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Abstract: This paper presents properties and approximations of a random variable based on the zero—order modified Bessel
function that results from the compounding of a zero-mean Gaussian with a x?-distributed variance. This family of distributions
is a special case of the McKay family of Bessel distributions and of a family of generalized Laplace distributions. It is found that
the Bessel distribution can be approximated with a null-location Laplace distribution, which corresponds to the compounding
of a zero-mean Gaussian with a x3-distributed variance. Other useful properties and representations of the Bessel distribution
are discussed, including a closed form for the cumulative distribution function that makes use of the modified Struve functions.
Another approximation of the Bessel distribution that is based on an empirical power-series approximation is also presented. The
approximations are tested with the application to the typical problem of statistical hypothesis testing. It is found that a Laplace
distribution of suitable scale parameter can approximate quantiles of the Bessel distribution with better than 10% accuracy, with
the computational advantage associated with the use of simple elementary functions instead of special functions. It is expected
that the approximations proposed in this paper be useful for a variety of data science applications where analytic simplicity and
computational efficiency are of paramount importance.

Keywords: Bessel Distribution, Laplace Distribution, Generalized Laplace Distribution, Gaussian Distribution, Variance-
gamma Distribution, Compounding of Random Variables, Hypothesis Testing

1. Introduction

Many experiments and natural phenomena are described by
random variables whose parameters are themselves variable
according to another distribution. This compounding of
random variables is well documented in the literature, such
as the Poisson distribution with a gamma-distributed rate
parameter, which results in a negative binomial distribution
[e.g. 4, 18, 23]. Compound distributions are sometimes
referred to as contagious distribution [e.g. 19], based on
the fact that certain models of diseases feature a (positive)
correlation between the number and the probability of
occurrence of certain outcomes [see, e.g., 18]. More recently,
this type of distributions are referred to as mixtures, and
they are commonly used in a variety of machine learning
applications [e.g., the EM algorithm 3, 22].

For continuous variables, the compounding of a normal
distributions is a topic of general interest. = While the
compounding of a normal distribution with mean distributed
according to another normal distribution is known to retain
the normal shape, this is not the case when compounding over
the variance parameter, leading to substantially more complex
distributions. For example, the variance gamma distribution
results from the compounding of a normal distribution with
a gamma—distributed variance, and it is often used for
daily stock market returns [e.g. 32]. Similarly, a scaled
t distribution results from the compounding with another
empirical distribution for the variance [40]. A recent review
of theory and applications for the compounding of two normal
variable is provided by [15].

This paper is concerned with the case of a random variable
Y ~ N(0,X?) with variance distributed as X ~ N(0,0?),
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a problem first studied nearly a century ago by [48] and
[10]. The distribution of Y can also be described as the
compounding of a normal variable with a x?2-distributed
variance. !  The renewed interest in this compounded
distribution is motivated by the occurrence of this variable in
a model of systematic errors for the physical sciences that was
recently proposed by the author [5-7]. The Y variable also
admits the equivalent representation Y = 02,73, where Z;
and Z, are two independent standard normal variables [10].
This variable is distributed according to the Bessel distribution
[e.g. 34], and it is a special case of a family of generalized
Laplace distributions [for a review, see 29].

The goal of this paper is twofold. First, it presents a review
of the properties of the Bessel random variable, with emphasis
on equivalent representations as a function of other known
variables with simpler analytic properties. Second, it provides
approximations to its distribution function that overcome the
singularity and complexity of the Bessel function K(x). This
paper is therefore aimed at improving the use of the Bessel
distribution by means of simple and statistically-motivated
approximations. Such approximations are convenient for a
variety of statistics and data science applications, in that
analytic simplicity leads to ease of use and interpretation for
the broader data science community, and to the reduction of
computational resources, which is important in large-scale
(e.g., machine-learning) applications.

2. A Bessel Distribution from the
Compounding of Two Zero—mean
Normal Distributions

2.1. Distribution Functions and Equivalent Representation

Let Y ~ N(0,a°X?) and X ~ N(0,0?), with a?
and o2 two non-negative constants, be two independent
normal random variables. Conditionally on X = =z, YV
has a normal distribution with zero mean and variance a?x2.
The probability density function (pdf) of Y is given by
conditioning on the values of the X variable,

(y) = /_Oo Jfy/x (W) - fx(x)dz, (1)

where fy,x(y) and fx(z) are respectively the conditional
distribution of Y given X (hereafter represented as Y/X)
and that of X. The distribution of the Y variable is said
to result from from the compounding or mixing of two
normal distributions. For a textbook reference of compounding
distributions, see e.g. Sec. 5.13 of [27] or Sec. 4.3 of [36]. The
Y variable admits the equivalent representation

Y =a0Z, 2 )

where 7, and Z> are two standard normal distributions, as
used by [10], see also Lemma 4 in Appendix 6. Given that

the parameters a and o are completely degenerate, one may
set a = 1 without loss of generality, and the random variable
will depend only on the parameter ¢. This compound random
variable has therefore the same distribution as described by
[10]; for a more recent review of the product of two random
variables, see e.g. [44].

The probability density function of Y is

y? 2
1 [ =55 —55 dr
= — e 2:172 - e 20’2 - —_
=22, NG
1
= —K, (‘QD fory e R
o o

(see Lemma 3 and Corollary 2 in App. 6). The integral is of
a form than can be described via modified Bessel function of
the second kind, [e.g., see 3.478.4 in 17]. This distribution
is referred to as a Bessel distribution (of order zero), and
it is referred to as K(c), where ¢ > 0 will be referred
to as the scale parameter of the Bessel distribution. This
distribution was obtained by [48] and [10] using the product
of two standard normal distributions. The distribution in Eq. 3
is a special case of the family of Bessel distributions proposed
by McKay [34], for c = m = 0 in their Eq. 1, and it is used in
a variety of applications [e.g. 16, 30, 35]. As noted already, the
Bessel distribution is also a special case of a variance-gamma
distribution that is used in business applications [e.g. 32].

The distribution is illustrated in Fig. 1; the singularity at
y = 0 is one of the reasons that make this distribution
notoriously difficult to simulate [e.g. 44, 49]. The reason for
this singularity can be seen as the compounding of the variance
of the Y variable with a normal distribution with fixed variance
2. For small random values of X, the associated variance
of Y is correspondingly small, leading to an unbounded
peak in the density at y = 0. There is therefore practical
interest to provide statistically motivated approximations to
this distribution that have simpler analytic properties.

It is also possible to give the cumulative distribution
function (CDF) of a Y ~ K (o) via modified Struve functions

L,(z) as
~5+ 35 (B (|2]) 21 (12]) +

1 ([g) 2o (5)) frver

Proof. The result is obtained by use of the indefinite integral

Fy (y)
“4)

/ Ko(z)da = %T(KO(:U)L_l(x) + Ky (2)Lo(z))  (5)

which is an immediate consequence of integral 10.43.2 in
[38], using K_;(x) = K;(z) and with elementary integral
calculus. O

This closed form for the CDF is particularly convenient
in numerical applications, in that it enables the use of
available numerical evaluations for the modified Struve and

! Given that the chi-squared distribution belongs to the gamma family, the Bessel distribution is therefore also a special case of a variance—gamma distribution.
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Bessel functions directly, without the need for further ad-hoc
numerical integration of the function Ky(z), which can be
computationally more challenging, in particular with respect
to its singularity. >

2.2. Approximation via a Laplace Variable

Although a number of numerical approximations to the
Bessel function, and therefore to the Bessel distribution, are
available in the literature [e.g. 33, 44], it is interesting to
investigate an approximation that is both numerically accurate
and statistically motivated. For this purpose, this paper
explores approximations of the Bessel distribution via the
class of Laplace distributions and that of generalized Laplace
distributions [e.g. 29].

The Laplace distribution, also known as double exponential
distribution, has density

|z -6

fo(z) = —e s forx eR (6)
2s

with s > 0 a scale parameter, and 6 a location parameter that

will be hereafter set to zero for this application. In the notation

of [29], this is referred to as a classical Laplace distribution

CL(6, s), and this notation will be used throughout. The

Laplace distribution of Eq. 6 has mean # and variance 2s2. 3

Its characteristic function (hereafter ch. f.) is

1

vi(t) = 1+ s

A random variable X ~ CL(0, s) admits the representation
X =sV2WZ ®)

where W ~ Exp(a = 1) is a standard exponential with rate
a = 1, and Z the usual standard normal variable; for a proof,
see Proposition 2.3.1 of [29]. Since the gamma distribution is
a scale family, whereas Ve € R and with T' ~ gamma(a, ),
the random variable ¢T' retains the same shape parameter
r and has rate parameter «/c, ¢I' ~ gamma(%/c,r). An
exponential distribution is a gamma distribution with shape
parameter = 1, thus W ~ gamma(a = 1, = 1). Using
the scale property of the gamma family of distributions, then
2W = Sy ~ gamma(l/2,1) ~ x3. Thus,

X =s5\/5,2. 9)

On the other hand, the representation of a Bessel variable
Y ~ N(0,X?) with X ~ N(0,0%),ie. Y ~ K(o) as in

Eq.2,is
Y = g/ SlZ

where S ~ X%, and Z is an independent standard normal.
Remark 1. A comparison between the two representations

(10)

in Eqns. 9 and 10 suggests an approximation to the Bessel
distribution with a Laplace distribution. The approximation
consists of replacing the assumption of a y?—distributed
variance for the Bessel distribution with a y3—distributed
variance for the Laplace distribution.

2.3. Representation as a Generalized Laplace Variables

A class of generalized asymmetric Laplace (GAL)
distributions is defined by the ch. f.

619t

2t2 T
<1 + UT - iut))

with ¢ € R, and it is referred to as GAL(f, i, o, 7) in [29]. In
this paper, it will always be true that § = y = 0, and therefore
the distribution will be symmetrical about the origin, same as
the classical Laplace.

A key property of the generalized Laplace distribution is that
its probability distribution function can be described via Bessel
functions of the second type and of order 7—1/2 [see Eq. 4.1.30
of 29]. For 7 = 1/2, the pdf is

Yaan(t) = (11)

JaaL(z) = (12)

o <a/x¢|§>

which is the same as Eq. 3 when s = 0/\/5 is used. It is
therefore clear that a GAL(0,0,0/v/2,1/2) random variable
has the same distribution as the Bessel variable K (o). On the
other hand, when the order of the Bessel function is semi-
integer (r + 1/2 with » € N), the Bessel functions of the
second kind are known to have a closed form for its pdf with
elementary functions (see App. 1.1). This property is used
when considering the sum and average of Laplace variables
in Sec. 3.

The same result can be obtained using the fact that a random
variable U ~ GAL(0, 4, o, 7) admits the representation

U=upuW+oVWZ (13)

where W is a gamma random variable with rate & = 1 and
shape r = 7, W ~ gamma(1, 7) [for a proof, see Sec. 4.1.2
of 29].

Remark 2. The representation of Eq. 13 shows that a general
GAL variable is equivalent to the variance gamma family of
distributions introduced by [32], as also pointed out by [29].

This paper is concerned with a zero-mean variable, © = 0,
thus U = ovWZ. Therefore, compounding a standard
normal with a gamma(1,7) distributed variance leads to a
Bessel distribution with parameter o/+/2, or equivalently a
GAL(0,0, 0, 7). According to the scale property of the gamma
distribution, 2W = S; ~ x2. Thus, a U ~ GAL(0,0,0,7 =

2 In python, the modst ruve and kn functions in scipy lead to order-of-magnitude reduction in computational speed for the evaluation of Fy- (), compared
to a direct numerical integration of the kn function with, e.g., quad or similar routines.
3 In the notation of [29], this distribution is referred to as the classical Laplace distribution, whereas a standard Laplace distribution is a re-parameterization of

Eq. 6 with s = //2.
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1/2) variable admits the representation

- (i)

which is the same as the usual representation (Eq. 10) of the
Bessel variable K (o/2).

Remark 3. The representation in Eq. 14 shows how the
Bessel distribution K (o) can be obtained as a special
case of the family of generalized Laplace distributions

GAL(0,0,5//2, /).

(14)

2.4. Properties of the Zero-order Bessel Distribution

Key properties of the Bessel distribution are summarized in
this section.
Property 1. The ch. f.of aY ~ K (o) random variable is

1

U(t) = ————, teR (15)
0.2t2
1 -
V + 2
and the moment generating function(m.g.f.) is
1 2 2

/1_02t2’
2

Proof. This is an immediate consequence of the fact that Y ~
GAL(0,0,v/20,1/2) and the ch. f. of the generalized Laplace
distribution in Eq. 11. An equivalent proof is also provided in
Corollary 3 in Appendix 6. The m.g.f. is then simply obtained
as Mk (t) = ¥ (t/i) [see, e.g., Eq. 5.1.12 of 47]. O

Moments of Y ~ K (o) can also be given by means of the
following integral, without use of the m.g.f.:

/ Ko (t)dt = 27T (/2)?, (17)
0
which is a special case of integral 10.53.19 in [38].

Property 2 (Mean and variance of the zero—order Bessel

distribution). The mean is E[Y] = 0 and the variance is
Var(Y) = o2.

Proof. A proof follows immediately from the m.g.f. of ¥V
given in Eq. 16. Alternatively, a proof can be given using
the compounding representation of Y. Indicate with G the
normal distribution of X ~ N(0,0?) and with H the normal
distribution of Y/ X ~ N (0, X?). The mean and variance of
Y are therefore

EY] = Eq[En[Y/X]] =0

Var(Y) = Eg[Vary (Y/X)] + Varg(Eg[Y/X])  (18)

:0‘27

where the usual conditional variance formula was used [e.g.,
Sec. 4.3 of 36].

Now, with Y ~ K(o) and X ~ CL(0,s), and since
Var(Y) = 02 and Var(X) = 252, it is clear that the use of s =
o /+/2 would results in an approximating Laplace distribution
with same variance as the given Bessel distribution K (). In
applications where ¢ is a parameter of physical interest, such
as the model of systematic errors in [6, 7], it is therefore
reasonable to parameterize the Laplace distribution as K (o /)
with A\ = /2. Further discussion of this approximation and
methods to estimate the best scale factor for the approximating
Laplace distribution are presented in Sec. 4.

Property 3. The o parameter of a K (o) distribution is a
genuine scale parameter.

Proof. This property can be immediately seen from the form
of Eq. 4 for the CDF, which depends only on the ratio y/o. [

The same scale property is also shared by the Laplace
distribution CL(0, o).

Property 4 (Laplace variable as sum of two Bessel
variables). Let Y1, Y, be two independent and identically
distributed (i.i.d.) K (o). Then X = Y; + Y5 is a Laplace
variable CL(0,0/v/2).

Proof. The proof is an immediate consequence of the ch. f.
of a Bessel distribution in Eq. 15, and of the fact that a
Bessel distribution is a GAL(0, 0, v/20,1/2) with ch. f. as in
Eq. 7. O

Remark 4. Properties 3 and 4 further underline the
relationship between the Laplace and Bessel distributions. In
particular, the singularity at the origin of the pdf for a Bessel
variable disappears when two identical Bessel variables are
summed, resulting in a Laplace variable which has a bounded
pdf at the origin. This result can be clearly seen as the
first step towards the “normalization” of the sum of Bessel
variables, according to the central limit theorem, when many
1.i.d. variables are summed.

3. Sum and Average of Laplace
Variables

Given the approximation of a Bessel distribution with a
Laplace that was suggested in Sec. 2, it is further investigated
whether it is possible to approximate a Bessel distribution with
the sum of Laplace variables. The characteristic functions
of the two families of distributions already shows that this
will not be possible in an exact sense. In fact, as also
discussed in Prop. 4, it is the Laplace distribution that can
be obtained as the sum of two Bessel variables, and not vice-
versa. Nonetheless, it is useful to present key results about the
sum and average of Laplace variables, which can be of interest
in certain associated data science applications.

First the result provided by [29] for the sum of standard
classical Laplace variables is generalized in the following
lemma.
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Lemma 1. The sum of n ii.d. standard Laplace random
variables Y; ~ CL(0, s) has the representation

19)

S ¥ = VEs/GuZ
i=1

where G,, ~ gamma(1l,n) is a gamma distribution with rate
parameter 1 and shape parameter n.

Proof. First, the ch. f. of Y; ~ CL(0, s) is

1

vl =1 om

(see, e.g., 2.4.2in [29] and Eq. 7), and the ch. f. for the sum of
n identical copies is

60 = (15 -

According to Lemma 6, the characteristic function for
the compounding of a normal variable Z with a variance
distributed like s2 U, with s a constant, is

b(t) = My (;)

where My is the m.g.f. of the U distribution. Since the m.g.f.
of a gamma(1,n) variable is

= (1)

it follows that Eq. 20 is satisfied by U = gamma(1l,n) for a
Laplace parameter v/2s, and therefore

iYi:ﬁs\/(TnZ.
i=1

(20)

which extends the proof of [29], see their Proposition 2.2.10,
to any zero—mean Laplace distribution with parameter s. [

Remark 5. Lemma 1 shows that the sum of Laplace variables
with parameter s is equal to the compounding of a normal
variable with variance that is distributed as 2s2G,,, with G,, ~
gamma(1,n). On the other hand, the Bessel variable in Eq. 10
has a variance that is distributed as 0257, with S; ~ x? =
gamma(l/2,2). It is therefore not possible to obtain a Bessel
variable (of order zero) as the sum of any number of classical
Laplace variables, as already noted.

A more useful representation of the sum of Laplace
variables, and one that has a simple analytic density, makes
use of the representation of a Laplace variable Y; ~ CL(0, s)
as the difference of two standard exponential variables,

}/i = 8(W1 - Wg) (21)
where W and W5 are two iid standard exponential variables
[Proposition 2.2.1 ff., 29]. The representation of the average

of n standard Laplace variables is provided by Eq. 2.3.24 of
[29], which is report in the following with a generalization to
the sum of zero—mean Laplace variables with parameter s.

Lemma 2.Let Y; ~ CL(0,s), i = 1,...,n be n iid.
Laplace variables. Then,

T:nYn:ZYi:s(Gl—Gz)

i=1

(22)

where G; and G+ are two i.i.d. gamma(1, n) variables.

Proof. This is an immediate consequence of Eq. 21 and the
closedness of the gamma family of distributions with respect
to the shape parameter. O

Corollary 1. The density of T is

s n—1/2
o = o)

(n)v/7s s @9

Proof. Another representation of a U ~ GAL(0, u, 0, 7) is

o (1
U_\/E</<;G1_K:G2),

with Gy, G2 two iid gamma(l,7) variables, see
Proposition 4.1.3 of [29], and the associated k(o) parameter
simply becomes x = 1 for our application with p = 0.
Now, this representation is such that T ~ GAL(0,0,0 =
V25,7 = n). Accordingly, the density is given by Eq. 23,
which generalizes the density of the sum of n iid Laplace
variables in the presence of the s # 1 parameter [see Eq.
2.3.25, 29]. O

(24)

The results of Lemma 2 and Corollary 1 lead to a simple
representation of the density of the sum and average of Laplace
variables. In fact, with Eq. 23 containing a Bessel function
of second kind and of semi—integer order, the density can be
written as a finite sum of elementary functions, see Eq. 36 in
App. 1.1, as:

fr(y) %ey/&

=14k [y F 1
Z(n—l—k)!k! (s> 2k

k=0

(25)

The distribution of X, for the average is immediately
related to that of the sum 7" via

fy, () =nfr(ny), Vy € R,

leading to simple analytic forms for the density of the average
of n Laplace variables with the same parameter s. The first
four densities are reported in Table 1, which generalize the
results of [29]. It is clear that E[Y,,] = 0 and Var(Y,,) =
25%/n. The distributions of Y, for n = 1 through 4 are
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shown in Figure 1, where for a given n we chose Laplace
distributions CL(0, sy/n), i.e., with an increasing variance
such that asymptotically Y,, ~ N(0,2s?), according to the
central limit theorem (see green curve in the figure). Of
course, the average of n Laplace distributions with fixed scale
parameter s and variance 2s2 would converge to zero (i.e., per

0.40
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0
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the law of large numbers), and it is not shown in the figure.
Remark 6. It is clear that, within the family of averages
of n Laplace variables Y, with same variance, the best
approximation to the Bessel distribution K (o) is provided
for the case n = 1, i.e., by the single Laplace variable

CL(0,0/v/2).

1.0

0.8

0.6

0.4

0.2

0.0
—-10.0

=75

-5.0 25 0.0

y

2.5 5.0 7.5 10.0

Figure 1. Distributions of the average ?n of n =1, 2, 3, and 4 Laplace variables CL(O7 s\/ﬁ) with s = 2, the Bessel distribution K(o’ = 5\/5) and the normal distribution

N (0, 252), all of same variance.

Table 1. Probability density function of the average of n. Laplace variables, i.e. the Y ,, variable for n = 1,2, 3, 4, according to Eq. 25.

Density of Y ,,

)= e

1 lyl

2 faly) = —e 2lvl/e (1+2—
2s s
9
3 = —
f3(y) e
4 faly) = Lefﬂyl/s
24s

)

|yl

15 + 60— + 96

S

2
e sBlul/s [ 1 4 3@ 43 (M) )
s s

ly

S

ly

S

(&) += (%))

4. Simple Approximations of the Bessel
Distributions

Based on the theoretical results described in Sec. 2 and
3, simple approximations for the Bessel distribution are now
discussed and tested. These approximations can be useful in
data science applications where a tractable density and overall
simple analytic properties are convenient.

4.1. The Normal Approximation

A normal distribution of same mean and variance as the
K (o) is shown in Figure 2, illustrating that the normal
distribution N (0, 02) is generally a poor approximation to the
Bessel distribution. The cross—over points between the two
distributions, illustrated in Figure 2, also show that the Bessel
distribution has harder tails than the normal distribution of
same mean and variance. This is in fact a practical feature
that makes the Bessel distribution useful in certain applications
where harder—than—normal tails are required [37, 39, 41].
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K(2.0)
N(0, 4.0)

pdf

—4 -2 0 2 4
y

CDF

Figure 2. Probability distribution function and CDF of the Bessel distribution K (o = 2) according to Eq. 3. For comparison, a Laplace distribution C L(0, o /\) with A = V2, a
normal distribution N (0, o2) and a distribution based on the Martin-Maas M (s = 2.4) approximation are also shown.

Remark 7. The normal distribution is equivalent to ignoring
the compounding that leads to the singularity in the Bessel
distribution at y = 0, and it is therefore not recommended as
an approximation for the Bessel distribution. As also discussed
in Sec. 3, a normal distribution N(0,20?) is naturally the
asymptotic distribution of the average of n iid CL(0,0+/n)
variables, according to the central limit theorem [e.g., Sec.
17.4 of 11].

4.2. The Zero-order Power-series Approximation, i.e., the
Martin—-Maas Distribution

It is possible to describe the modified Bessel function of the
second kind and of order zero via a power series. For example,
the recent work by [33] provides a power series that is suitable
as an approximation; retaining the first term in their expansion,
a simple approximation is provided by

Ko(x) ~ ,/% e~ ¥ forx > 0.

This approximation can be used in Eq. 3 using a scale
parameter s, and normalized to unity to yield the following
density:

1 e lyl/s
T 9 /7s Vgl

This pdf is referred to as the Martin-Maas approximation to
the modified Bessel distribution, and the corresponding family
of distributions is indicated as M (s). * This approximation
is shown in Figure 2 as a dashed blue curve. Despite its
singularity at y = 0, this approximation has a convenient
closed form for its CDF:

fu(y) for y € R. (26)

1
Ful(y) =<2 7
1

where erf(x) is the usual error function. This CDF is also
illustrated in Figure 2 as a dashed blue curve. From the form
of its CDF, it is evident that s is a genuine scale parameter for
this family of distributions.

The m.g.f. for the distribution is

My (t)

1 1 1
2x/§<¢t+1/s+\/1/s—t>’ 29

which can be easily obtained via direct integration of E[e!Y]
with the aid of elementary functions. The m.g.f. shows that
E[X] = 0, as expected, and Var(X) = 3/2 s>. Compared to a
Bessel distribution K (s) of same parameter, the Martin—-Maas
distribution M (s) has a larger variance for the same scale
parameter.

4.3. The Laplace or Double-exponential Approximation

An approximation that overcomes the singularity at the
origin is provided by the Laplace distribution, as discussed
in Secs. 2.2 and 3. For the purpose of applications, it may
be convenient to re-parameterize the C'L(0, o) distributions as
CL(0,0/A), i.e., with a density

Azl
o , forxeR

fu(x) (29)

=—e
20
where ) is an ancillary parameter that is completely degenerate
with . This A parameter can be introduced to adjust the
approximating Laplace distribution, when comparing it to a

4 There appears to be no previously named distribution of this form in the literature. This distribution could also be referred to as the inverse-square-root modified

exponential distribution.
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K (o) Bessel distribution. The associated CDF also has a

simple analytic form,

A

1
1—56 Oy fory >0
Fr(y) = (30)

1 +—=
5€ Jy fory < 0.

As illustrated in Figure 2, the Laplace distribution has
the advantages of a peaked shape at the origin that mimics
the Bessel distribution but without the singularity, and the
flexibility of adjusting of the scale parameter to match certain
properties of the Bessel distribution (see Sec. 5 for further
discussion). This distribution is therefore suggested as a
possible approximation to the Bessel distribution for certain
applications where a simple distribution is preferable.

As discussed in Sec. 2.2, a value A\ = /2 results in a Laplace
variables with variance o2, same as a K (o) Bessel distribution
it intends to approximate. The parameter A, however, can be
chosen empirically, based on the intended application. For
example, the choice of A = 1.5 was suggested in [7] for
the purpose of approximating p—values of the distribution for
hypothesis testing.

It is useful to determine in a more formal way a quantitative
”distance” between the probability distributions of two K (o)
and CL(0,0/A) variables, and how the parameter A can be
chosen to minimize such distance. For this purpose two
distances were used: a Kolmogorov—Smirnov distance [e.g.
28] defined as

Dgs = sup |FL(7) — Fr(2)], 3D
xre
and a Wasserstein distance [e.g. 46] defined as
D = [ Fu(e) - Fi(a)de (32)
R

Distances between distributions are commonly used to
test the agreement between a sample distribution and a
parent distribution, or the agreement between two sample
distributions [e.g. 1, 2, 12, 28, 45]; for recent reviews, see e.g.
[20, 42]. In this application, the same measures are used but
for two fully specified parent distributions, with the goal of
finding the parameter A\ that minimizes the distance between
the two distributions.

For this purpose, several values of the o parameter in
the range 0 = 0.1 to 10 were considered, and a simple
numerical least-squares method was used to find the best-fit
value of A\ that minimizes the distances D g g and Dyy,. For the
Kolmogorov-Smirnov distance, it was found that A s = 1.83
minimizes the distance between the two distribution, for a
distance D g = 0.0253 for all values of ¢. This means that
with this choice of the ancillary parameter A, the two CDFs

differ by less than approximately 0.025 for all values of the
random variable. For the Wasserstein distance, it was found
that \yy = 1.54 minimizes the distance, for all values of o.
Moreover, the Wasserstein distance for this value of A is such
that Dy /o = 0.083 for all values of o. °

The findings are summarized in Figure 3, using 0 = 1 as
a reference and without loss of generality due to the scale-
family nature of the distributions. First, the fact that the same
distance parameter A was found, and the same distance (scaled
by the parameter o for the integral Wasserstein distance) for
all values of the parameter o, are precisely a result of the fact
that both the Laplace and the Bessel distributions are scale
families. Second, the maximum distance between the two
cumulative distributions can be kept at the percent-level for
the entire range of values of the random variable.

Figure 3 also shows that the differences in the CDF of the
CL(0,0/X), compared to the target K (o), depend on the
choice of \. For the Ay value obtained from the Wasserstein
distance optimization, the largest differences occur near the
median, and in larger magnitude than when Ay p is used.
However, for larger (and smaller) quantiles, Ay results lead to
a distribution that is in a better agreement, compared to the use
of Ay p. It is therefore suggested that the choice of A depend
on the application at hand. An application that illustrates this
process of analysis is provided in the next section.

1.0 — 0.10
— K(L.0) S
0.9} — crLo 059
""" CL(0, 0.67)
0.8 -~ M0
—-= M(L.5) 0.05
0.7
0.6 .
R 2
..... g
Sos e N\ e 000 &
o
0.4
0.3
—-0.05
0.2
0.1 — Fx(1) = F.(0.55)
--------- Fx(1) — F(0.67)
0.0 === —-0.10
—4 -2 0 2 4
X
Figure 3. CDF of K(o) for o = 1, and two Laplace distributions with scale
parameter o |\, with two choices of \ywy = 1.54 and Axs = 1.83. Wasserstein

and Kolmogorov-Smirnov distances are also reported in the right-hand vertical axis.

5. Application to Hypothesis Testing

The methods discussed in this paper are now used to
approximate quantiles of the Bessel distribution, which are a
key component of hypothesis testing. Given that hypothesis
testing is a fundamental process for a variety of statistics
and data science applications [e.g. 31], accurate and efficient
calculation of quantiles is of broad relevance for practical

5 There is no immediate interpretation of the Wasserstein distance in terms of difference in the values of the distributions, as is the case for the Kolmogorov-
Smirnov distance. Rather, the Wasserstein distance is often referred to as the earth-mover’s distance [e.g., based on the Kantorovich-Rubinstein theorem 21, 26],
and it can be interpreted as the minimum amount of work required to transform one distribution into the other.
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applications. For this purpose, a K (o) Bessel distribution
with 0 = 1 is used as a reference distribution, and a choice
of parameters for the CL(0, o/\) Laplace distribution and for
the M (s) Martin-Maas distribution are used to evaluate the
p = 0.5 (median), 0.683, 0.9, 0.95 and 0.99 quantiles, which
correspond to critical values of same probability for one—

sided hypothesis testing. Given that the Bessel distribution is
symmetric about the origin, identical considerations are used
to calculate p < 0.5 quantiles, which can be used for two—
sided hypothesis testing.

Results are shown in Table 2, with some of the distributions
illustrated also in Figure 3.

Table 2. (1 — «)—quantiles, or one-sided critical values with probability o to exceed (x = F— L (1 — «)) of the Bessel, Laplace and Martin—-Maas distributions, for representative
choices of the probability and of the parameters of the distributions. In parenthesis are the percent deviations from values of the Bessel distribution.

a K(oc=1) A of Laplace distribution £(o /) s of Martin—Maas distribution M (s)
1.0 V2 1.54 1.83 2 1 1.2 1.5
(prob.) (1 — «a)-quantiles or one-sided critical values with probability to exceed «
0.500 0.00 0.00 (0) 0.00 (0) 0.00 (0) 0.00 (0) 0.00 (0) 0.00 (0) 0.00 (-0) 0.00 (0)
0.317 0.22 0.46 (111) 0.32 (49) 0.30 (37) 0.25 (15) 0.23 (5) 0.11 (-48) 0.14 (-37) 0.17 (-21)
0.100 1.03 1.61 (56) 1.14 (10) 1.05 (1) 0.88 (-15) 0.80 (-22) 0.82 (-21) 0.99 (-5) 1.23 (19)
0.050 1.60 2.30 (44) 1.63 (2) 1.50 (-6) 1.26 (-21) 1.15 (-28) 1.35 (-15) 1.62 (2) 2.03 (27)
0.010 2.98 3.91 (31) 2.77 (-7) 2.54 (-15) 2.14 (-28) 1.96 (-34) 2.71 (-9) 3.2509) 4.06 (36)

It is found that for the 1 — p = a = 0.1, 0.05 and
0.01 residual probabilities, also 90%, 95% and 99% one-
sided critical values, a choice of A\ ~ 1.5 provides the
most accurate approximation of the quantiles when using the
Laplace distribution. For the Martin-Maas distribution, a
value of the scale parameter s ~ 1.2 is the most appropriate
to estimate these quantiles; this value corresponds to a
distribution with larger variance than the approximating Bessel
distribution (see Sec. 4.2). For both distributions, it is found
that those quantiles can be approximated to better than 10%
accuracy, compared to the reference K (o) distribution. The
Laplace distribution has the advantage of having both pdf and
CDF with simple closed forms, and without the singularity at
the origin in its density, providing a computational advantage
for numerical applications.

Remark 8. The analysis reported in this section shows that
the Laplace distribution is a suitable approximation for the
Bessel distribution for use in hypothesis testing, with a value of
the ancillary parameter A ~ 1.5 being preferred when the goal
is the estimate of large (e.g., p > 0.9) quantiles. This value
is also similar to the A = /2 value that results in the same
variance for the two distributions (see Sec. 2.2), and to the
Aw = 1.54 value that minimizes the Wasserstein distance (see
Sec. 4.3). On the other hand, for estimates of the distribution
near the median, a larger value of A might be appropriate,
e.g. a value that is near Axg = 1.83 which minimizes the
Kolmogorov-Smirnov distance between the two distributions.

A notable application of the Bessel distribution is for the
treatment of systematic errors in regression problems with
Poisson data [5, 6], which has motivated the author’s interest
in this distribution. In that application, the statistic that was
used to assess the significance of a nested model component
[e.g. 8, 9] is obtained as the convolution of a X,% distribution
with a K (o) distribution. When the Bessel distribution is
approximated with a Laplace, it is in fact possible to provide
a closed form for the pdf of the statistic under the null
hypothesis, with advantages in both computational time and

ease of interpretation of the regression [7]. There is therefore
a significant incentive for the use of a simple approximation
to the Bessel distribution, such as the one provided by the
Laplace distribution. The results of this paper show that a
choice of A ~ 1.5 for the approximating Laplace distribution
is reasonable, as was in fact suggested in that application.

6. Conclusions

The Bessel distribution results from the compounding of
two zero-mean normal distributions, and it is therefore of use
in a variety of statistics applications [e.g. 7, 16, 30, 35]. One of
the limitations to the use of the Bessel distribution for practical
data science applications is the singularity at the origin, and
accordingly a variety of approximations have been proposed in
the literature [for recent results, see e.g. 33, 44]. This paper has
reviewed key properties of the Bessel distribution, presented a
simple closed form for its CDF via modified Bessel and Struve
functions, and investigated and tested approximations via the
Laplace distribution (also known as double-exponential) and
with other distributions.

This paper has shown that a suitable and statistically-
motivated approximation to a Bessel variable K (o) is the
Laplace variable CL(0, o/ \/5), also referred to as the double-
exponential distribution. In fact, such Laplace distribution
results from the compounding of a zero-mean normal
distribution with a 3-distributed variance, instead of a x?-
distributed variance for the Bessel distribution. Moreover, the
two distributions have the same mean and variance, and both
belong to a scale-family of distributions. It was also shown
that it is not possible to represent a Bessel distribution as the
sum or average of any number of Laplace distributions, and
therefore the single-Laplace approximation appears a simple
and viable alternative with a density that only uses elementary
functions.

For hypothesis testing, which is a common task in statistics
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and in data science applications, it was shown that the Laplace
distribution can approximate the Bessel distribution with an
accuracy of better than 10% for the calculation of typical
quantiles.  For this class of applications, it was shown
that it is convenient to adjust the scale parameter of the
Laplace distribution by means of an auxiliary parameter A
such that a K (o) variable is approximated by a CL(0,0/\)
variable. To minimize the difference between the exact and
the approximating quantiles, it was shown that the auxiliary
parameter A can typically be chosen as A ~ 1.5, which also
corresponds to the minimum Wasserstein distance between the
Bessel and Laplace distributions.

The closed form for both the pdf and the CDF of the Laplace
distribution are also of advantage for other applications, such
as the ability to evaluate analytically certain convolution
integrals, as in the case of a model for the goodness-of-fit
statistic in the presence of systematic errors in the regression
of integer-count data [e.g. 7]. Another class of applications
that may benefit from these approximations is to the modeling
of stock and option pricing, which was in fact one of the
applications for which the variance gamma distribution was
initially proposed [32]. Given that the Bessel distribution is a
particular case of the variance gamma [e.g. 14, 29, 32], certain
applications that use zero-mean variance-gamma distributions
[e.g. 13, 24] may benefit from the approximations described
in this paper. It is therefore believed that the representations
and approximations of the Bessel variable presented in this
paper can be of use in a variety of practical applications, where
simple analytic tools are preferrable to the complexity of the
Bessel function.

Appendix

Appendix I: Distributions and Useful Mathematical
Formulae

A random variable is said to have a gamma distribution
gamma(q, rr) with rate parameter « and shape parameter r if
it follows the density distribution

(33)

and with E[X] = r/a and Var(X) = r/a? A special
case is the chi-squared x> variable, which is gamma variable
gamma(a = 1/2,r = v/2) with density

xlj/?—l

Fe@) = o

(34)

Another special case is the exponential variable Exp(a),
which is a gamma variable gamma(c, 1), with density

fe(x) = ae™ ", (35)

The Bessel function of second kind and of semi—integer
order has the following representation as a sum of elementary

functions:

T _on (r+E)
K, yi(x) =4/ 5=¢ ( )

2z (r — k)!k! (20)",

(36)
(see e.g. 8.468 of [17]).

Appendix II: Review of Compounding of Distributions

This appendix provides a review of elementary methods for
the compounding of two random variables. It begins with a
simple general result for the distribution of the product Z =
XY of two random variables, and then provides results for the
case of normal distributions of direct relevance to this paper.

Lemma 3. Let X and Y be two continuous random variables
with joint pdf h(z, y). The distribution of Z = X Y is

2= [ " ha, /)

I (37
x|

[see, e.g., 43, p.141].

Proof. This is immediately seen by
Fz(2)=P(Z<z)=PY <z/z| X =ux);

separating the probabilities according to the sign of x, to give
0o z/x
Fo2)= [ xte)ds [ frldys
0 0

/ OOO i | :o Fr(w)dy.

From this, using a change of variables and the fundamental
theorem of calculus, Eq. 37 is obtained. O

Lemma 3 is the most general case for the product of two
continuous random variables. The application to independent
variables follows.

Corollary 2. Let X and Y be independent continous random

variables respectively with pdf fx(z) and fy(y). Then the
distribution function of Z = X Y is
e dx
fz(z) = fx(x) fy(z/) Bl (38)

Proof. This is an immediate consequence of Lemma 3 and the
independence of random variables. O

The compounding of two random variables are zero—
mean normal distributions can be described as the product
of two random variables. This notation makes for an easy
interpretation of the operation of compounding, and it is
presented as the following lemma.

Lemma 4. Let Y ~ N (0, X?) with X ~ N(0,0?), with o2
a non—negative number, i.e., the Y variable is the result of the
compounding of two zero—mean normal variables. Then ¥ =
07175 is an equivalent representation for the compounded
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distribution, with Z; and Z, two independent standard normal
variables.

Proof. Conditional on X = x, the distribution of Y is

2 2
_ o/ (2a%)
fy/x(y) 53

According to the definition of a compound distribution, the
marginal distribution of Y is the integral of the conditional
distribution times the distribution of X, which can be thought
of as a prior:

Ty (v) :/;00 fY/X(y)fx(l‘)dg: =

L - 2/(212>> N
[ ()

Now, the first integrand is f(y/z), where Z is a standard
normal variable, and X = o¢Z is the usual representation
of X as a function of another (independent) standard normal
distribution. According to Eq. 38, the variable Y is therefore
distributed as the product of Z; and of an independent oZ»
variable. O

Lemma 4 lets us refer to the compounded variable Y as the
product Y = 0Z; Z, of two zero—mean normal distributions,
without loss of generality. It will be noticed that in Lemma 4
the assumption of normality for X was never used. This
implies that a more general result can be stated as follows.

Lemma 5. Let Y ~ N(0,02U) with U a random variable
and o2 a constant. Then the random variable Y admits the
equivalent representation

Y =oVUZ (39)

where Z is a standard normal variable.

Proof. The proof is a direct consequence of Corollary 2, and
the conditional normal distribution of Y/o, following the same
steps as Lemma 4. O

It is also possible to give a general expression for the
characteristic function of a compounded distribution of the
type of Eq. 39, following [25].

Lemma 6. Let Y ~ N(0,02U) with U a random variable
and o2 a constant. Then the random variable Y has the
characteristic function

242
oy (0) = Bl O =y (T )L a0

where the expectation is with respect to the U distribution,
and My (t) is the moment generating function of the U
distribution.

Proof. The proof of the first equality is a simple exercise (see,
e.g., [25]), and it is based on the ch. f. of a zero-mean normal
variable,

h(t) = e~ 2, (41)

The second equality follows from the definition of the
ch. f.. O

Corollary 3.Let Y ~ N(0,X?) with X ~ N(0,0?),
with 02 a non—negative number. Then Y = 07,75, and its
characteristic function is

1
V14022

Proof. This is a consequence of Lemma 6, and the simple
proof is provided in [25]. See also [29], Sec. 4.1.1, for the
characteristic function of the generalized asymmetric Laplace
distribution, of which the Bessel-distributed Y is a special
case. O

Yy (t) = (42)

Another useful consequence of Lemma 6 is a simple proof
of the algebraic property that Y = UZ = \/a\/U/a Z applies
to the representation of a zero—mean normal variable Z with
variance distributed according to U.

Corollary 4. A random variable Y ~ N (0, U) is equivalent
to the compounding of Y ~ N(0,aV') with V' = U/a, where
a > 0 is a constant, i.e., the Y variable can be equivalently
represented as

[U
Y =VUZ < Y = — 7, witha >0, (43)

where Z is a standard normal random variable.

Proof. The proof is an immediate consequence of the
characteristic function of Lemma 6, which depends on the U
variable and on the variance o2 only via the product U202, [
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