 and the transition matrix 𝑉 are 

defined as; 

𝐹 =

(

 
 

0 0 0 0 𝜉𝑆0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0 )

 
 
, and the transition matrix 

𝑉 =

(

 
 

𝑎11 0 0 0 0
−𝜗𝜙 𝑎22 −𝑎23 −𝑎24 0

−(1 − 𝜗)𝜀𝛽1 0 𝑎33 0 0

−(1 − 𝜗)𝜀𝛽2 0 0 𝑎44 0
0 𝑎52 0 0 𝑎55)

 
 

, where 

𝑎11 = (1 − 𝜗)[𝜀𝛽1 + 𝛾𝛽2] +  𝜗𝜙 + 𝜇2 , 𝑎22 = 𝜇3 + 𝜓𝐶𝐸, 

𝑎23 = 𝑎24 = (1 − 𝜂𝐶𝐸)𝛽 𝑎33 = 𝜇4 + 𝛽(1 − 𝜂𝐶𝐸) , 𝑎44 =

𝜇5 + 𝛽(1 − 𝜂𝐶𝐸) 𝑎52 = 𝜏(1 − 𝜋𝐶𝐸)𝐾 and 𝑎55 = 𝜇6 + 𝜔𝐶𝐸 . 

The reproductive ratio is obtained as the dominant spectral 

radius of the next generation matrix 

𝑅0 = 𝜎(𝐹𝑉
−1)                (7) 

This yields the reproductive ratio of, 

𝑅0 =
𝜉𝜏(1−𝜋𝐶𝐸)𝐾𝜆

𝜇1(𝜇6+𝜔𝐶𝐸)
.
(1−𝜗)𝛽(1−𝜂𝐶𝐸)(𝑎44𝜀𝛽1+𝑎33𝛾𝛽2)

𝑎11𝑎22𝑎33𝑎44
     (8) 

It is noted that the chemotherapeutic concentration at the 

effect site 𝐶𝐸 appears in the basic reproductive ratio in two 

ways; one is to augment the elimination rate 𝜇3 of infected 

cells and that 𝜇6 of free viruses. The public health targets the 

control strategies of reducing 𝑅0 to values less than one. In 

this model, the chemotherapeutic control appears in the re-

productive ratio in four ways; one by augmenting the elimi-

nation rates 𝜇3, of infected cells, increasing the elimination 

rate 𝜇6 of viruses, thirdly by reducing the infectivity 𝛽 of 

naive cells, and lastly by reducing the burst size production of 

new viruses. The elasticity of this multifaceted control strat-

egy is of interest, to determine the target composition of 

HAART. 

2.5. Sensitivity Analysis of 𝑪𝑬 on 𝑹𝟎 

Sensitivity of parameters describe how significant a unit 

change in a constraint causes changes in reproductive ratio. 

As a control measure, it is expected that chemotherapy causes 

a negative change in reproductive ratio. For any parameter 𝑝, 

the elasticity of 𝑅0 with respect to the parameter is defined as; 

𝐸𝑝 =
𝑝

𝑅0

𝜕𝑅0

𝜕𝑝
=
𝜕 ln 𝑅0

𝜕 ln 𝑝
                 (9) 

From the definition of the reproductive ratio 𝑅0 in equa-

tion (8), the elasticity of the control parameter 𝐶𝐸  is com-

puted as; 
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𝐸𝐶𝐸 = 𝐶𝐸 (
𝑀

Π
+

𝜂𝛽

𝑎33
+

𝜂𝛽

𝑎44
− (

𝜓

𝑎22
+

𝜔

𝑎55
))         (10) 

where Π = (1 − 𝜗)𝜀𝛽1𝑎22𝑎44 + (1 − 𝜗)𝛾𝛽2𝑎22𝑎33 +

𝜗𝜙𝑎33𝑎44, and 𝑀 = (1 − 𝜗)𝜀𝛽1𝜓𝑎44 + (1 − 𝜗)𝛾𝛽2𝜓𝑎33 −

𝜗𝜙𝜂𝛽(𝑎33 + 𝑎44). 

 

3. Model Simulation Results 

In order to visualize the model, the following parameters 

were obtained from literature as indicated and some of them 

were estimated for the purpose of simulating the model dy-

namics. The initial values of variables are taken as follows. 

For a disease-free equilibrium, we have; 𝑆0 = 1200, 𝑇0 =

0, 𝐵0 = 0, and the value of the other parameters are presented 

in Table 1 below. 

Table 1. Parameter Values for Model Simulation. 

Symbol Description Value Source 

𝜆  Production rate of immune cells (T, B and others) 2 [16] 

𝜉  Rate of exposure of viral materials presented by APC 0.2 [17] 

𝜇1  Natural death rate of naïve immune system cells 0.135 [18] 

𝜇2  Natural death rate of exposed undifferentiated immune cells 0.135 [18] 

𝜇3  Natural death rate of infected undifferentiated immune cells 0.45 [17] 

𝜇4  Natural death rate of T-Cells 0.45 [19] 

𝜇5  Natural death rate of B cells 0.745 [20] 

𝜇6  Natural death rate of viruses 12 [18] 

𝛼  Accelerated death rate due to (programmed retirement) apoptosis 0.035 [17] 

𝜓  Drug potency/killing rate of infected cells by drugs [0 – 1] Variable 

𝐶𝐸  Drug concentration at the effect site [0 – 1] Variable 

𝜂  Drug efficacy to prevent successful infection [0 – 1] Variable 

𝜌  Drug potency to boost Haematopoiesis [0 – 1] Variable 

𝜔  Drug potency to eliminate free viral materials [0 – 1] Variable 

𝜋  Therapeutic protease inhibition potency to reduce viral burst size [0 – 1] Variable 

𝜃  Initial entry of viruses from the environment 0.00033 [18] 

𝛽  Progression rate of exposed differentiated immune cells to infection state 0.052 [17] 

𝜙  Progression rate of exposed naive immune cells to infection state 0.0422 [15] 

𝜑  Accelerated death of viruses due to the killing effect by B-Cells 0.025 [20] 

𝐾  Viral burst size (number of viruses produced by an infected cell) 100 [18] 

𝜏  Bursting rate of infected cells due to lysis triggered by T cells 0.02 [21] 

𝛽1, 𝛽2  Activation rate of differentiation and cloning of T cells and B cells 0.75 [19] 

𝛿  Basal recruitment rate of T cells even after clearance of infection 2 [19] 

𝜎  Basal production rate of B cells (before and after viral clearance) 3 [20] 

𝜀  Proportion of cells which differentiate to T cells 0.5 [19] 

𝛾  Proportion of activated cells which differentiate to B cells 0.5 [20] 

𝜗  Proportion of cells which fail to be activated and not differentiated 0.2 [21] 
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3.1. Disease Free Equilibrium 

This equilibrium represents a normal situation when an 

individual is not exposed to any disease. In this case, there are 

no initial differentiated cells specialized for a particular dis-

ease. This state only exists at the beginning of simulation of an 

individual who has never had exposure to a particular patho-

gen before. DFE, is simulated, in absence of chemotherapy; 

that 𝐸(𝑡) = 𝐼(𝑡) = 𝑇(𝑡) = 𝐵(𝑡) = 𝑉(𝑡) = 0  with chemo-

therapeutic parameters 𝐶𝐸 = 0. This scenario is depicted in 

Figure 2. It is noted that the naive cell population increases 

gradually, then settles at a constant value after all transient 

dynamics die, meanwhile the population of other cell types 

remain zero throughout the simulation. 

 
Figure 2. Naive Cell dynamics at Disease Free Equilibrium. 

 

3.2. Chronic Equilibrium Point 

When an individual is exposed to the virus, and success-

fully infected, the immune system is not able to clear the virus 

completely, due to the in vivo immunity. However, the viral 

load can be eliminated to undetectable levels. With the help of 

chemotherapy, the resolution of the viral infestation is 

achieved faster and more effectively. The simulation of these 

two scenarios is depicted in Figure 5 and Figure 6 respec-

tively. 

 
Figure 3. Infection state Cell Dynamics in absence of Treatment. 

The cell populations at Chronic equilibrium without ther-

apy is settling at 

(𝑆, 𝐸, 𝐼, 𝑇, 𝐵, 𝑉) =
(78.15, 254.96, 636.90, 319.58, 324.51, 337.17). Using the 

parameter values in Table 1 above, the computation of 𝑅0 in 

absence of chemotherapy yields 𝑅0 = 0.659. 

 

 
Figure 4. Treatment model showing the effect of CE on S(t) and I(t). 

From Figure 6 it is noted that increase if the concentration 

of 𝐶𝐸(𝑡) has a fourth fall effect as explained in section 3.4.6, 

that is; boosting production of stem cells by 𝜌, kill free virus 

by a proportion 𝜔 , augment protease inhibition reducing 

reproduction of viral materials by 𝜋 , prevent infection 

through reverse transcription inhibition by 𝜂, and kill infected 

cells through lysis by the proportion 𝜓. The elasticity of these 

parameters is necessary to determine the direction and effort 

of intervention. 

3.3. Pharmacokinetic Modeling of Optimal 

Chemotherapeutic Dosage 𝑪𝑬 

The observance of chemotherapy and maintenance of de-

sired concentration at effect site depends on dosage behav-

iour. The concentration of chemotherapy at effect site can be 

modelled using two compartment pharmacokinetics model. 

This model describes the concentration of drugs at the central 

compartment 𝐶𝑝(𝑡) and that of peripheral compartment at the 

effect site as 𝐶𝐸(𝑡). The transfer rates of drugs across the two 
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compartments are described by the parameters 𝑘𝑖𝑗 , 𝑖, 𝑗 =

0, 1, 2  as shown in Figure 4 [22]. The transfer rates 

𝑘01,  𝑘10,  𝑘12,  𝑘21 are first order kinetics of drug distribution, 

where; 𝐶𝑝(𝑡) is the concentration in the central compartment; 

𝐶𝐸(𝑡)  is the concentration in the peripheral compartment; 

𝑘01is the rate constant for dose administered to the body at the 

𝑡 = 0; 𝑘10 is the rate constant for eliminationfrom the central 

compartment; 𝑘12 is the rate constant for drug transfer from 

the central compartment to the peripheral compartment; 𝑘21 

is the rate constant for drug transfer from the peripheral 

compartment to the central compartment [23]. 

 
Figure 5. Two - Compartmental model of drug PK. 

The target of PK and PD studies is to achieve a desired drug 

concentration at the effect site. Using first order kinetics, the 

equations representing the drug concentration dynamics from 

the two compartment PK model is given by; 

𝑑𝐶𝑃

𝑑𝑡
= 𝑘01𝐶𝑃 − 𝑘12𝐶𝑃 + 𝑘21𝐶𝐸 − 𝑘10𝐶𝑃      (11) 

𝑑𝐶𝐸

𝑑𝑡
= 𝑘12𝐶𝑃 − 𝑘21𝐶𝐸            (12) 

The drug concentration at the effect site 𝐶𝐸(𝑡), that lead to 

the treatment is the parameter that matters in the chemother-

apeutic model. It is this parameter that determines the measure 

of the killing rate or physiological effect desired. The viral 

killing rate of drugs, or the drug efficacy on receptors depends 

on the drug concentration at the site 𝐶𝐸(𝑡) and the half sat-

uration constant 𝐾𝐶50 given by the relation; 

𝐷𝑟𝑢𝑔𝐾𝑖𝑙𝑙𝑖𝑛𝑔 𝑟𝑎𝑡𝑒 = (
𝐾𝑚𝑎𝑥𝐶𝐸(𝑡)

(𝐾𝐶50+𝐶𝐸(𝑡))
)𝑉𝑙𝑜𝑎𝑑        (13) 

The concentration of the drug is varied in the interval [0, 1] 

denoting 100% concentration in the effect site depending on 

the individual requirements. These requirements include body 

fluid volume, age, body size, weight, elimination rate among 

others as discussed earlier. In matrix form, equation (11) and 

(12) is given by; 

(
𝐶𝑝
′

𝐶𝐸
′ ) = (

𝑘00 𝑘21
𝑘12 −𝑘21

) (
𝐶𝑝
𝐶𝐸
)            (14) 

where 𝑘00 = 𝑘01 − 𝑘12 − 𝑘10. Using diagonalization princi-

ples and direct integration by the method of integrating factor, 

we obtain the solution of equation (14) as; 

𝐶𝑃(𝑡) =
1

𝜆1−𝜆2
𝑒𝑏0𝑡𝐶𝑃0 +

𝜆1𝜆2

(𝜆1−𝜆2)𝑘12
𝑒𝑏1𝑡𝐶𝐸0       (15) 

𝐶𝐸(𝑡) =
𝑘12

𝜆1−𝜆2
[𝑒𝑑0𝑡𝐶𝑃0 +

1

𝑘12
𝑒𝑑1𝑡𝐶𝐸0]         (16) 

where 𝑏0 = (𝜆1𝑒
λ1𝑡 − 𝜆2𝑒

λ2𝑡), 𝑏1 = (𝑒
λ2𝑡 − 𝑒λ1𝑡), 𝑑0 =

(𝑒λ1𝑡 − 𝑒λ2𝑡), 𝑑1 = (𝜆1𝑒
λ2𝑡 − 𝜆2𝑒

λ1𝑡) while 𝐶𝑃0  and 𝐶𝐸0  

are initial concentrations of drug in the blood plasma and in 

the effect site respectively. 

Simulation of PK model for HAART for an average adult is 

illustrated below. HAART drug concentration for a single 

dose shows a drop in the concentration in the plasma drops 

from 100% down to zero, as the concentration in the effect site 

rises from zero to a peak of 87% of the drug initial dosage in 

approximately one hour. This concentration is then eliminated 

so that if no other dose is administered, the concentration is 

cleared in 24 hours as depicted in Figure 6. 

 
Figure 6. Drug Concentration at Plasma and Peripheral site in the 

first 1 hour. 

Multiple dosing as guided by the medical expert (after 

considering individual characteristics and the severity of the 

infection) maintains the drug concentration at the effect site 

within therapeutic window whose simulation yields an aver-

age of 𝐶𝐸(𝑡) = 0.72. 

3.4. Sensitivity of Control Parameters to 𝑹𝟎 

As discussed in section 3.7. sensitivity of parameters is 

necessary to guide control strategies, and from the data in 

Table 1., the following are the sensitivities of various param-

eters to the reproductive ratio. For various values of 𝐶𝐸(𝑡), 

the following are computations of reproductive ratio, and the 

sensitivity of various control parameters. 

From Table 2, it is noted that elasticity 𝐸𝐶𝐸 of drug con-

centration becomes increasingly negative as concentration 

𝐶𝐸(𝑡)  increases. This means that the elasticity HAART 

components which include; protease-inhibitor potency 𝐸𝜋 is 
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negative and increasing in magnitude as drug concentration 

increases. This means improving PI proportion 𝜋 yields large 

reductions in 𝑅0. 

Elasticity of viral clearance 𝐸𝜔  is negative but it has a 

smaller effect than 𝜋. The effect of drug direct killing of 

infected cells 𝜓 is negative but very small in this parameter 

regime. Similarly, the effect of RTI is small negative. The role 

of HAART in boosting immune cells proliferation 𝜌 is seen 

to have a positive elasticity, therefore larger 𝜌 increases the 

abundance of T and B cells, and consequently increases their 

direct effect through apoptosis and lysis, whose effect con-

tributes to direct reduction of 𝑅0. 

Table 2. Control parameter Values and Elasticities to Reproductive Ratio. 

Drug Conc. 

𝑪𝑬(𝒕) 

Reproductive Ratio 

(𝑹𝟎) 

Parameter Elasticities 

(𝑬𝑪𝑬)  (𝑬𝝆)  (𝑬𝝉)  (𝑬𝝅)  (𝑬𝝍)  (𝑬𝜼)  (𝑬𝝎)  

0.00 0.659 ~0.0 +0.001 +1.00 −0.001 −0.000 −0.000 −0.000 

0.25 0.604 −0.134 +0.175 +1.00 −0.269 −0.004 −0.018 −0.017 

0.50 0.498 −0.511 +0.297 +1.00 −0.734 −0.005 −0.036 −0.034 

0.72 0.368 −1.298 +0.379 +1.00 −1.573 −0.005 −0.051 −0.048 

0.90 0.238 −2.949 +0.433 +1.00 −3.255 −0.005 −0.063 −0.060 

 

3.5. Simulation of Optimal Treatment 

In the observance of desired therapeutic window using well 

formulated HAART, the dynamics show that the immune 

system remain robust, and the exposed and infected cells 

together with the viral load drops to undetectable values; that 

is, 𝑆 = 1,632, 𝐸 = 144, 𝐼 = 19, 𝑇 = 136, 𝐵 = 115  and 

𝑉 ≪ 1 as shown in Figure 7. 

 
Figure 7. Single Dose Drug Concentration at the blood plasma 

𝐶𝑃(𝑡) and at the Effect site 𝐶𝐸(𝑡) in 24 hours. 

 
Figure 8. Cell Population dynamics restored to almost normal at 

𝐶𝐸(𝑡) ≥ 0.72 with persistence of viral load. 

4. Discussion 

This research study used ordinary differential equations to 

model the in vivo dynamics of host-pathogen-drug interac-

tion. The system of ordinary differential equations in (1) – (6) 

were developed from the compartmental flow chart present-

ed in Figure 2. The focus of this study was on the immune 

response to viral infection in presence of HAART chemo-

therapy. DFE was computed and used to determine the basic 

reproductive ration 𝑅0  using the next generation matrix 

method defined in equation (7). It was found that 𝑅0 is a 

function of the control parameters 𝐶𝐸 , 𝜋, 𝜂, 𝜓, 𝜌. 
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Elasticities of these control parameters with respect to 𝑅0 

were computed to identify the most effective control so as to 

guide the public health and pharmacologist’s efforts in con-

trolling the pandemic and formulating the HAART composi-

tion and administration regimen. 

Using data from the literature as cited, the reproductive ra-

tio was in absence of treatment was found to be 𝑅0 = 0.659 

and reduces to 𝑅0 = 0.239 as the drug concentration in-

creases to 𝐶𝐸(𝑡) = 0.9 of dosage. 

A two-compartment pharmacokinetic model was devel-

oped to determine the optimal therapeutic window, and it 

was estimated to be at 𝐶𝐸(𝑡) = 0.72. At this critical thera-

peutic value, the elasticity of the control parameters were 

found to be 

𝐸𝑐𝑒 = −1.298, 𝐸𝜌 = +0.379, 𝐸𝜋 = −1.573, 𝐸𝜓 =

−0.005, 𝐸𝜂 = −0.051 and 𝐸𝜔 = −0.048. It is noted that 

the main contributors to changes in reproductive ratio is drug 

concentration 𝐶𝐸, protease inhibitors potency 𝜋 which re-

duces the viral production (burst size), and immune cells 

proliferation booster 𝜌. The other parameters which include 

drug viral elimination potency 𝜔, drug elimination of in-

fected cells 𝜓 and RTI preventing new infection 𝜂 are rel-

evant but of little significance. 

Simulation results also indicate that observance of these 

parameters can reduce the viral infection to undetectable 

levels of 𝑉(𝑡) ≤ 5/𝑚𝑙. The B and T memory cells will be 

maintained at higher levels for resolution of subsequent viral 

invasion. 

The study however did not put into the consideration the 

pharmacological characteristics of HAART and individual 

characteristics. It was assumed that concentration alone can 

translate to direct drug efficacy by the equation (13). Ex-

perimental measurement was not done, and therefore simula-

tion to show comparison of model results and empirical data 

was not illustrated. Nevertheless, the results are biologically 

plausible and fall within the expected physiological range, 

indicating the model’s realism and feasibility, and therefore 

the simulation results are indicative of the direction that 

studies can be focused and where experiments can be target-

ed. 

5. Conclusions 

This research study revealed that although the discovery of 

one stop treatment drug of HIV has not been discovered, the 

use of HAART can be of great help in boosting immunity and 

reducing the viral load to undetectable levels. The success of 

these results is based on consistency and discipline in drug 

administration, which calls for the innovative drug delivery 

mechanisms. 
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