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Abstract 

Conventional pulse-echo ultrasonic inspection uses the ratio of the signal from a crack-like defect to the signal from a reference reflector as 

one factor which determines whether the flaw merits reporting, further sizing, and, possibly, removal. As these defects are 

smooth, on the scale of an ultrasonic wavelength, and generally flat, and also large relative to the wavelength, they can be 

successfully modelled using the geometrical theory of diffraction (GTD). GTD is a rapid method for evaluating the ultrasonic 

signal from a defect. The signal from the reference reflector is easy to calculate if the reflector is a side-drilled hole whose axis is 

normal to the ultrasonic beam axis and provided it is in the far field of the transducer. If the reference reflector is a flat-bottomed 

hole then prediction of the signal for non-normal angles of incidence is more difficult since the signal arises from the curved edge 

at the intersection of the flat bottom of the hole and its cylindrical side face. 
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1. Introduction 

In the field of ultrasonic testing there are two key ques-

tions: Which defects can be found and – in the case indica-

tions are found – do they restrict the use of the part? 

Regarding both questions, the prerequisite is a method for 

defect sizing. 

Over the last decades sizing methods were established like 

DGS (Distance Gain Size) or DAC (Distance Amplitude 

Correction) for defects smaller than the beam profile. Those 

methods utilize the echo amplitude and provide results which 

are proportional to the defect area. However, those approxi-

mations are only accurate for defects larger than one wave-

length even that experience shows it can be applied for 

slightly smaller defects. 

With the progress of material technology and ultrasonic 

inspection the need to detect and size smaller defects is 

growing. Therefore, both for flat bottom holes and disc 

shaped reflectors the usability for small defects needs to be 

checked. 

In this publication, it is investigated how to correctly size 

small defects below one wavelength. Utilizing a grid-based 

simulation method the echo signals of cylinder and disc 

shaped reflectors of various sizes are calculated. 
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2. The Surface-amplitude Relationship 

The surface-amplitude relationship is a consequence of 

using Kirchhoff's approximation (also called physical optics) 

when solving the equation governing the behavior of ultra-

sound with a flat-bottomed hole as a solution. [1] 

This approximation assumes that the motion of the surface 

of the flat-bottomed hole, when it reflects an ultrasonic pulse, 

is identical to the motion that would occur if the pulse were 

reflected by an infinite flat surface. 

The next hypothesis applicable to the surface-amplitude 

relationship would be that a finite-diameter ultrasonic beam 

can be approximated as a plane wave with infinite surface. 

Following this hypothesis, it can be seen that the motion of 

the surface of the flat-bottomed hole is independent of the 

size of the hole. [2, 3] 

The reciprocal of Auld 's formula states that the voltage 

(respectively the amplitude of the signal on the ultrasonic 

gauge screen) caused by a defect is equal to the integral on 

the defect surface of the product between the traction gener-

ated by the incident pulse in the absence of the defect multi-

plied by the total surface movement. In the case of 

flat-bottomed holes, using Kirchhoff's approximation for an 

incident plane wave, it is easy to see that Auld's formula pre-

dicts a voltage directly proportional to the surface of the 

flat-bottomed hole, namely the so-called surface-amplitude 

relationship (Figure 1). [4] 

 
Figure 1. Graphical representation of the surface/amplitude relationship [4]. 

The relationship between the response echo of a 

flat-bottomed hole and its diameter has been formulated 

since the beginning of the development of the 

non-destructive ultrasonic control method. 

Krautkramer refers to this flat-bottomed hole as a 

disc-shaped reflector and has developed the well-known 

method of evaluating a response in relation to curves corre-

sponding to different diameters of disc reflectors, curves 

built for each type of transducer and called AVG. [5] 

The mathematical relationship between the amplitude of 

the echo, transducer and the diameter of the flat-bottomed 

hole can be expressed in the equation: 

𝑉𝑓

𝑉0
 = 

𝑆𝐴

𝜆2

1

𝑇2
𝑒−2𝑇𝛿                  (1) 

where: 

V f = maximum amplitude of the echo at the target; 

V0 = maximum possible signal if all initial energy is re-

turned to the receiver; 

T = distance to the target on the beam axis; 

A = surface of the defect; 

S = surface of the transducer; 

λ = wavelength; 

δ = specific attenuation coefficient. 

According to Krautkramer's observations, we can say that 

the amplitude of the signal from a flat-bottomed hole is pro-

portional to its surface. Therefore, having a signal of a cer-

tain amplitude on the cathode screen given by a 

flat-bottomed hole (in the linear amplification region of the 

instrument display), the response from a flat-bottomed hole 

with an area equal to half its surface will produces a signal 
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with an amplitude equal to half the amplitude of the initial 

signal and a hole with a double surface will produce a signal 

with an amplitude twice the amplitude of the initial signal. 

2.1. Deviations from the Surface-amplitude 

Relationship 

A physical phenomenon that both Kirchhoff's approxima-

tion and Krautkramer's theories do not they took into account 

is the phenomenon of wave diffraction produced at the edges 

of flat-bottomed holes. 

According to Geometrical Theory of Diffraction (GTD), an 

incident acoustic field on the edge obtained by the intersec-

tion of two non-coplanar surfaces forms diffracted waves 

that propagate from the point of intersection with the edge in 

the form of a cone (Figure 2). 

 
Figure 2. Diffracted wave by a 3D edge in the situation of oblique 

incidence [6]. 

In the case of oblique incidence, an incident wave gives 

rise to a cone of diffracted waves. The angle of the cone ϴd 

is equal to the angle between the incident wave and the edge, 

ϴi. 

We aim to analyze the situation when a flat compression 

wave with normal incidence reaches the flat surface of a 

flat-bottomed hole and suffers the phenomenon of diffraction 

from its circular edge, a phenomenon analyzed through the 

GTD prism (Figure 3). 

 
Figure 3. Diffraction phenomena and wave transformations on the 

flat surface of the flat-bottomed hole [7]. 

Figure 3. show the different diffraction phenomena that oc-

cur for a plane compression wave with an incidence perpen-

dicular to the bottom of the hole. It can be seen that, in addi-

tion to the reflected compression waves, diffracted compres-

sion waves and transverse waves are generated together with 

surface waves propagating along the cylindrical surface and 

the flat surface of the flat-bottomed hole. 

Of interest are the surface waves that propagate on the flat 

surface of the flat-bottomed hole. 

After meeting the opposite corner of the flat surface, the 

surface waves undergo a second diffraction during which a 

small amplitude compression wave is emitted from the edge 

of the flat-bottomed hole. 

Part of this diffracted wave a second time goes to the 

transducer, a short distance from the main compression wave 

reflected by the flat-bottomed hole surface, as shown in Fig-

ure 4 and is received as a small amplitude signal at the end of 

the main signal, as shown in Figure 5. 

The time interval between the two waves is given by the 

ratio between the diameter of the flat-bottomed hole and the 

speed of the surface wave. 

If the time delay between these two signals is sufficiently 

small, an interaction could take place that would enhance or 

reduce the total signal amplitude through a constructive or 

destructive interference. Such an interaction might be the 

cause of the deviation from the area-amplitude relation seen 

in experiments when looking at small reflectors. (Figure 6) 

 
Figure 4. Longitudinal wave obtained by diffraction from the sur-

face wave and succeeding the reflected longitudinal wave [7]. 

 
Figure 5. Two signals that reach the transducer staggered in time 

(Δt decreases with decreasing hole diameters) [7]. 
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Figure 6. Dependence of time differences on the diameter of the flat-bottomed hole [7]. 

2.2. Differences in Response Between Different 

Types of Ultrasonic Beams 

Experimentally, it was observed that two flat-bottomed 

holes of different sizes but at the same depth in a reference 

block return, under the same examination conditions, signals 

in a ratio that does not respect the fundamental surface / am-

plitude relationship but at the same time is depending on the 

type of ultrasonic beam focusing. 

Thus, the differences between the theoretical ratios (cal-

culated by Kirchhoff's approximation) and the real ones are 

larger for focused immersion transducers than for 

non-focused ones, at the same diameter of the piezoelectric 

crystal, frequency and water path. 

The explanation of this phenomenon and its quantitative 

evaluation can be done by applying the theory of geometric 

diffraction - GTD. 

For a monochrome harmonic wave, the sound pressure of 

the diffracted field by one edge (Figure 7) can be expressed 

as a function of the incident ξ incident field (M) as follows: [6] 

ξ diffracted (R) = ξ incident (M) D A(r, ρ) 𝑒−𝑖𝑘𝑟   (2) 

where: 

R = receiver location; 

M = the point on the edge where the diffraction is made; 

K = 2π / λ = wave number; 

λ = wavelength; 

A = √ (ρ r / (ρ + r)) = attenuation as a function of distance; 

D = diffraction coefficient calculated according to GTD. 

 
Figure 7. Coordination system for defining the diffraction coeffi-

cient [6]. 

The diffraction coefficient D is a complex number that 

takes into account the amplitude and phase change due to 

diffraction and depends on the angle of incidence αi, the an-

gle of refraction αd and the angle of the half-planes forming 

the edge, nπ. 

In order to perform interactive evaluations, an independent 

frequency relationship can be implemented, which uses the 

scalar values of the incident and diffracted wave amplitude 

[6]. 

Adiffracted = Aincident D A (𝜌, 𝑟)       (3) 

where: 

A = scalar value of amplitude; 

D = diffraction coefficient. 

The diffraction coefficient D calculated according to GTD 

has the following formula [6]: 

D = 𝑒
𝑖𝜋
4

𝑛(2𝜋𝑘)1/2

𝑠𝑖𝑛
𝜋

𝑛

𝑠𝑖𝑛𝛽
[(𝑐𝑜𝑠

𝜋

𝑛
− 𝑐𝑜𝑠

𝛼𝑑−𝛼𝑖

𝑛
)
−1

± (𝑐𝑜𝑠
𝜋

𝑛
− 𝑐𝑜𝑠

𝛼𝑑+𝛼𝑖+𝜋

𝑛
)
−1

]                  (4) 

where: 

β = angle between incident wave and edge; 

αi = angle of incidence; 

αd = diffraction angle; 

nπ = the angle between the half-planes that form the edge. 

We propose to calculate the numerical values of the dif-
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fraction coefficient for a flat wave incident on the surface of 

the flat-bottomed hole as a function of the angle of incidence 

αi, the other parameters respectively β and the diffraction 

angle αd remaining constant. 

Calculate the numerical value of the factor in square 

brackets in equation (4), giving successive values for αi in 

the range of 135° ÷ 180°, with the value of the increment of 

one degree. Python calculator version 3.7 was used with two 

open-source modules (Pandas and Math) [8] that include an 

extensive range of predefined math. functions. 

The following terms have constant values as follows: 

β = π/2; 

αd = diffraction angle = 3/2π; 

n = 3/2. 

The results of the partial calculations of the diffraction co-

efficient D are presented below. 

 
Figure 8. The phenomenon of diffraction on the edges of the 

flat-bottomed hole of the longitudinal waves and the appearance of 

the surface waves. 

An increase in the values of the modulus of the diffraction 

coefficient D is observed as the angle of deviation increases 

from normal to the surface of the flat-bottomed hole, respec-

tively the difference between the angle of incidence of the 

ULI longitudinal wave and the angle of incidence of the 

normal longitudinal wave at the hole surface, ULN. 

As a result, the amplitude of the USI surface wave (Figure 

8.) generated by the diffraction of the ULI longitudinal wave 

will be higher than the USN surface wave generated by the 

ULN normal incidence wave, according to equation (3). The 

USI diffracted wave will cross the flat surface of the hole and 

a second diffraction will occur when it reaches the edge of 

the surface at the diametrical point opposite to the starting 

point (Figure 4). 

The amplitude of the longitudinal wave resulting from this 

second diffraction of the USI surface wave will be greater 

than that of the longitudinal wave obtained from the second 

diffraction of the USN surface wave. 

As shown in Figure 5, the longitudinal waves obtained by 

these secondary diffractions they occur at short intervals fol-

lowing the reflected longitudinal wave and may interfere 

with it, altering its amplitude. 

This could be the case in practice with ultrasonic immer-

sion examination with a focused transducer, with a focusing 

angle of up to 30° (depending on the focal length in water 

and material) compared to examination with an unfocused 

immersion transducer or a direct contact transducer. 

3. Results 
The experimental results obtained by scanning a flat ref-

erence block provided with several pairs of holes positioned 

at different depths (Figure 9) confirm this explanation. 

 
Figure 9. Forged plate examination reference block. 
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The main problem in determining the significance of the 

interaction of surface waves is the quantitative determination 

of the amplitude of diffracted signals. 

According to GTD, the ratio of the amplitudes of the dif-

fracted waves, measured at the same point in the diffraction 

field, is proportional to the ratio of the diffraction coeffi-

cients D corresponding to each wave. 

In order to quantitatively evaluate the deviations from the 

surface/amplitude relationship, the ratio of the diffraction 

coefficients can be expressed in dB. For relatively close an-

gles, which corresponds to the real differences between a 

focused and a non-focused transducer, it is found that these 

differences are in the range of 2-3 dB, values corresponding 

to the errors encountered in practice (Table 1). 

Calculation of diffraction coefficients D 

ecuatie - grad=134 ->>> angle -1.32  

ecuatie - grad=135 ->>> unghi -1.27 

ecuatie - grad=136 ->>> unghi -1.22 

ecuatie - grad=137 ->>> unghi -1.17 

ecuatie - grad=138 ->>> unghi -1.13 

ecuatie - grad=139 ->>> unghi -1.08 

ecuatie - grad=140 ->>> unghi -1.04 

ecuatie - grad=141 ->>> unghi -1.00 

ecuatie - grad=142 ->>> unghi -0.96 

ecuatie - grad=143 ->>> unghi -0.93 

ecuatie - grad=144 ->>> unghi -0.89 

ecuatie - grad=145 ->>> unghi -0.86 

ecuatie - grad=146 ->>> unghi -0.82 

ecuatie - grad=147 ->>> unghi -0.79 

ecuatie - grad=148 ->>> unghi -0.76 

ecuatie - grad=149 ->>> unghi -0.72 

ecuatie - grad=150 ->>> unghi -0.69 

ecuatie - grad=151 ->>> unghi -0.67 

ecuatie - grad=152 ->>> unghi -0.64 

ecuatie - grad=153 ->>> unghi -0.61 

ecuatie - grad=154 ->>> unghi -0.58 

ecuatie - grad=155 ->>> unghi -0.55 

ecuatie - grad=156 ->>> unghi -0.53 

ecuatie - grad=157 ->>> unghi -0.50 

ecuatie - grad=158 ->>> unghi -0.48 

ecuatie - grad=159 ->>> unghi -0.45 

ecuatie - grad=160 ->>> unghi -0.43 

ecuatie - grad=161 ->>> unghi -0.40 

ecuatie - grad=162 ->>> unghi -0.38 

ecuatie - grad=163 ->>> unghi -0.36 

ecuatie - grad=164 ->>> unghi -0.33 

ecuatie - grad=165 ->>> unghi -0.31 

ecuatie - grad=166 ->>> unghi -0.29 

ecuatie - grad=167 ->>> unghi -0.27 

ecuatie - grad=168 ->>> unghi -0.25 

ecuatie - grad=169 ->>> unghi -0.23 

ecuatie - grad=170 ->>> unghi -0.20 

ecuatie - grad=171 ->>> unghi -0.18 

ecuatie - grad=172 ->>> unghi -0.16 

ecuatie - grad=173 ->>> unghi -0.14 

ecuatie - grad=174 ->>> unghi -0.12 

ecuatie - grad=175 ->>> unghi -0.10 

ecuatie - grad=176 ->>> unghi -0.08 

ecuatie - grad=177 ->>> unghi -0.06 

ecuatie - grad=178 ->>> unghi -0.04 

ecuatie - grad=179 ->>> unghi -0.02 

Table 1. Values of amplitude response differences for focused and unfocused transducers. 

Reflector 

Unfocused transducer Φ 19 mm, 4 MHz Focused transducer Φ 19 mm, F=200 mm, 5 MHz  

FBH 1.2 FBH 2,0 Δ1 [dB] FBH 1.2 FBH 2,0 Δ2 [dB] Δ2 - Δ1 [dB] 

G2 49.5 44.3 5.2 36.8 29.5 7.3 2.1 

G3 50.5 42.6 7.9 43.3 33.5 9.8 1.9 

G4 51,1 39.1 12.0 46.7 32.4 14.3 2.3 

G5 48.0 40.7 7.3 45.0 35.5 9.5 2.2 

Note: Holes in the immediate vicinity of the upper and lower surfaces were not included in the experiment because they are located in critical 

areas of the ultrasonic field. 

4. Conclusions 

The phenomenon of deviation from the surface-amplitude 

relationship as a consequence of using Kirchhoff's approxi-

mation when solving the equation governing the behavior of 

ultrasound for flat-bottomed holes with a diameter smaller 

than the wavelength has been known and studied for a long 

time. The present material aims to analyze and quantify to a 

certain extent the differences in behavior between focused and 

non-focused ultrasonic immersion transducers, placed in the 
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situation of analyzing such artificial reflectors. For this, the 

general diffraction theory (GTD) was used with the particu-

larization of the diffraction coefficient (D). Practical experi-

ments confirmed the theoretical results. 

Abbreviations 

GTD Geometrical Theory of Diffraction 

ULI Longitudinal Incident Angled Wave 

ULN Longitudinal Incident Normal Wave 

USI Diffracted Wave Generated by ULI 

USN Diffracted Wave Generated by ULN 
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