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Abstract 

In volume I, the Stiffness Method has been developed for structures composed of straight bars of variable section and/or 

inertia, maintaining the number of nodes of the structure. In this Volume II, the method is developed for the case of reinforced 

concrete bars whose section is variable and which also work in a cracked state, which is their normal state under service 

conditions. By including the influence of cracking in the matrix calculation, bars with significantly lower stiffness result than 

for non-cracked bars, which influences the result of the matrix calculation. To carry out this study and define the influence of 

cracking on the coefficients of the Stiffness Matrix, it is necessary to know the reinforcements of the concrete bars, but these 

reinforcements depend on the result of the calculation, so it is a non-linear matrix system. The calculation is carried out in 

phases: first the elastic calculation without taking into account the cracking and then 4 calculation phases in the cracked state, 

each based on the previous result. In each phase, the required reinforcement is calculated, which is a piece of data for the next 

calculation phase. In this way, the cycle is repeated until the result coincides with the previous one so that the necessary 

reinforcements and the resulting actions maintain a minimum pre-established difference with respect to the previous ones. This 

approach is adjusted to the real behavior of cracked concrete bars and allows the values of the movements of the nodes of the 

structure to be determined more precisely, as well as the calculation of arrows of the bars. 
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1. Anelastic Calculation of Reinforced 

Concrete 

 

1.1. Object of the Study 

This work is a continuation of the work developed in the 

previous "Stiffness Matrix for Bars with Variable Section or 

Inertia" where, in addition to the already traditional ways of 

dealing with matrix calculations with bars of constant section 

[7-10], and some referring to bars of variable section [5], a 

method based on the approach included in [1-3] is presented. 

One application of the method that has been developed in 

the previous work is for the calculation of gantries composed 

of reinforced concrete bars, taking into account their crack-

ing, which occurs in a large part of the length of some of 

their bars. This means a significant reduction in stiffness in 

bars with cracked areas. 
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However, the stiffness in these cracked areas depends not 

only on the characteristics of the concrete and its section, it 

also depends on the amounts of the reinforcements that are 

available, which is why it is necessary to carry out a previous 

calculation without cracking (or repetitive, with cracking), 

which determines the axial values for each bar, shear and 

bending moments that have been obtained along it, as well as 

the section of the reinforcements that are necessary. 

And, with these data, it is now possible to calculate the 

laws of variation of each section of the bar due to the varia-

tion of the section itself (which a priori is variable) and also 

those produced by the variation in stiffness due to cracking. 

In other words, the stiffness of the bars depends on a dou-

ble variation: one due to their geometry and the other due to 

their cracking. 

To undertake the calculation, it is necessary to start from a 

calculation without cracking, and, with the result of this, the 

stiffness of the bars in all their sections can be determined 

with the crack that corresponds to them. 

We adopt the simplification of considering the actions in 

the state of service, since the loads in the state of service 

are the ones that define the real behaviour of the structure, 

unlike the ultimate values that are not reached in a normal 

situation. 

Only the most frequent loads could also be considered for 

"quasi-permanent" situations or more frequent loads in the 

state of service. In this case, it would be advisable to take 

into account the influence of creep and shrinkage. 

For simplicity's sake, we consider that the rigidity of the 

cracked structure is that produced under the loads in the state 

of service. 

If, after the calculation of the Stiffness Matrix in the 

cracked state, the result obtained significantly modifies the 

axis, shear and moments of the bars, as well as the necessary 

reinforcements previously obtained, the gantry must be re-

calculated once again, starting from the previous values in 

the cracked state, until a sufficient approximation is achieved. 

This iteration is quite convergent since the section of the 

reinforcements that must be considered in the calculations 

(not cracked or cracked) are not the necessary theoretical 

sections but the actual section of the reinforcements that are 

arranged for the reinforcement of the bar. For this reason, for 

small differences between the moment, shear or axial values 

in a new calculation, it is common to obtain the same rein-

forcement as in the previous iteration. 

1.2. The Rigidity in a Reinforced Concrete Bar 

in an Uncracked State 

In the uncracked state, the laws of variation of each bar 

along its axis are: 

1) 1(x) for the area of your section. 

2) 2(x) for the torsion modulus. 

3) z3(x) y3(x) for the moments of inertia on the axes 

normal to their guideline. 

These variation laws have been defined in section 2.3 of 

Volume I based on reference values A0, It0, Iz0, Iy0, which, for 

a flat gantry without torsion are only these two: 

Variable Section Area A(x) = A01(x) 

Variable moment of inertia on the z-axis Iz(x) = Iz0z3(x) 

In this case for each value of x along the bar is: 

1(x) = A(x)/ A0 for section area variation 

3(x) = Iz(x)/ Iz0 for the variation of the inertia of the sec-

tion. 

In the plane the subscript z can be dispensed with, remain-

ing: 
1(x) = A(x)/ A0 for section area variation 

3(x) = I(x)/ I0 for the variation of the inertia of the sec-

tion. 

In the case of a bar with a rectangular section, with a con-

stant width b0 and variable height h(x), with a section (b0, 

h(x)) and whose reference section is (b0, h0), the following 

results: 

A0 = b0 * h0 A(x) = b0 * h(x 1(x) = A(x)/ A0 = h(x) / h0 

I0 = b0 * h0^3/12 I(x) = b0 * h(x) ^3/12 3(x) = I(x)/ I0 = 

(h(x) / h0) ^3 

And in the case of a bar of constant section 1(x) = 3(x) = 

1 

From these laws of variation, the formalities of the bar and 

the stiffnesses can be calculated, as explained in Volume I. 

1.3. Rigidity in a Reinforced Concrete Bar in a 

Cracked State 

In the cracked state, to determine the laws of variation 1(x) 

and 3(x) we proceed as follows: 

1.3.1. Variation in Section Area 

To consider the variation of the section, both in beams and 

in supports, a sufficient approximation is to consider the non-

cracked section where the variation depends only on the 

geometry of the bar. 

In this case 1(x) = A(x)/ A0 = h(x) / h0 for each value of x 

along the bar. 

The reason for considering this criterion sufficient is be-

cause the supports, except for the ends, are not usually 

cracked for most of their length, and in the case of the beams, 

these result with normal stresses of little value, so the normal 

stiffness is not very relevant. 

In addition, in the matrix calculation, small differences in 

axial stiffness have little impact on the results. 

If you want to evaluate 1(x) more accurately and take into 

account the effect of cracking on the section, you can make a 

greater approximation by calculating the average depth of the 

cracks from their characteristic opening (which depends on 

the normal stress, bending moment, cracking moment and 

size of reinforcement) and reduce the section by a certain 

value that would correspond to the cracked area. 
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To this resulting section the equivalent section of the rein-

forcements would have to be added, resulting, quite probably, 

values similar to the area of the section without considering 

cracking (gross area of the section). 

1.3.2. Variation of the Inertia of the Section 

For the variation of the inertia y3(x), we consider an 

"equivalent inertia" equal to that established to calculate the 

instantaneous deflection in EHE-08 50.2.2 and its Annex 8º 

2.2, [4], that is: 

Ie = (
  

 ( )
)
 

     [  (
  

 ( )
)
 

]       , with: (1) 

Mf = fctm,fl Wb Cracking moment 

M(x) Moment in section (x) 

fctm,fl = max  [ ( ,6  ℎ/ 000) 𝑐𝑡𝑚;   𝑐𝑡𝑚 ]  Flexural 

Strength 

Wb Module resist. raw section 

Ib Mom. Inertia Gross Section 

If Mom. Inertia cracked section 

The value of the fissured inertia If (Annex 8º 2.2 EHE-08 

[4]) is as follows: 

If = n As1 (d-X) (d-X/3) + n As2 (X-d’) (X/3-d’) (2) 

X being the depth of the neutral fiber, of value: 

X = d*n*r1*(1+r2/r1) [   √  
  (  

     

    
)

    (  
  

  
)
  ], with: (3) 

n = Es/Ec; r1 = As1/bd r2 = As2/bd       (4) 

From these values of Mf, Ib, If and the value of A(x) and 

I(x) in each section along the bar, the forms and stiffnesses of 

the bar can be determined: , ', ", , ', ", . 

The calculation of Ie used in EHE-08 [4] is the Branson for-

mula whose exponent 3 can be adjusted in certain cases, where 

exponent 4 can provide more accurate results as indicated in [6]. 

For the moment, we maintain exponent 3. 

2. Example of Application and 

Comparison of Results 

The result of applying the above criteria is best illustrated 

by an example. 

To this end, it is proposed to study a flat portico equal to 

the one analyzed in Volume I. 

The gantry of this Example is a flat gantry composed of a 

lintel and two supports of constant section recessed at its 

base (Figure 1). 

The gantry is designed with H-25 reinforced concrete with 

AEH-500 and its geometric data and the loads that act are 

represented in Figure 1. The units used are Kp and cm and 

the loads are service loads. 

The characteristics of the materials are: 

Modulus of Elasticity of Concrete: E = 310000 kp/cm
2
 

Steel modulus of elasticity Es = 2100000 kp/cm
2
 

Concrete Calculation Strength: fcd = 250/1.5 = 166.666 

kp/cm
2
 

Steel calculation strength: fyd = 5000/1.15 = 4347,826 

kp/cm
2
 

Tensile strength of concrete: fctm = 26 kp/cm
2
 

Reinforcement coating: d' = 3 cm 

2.1. Structural System and Structural Model 

Figure 1 represents the components of the System and the 

Structural Model that is going to be analysed. 

The calculation is divided into several Phases or Iterations: 

1) Calculation in elastic state, without cracking and calcula-

tion of the necessary reinforcements (Elastic phase e_). 

2) First calculation in cracked state based on the results 

of the elastic calculation and recalculation of the nec-

essary reinforcements (Cracked phase f_). 

3) Second calculation in cracked state based on the results 

of the First cracked calculation and recalculation of the 

necessary reinforcements (Cracked phase g_). 

4) Third calculation in cracked state based on the results 

of the Second cracked calculation and recalculation of 

the necessary reinforcements (Cracked phase h_). 

5) Analysis of the results and advisability of performing or 

not performing a new recalculation, if applicable. 

 
Figure 1. Structural system and structural model. 
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In Figure 1 the local axes of the bars (who’s initial and end 

nodes are shown in parentheses) have been graphed in red, with 

the subscript of the axis being the number of the bar. It can be 

seen how in bar 1 the local axes coincide with the global ones. 

Next, we proceed with the elastic calculation (Elastic 

phase, which we will distinguish in its results with e_ at the 

beginning of the file name). 

This Phase was already carried out in Volume I, Chapter 4, 

to which we refer for a detailed development of the calcula-

tion, but now we are going to use a Python program to per-

form both the elastic calculation and the anelastic calculation 

in the fissured state, the latter with three iterations whose 

results we identify with f_, g_ and h_ at the beginning of the 

name of the generated files. At the end, a module that com-

pares the results is also included. 

The outline of the full program is as follows: 

Define geometry 

Module 1: DEFINING BARS AND KNOTS 

Module 2: MATERIALS, PROPERTIES AND SECTIONS 

Calculus Uncracked Elastic (e_) 

Module 3: C. ELASTIC: FORMAL, TERMS OF LOAD, MR. ELEM., ETC 

Module 4: C. ELASTIC: MATRIX CALCULATIONS, RESULTS AND GRAPHS 

Module 5: C. ELASTIC: CALCULATING REINFORCEMENT 

First Cracked Calculus (f_) 

Module 6: FIRST CRACK CALCULATION: FORMALITIES, LOAD TERMS, ETC 

Module 7: FIRST CRACKED CALCULATION: RESULTS AND GRAPHS 

Module 8: FIRST CRACK CALCULATION: CALCULATING THE REINFORCEMENTS 

Second Fissured Calculus (g_) 

Module 9: SECOND CRACKED CALCULUS: FORMAL, TERM. LOADING, ETC 

Module 10: SECOND CRACKED CALCULUS: RESULTS AND GRAPHS 

Module 11: SECOND CRACK CALCULATION: CALCULATING THE REINFORCEMENTS 

Third Cracked Stone (h_) 

Module 12: THIRD CRACKED CALCULUS: FORMAL, TERM. LOADING, ETC 

Module 13: THIRD CRACKED CALCULUS: RESULTS AND GRAPHS 

Module 14: THIRD CRACK CALCULUS: CALCULATING THE REINFORCEMENT 

Comparison of results 

Module 15: COMPARISON RESULTS 

2.2. Elastic Calculus 

This calculation has been made in Volume I, having obtained the following results. 

For the three bars (barra_0, barra_1 and barra_2) these values are obtained: 

Displacements and forces at the ends of the bar in local axes of the bar: 

e_desp_local_0 = [[0.029031813306961068], [0.005710325854420089], [-0.006447749853223938], [0.0], [0.0], [0.0]] 

e_fuerzas_extremos_local_0 = [[-17999.724250315863], [5314.404758532942], [2127335.415426395], 

[17999.724250315863], [-5314.404758532942], [1061307.4396933706]] 

e_desp_local_1 = [[0.005710325854420089], [-0.029031813306961068], [-0.006447749853223938], [-

0.005526798489097501], [-0.02903270282207108], [0.006447138095339175]] 

e_fuerzas_extremos_local_1 = [[-5314.404758532168], [-17999.724250315932], [-2127335.415426395], 

[5314.404758532168], [-18000.275749684068], [2127284.8434411664]] 

e_desp_local_2 = [[0.02903270282207108], [-0.005526798489097501], [0.006447138095339175], [0.0], [0.0], [0.0]] 

e_fuerzas_extremos_local_2 = [[-18000.275749684068], [-5314.404758532649], [-2127284.843441167], 

[18000.275749684068], [5314.404758532649], [-1061358.011678423]] 

Values of bending moments and shear stresses resulting from the elastic calculation: 

The values of moments and shear stresses resulting from the elastic calculation are represented in these graphs: 
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Figure 2. Bending moments and shear forces for bar_0. 

 
Figure 3. Bending moments and shear forces for bar_1. 

 
Figure 4. Bending moments and shear forces for bar_2. 
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2.3. Calculation of the Reinforcement of the 

Elastic Phase (Without Cracking) 

Based on the previous elastic calculation, the reinforce-

ments required in each section of each bar are calculated. 

The criterion used is as follows: 

1) Material: 

It is considered an H25 and AE500 standard material, 

whose useful strengths considering an average action 

weighting between 1.35 and 1.5 is: 

fcu = 166.6 / (1.35 +1.5) * 2 = 116.91 kp/cm
2
 

fyu = 4347.8 / (1.35 +1.5) * 2 = 3051.08 kp/cm
2
 

In the calculation, the useful resistance is considered be-

cause the actions introduced are service values and the coef-

ficients of greater actions must be introduced by reducing the 

strength of the material, except for the flexural-tensile 

strength which is the characteristic resistance. 

2) Type of reinforcement: which can be symmetrical or 

non-symmetrical: 

For bars 0 and 2 (the supports) it is considered symmet-

rical reinforcement, which is constant throughout the length 

of the bar. 

For bar 1 (beam) it is considered non-symmetrical rein-

forcement. In this case, the reinforcement varies in each 

section between two nodes of the polygonal that defines the 

geometry of the bar. 

In both cases it is necessary to add new nodes to those al-

ready defined at those points where the momentum function 

is null (it cuts the x-axis) and where it is maximum (the shear 

= 0). 

In this way, each section of the bar can be put together 

considering the most unfavorable values among the nodes 

that limit it, whose moments always have the same sign. 

The assembly criterion used is the simplified method of 

Annex 7 of EHE 08 [4]. 

Values obtained for reinforcements. 

The values of the calculated rebar are stored in the 

"e_armadura_barra" files of each bar that contain the follow-

ing information: 

Each row corresponds to a section of the bar and consists 

of 10 columns or values (0 to 9) that include: 

1) The x-values that delimit the span of the bar (columns 0, 

1) 

2) The section of the upper and lower reinforcement re-

quired according to the calculation (2, 3). Note: upper 

and lower according to the local axes of the bar. 

3) The section of the upper and lower reinforcements that 

are arranged when choosing the diameters and their 

number (4, 5). 

4) Number of reinforcements and their diameter in cm (6, 

7) 

5) Number of reinforcements below and their diameter in 

cm (8, 9) 

Of all these values, the relevant ones are c, d, which corre-

spond to the actual reinforcement that is available for each 

section of the bar. 

In the example we analyzed, the reinforcements are: 

Barra_0 and barra_2. 

armaduras_barra = 

[[0.0, 406.06, 17.4816, 17.4816, 19.6349, 19.6349, 4.0, 

2.5, 4.0, 2.5], [406.06, 600.0, 17.4816, 17.4816, 19.6349, 

19.6349, 4.0, 2.5, 4.0, 2.5]] 

That is: two sections (0, 406.06 and 406.06, 600) with 

symmetrical reinforcement, with 4 ϕ 25 upper and 4 ϕ 25 

lower, whose sections are 19.63 cm2 upper and 19.63 cm2 

lower. 

Barra_1. 

armaduras_barra = 

[[0.0, 145.45, 13.6542, 0.4712, 14.0743, 6.2832, 7.0, 1.6, 

2.0, 2.0], [145.45, 300.0, 0.0, 16.0857, 4.0212, 18.8496, 2.0, 

1.6, 6.0, 2.0], [300.0, 445.45, 1.1660, 22.4410, 4.0212, 

25.1328, 2.0, 1.6, 8.0, 2.0], [445.45, 600.0, 1.1660, 22.4410, 

4.0212, 25.1328, 2.0, 1.6, 8.0, 2.0], [600.0, 763.63, 0.3062, 

16.0859, 4.0212, 18.8496, 2.0, 1.6, 6.0, 2.0], [763.63, 900.0, 

13.6539, 0.0, 14.0743, 6.2832, 7.0, 1.6, 2.0, 2.0]] 

In these sections, the coordinate x = 445.45 presents a cer-

tain deviation from the exact value which is x = 450, where 

the moment is maximum. 

This approximation (1%) is due to the way in which the 

maximum moment point is calculated, which is where the 

shear changes its sign (to cut the x-axis), since the shear is 

the derivative of the bending moment. 

For barras_0 and barra_2 is constant: 

 
Figure 5. Reinforcements for bars 0 and 2. 

For the barra_1 it is: 
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Figure 6. Reinforcements for bar 1. 

2.4. Starting Values for the Anelastic 

Calculation (with Cracking) 

The starting values required to calculate the reinforced 

concrete gantry in the cracked state are: 

1) The distribution of moments, axial and shear along 

each bar, obtained from the previous calculation, in this 

case from the elastic calculation. 

2) The reinforcements that has been arranged to resist 

them. 

3) The characteristics of the materials that determine their 

cracking and cracked stiffness. 

That is, it is based on an assumption in an uncracked state 

that really provides approximate data, since the moments, 

axial and shear in each bar, when it is cracked, are different 

from those obtained in the elastic calculation, but it is neces-

sary to start from some value close to the real one and the 

elastic value is the best option we have. 

2.5. First Calculus in the Cracked State 

For this first calculation in the cracked state, we will fol-

low the following steps: 

Starting from the values obtained from the elastic calcula-

tion: 

"nodes", which are the nodes that define the polygonal of 

the bar with its coordinate’s "x" and "y", relative value of the 

height of the section with respect to the reference section. 

Note: It is necessary to distinguish between the "nodes" 

that define the polygonal of the bar and the "nodes" of the 

structure that indicate the beginning and end of the bar. 

"e_funciones", which define the functions M(x), V(x), 

M_isost and V_isost resulting from the elastic calculus 

"e_armadura_barra", which is the reinforcement of the 

bar, in sections, and is also the one that results from the 

previous calculation (elastic). 

Detect sign changes in the M(x) function and create "nue-

vos_nodos" and "signos_tramos": 

Next, it is necessary to detect the sign changes in the 

"moments" function to introduce fictitious nodes in the x-

coordinates where the "moments" function changes sign by 

cutting to the x-axis, and create two new matrices: "nue-

vos_nodos", which includes all the nodes and sections of the 

bar polygonal, including the new nodes created, and "si-

gnos_tramos" which indicates the signs of the moment (+ or 

-) for each section of the resulting polygon. 

In this example, such matrices are: 

Barra_0. 

nuevos_nodos = 

[[0.0, 1.0] 

[406.06, 1.0] 

[600. 0, 1.0]] 

signos_tramos = ['+', '-'] 

Barra_1. 

nuevos_nodos = 

[[0., 1.5] 

[145.45, 1.2575] 

[300., 1.] 

[600., 1.] 

[763.63, 1.2727] 

[900., 1.5]] 

signos_tramos: ['-', '+', '+', '+', '-'] 

Barra_2. 

nuevos_nodos = 

[[0.0, 1.0] 

[406.06,1.0] 

[600. 0, 1.0]] 

signos_tramos = ['-', '+'] 

Calculate the functions of the relative height "y" of the 

section and the sections of the reinforcements As1 and As2, 

according to the x-axis. 

Next, the functions are calculated: "y" relative height of the 

section and the sections of the reinforcements "As1" and "As2" 

taken from the "armaduras_barra" file, which are the sections 

of the upper and lower reinforcements according to the axes of 

the bar in all its sections, but in such a way that, if the moment 

sign in the section is negative, As1 is the upper armor and As2 

the lower armor. And analogously, if the momentum is positive, 

As1 is the lower reinforcement and As2 is the upper one. 

Calculate the variable stiffness due to cracking along the 

bar, in all its sections. 

This is the routine that allows you to calculate the stiffness 

in each x section of the bar taking into account its geometric 

variation and its variation due to cracking. 

To do this, for each value of x (100 values from 0 to light 

are proposed), a series of values necessary for the cracked 

calculation are defined as a function of x, which are: 

y = relative height of the section in x 

Area = area of the section in x 

d = useful depth of the section in x 

Ib = gross inertia of the section in x 

Wb = gross resistant modulus of the section in x 

fctm_fl = flexural strength of the section in x 

Mf = cracking moment of the section in x 

As1 = tensile reinforcement of the section in x 

As2 = compression reinforcement of the section in x 

http://www.sciencepg.com/journal/ijmsa


International Journal of Materials Science and Applications http://www.sciencepg.com/journal/ijmsa 

 

36 

ro_1 = amount of the tensile reinforcement of the section in x 

ro_2 = amount of the compressed reinforcement of the 

section in x 

X = depth of the neural fiber of the section in x 

If = cracked inertia of the section in x 

Mx = value of the bending moment acting on the section in x 

From these values, the equivalent inertia and the equivalent 

area of the section in x are calculated, and then their value is 

divided by those corresponding to the reference section to 

obtain the function of variation xi_1 (1) of the area and xi_3 

(3) of the moment. These are the following values: 

Ie = equivalent inertia of the x-section calculated from the 

above values and divided by I_ref to obtain xi_3. 

Ae = equivalent area of the section in x calculated from the 

above values and divided by A_ref to obtain xi_1. To calculate 

the equivalent area of the section, an approximate calculation 

has been made that slightly modifies the gross area. 

In this way, a series of functions have been defined for the bar 

in the "results" matrix where its 100 columns are the functions: 

x, y, As1, As2, Mx, Nx, xi_1, xi_3, momento_isostático, 

v_isostatico 

Then the graphs of these functions are created, which for 

this Ejemplo_1 are as follows: 

Barra_0 

The isostatic moment and isostatic shear are 0 as they have 

no charges. The moment Mx on its local axes is shown in the 

graph below and the values of the variation in area and iner-

tia due to geometry and cracking, i.e.: xi_1 = Ae / A_ref and 

xi_3 = Ie / I_ref are also shown. 

 
Figure 7. Moment M(x) and Isostatic moment of bar 0. 

 
Figure 8. Variation of the section area of bar 0 in elastic and 

cracked states. 

 
Figure 9. Variation of the inertia of bar 0 in elastic and cracked 

states. 

Barra_1 

The graphs are as follows: 

 
Figure 10. Moment M(x) and Isostatic moment of bar 1. 

 
Figure 11. Variation of the section area of bar 1 in elastic and 

cracked states. 

 
Figure 12. Variation of the inertia of bar 1 in elastic and cracked 

states. 
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Barra_2 

The graphs are as follows: 

 
Figure 13. Moment M(x) and Isostatic moment of bar 2. 

 
Figure 14. Variation of the section area of bar 2 in elastic and 

cracked states. 

 
Figure 15. Variation of the inertia of bar 2 in elastic and cracked 

states. 

Calculate the forms, stiffnesses and load terms of the bars 

in a cracked state. 

From the previous functions defined for each bar in a 

cracked state, the formal functions and load terms are calcu-

lated: alpha, lambda_prima, lambda_seg, mu; G_prima and 

G_seg 

These values, for this Example 1 are as follows: 

barra_0 

alfa = 1.0 

lambda_prima = 0,45809386 

lambda_seg = 0,40807030 

mu = 0,20702736 

G_prima = 0.0 

G_seg = 0.0 

barra_1 

alfa = 1,166666667 

lambda_prima = 0,32391130 

lambda_seg = 0,32391130 

mu = 0,19379542 

G_prima = -1.569.742,91 

G_seg = -1.569.742,91 

barra_2 

alfa = 1.0 

lambda_prima = 0,45809386 

lambda_seg = 0,40807030 

mu = 0,20702736 

G_prima = 0.0 

G_seg = 0.0 

Calculation of the coefficients to form the elemental stiff-

ness matrix of each bar according to its connection. 

For each bar, the coefficients of its elemental stiffness ma-

trix are calculated that allow such a matrix to be constructed 

on local axes. 

Previously, it is necessary to calculate the stiffness of 

ro_prima, ro_seg and eta bars. 

From these values, in the calculation program, the coeffi-

cients of the stiffness matrix are calculated for the following 

cases (In this case all the bars are recessed-recessed): 

recessed–recessed (A, B, C1, C2, C3, D1 and D2) 

recessed–articulated (Ad, Bd, C1d and D1d) 

articulated-recessed (Ai, Bi, C2i and D2i) 

articulated-articulated (A_art) 

Calculation of the elementary stiffness matrix and the equiva-

lent node actions of each bar, according to its connection. 

With these values, the elemental stiffness matrix and the 

equivalent knot actions of the bar are calculated, taking into 

account its connection to the nodes at its ends (recessed or 

articulated). These are the "f_MR_elem" and "f_AE_elem" 

arrays that are saved in each bar folder. 

The equivalent action values are calculated to define the 

equivalent action vector of the bar in the cracked state 

In this example they are: 

barra_0 and barra_2: 

“f_MR_elem” = [[620000.00, 0.0, 0.0, -620000.00, 0.0, 

0.0], [0.0, 2040.45, 588216.39, 0.0, -2040.45, 636053.81], 

[0.0, 588216.39, 234141978.81, 0.0, -588216.39, 

118787857.94], [-620000.00, 0.0, 0.0, 620000.0, 0.0, 0.0], 

[0.0, -2040.45, 588216.39, 0.0, 2040.45, -636053.81], [0.0, 

636053.81, 118787857.9, 0.0, -636053.81, 262844428.19]] 

“f_AC_equiv” = [[0.] [0.] [-0.] [0.] [0.] [-0.]] 

barra_1: 

“f_MR_elem” = [[482222.22, 0.0, 0.0, -482222.22, 0.0, 

0.0], [0.0, 1045.81, 470615.64, 0.0, -1045.81, 470615.64], 

[0.0, 470615.64, 265003226.71, 0.0, -470615.64, 

158550849.71], [-482222.22, 0.0, 0.0, 482222.22, 0.0, 0.0], 

[0.0, -1045.81, -470615.64, 0.0, 1045.81, -470615.64], [0.0, 
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470615.64, 158550849.71, 0.0, -470615.64, 265003226.71]] 

f_AC_equiv = [[0] [-18000.00] [-3.032.108,42] [0] [-

18000.00] [3.032.108,42]] 

Transform the elementary stiffness matrices and the vec-

tors of actions equivalent to global coordinates and save 

them in each bar folder. 

The next step is to pass each array "f_MR_elem" and the vector 

"f_AC_equiv" to global coordinates using the "T" axis transfor-

mation matrix, which yields the matrix "f_MR_elem_c_glob" and 

the vector "f_AC_equiv_elem_c_global". 

Assemble the global stiffness matrix and the global force vector 

of the structure and apply the boundary conditions to the global 

stiffness matrix and the global force vector of the structure. 

From the above "f_MR_elem_c_glob" and the vector 

"f_AC_equiv_elem_c_global", which are in global coordi-

nates, the next step is to assemble the global stiffness matrix 

"f_K_global_total" and the global equivalent action vector 

"f_F_global_total". 

Next, the boundary conditions are applied, which are re-

stricted movements and whose value is 0. 

To cancel the equations corresponding to these movements, 

we proceed to cancel all the matrix coefficients of the row 

and column of the global matrix and place a 1 in the diagonal 

element. 

With the equivalent actions vector, the shares corresponding 

to these restricted movements are also cancelled. 

Solve the equation and obtain the global displacement vector. 

Solving the matrix equation yields the vector of displace-

ments in global coordinates "f_desplazamientos". In our 

example it is as follows: 

f_desplazamientos = [[0.0], [0.0], [0.0], [0,00542383], [-

0,02903226], [-0,00891177], [0.0], [0.0], [0.0], [0.0], [0.0], [-

0,00542383], [-0,02903226], [0,00891177]] 

Extract the end displacements of each bar into global co-

ordinates and transform them into local coordinates of the 

bar. 

From the global displacement vector, those corresponding 

to each bar are extracted, in global coordinates, and it is 

transformed to the local coordinates of the bar by means of 

the transformation matrix "T" resulting in "f_desp_local. 

By means of the elementary stiffness matrix of each bar, its 

vector of end movements and its vector of equivalent end 

actions, all of them on local axes, the resulting actions at the 

ends of the bar are calculated. 

Using the elementary stiffness matrix of the bar "f_MR_elem", 

its vector of extreme movements "f_desp_local" and its vector of 

equivalent actions of the extreme "f_AE_equiv", the 

"f_fuerzas_extremos_local" of each bar are calculated. 

For this example, they are: 

barra_0: 

f_fuerzas_extremos_local = 

[[-18000.00], [5230.98], [1635606.72], [18000.00], [-

5230.98], [817803.36]] 

barra_1: 

f_fuerzas_extremos_local =  

[[[-5230.98], [-18000.00], [-1635606.72], [5230.98], [-

18000.00], [1635606.72]] 

barra_2: 

f_fuerzas_extremos_local = 

[[-18000.00], [-5230.98], [-1635606.72], [18000.00], 

[5230.98], [-817803.36]] 

Graph of moments in elastic and cracked state. 

The graphs of moments in elastic and cracked states for 

bar 1 are as follows: 

The results are these: 

 
Figure 16. Graph of moments in elastic and cracked state for bar 1. 

If the graphs in bar 1 are compared with those of the elas-

tic calculation, it can be seen that the extreme moment has 

gone from -21.27 mt in the elastic calculus to -16.35 mt in 

the fissured calculation. 

Calculate the reinforcement in a cracked state. 

The reinforcements for the cracked state are calculated and 

the following values are obtained for this example: 

barra_0 and barra_2: 

For barras_0 and barra_2 the reinforcement is constant: 

As1 = As2 = 12.71 cm
2
 

3ϕ25 (14.73 cm2) are proposed 

 
Figure 17. Reinforcement scheme resulting from the first cracked 

calculation for bars 0 and 2. 
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barra_1: 

For the barra_1 it is: 

Interval x 0-209 and interval x 691-900: 

As_sup = 10.15 cm2, 6ϕ16 (12.06 cm
2
) is proposed 

As_inf = 0.00 cm2, 2ϕ20 (6.28 cm
2
) is proposed 

Interval x 209-300 and interval x 600-691: 

As_sup = 0.00 cm2, 2ϕ16 (4.02 cm
2
) is proposed 

As_inf = 23.30 cm2, 8ϕ20 (25.13 cm
2
) is proposed 

Interval x 300-600: 

As_sup = 0.00 cm2, 2ϕ16 (4.02 cm
2
) is proposed 

As_inf = 34.56 cm2, 11ϕ20 (34.56 cm
2
) is proposed 

 
Figure 18. Reinforcement scheme resulting from the first cracked 

calculation for bar 1. 

2.6. Second Calculation in Cracked State and 

Subsequent 

The second calculation in the cracked state and the subse-

quent ones are performed in the same way as the first. 

Three more calculations have been carried out in a cracked 

state, always starting from the results of the previous calcula-

tion (cracked 2, cracked 3 and cracked 4) 

2.7. Results Obtained and Comparison of 

Results 

The results obtained for the elastic calculation and the 4 

calculations in cracked state are the following: 

Table 1. Elastic calculation results. 

RESULTADOS: CÁLCULO ELÁSTICO 

 

 

Barra_0 Barra_1 Barra_2 

N'= -18.000,00 -5.314,29 -18.000,00 

V'= 5.314,29 -18.000,00 -5.314,29 

M =́ 2.127.233,57 -2.127.233,57 -2.127.233,57 

RESULTADOS: CÁLCULO ELÁSTICO 

 

 

Barra_0 Barra_1 Barra_2 

N"= 18.000,00 5.314,29 18.000,00 

V"= -5.314,29 -18.000,00 5.314,29 

M´́= 1.063.616,79 2.127.233,57 -1.063.616,79 

Table 2. Results of the first calculation in cracked state. 

RESULTADOS: 1º CÁLCULO FISURADO 

 

Barra_0 Barra_1 Barra_2 

N'= -18.000,00 -5.230,98 -18.000,00 

V'= 5.230,98 -18.000,00 -5.230,98 

M =́ 1.635.606,72 -1.635.606,72 -1.635.606,72 

N"= 18.000,00 5.230,98 18.000,00 

V"= -5.230,98 -18.000,00 5.230,98 

M´́= 817.803,36 1.635.606,72 -817.803,36 

Table 3. Results of the second calculation in cracked state. 

RESULTADOS: 2º CÁLCULO FISURADO 

 

Barra_0 Barra_1 Barra_2 

N'= -18.000,00 -4.593,84 -18.000,00 

V'= 4.593,84 -18.000,00 -4.593,84 

M =́ 1.547.824,06 -1.547.824,06 -1.547.824,06 

N"= 18.000,00 4.593,84 18.000,00 

V"= -4.593,84 -18.000,00 4.593,84 

M´́= 773.912,03 1.547.824,06 -773.912,03 

Table 4. Results of the third calculation in cracked state. 

RESULTADOS: 3º CÁLCULO FISURADO 

 

Barra_0 Barra_1 Barra_2 

N'= -18.000,00 -4.627,44 -18.000,00 

V'= 4.627,44 -18.000,00 -4.627,44 

M =́ 1.551.755,34 -1.551.755,34 -1.551.755,34 

N"= 18.000,00 4.627,44 18.000,00 

V"= -4.627,44 -18.000,00 4.627,44 
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RESULTADOS: 3º CÁLCULO FISURADO 

 

Barra_0 Barra_1 Barra_2 

M´́= 775.877,67 1.551.755,34 -775.877,67 

Table 5. Results of the fourth calculation in cracked state. 

RESULTADOS: 4º CÁLCULO FISURADO 

 

Barra_0 Barra_1 Barra_2 

N'= -18.000,00 -4.545,50 -18.000,00 

V'= 4.545,50 -18.000,00 -4.545,50 

M =́ 1.577.253,46 -1.577.253,46 -1.577.253,46 

N"= 18.000,00 4.545,50 18.000,00 

V"= -4.545,50 -18.000,00 4.545,50 

M´́= 788.626,73 1.577.253,46 -788.626,73 

To compare the results, we analyze the bending moment 

graphs of bar 1. 

 
Figure 19. Bending moment graph for elastic calculations and 1st, 

2nd, 3rd and 4th calculations in cracked state for bar 1. 

 
Figure 20. Bending moment graph for elastic calculations and 4th 

calculation in cracked state for bar 1. 

If we compare the results of the last 3 calculations, we can 

see that they practically coincide., which indicates that, in 

general, the second calculation in the cracked state provides 

a sufficient approximation. 

The resulting reinforcement of the fourth cracked calcula-

tion is as follows: 

 
Figure 21. Drawing of reinforcement resulting from the fourth 

cracked calculation for bars 0 and 2. 

 
Figure 22. Drawing of reinforcement resulting from the fourth 

cracked calculation for bar 1. 

3. Conclusion 

By means of this approach to the Stiffness Matrix, porti-

coed structures with concrete bars of variable section in a 

cracked state are studied. 

The matrix equations that result is of the same size as 

those used for bars of constant section, although the coeffi-

cients of the matrix are different and must be obtained by 
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integration along the bar. 

The same happens with the equivalent actions of the end 

of the bar, which also have to be calculated by integration. 

As this is a case of non-isotropic material, it is necessary 

to establish hypotheses that define the laws of variation of 

the mechanical constants of the bars by estimating the effect 

of cracking on the stiffness of reinforced concrete bars. 

As it is a non-linear approach that depends on the rein-

forcements arranged for the bars and the resulting actions, 

which in turn depend on the result obtained, several itera-

tions are necessary. 

In this iterative process, the calculation of the necessary 

reinforcements is relevant, since their section in each section 

of the bars determines to a large extent their behavior. There-

fore, the routines for armature calculation are important to 

obtain a convergent result. 

This study is a first approach to a topic that is a priori 

complex but that can be simplified and synthesized if it is 

approached in an orderly manner. 

It also allows to obtain a system of deformations provided 

by the matrix calculation that is much closer to the real sys-

tem of deformations of a reinforced concrete structure in its 

state of service. 

Abbreviations 

A Area 

Ab Bar End Equivalent Actions 

D Longitudinal Displacement 

Db Bar End Movements 

E Warp Module 

F Action 

G', G" Charging Terms. 

I Moment of Inertia 

It Torque Modulus 

K Coefficient 

L Longitude 

M Bending Moment 

N Normal Strength 

Rb Stiffness Matrix 

T Torsor Moment 

U Mechanical Capability 

V Shear Stress 

W Rugged Module 

a Distance 

b Width 

d Useful Edge 

e Eccentricity 

f Resistance 

g Permanent Load Spread 

h Total Edge 

j Turning Radius 

k Coefficient 

l Length 

m Bending Moment per Unit Length 

w Arrow 

 (Alpha) Angle, Coefficient 

 (Beta) Angle, Coefficient 

 (Gamma) Weighting Coefficient 

 (Epsilon) Relative Deformation 

 (Eta) Stiffness Coefficient 

 (Theta) Angle 

 (Lambda) Formal Bar 

 (Mu) Formal Bar 

 (Nu) Relative Normal Effort 

 (xi) Coefficient of Variation 

 (Rho) Geometric Amount 

', " Stiffness Coefficients 

 (Sigma) Tension. Tangential tension 

 (Fee) Coefficient 

 (Psi) Coefficient 

 (Omega) Mechanical amount 
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