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Abstract

Research in fields such as biomedicine often generates data that do not conform to a normal distribution, exhibiting positive
skewness (right skewness), as is characteristic of the log-normal distribution. In these scenarios, the use of the arithmetic mean
(AM) and standard deviation (SD) can lead to misinterpretations of central tendency and dispersion, as the AM is sensitive to
extreme values and overestimates wide numerical ranges. This paper presents a guide on the use of the Geometric Mean (GM),
the Geometric Standard Deviation (GSD), and the Geometric Coefficient of Variation (GCV) as the most appropriate statistical
tools for this type of data, as well as for sets with disparate numerical scales. The fundamental practical challenge of zero values,
common in biomedical measurements such as viral loads or analyte concentrations, is addressed. A specific methodology for
treating data with zeros is detailed and justified, consisting of the addition and subsequent subtraction of a unit to allow the
calculation of geometric statistics. Finally, two approaches for calculating the Geometric Coefficient of Variation are analyzed
and compared, highlighting its nature as a power basis rather than a simple mathematical ratio, and discussing its comparative
utility despite its complex interpretation. The need for a better understanding and application of these metrics to improve the
accuracy and reproducibility of data analyses is emphasized.

Keywords

Geometric Mean, Geometric Standard Deviation, Geometric Coefficient of Variation, Log-normal Distribution

1. Introduction

The application of the geometric mean, the geometric
standard deviation and the geometric coefficient of variation
in biomedical research has gained increasing importance in
data analysis, especially in contexts where data normality
cannot be assumed.

The geometric mean (GM) is a measure of central tendency
primarily used for data sets with a logarithmic distribution.

Unlike the arithmetic mean, which can be influenced by
outliers, the GM is less sensitive to these extremes, making it
a useful tool in biomedical research, where data are often
multiplicative or exponential in nature [1].

On the other hand, the geometric standard deviation (GSD)
is used to measure the variability of data on a logarithmic
scale. This measure is particularly useful in studies where the
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data are distributed asymmetrically, allowing for a better
interpretation of the dispersion compared to the arithmetic
standard deviation [2]. The geometric coefficient of variation
(GCV) is defined as the ratio of the GSD to the GM, providing
a relative measure of variability that is independent of the
scale of the data [3].

Although the arithmetic mean and standard deviation are
the most commonly used metrics in biomedical research, their
applicability is limited in many contexts. Data that present
skewed distributions or include outliers can lead to misinter-
pretations when using these traditional metrics. It is crucial to
consider the properties of the population distribution and how
they are represented in the sample. To describe the results of
the study, the most appropriate summary statistics must be
chosen, taking into account the specific question and the
assumptions of the data analysis. The "average" is often
reported without adequate consideration of its implications.
Ignoring these aspects can lead to inconsistencies in the
calculation of variance and confusion about summary statis-
tics [4]. The geometric mean and its derivatives offer a robust
alternative that can improve the accuracy of statistical anal-
yses in these cases.

Despite its advantages, the geometric mean is not suitable
for all data types. For example, it cannot be calculated for
negative or zero values, which limits its applicability in cer-
tain contexts. Furthermore, the interpretation of the geometric
mean may be less intuitive for some researchers, which may
lead to its underutilization compared to the arithmetic mean
[5].

The choice of the appropriate metric should be based on the
nature of the data and the specific research questions. The
geometric mean, geometric standard deviation, and geometric
coefficient of variation are valuable statistical tools in bio-
medical research. Their application can improve data inter-
pretation in contexts where traditional metrics are insufficient.

In data analysis, the arithmetic mean (AM) and standard
deviation (SD) can lead to biased conclusions, especially
when the data do not meet the assumption of normality. A vast
number of biological variables, such as survival times, anti-
body titers, drug concentrations, parasite burden, or viral load,
exhibit a positively skewed distribution. In these distributions,
most values are concentrated at the lower end of the scale,
with a "tail" extending toward higher values, often approxi-
mating a log-normal distribution.

Geometric measures (Geometric Mean, Geometric
Standard Deviation and Geometric Coefficient of Variation)
offer a much more robust conceptual and practical frame-
work for addressing these challenges. Authors such as
Kirkwood [3-6] have worked on formalizing these measures,
but their application remains limited. This work aims to
clarify the calculation methodology and correct interpreta-
tion of these metrics, contextualizing them within the geo-
metric statistical framework and proposing a solution for
handling zero values.
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2. Fundamentals of Geometric
Measurements

Geometric measures are designed for data whose changes
are multiplicative or proportional in nature, not additive. Their
power lies in their direct connection to the logarithmic
transformation, which converts a log-normal distribution to a
normal distribution. The geometric framework operates at
higher hierarchical levels (powering and root extraction)
compared to the arithmetic framework (addition and division),
making it inherently more sensitive to dispersion and low
values.

2.1. Geometric Mean (GM)

The GM is the measure of central tendency for data fol-
lowing a log-normal distribution. Conceptually, it represents
the central value on a multiplicative scale. It is calculated as
the nth square root of the product of all the values:

GM = (x1 * x3 * ... * xB)'/"= ([IA_" x@)'/
A fundamental property is that the logarithm of the geo-

metric mean is equal to the arithmetic mean of the logarithms
of the data:

In(GM) = (1/n) * XA_" In(x@)

This demonstrates that the GM is the antilogarithm of the
arithmetic mean of the log-transformed data. For this reason,
it is not unduly influenced by extreme values and provides a
better estimate of central tendency in data with positive
skewness. The GM tends to be smaller than the AM, and this
difference becomes more pronounced as the dispersion in-
creases.

2.2. Geometric Standard Deviation (GSD)

Unlike the arithmetic standard deviation (additive measure),
the GSD is a multiplicative factor that describes how the data
is scattered around the geometric mean. It is calculated as the
antilogarithm of the standard deviation of logarithmically
transformed data: GSD = exp((In(s)) Where (In(s)) is
the standard deviation of the natural logarithms of the data:

(In(s)) = VI(EB4" (In(xB) — In(GM))?) / ()]

The dispersion range is expressed as a multiplicative in-
terval:

[GM / GSD; GM x GSD]
This interval will contain approximately 68% of the data in

a log-normal distribution. For a log-normal distribution, the
dispersion range containing approximately 68% of the data is
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expressed multiplicatively using the Geometric Mean (GM)
and the Geometric Standard Deviation (GSD). Unlike the
normal distribution, where the data are distributed symmet-
rically around the arithmetic mean, the log-normal distribu-
tion is asymmetric. In the latter, the logarithm of the data
follows a normal distribution. While in a normal distribution
the mean interval =1 standard deviation contains about 68%
of the data, in a log-normal distribution a multiplicative in-
terval is used. This parallelism is due to the fact that, when
applying the logarithm to the variable, the distribution is
transformed into a normal one, where addition and subtraction
are natural operations. When you return to the original scale,
these operations become multiplication and division.

2.3. The Inherent Link to the Log-Normal
Distribution

The elegance of these measurements lies in their perfect
alignment with the theory of log-normal distribution. If a
random variable X follows a log-normal distribution, its
logarithmic transformation, Y = In(X), follows a normal
distribution. The GM of X corresponds to the antilogarithm of
the arithmetic mean of Y, and the GSD of X corresponds to the
antilogarithm of the standard deviation of Y. By using GM
and GSD, the principles of statistics are applied to normal
distributions over the transformed data, then projecting the
results back to the original scale, which is the conceptually
correct approach for data of this nature.

3. The Problem and Handling of Zero
Values

A critical obstacle to the direct application of geometric
statistical measurements is the presence of values equal to
zero. Since the logarithm of zero is indefinite, and GM implies
the product of all values (which would be zero if one of them
is), standard formulas cannot be calculated. In biomedicine,
zeros are informative and frequent (e.g., undetectable viral
load, absence of bacteria); Ignore or delete them it would
seriously bias the results. Therefore, a standardized method-
ology is required for its management.

3.1. Proposed Methodology for the Management
of Zeros

A simple and reversible transformation method is proposed
to allow the calculation of geometric statistics in the presence
of zeros. The methodology consists of adding a constant to all
the values in the dataset before the calculation, and subtract-
ing it from the final results. The most commonly used con-
stant is 1. [7].

3.2. Justification
Zero Handling: By adding 1, the lowest possible value (0)
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becomes 1 (x' = 0 + 1 = 1). The logarithm of 1 is 0, which
allows the data to be included in the calculations without
generating a product of zero or an undefined logarithm.

Preservation of Relative Order: The addition of a constant
does not alter the order or relative dispersion of the data on the
logarithmic scale.

Reversibility: Subtracting 1 from the final measurements
(GM and GSD) adjusts the result to reflect a magnitude closer
to the original scale of the data.

3.3. Calculation Procedure

Transform the Data: For each xi observation in the dataset,
calculate x'; = x; + 1.

1) Calculate the Modified Geometric Mean (GM (moq)):

First, calculate the geometric mean of the transformed data
(MGY:

GM' = (7" (xi + 1))/n
Then, subtract 1 to get the final measurement:
GM _mod = GM' — 1

Calculate the Modified Geometric Standard Deviation
(GSD_mod):

First, calculate the geometric standard deviation of the
transformed data (GSD'):

GSD' = exp(V[(Zie," (In(xi + 1) — In(GM"))?) / (W)])

Then, subtract 1 to get the final measurement:
GSD_mod = GSD' — 1

This methodology allows for robust and defensible inclu-
sion of zero values, providing stable estimates of central
tendency and dispersion. It is crucial that this procedure is
transparently reported in the methods section of any publica-
tion.

4. Geometric Coefficient of VVariation
(GCV)

The Coefficient of Variation (CV) is a standardized meas-
ure of the dispersion of a distribution, useful for comparing
variability between different data sets. For log-normal data,
several formulations have been proposed for its geometric
analogue.

4.1. Lee Humphries' Proposal

Humphries proposes a direct analogy with the arithmetic
formula (CV = SD/ X). The GCV is calculated by reducing
the geometric standard deviation to the power of the recip-
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rocal of the geometric mean: [8].
GCV (Humphries) = GSD (*/GM)

The interpretation of this measure is less direct than that of
its arithmetic counterpart, since it does not represent a simple
reason. Its meaning is revealed in the inverse relationship: the
GCV is the base that, raised to the power of the geometric
mean, results in the geometric standard deviation
(GCV)EM = DesvGeom . This formulation, although
mathematically coherent, is not very intuitive and makes it
difficult to use practically in isolation, but its true value
emerges in the comparative analysis of multiple data series.

4.2. Proposal Based on Logarithmic Variance
(SAS/Wicklin)

This approach, popularized in the statistical literature and
used in software such as SAS, defines the GCV directly from
the variance of logarithmically transformed data:

GCV (Wicklin) = \/[exp(((ln(s))z) - 1]

where ((In(s))=s the variance of the natural logarithms of the
original data [9].

Advantages:

Direct Connection: This formula is directly derived from
the theoretical properties of the log-normal distribution.

Interpretation: For small values, the result of this formula
approaches the standard deviation of the log-transformed data
(Sano), which facilitates its interpretation as a measure of
relative variability on the logarithmic scale.

For most biomedical applications, Wicklin's formula is the
most recommended because of its strong theoretical founda-
tion and wide acceptance.

4.3. Confidence Intervals

It is important to distinguish between two methods for
calculating intervals:

1) Method 1: Logarithmic transformation + classical in-

terval.

The confidence interval is calculated in the logarithmic
(normalized) space and then transformed back to the original
space with the exponential function exp(). This method is
statistically more rigorous if the log-transformed data follow a
normal distribution, allowing the sample size to be incorpo-
rated and the interval to be adjusted precisely.

2) Method 2: Multiplication/Division by Geometric

Standard Deviation [GM / GSD; GM * GSD].

This method generates a range around the geometric mean
by multiplying/dividing by the GSD. It is very intuitive and
easy to calculate, useful for representing relative dispersion
on multiplicative scales. However, it does not represent a
confidence interval in the classical statistical sense and does
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not incorporate the sample size or confidence level. (Based on
the proposal of Humphries, L. (2010) for Geometric Coeffi-
cient of Variation [8]).

5. The Logarithmic Transformation: A
Key Point to Avoid Errors in the
Analysis of Biased Data

It is very important to note that when data is not normally
distributed, there is a risk of obtaining misleading or errone-
ous results. Therefore, data transformations, such as loga-
rithmic transformations, are used to adjust the frequency
distribution of the data to a more normal shape. This adjust-
ment is vital, as it allows for the reliable application of par-
ametric tests, improving the interpretation and quality of the
results obtained [10].

The logarithmic transformation is a widely used statistical
technique [11-13]. In the context of linear regression, data
transformation is commonly used in the health field when data
are skewed or do not fit a normal distribution, which is the
distribution assumed for linear regression residuals [14].

The logarithmic transformation is a convenient means of
transforming a highly skewed variable into one that is more
approximately normal. This technique helps to convert non-
linear relationships, which often arise in many applications
[15], in linear relationships, which can reduce data bias [11].
An example of this occurs with data that have a strong right
bias, where the logarithmic transformation can help to achieve
a more symmetric distribution, closer to the normal one [12].

Statistical tests and models are developed using logarith-
mically transformed data. It is important to note that tests
performed with logarithmically transformed data often help in
understanding the behavior of the original, untransformed
data [11]. To achieve a practical interpretation, it is necessary
to apply the inverse function of the logarithm, which is the
exponential function.

It is essential that data transformations be applied with
great caution [14]. Although the logarithmic transformation is
one of the most popular transformations when dealing with
skewed data, its popularity has also made it vulnerable to
misuse, which can lead to incorrect interpretations and errors
[12].

The logarithmic transformation is a statistical tool, but its
arbitrary use may be inappropriate [12]. Caution is necessary
because once the variable is transformed, the interpretation
becomes more complex, and the transformation could create
artificial patterns or reduce the accuracy of the model if the
underlying relationship is not exponential or multiplicative.

Furthermore, if there is a lack of adjustment of the trans-
formed variable, the logarithmic transformation can cause
more problems than it solves, as it tends to distort the rela-
tionships between the variables.

The logarithmic transformation is an essential tool in bio-
medical research, but its application must be guided by a
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thorough understanding of the data and the objectives of the
analysis. If the transformed variable is not properly fitted, this
technique can create more problems than it solves, distorting
the relationships between variables. Recognizing and cor-
rectly handling lognormal distributions not only facilitates the
interpretation of results but also improves their communica-
tion, making them clearer and more effective. Proper handling
of these distributions is crucial to avoid misinterpretations and
ensure the validity of the findings [16].

6. Conclusions and Recommendations for
Practice

The correct characterization of biomedical data is a fun-
damental pillar for the validity of any research. Reflection on
the geometric statistical framework reveals powerful but
underutilized tools.

Distribution Diagnosis: Before applying any measures,
researchers must evaluate the distribution of their data. If a
log-normal (or positively asymmetry) distribution is sus-
pected, the use of GM and GSD is imperative.

Zero Management: The methodology of adding and sub-
tracting unity is a practical and defensible approach to in-
cluding zero values in geometric calculations. It is crucial that
this procedure is transparently reported in the methods section
of any publication.

Choice of GCV: The use of the formula is recommended
GCV = V[exp(In(s)?) — 1] (Wicklin) to evaluate relative
variability, due to its theoretical robustness and its widespread
implementation in statistical packages. Understanding that the
GCV conceptually measures the deviation relative to the
average (using a 'power base' for its calculation) is to its
correct application.

Results Reporting: When publishing, it should be clearly
specified that the Geometric Mean and Geometric Standard
Deviation are being reported. The dispersion interval must be
presented in its multiplicative form (e.g.,, GM = 5.0, GCV = 1.5;
with a range of [3.33, 7.5]) in addition to the classical interval.

Pedagogical Gap: A significant gap in standard pedagog-
ical material on this topic is identified and the need to develop
more educational resources that facilitate the understanding
and application of these metrics is suggested.

Future Research: Future research could focus on the ap-
plication and validation of GCV in fields such as medicine
and biology, exploring its usefulness in areas such as epide-
miology, genetics, and pharmacology. This will consolidate
its relevance as a standard statistical tool in biomedical re-
search. The adoption of these practices will increase the
accuracy of statistical analyses and improve the reproducibil-
ity and correct interpretation of research results.

Abbreviations

AM Arithmetic Mean
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Ccv Coefficient of Variation

GCV Geometric Coefficient of Variation
GM Geometric Mean

GSD Geometric Standard Deviation
GCvV Geometric Coefficient of Variation
MGmoqy Modified Geometric Mean

SD Standard Deviation
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