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Abstract

In this paper, we consider the optimal source control problem of a system of 2-dimensional semi-linear steady
convection-diffusion equations. The problem is modelized from temperature and consistency distribution in the gasification
processes, so it is described by 2 non-linear elliptic partial differential equations with Dirichlet boundary condition. The
problem is a optimal source control problem that controls the source term necessary to approximate the temperature to a proper
target function. First, we derived the optimal condition. Based on setting the approximation problem of a given control
problem in a first order polynomial finite element function space and deriving the optimality condition of the approximation
problem, we evaluated a priori error between the optimal control, the optimal state, the conjugate state and its finite element
approximation functions by using optimal condition of original and approximate problem. And we also evaluated the upper
estimate of a posteriori error by finite element method (FEM). We proved the convergence to 0 of a posteriori error indicator
(term of the right side of inequality) when division diameter converges to 0. For this, we acquired the lower bound estimation
of a posteriori error and proved that a priori error and total variance error converges to 0 when division diameter converges to
0, so that we proved the convergence problem of a posteriori error indicator.
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1. Introduction

Differential equations and their control problems are fre-
quently found in the technical processes accompanied by
energy and in the fields of optimal design. In the preliminary
literatures, they derived a priori and a posteriori error esti-
mates for the non-linear differential equations by FEM, finite
volume method (FVM) and spectral method [1-4, 7-9, 14,
16-18], and even now for optimal control problems [5, 6,

10-13, 15]. When solutions of differential equations are
smooth, spectral method is useful for a posteriori error esti-
mates, otherwise, FEM is preferable. One of the difficulties
in estimating a posteriori errors by FEM is to estimate the
sensitivity of a posteriori error indicator to h, mesh size, i.e,
to prove the convergence of a posteriori error indicator to
zero when h tends to zero. That’s because, unlike by spec-
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tral method, by FEM, the error indicator 5 in estimating a
posteriori error is represented by an infinite series of ele-
ment-wise error indicators with respect to the total number of
elements when h tends to zero.

ly — yull> < n? = C Xillng I3 hi = nah?,
n% = Tellmelld

Therefore, upper bound estimate of a posteriori error
makes sense only when error indicator converges to zero. In
[13], for control problems of linear differential equations,
convergence to zero for error indicators was discussed under
the assumption that a sequence of approximate solutions
converges to analytical solution in the sense of subsequences.
And in [5], for semi-linear parabolic source control problems,
we acquired a posteriori error estimates by spectral method
but no convergence results of error indicator.

A priori and a posteriori error estimates for linear and
semi-linear convection-diffusion equations were presented in
[1, 2]. However, in case of a system of non-linear convec-
tion-diffusion equations, no error estimates and convergence
results for not only equations but also their control problems
might be presented at all.

The purpose of this paper is to discuss on a posteriori error
estimates by FEM for source control problem governed by a
system of semi-linear convection-diffusion equations and
convergence of error indicator n to zero. For convergence of
error indicator, we estimated lower bound of a posteriori
error, a priori error and oscillation error by FEM, introduced
some finite dimensional norm, and proved them by using
Riesz’s theorem in Hilbert space. This paper is organized as
follows.

In section 1, we presented problems to solve and optimal-
ity conditions, in section 2, a priori error estimates, in section
3 and 4, upper and lower bound estimates for a posteriori
error, in section 5, convergence of a posteriori error indicator.

Here are some notations.

V=Hi(Q), H°Q)=L%),

Il lls: normin H®(Q)(s=0, 1, 2)

(.,.)s: inner productin H*(Q)(s =0, 1, 2)

Il llsg, II-lls: norm in H®(K), H*(E) (where K is
patch of element in Q, E is edge of elementin Q,s=0, 1,
2).

(-, )sks (. )sE: inner product in H*(K), H*(E)

Il-lo,r = Il 2y nOrmin- L2(I)

(-, )o,r: inner product in L2(I")

- lops II-llop,e: nOrMin LP(K), LP(E)

(> dopks (r-)ope: inner productin LP(K), LP(E)

Assume that Q is bounded convex polygonal domain in

R2 and T is boundary of Q. The state model is as fol-
lows.

21

-Ay+fB(y,g9)+avy=f, Q
-Ag+4(y,g)+avg=u, Q (D)
y=0, g=0 r=0Q

The weak solution of (1) satisfies the following equation.

@

{(Vy,VU)O +(B(Y, 9),0), +(aVy,v), = (f,0),, Yo eV
(Vg, Vo), +(4(y, 9),v), +(avg,v), = (u,v),, Yo eV

[Assumption 1] Functions A(.-), &(--), a(x) satisfy the
following conditions.

B, 9C,) €W, 2" (R?), ae W™ (Q)?, diva =0,

V() >0,V(.-) >0, B(s,t)-s = 0,¢(s,t)t > 0,s,t € R* Under
this assumption, vy, g, the solutions of (2), uniquely exist in
V AH2(Q) " L*(Q) [5]. Cost functional is

1 2 v 2 v 2
J(y; f,u) ::—I(y—zd) dx+—If dx+—Iu dx,
2 2 2
Q Q Q

vZS>O,veR1,Zd e L2(Q) - is known.

inf  J(y;f,u)
u)eU 4

where y=y(f,u) is the unique solution of (2) and
Uy =U% = (L(Q)*.

[Problem 1] .

[Theorem 1] (Optimality condition) Assume that (f ) is
the solution of problem 1. Then there exists a function
P eVNL®(Q)(i=12) so that it satisfies the following
system.

vf eU = 2(Q)

(p,+vf, 1), =0,
YueU

(p, +vu,u), =0,

(VP VU)o +(B,(Y.9) Py, 0)o +(4,(V.T)- P, )y —
—-(@vp,v), = (¥ - 14,

(VB,, VU)o + (B, (V. T) Pyy 0)y + (¢, (V.9) P, V) —
—-(avp,,v), =0,Yv eV

v),, Vv eV

®)

where (y,g) stands for the unique weak solution of (2)
when f=f, u=1u.

(Proof) Let us identify yr, g with Gateaux differentia-
tiontofat (f,u) of Y. 9, the solution of (2).

Y, §; satisfy the following equations, respectively.

(Vyf ’VU)O +(ﬁ; (V'g)Yf !U)o +(ﬂ(; (Vlg)gf !U)o +
+(@vy,,v), =(f,v),, YoeV

(4)
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(Vg , V), + (2, (V. 8) Y, 0)g + (¢ (¥, T)G; )y +
+(avg,,v), =0, YoeV

®)

Let us identify y,, g, with Gateaux differentiation to u
at (f,u) of ¥ 9, the solution of (2). Then y,, g, satisfy
the following equations.

(VY,,V0)y + (B, (V,9)Y,0)y + (B, (Y. 9)G,.0), +
+(avy,,v), =0, YvoeV

(6)

(V4,, V), + (8, (¥, 9)Y,,0), + (4, (V,0)6,,0), —
-(avg,,v), = (u,v),, YoeV

Y]

Then, using Gateaux differentiation to f, u at (f,u) of
cost functional, the optimality condition is

()_/_Zdef)o+V(f_,f)o=0, vf eU @
(;/_Zd'yu)o"'V(U:U)O:O, YueU

Now let us consider p; € V(i = 1,2), the solution of the
following conjugate system.

(vﬁl’ VU)O +(ﬂ;(7r§)51! U)u +(¢y’(7! g)'ﬁzv U)o +
7(avﬁlvu)0 :(Vizdy U)O' YveV

©)

(VP,. V), + (4, (V. T)- B, )y + (B, (V. Q) B, v), —

-(avp,,v), =0, YveV

(10)

Let v=p,; in (4) and v =Y, in (9), and by using as-
sumption 1and (@V¥¢, P)o =—(aVPy, Y1 )o, then we have
(V_Zdvyf )o :(plv f)o +(¢;/p2!yf)o _(ﬂ; p1!gf)g (11)

Let v=p, in(5)and v = g, in (10), and by comparing
2 equalities, then we have the equality

(2 (¥, 8)P2,G¢)o = (By (V. 8) P O o>

12
47305 =5, (3.8)p: 42

From (11) and (12), we have
(Y=24.¥1)o = (. Po (13)

Let v =p, in (6) and v =y, in (9), and by using as-
sumption 1 and (aVYy,, p)o =—(aVp, ¥yu)o, We have the
equality

(Y =24, Yu)o = (&) P2, Yu)o — (Bg Pr, Gu)o (14)

22

Let v =p, in(7)and v = g, in (10), and by comparing
2 equalities and using (aV@y, P,)o =—(aVp,,d,)o , then we
have

(U, P,)o = (2 (Y, 9) P2 Yu)o — (B (V. 9)P1. G)o  (15)
Therefore, from (14) and (15), we have
(y- 24, Yu)o = (U, P2)o (16)
and from (8), (13), (16), we have
{(ﬁl+vf_, f)o=0, VfeU
(p, +vu,u), =0, YueU
It is trivial that p, € H2(2) , and we have

P eVAL (=12 gom the fact that embedding
H?(2) c C°() c L*(N) is continuous. Therefore, we can
obtain the result of this theorem.

2. A Priori Error Estimate by FEM

Now we partition () into regular triangles K;(j =

1,2,..,M), let us denote the diameter of triangle K, by

hy . length of edge by hz, h:= max h, . Let T, be the
J J 1<jsM

family of triangulation, E, be the set of edges of T;,.
Let us denote finite element function space of HZ(Q) as

V, =, e HHQNC@)v, |, € P.(K). VK T,.v, |, =0},
V, ={y, e H(Q) NCQ) |V, |y € B(K), VK T.}

where PR (K) is the linear polygonal space on element K,
U, =UVp.

The state equation in the finite element function space is

(Vyh ’ VUh)O + (ﬁ(yhv gh)v Uh)O + (aVyh ’ Uh)O =
=f,,0,)0, V0, €V, (17)
(Vgh ’ VUh )0 + (¢(yh ’ gh)r o )0 + (anh Uy )0 =

=(,,0,), Vv, €V,

The finite element approximation of problem 1 is as fol-
lows.
[Problem 2]:

- 1 2 v 2 v 2
min J(yh;fh,un):=—J.(yh—zd) dx+—J.fh d)(Jr—J.uh dx,
(F.,u,)eU? 2 2 2

h'*h h o o o
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where Y, €V, is the unique solution of (17).
[Lemma 1] When ((f,, T,), V) €UZ xV,, is the solution

of problem 2, there exists a (Py,, P,y) €V}Z SO that it satis-

fies the following system of equations.
(Optimality system)

th EUh

(Pun +Vf_hv fh)o =0,
Vuh eUh

(P2n +vUp,Up)o =0,

(VP VU)o +(By (V2 Gn) * Prns 0n)o +
+(¢;(7hrgh)'ﬁ2h: U)o —(@VDy, U)o =
=Y, — 24, )y YU, €V,

(VPan, Vo) + (8 (Y Gh) - Pons U)o +
+(By(Vn: 0n) Puns Uh)o —(@VP, 0y) =
=0, Vup, eV,

(18)

where (¥, G,) is the unique solution of (17).

(Because the proof of this lemma is similar to theorem 1,
we shall omit it here.)

[Lemma 2] Assume that condition ||ﬂé ||O0 ||¢§||w /C?<1
holds true. Then the equation (18) has a unique solution,
C the  positive that
(Vu, V), +(avo,v), 2 6||u||f .

where is constant  such

(Proof) To begin with, let us consider the following itera-
tion scheme for existence of the solution.

(VR VoR)e + (By b 0y )o — @V, 1) =

m-1)

=(Yh—24 — @, péh p)or YU, €V,

(VRS Vo )g + (8 PS8+ 0y)p — (@VPSY,

=B,

"7 g
U)o 0, Vo, €V,

By using assumption 1 and [1], the above iteration scheme
has a unique solution.

Letusset v, = pi™(eV,) in every equations above.
pi™)y =0, (diva=0,i=12), from
the above iteration scheme, we have

Reflecting (avp{™,

[ofp], < @rely, -2l + €2 /e o)

where ¢ =C, ¢, = ""5{/"0,@

Similarly, the following inequality holds

23

9], < oo
<(c31C?)||yn = 24, + (25 /C_Z)” pén Hl)
& =[5,

where C; is constant independent of M. From the inequal-
ities above, we have

[o0], <o o], sl

(¢, ==cyc3/C?, c5:=c;/C?)
[P = ™[], + (o™ +++ees) lyn - zal,

If ¢ <1, then | pg;;)Hl <C, |of “1 <C, (20)
where C;(i=12) is constant independent of M.
Thus there exists an weak convergent subsequence, so that

(m)

p™ — B, H(Q)(M — ), B, €V, (i=12) (21)

When m approaches to infinity under (21) in (19), it can be
shown that p,(i=12) is the solution of (18).

Now let prove For 2
Bins Pin(i=212), let us notice Py, =Py, —Pin(i=12). In

us uniqueness. solutions

the first equation of (18), we fix p,,, subtract equations
with each other and choose the
v, = Py, — Py » and then we have

trial function by

“Vﬁlhui + (ﬂ; ‘F_)lh ‘2 Do —(@VPy, Pyy)o =0

By applying Green’s Formula to the third term of above
equality, we have

_ 1_ _
(@VPips Pin)o = (a'Ev(plh)z’l)O =

= ~(diva, 5 (B ))o + (@1~ () )or =0

and by recalling py, |F=O, diva =0 (assumption 1), we
have p,, = 0 (22) from the above equality. i.e, Py, = Py,
Likewise, we can derive p,, = p,, for the second equa-

tion of (18), which completes the proof.
[Lemma 3] [3, 4] Let 1}, be the orthogonal projector being

V5V, cHNQ) . For VoeH(K), VKeT,, EcoK ,
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the following estimates hold
1)
"V_ IhV”o,K < Chy "V"l,a)K ' "V_ IhV"o,E < Chgz ”V"l,a)E

o= |J K= |J K

KNK =2 KNE#D
2) Mo <COM2 V] +hic? IV V)

3) Vel (Ml <Ml Ml <C M

First, let us derive a priori error estimates. Let
pih eV, (i=12) satisfy the following system.
VP, Vo) +(By(v" 9" Py oo+
+(¢;(yhagh)' P3y U)o+ @V, v,)g =
=(yh —24, U)o, VU, €V, ﬁheV
d h70 h h 1 h (22)

(VP Voo + (25 (v, 0") - p3. y)g +
+(By(y" ") B vy)o+(aVDS, 1) =0,
Vo, €V,

pg eV,
where y", g" is the solution of the system of equations.

VY", Vo) + (B g"). o), + (@VY",0)g =
=(f, )y, VU, €V,, Yy €V,

(Vg", Vo), + @y, 9", 00)0 + (V0" 0,) =
=(U,0,)y Yo, €V,, g" eV,

[Lemma 4]

Let (f,u,y,9,p), (fh.Un, V' Ohs Pin)(=12) be the so-
lutions of (3) and (18). Then the following inequality holds
true.

2
+Ch
0

14
E(llf_fh||§+||u_uh||(2;)sc Py — Py P, = Pay

2
+
0

(We denote the constants independent of h by C.)

This lemma can be proved easily from optimality condi-
tion.

[Theorem 2]

Let (flui ylga pi)’ (fhruhyyhighl pm)(l :112) be the SO-
lution of (3), (18), respectively. And let us assume that
|

||0’w <E,||ﬁé "Qm <6. Then the following a priori error

estimate holds.

I = fall + u—unlg 13 = VI +ll9n o +

+22:“ P - pih”lz <C(v,Q)-h
i=1

24

(We shall denote the constants independent of h by C in
the proof.)

(Proof) First of all, let us estimate |||01— ID1h||1 where plh
the of  (22). Let
E=lhp—Plg =P lhPL e =P — Pl

is solution us notice

Clef < (ve,ve), + (B, (y".g"E &), + (aVE, &), =
= (V(1,P), VE), + (By (¥, g™, By, €) +
+@v(1,py). ) — (VP VE), — (B, (v 9") P, €)g —
~(¢y(y". 9" P}, £)y — (@VPY £)y — (VPy, VE), -
=By (¥, 9)P; . &)o = (8, (¥, 9) P, E)o —(aVPy , &) +
VP, V&) +(By (¥, 9) Py, E)g + (B (Y, 9) P2, &) +
+(@vp, , &)+ (4, (¥", 9")p3 . &) == (V5,VE), -
(B, (¥,9)5. &)y —(aVes, &), +

+y =y E)o + (8 (", 9" ) — 2y (¥, 9) P, E)o +
+(By(y", 9" P = By (¥, 9) Py E)g

Clef <c|i],, + el el +Jy-v"lil, +

wClgl,.. dy-y"], lo-o"|liel+

+losl [z - 5]l +clasl, dy -yl +lo - o[ liel, +
], . e ol lel,

Clel, < Cdel, |yl +|o - 0", +[e: 0" +[p - p:"[ <
<chlpl, +Cqy-y"| +Jo-a"] +[p—p| +[p 0" <

ons ey ool ofm-n] il

[0l <l + el < ch+

ey oo +le-pt) @
C= ﬁ, C:= max(l’”ﬁ'"O,oo)
0,00

Second, let us estimate ||Y— yh"l.

This time, by letting
E=ly—y" c=y—l,y,é+¢c=y—y", and using lemma 3,
assumption 1 and the above estimate, then we can write

ly=y"), <l +lel, < en+|,, |a-o",

Third, let us estimate 99", .
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This time, by letting

E=1,0-g".c=g-1,9,.£+c=g—g", and using lemma 3,

assumption 1, then we can write
Jo-o"], <l +lel <cn+|i],,. [y-v",
And thus, we have
(24)

=y, o =o"], scnfeu—ps <cn

Fourth, let us estimate || P2 — I02||1.

Similarly to estimate || P — ID1h||1 , We have

h h
gfg + p17p1 )

h
Y=y | +

P, — p; | <Ch+Cy(

1 1 1

S

=S Cemaalsl])
c-151,. ’

+

p—p | <Ch+C@(y-y"|| +|g-a"|)i=12  (25)
[ =], || !

1

Meanwhile, subtracting the equations which yh,yh sat-
isfy, we have

(VOY" = ¥0), Von)o + (B 9" = BYn. Gn).0n)o +
+(av(yh = Yn) o = (f = fr,on)0

by letting a trial function by v, :=y" -y, €V, and apply-
ing assumption 1, we have
Cly" vl <Calt - full+
ol v -n], +[o" e )y -],
&y -nl, <Call -t vl -]+
e
"=l =cdr =l <o -l

Meanwhile, subtracting the equations which gh,gh sat-
isfy, we have

(V(a" = 9n). Vor)o + (@(Y", 9") = #(¥n. 9). Un)o +
+@v(g" —0h)iUn)o = (U—=Up,04)0

by letting a trial function by v, = gh -0, €V, and apply-

25

ing assumption 1, we have
Clo" - anl; <ol 4y -], +o" -~ au], )+
+lu=ualp) 0" ~ o],
I e e P
+Cou =)
-0 =, +io-ul).

C,

T C-Cal#l..

C2 = maX(CQ’szl ||¢’||O,oc)

From the above results, we can write

"yh — Y "1 <c@(|f - f, "o +[u _uh”o)’

(26)
C(Q):=C,/(1-C?)
where
C, = max(Cy, éz),
C,:=C,-C,, 1=C,>C>0
Due to the condition of this theorem, it holds

1>C-max(|£, . [¢,..) > 0.

By subtracting the equations which plh,p1h satisfy, we
have

(VP = Py) V0, )o + (B (Y, ") Py = By (¥, 8,) a1 )y +
+(¢;(yhrgh)p: 7¢;(yhrgh)p2hvuh)o +(av(p1h - p1h)1 Uh)o =

h
:(y _yhxuh)o

by letting a trial function by v, = plh —Pyp under exploit-

ing Lipschitz continuity of 4'() and ||ﬂ"||0’0o <C , we have

Cllod = b, <Calltl, |07 - P, +
+Call¢'l,. " P - |°2h||1 +Co(18"],... *ll¢"l,..)

Byl <" ~anl, ok - el
[eF =P, <CJy" =0, +|" ~an], +[e2 ~par]

Similarly to estimate ” Pl — Pip ”1 ,for p5, p,, . We have
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|02 = panf, <C[y" ], 0" ~an], +of

-l c@y -, o|o" -, i1
C(Q):=C/(C-C),C=max|¢|..|A].)

(@7)

Meanwhile, the following inequalities hold.

Iy=s <fy=y"[} " -,

lo-anlf <[o-0"[ +[o" o[

o= pall <o - o +o - pa (=12 28)

From lemma 4 and (23)~(28), we have

14
Slu=ulo+ 0t =15 <l = Pl +lp, = oy +Cn <

<C@’(lu-uylf +[If -, +ch

Now let us choose v being v/2—-C(Q)*>0.

K_ 2 _ 2 _ 2
Goceno-wli-neen
Ju =t +1 =l < Cv.h

By summing up (23)~(29), we can complete the proof.
[Lemma 5] For the solution of (23), we have the following
result.

[¥alo.. <alYalk.s <C. lgnll.. <c2lgnls <C

where C is constant independent of h.
(Proof) From theorem 2, for Yy, 0, the solution of (22),
we have the following a priori error estimate.
y-yly<ch’?, [g-gf<cn2 @0

Let us denote the interpolation of y by yi eV, . Because of
y e H¥2(Q) AW *(Q) , we can get
||yi ||1,q <C ||y||lyq Vge(, oo),"y -y ”1 < ChY? "y”Hm @ (31)

and by applying triangle inequality, using (30) and (31), we
have

26

"yh "o,w < ||yh||1,4 = “yh B yiH1,4 +“yi“1,4 <

<Ch 2y, —yi] +Callvl, <
<G 2 (lyy v, +|y -+ Calyl,, <€

Hence the relation ||yh ||0,OO < 01||yh||1]4 holds true. We can

deduce the second result of lemma in a similar way. So we can
complete the proof.

3. A Posteriori Error Estimate by FEM

Now let us assume that pih eV(i=12) satisfy the fol-
lowing system.

(v, Vo) + (B (¥ ") P, ) + (@ (v 0", 0), -
—(anlh, ), =(yh =24, V)y, VO EV

(Vps, Vo) + (8 (v, 0"y, 0)y + (B (Y a")p) s v), -

—(avp,, v), =0, YoveV (32)
(Wy", Vo), +(B(Y" g").0), +(aVy",0), = (,,0),,
YveV

(vVg", V), +(#(y". g"),0), + (@vg",v), = (U, L),
YveV

We can assume that y", g", p'(i=1,2), the solutions of

(32), exist uniquely in  H3(Q) "H*(Q).
[Assumption 2] Functional J is strictly convex near
(f,u) and there exists a constant C such that

(') =37 -W) = C(|f —w ) +Ju-w,[})  (33)

where w:=(w;,w,) is an arbitrary point in the neighbor-

hood of v:=(f,u).

We shall assume that assumption 1, 2 are valid in the sub-
sequent theorems.
[Lemma 6]

Let (f.uy,9.p), (f,.u0. Y595 PRI =12) be the solu-
tion of (3), (17), respectively. Then we have

v([f -1, "(2) o Ju _Uhlli) <
<Cpl = +[05 - pan[[ 22 +22)

’75 = "V fo + Pin "(2) ) 77120 = ”"Uh + p2h"§

where pih (i=12) are the functions defined in (32), C>0 is
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the constant independent of h.
(Proof) Starting from (33), we obtain

V(I f = g+ -l <
<CO)(Fu)=3'(Fyu ), (F = f u—u,)), =
=CONW T +py, f=f)o+(Vu+pyu—uy)y +

+ v+ o fy = £ + (v, + Py Uy —U)) <

<CW)(f, +pf f, =)o+ (vu, + ph,u, —u),)
Notice that we used optimality condition here.
From the above inequality, we have
2 2
v(IF = Fully +lu—unfls) <

SCE)(RY — Puys fy = o +(Ph — Pap Uy —U)g +

+ (v + P = T)g + (VUL + Py Uy —U)g) <

<o oel - pul[ <ol -+

+C(V:5)" pg - p2h||z +5"U _Uhlli +7792 +77120

which completes the proof.
[Lemma 7]

Let (f.,u., Y9y Pp) (Foou,y", 0", pl)(i=12) be the
solution of (18), (32), respectively. And assume that

O < 6 - maX("ﬁé ||0,oo ’||¢;' ||O,oo) < l :

Then the following inequality holds

-y +lon-'f + SJot -l sc 7
i=1 i=1
where

GEDIATT

KeT,
Yik = Yo~ Zg + APy = By (Yn, 9n) Py —
_¢;(yhvgh)p2h +avpy,

7722 = z he ||71E "Z,E '

EeE,
0 _
[%} =(VPu=Vpy) N, ENI=0
E
Vi =
0
Pun JENT 20
on |g
OPin 1. . L N
where o is the jump of directional derivative on the
dE

common boundary E of two elements K, K .

27

n = 2

KeT,
Vo = _ﬂg, (Yn+ 9n) Pan +APg, —
- ¢§; (Ynr9n) P +2VPy,

772 = z he ||72E||§,E )

EeE,

op _
{i} = (VP =V Py) N . ENT =0
on |

Ve =
OPan

on

ENT 2O
E

0
where {%} is the jump of directional derivative on the
E

common boundary E of two elements K, K .

= 3 il
s - Z K"K lp  *

KeT,
hk = o +AY, = B(Yh, 9n) —aVy,

7762 = Z he ||7’1E "(Z)E )

EcE,

{%} (VY ~V},) N, EAT =&
on |¢

7y
on

NE =
ENT 2O
E

where {%} is the jump of directional derivative on the
E

common boundary E of two elements K, K .

EDN AN
= r. ,
Uy K (172K ]lg

KeT,
Nk =Uy + Ay —#(Vh, 9n) —aVy,

’782 = Z he "725"2,5 '

EeE,

2
[ﬂ} - (Vg, ~V§,) ng EAT =@
on ¢

Vo =
2,

on

JENT 20
E

0
where {%} is the jump of directional derivative on the
E

common boundary E of 2 elements K, K .
(Proof) Step 1:
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Let &= pf =Py, & = 1n& Vi < Hp(Q).

First, for bilinear form B(v,0) =(Vu,Vv), +(aVo,v),,
let us prove that there is a constant C >( independent of v
such that B(v,v) = C v} .

Relation

B(,0) = [Vof +(aVv,0), = [Volf %(av,)z,l)o,

VYoeV =H(Q)

(avo?,1), = (div(av®),1), — (diva,v®), =

= (av®,n), - — (diva,v?), = —(diva, %),

holds true, so we can deduce the following inequality.

B(v,0) = Vo, +§(avf,1)0 =|vol; —%(diva, v?), =

26"1)”12, YveV = Hé(Q)

where C = c, is the constant in the norm equality
&, <|vol, <c vl voeHy©).
By exploiting the assumption 1 on a, £'(-) , and the inequality

(V& Vé)o +(@vié,, &) 2 6”§h "12

we can deduce the following inequality.

Clleff < (VE Ve, + (B, (" gME ), +(aVE &), <
< (VP VE), + (B (¥ 9" Py E)g — (Vg VE), -
—(B; (¥ 8" Py, €)g — (VDY €)y + (aVPy,, €)g =
=(y" =¥ o + (8 (¥", 9" 3. €)g = (@) (Vi» ) Pans €) —
= (VP V) = (B (Y 8) Py E)o = (Yn = 2. E)o +
+((By (Y 90) = By (Y™, 8" Py €)g —
—(@vVpy, &) + 8y (Vn: 94) Pan . &)p =
= (Yn =24 +aVPy, E)g + (¥ = Vi, E)o = (VPy, VE)o —
=By (Yn+ 90) Prn + By (Yo 9n) Pan» €)o +
+((By (Y ) = By (¥ 9" Py g + (8, (¥" 0" p5 -
~(By (Yis 9n) P2n &) =

28

= Z ik Eok — Z (11e:9)oe +

KeT, EeE,

+ (B, (Yn 8n) = By (Y, 9")) Py, E)o +
+(2,(y", 0" P3 = (8, (Y 9n) Pan- €)o

By adding this to

(Vplhvvéﬂ )o +(ﬂ)’/(yhxgh)p1h +¢)’/(yh’gh)p2h’§| )o -
—(@vpy,&)o = (Yh = 24,4 ) =0

and applying lemma 3, then we can obtain the following es-
timation.

Cllel; < 3 Clracll e el +

KeT,

= 3 ey el +

EeE,

+C(y" -y +]o" - an] DNl

< 3" Clrcloy e + 2 Clrael e he +
KeT, Ee<E,

vy -y, +fo" - anl)+ 5l <

<nt+nd+Cy -y +]o" -]

o0 = e, <o -y +on -0+ nt 402 34)

Step 2:
Let E=pd—py . & =1,EeV, cHI(Q) . By using

the assumption 1 ona, ¢'(-) , then we have

Clleff < (V& Ve, + (B, (Y g"E ), +(aVE, &), =
= (VP3, V&), + (B (¥, 9")p3.8), -
~ (VP20 VE), = (By (¥",9") Py €)g —
—(avpy, £)o + (aVpy,, &), =
= (45 (Y", 9") = 85 (Y, 9)) P1  £)o —
~(By(¥".9") Pan = By (Yns On) Pan. E)o +
+(=aVpzn, £)o = (Bg (Yn: 9n) Pons $)o —
=(VPon: VE)o — (85 (Yns 9n) Pins $)o

By adding this to

(VP20 Vi Do + (8 (Y 9n) Pan» €1)o —(@VPay, £1)o +
+(By (Yo 9n) Pips &1 )g =0
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then we have the following estimation.

6"5"12 < Z (rak E=& ok + z (r2e:& =& )oe +

KeT, EcE,
+ (85 Yn ) 5 (V" 9™ P ) +
A W A AR

+a" = n], ranl Pl s <

< Z||72K”§’K Chl% + Z "72E"(2),E Chy +

KeTy ecE,

#Clly" ], +o" -l -l <

<nd+n2 +Cy" -y, +]o" - e+

n!

ri(n—r)t

+olél

|02~ bl <CO22 +n)+
, , (35)
ol vl

Step 3:
Let £=§+6.§4 = yh—yh,§2 = gh_gh'

i =lhé eV, & =1h& eV deVv
By using the assumption on B, ¢, we can obtain

Cvals +Ivelp) <
SOV =Y VE), + (V8" = 0,) VE)e +
+(B(¥n 8", &)o - (B(Y".9"), &) +
+@V(Y" =¥, &) +

+P(y" 9,) - 4(y" 9", 9" — gy ), +
+@av(g" - 9,).&)o = (V" VE) — (VY. VE), +
+HVG", V&), — (Y9, VE,), +

+(BOY" ") 8Dy + (B(Y, 0" = B(Y, 0,). ) +

+ (B 98D + (Y 8").6,)y = (B(Y" 0,0, 6, +
+(@vy", &), —(avy,, &), + (avg", &), -

—(avg,. &)y = @Yy 9,): &)y + (B(Y,, 8,0, &), =

= (1,800 = (U, &) = (VY. VE) =

= (B, 9,) +aVvy,, &)y —(V9,,VE,), —
—(#(¥,,9,).8,)p —ave,, &) +

+ (B, 0" = B G0 EDo + (B0, 8,) — (Y 8,). 5,

29

By adding this to

(V¥n, V& )o +(B(Yn 9n) & o +
+@V¥h, & do —(fr &1 o =0,

(V8n, V&1 )o +(#(Yn, 9n). $a1)o +
+(@V0h, 851 )0 —(Un:$21)0 =0

then we have

= Z (fo +AY, = B(Yn,9n) —aV¥h, & =& ok —

KeTy

- ) -

ecE,

- Z (Uy + AR —@(Yn, 9n) —aV0h. & — &1 ok —

KeTy

o9
- EE) O

Bl e M 3l o - an

+5&|; <

2 2
2 2
< 2 Lo, 0 + 2 Jraxc 1 +

E=& ook +

+(

KeTy KeTy
2 2
2 ’ h
+ 2 [l e e +Ca il v -l +
LE [l g ¥ o [Py 0m)’ Yhl
ecE,

+C2 |¢)’,"0'OO “gh —gh“lz)Jr Z "rz,E”;E Chy +

ecEy,

+0 ||681||12 +5& ||12

where C, is the equivalence constant between the space
H3 (@), H(Q).
From the assumption 1, using

0<C-C2 max(" B, ||0'D0 ||¢y ||0vw) <1 we can deduce

h o P h_ o [P < S 2
TR R D W)
i=5

By summing up (34)~(36), we can complete the proof.
[Theorem 3]

Let (f,uy,g, pi), (fh,uh,yh,gh, pih)(i =12) be the so-
lution of (3) and (18), respectively. If the condition
1>C—max(|], . [|#1,..) >0 is valid, then we can obtain

the following upper bound estimate for a posteriori error
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Y TR e
2 2 2 10 5
+||9h - 9”1 +Z“ pi — pih“l = CZ'Ii
i=1 i=1
(Proof) From lemma 6 and lemma 7, we have

v f = ol +lu-unf) <

<o olf fea-stfscy
Meanwhile, the following inequalities hold.

ly=solf <y=y"[ +y" -

ool fo-s ool

[l <lor-otf ofsr-n, o

By subtracting the equation satisfying v, yh , and choos-

ing a trial function as v = y—yh, and using assumption 1,
then we have
Clvey -y, < calpty. - 50" gM| +1 - full)
7=y, =calvale, vyl +Jo-o"l,)+
+Cq || f = fu,)
This time, by subtracting the equation satisfying ¢, gh,

and choosing a trial function as v = g—gh, using assump-

tion 1 and the monotonity of ¢(,-), then we have
|o-9"], =Calu-ul,

Svy-y", =C21,. vy -y, +
+Callo -0 7 -l =
<18, [y, +

+CQ("u_uh”0 +||f - fh||0)

From assumption 1 and above inequalities, we can deduce
the following.

30

[v(y-y"), SC-E—“Cﬁ(Hg 0"+~ ul,)

of of
into account

Denoting the constant norm

HY(Q), H(Q)

equivalence

by C, , and taking

||,3'||0,OO <Cs and assumption 1, then it follows that

byl sggiey ool -1t - ol
L R S

<Clu—upf, + 1 = full)

ly=y"], <Cu-unly+1t = tall)

~ C,C
where Ci=—2"2

T G(C-Cp)’
Similarly, subtracting the equation satisfying p, plh,

C, =max(C; ,1)

choosing a trial function as v = p, - pf, taking into account
assumption 1, and then we have

N ' /, h _hy h h
[vep. - D) + 8. 90m = 5,3 0" 0] By - B, +
' 2 h h h h
+(2, (. 9)Pp, =&, (Y .9 )P, Py =Py ) +

+@V(p, P P~ P e = (V=" P~ P,

Clou-pl], <Cals; v 0p - 50" aMp1 | +

o T LR AR T I YR

<c, P, - P 1+6(||y—y“||1+||g—g“||1),

pl—plh 1+C¢

& mad], Il

Jpu-t], et -t +a-uly . - o2

Similarly, subtracting the equation satisfying p,, pg,

choosing a trial function as v = p, — pj , taking into account
assumption 1 and above estimations, and then we have

ny|]? ' ‘. oh _hy h h
||V(p2—p2)||0+(ﬂg(y,9)p2—ﬁg(y 19)P, P, = Py)p +
+(#, (v, )P~ 4, (v", 9" P, = Py), +

+@v(p, = P;). b, — Py, =
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=(y=y" P, P2
Cvep, - D), <CallBs(v.02p,- (5" 0"} +

A LR AR I Y A B

<Cy|V(p, -}, +C,[Vir — D) +

#Cy=y"|, o "], € = camaez], [oi],

[2 =8, <t =t +lu-uly +] o],

c
(C== )
C-Cp)

<

c-C

C= C:=max(C,,C,), C; = pu,..

Due to assumption 1, all the above conditions are satisfied
when 1>C—max(|5, . .[¢',,.) >0 . Thus there holds

=R, <€A~ ol +u—un)

Jpz 03], <CA 1~ tl +u-uily)

and for all v such that > ¢ , by summing up (37)~(40), we
can get the desired result. This completes the proof.

4. Lower Bound Estimate for a
Posteriori Error by FEM

Let us introduce the following function using barycentric
coordinate Ak, Ak, Ak, [3]

oy - [T K
0, Q\K

And let us introduce the following function depending on
the end points (number 1, 2) of edge E € E;, which is the

common edge of element K, K'.

4/1Ki AKJ , K
b = 4/1Ki/1Km, K", (wg =KUK)
0, (C‘)E)C

[Lemma 8] [3] For every element K T, and edge
E € E;,, bk, be have the following characteristics.

31

supb, < K, by e[O,l],ma}z(bK =1,
Xe

9 _
ij dx = 2_0| K| s Chli '"VbK ”O,K s ChKl '"bK "O,K
K
supbg < @g,be €[0,1], maxbg =1,
Xewmg
1 _
j be k= — | < ChE Ve, <Che'[oel],,

Wg

[Theorem 4]

Let (f.,uy,g, pi)v (fh,uh,yh, Ohs pih)(i =12,34) be the
solution of (3), (18). Then we have the following lower
bound estimate for a posteriori error by FEM.

10
Do <Al = g+l —un g+l -yl +

i=1

+||gh —g||12 +22:” P — pih“lz)-l-OSC+Ch
i=1

where C is independent of h and two of Cs are not the
same.

2 2
0sc:= Y (05¢(yy ) +05C(ie ) + Y (05C(Fy ) +05C(e ) +

i=1 i=1
+0sc(z,,) +0sc(zy,)

0sC(yix ) = Z hl% "7iK _77iK||§,K’
KeT,

0sC(yig) = Z hé ||7’iE ~Vie ";E (i=12)
EeT,

osc(f )= 3 2 ne ~To|E .

KeTy,

OSC(riE) = Z hé ”rlE _FiE”;E (i=12)

EeT,

0sc(z,) = Z ||Zh —Zy "§K '

KeT,
] -2
0sc(zy) = Z "Zlh — 73 ||0,K
KeT,
Zn =Up + Py Zp = Fy+ Py

(Proof) - Estimation of 7?:

_ 1
Let us consider the average 71k = mj?’m dx
K

I ||§K <[k ||§K +[rk =71k ||§K ’
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||771K "S,K ~ (K bk 71K Dok = m = Z he [l7x "ZK =

= (1 P 1k Dok = (1 =7k Bk 7k ok = <

=(Yn =24 = By (Yn: 9n) Pin =85 (Y, 9n) Pon +
+aVpy, +Apy, b 7k ok +1a =

=(Yn =24 = By (Yn: 9n) Pin =85 (Y 9n) Pon +

_ _ 1
+aVpy, + APy, b 7k ok + Let us consider the average 71 = Hj.ylEdl .
E

<Cllyn = VI +llpwn = pull +ll9n - oll}) + 05,

Estimation of 72

+(=(y—29)+ By (y. 9) P — 4, (Y. 9) P, — s o o
—avp, —Ap;, bk ok 1z = (Vh = Yibe 7 dox + "}/lE "O’E = "}/lE "O’E +"7/1E e "0’E
+(By (¥, 9) P = By (Y 91) Prn B 71 Do + )
||771E ||0'E -~ (771E!bE771E )O,E =

+(¢§(y'g) P2 _¢§(yh’gh)p2h + = (71E:bE77lE)o,E —(ne _771E’bE771E)0,E =
+A(py, — ) +avV(py, — P bk 7k ok + =(VPin, VOe71E )0, + (AP1n.beViE )00 =
Hla=li+l+lg+l,. = (VP = P1). V(be71E 0,0 +

+(Y =24 =By (Y, 9) P~y (Y, 9) P, +

where 14 =k =71k B 71k Dok - L avpLbeie)ou + 1+

By exploiting lemma 3 and lemma 8, we have

1 <[V = Yo i ok 7axc ¢ < +(By (Vs Gn) Pun + 85 (Vs On) Pon +@VPy, —
' ' ~(Yn = 24)be 72 Do . + (APy = By (Vi G1) Py —

<y, -V B lly . 1171 <
" " "1K" K”O’ K" 1K"0’K =, (Y 90) Pon +@VPy, + Vi — 24, De e )0, =

< C"yh - y"1,|< hlzl "bK ||0,K "771K "0,K =

< Ch,Zl " Yh — y||1'K ||771K ||0,K = (V(Py, — ). V(e e ))o,wE +
+ (¢;(yh +9n) Pan —¢;(y, 9)P2 + Y~ Yn.Dee )vag
Taking into account ||ﬂ'(')||0m <C, we can obtain the +(By (Yn: 9n) Prn = By (¥, 9) P+ Y = Vi BeTie Do o, +
following estimates. + (ko Detiedow, Hla =i+l +15+1,.
h _ _ _
I, < C" P— Py "0,K [lbw 71 ||O’K + where 14 = (71e —7e.Pe1E)oE -
+||ﬂ§(y’9)‘ﬂ§(yh'gh)”o,‘i,K I pm”MK b 7 ”QK + estliJni;r;S lemma 3 and lemma 8, we also have the following

+ ||¢§ (v,9) =8, (V. 95 )"0,4,K " Psn "0,4,K ”bK Y1k "o,K <
-1 —
<o s, ik 5Bl il <

_ _ <Chlllp-p b Ve <
ey —vall #1001 Wil < <le=ral,, el 7e

<ot +on -y +o- 00kl <o [P, Ficle
Ly <||ACPy, = POl o ok 72|l o + Here ”bE ||0wE <Chy is taken into account. Likewise,
+[av(py, - p1)||0’K o 7ic lly < considering the Lipschitz continuity of  S'(.)
<Ch oy = Byl ¢ 172kl 18" O)l,... <C , we can deduce the following estimates.
"771K "o,K < Chkzl("yh - y"l,K +" Pun — p1||1,K +"gh - g”l,K) I2 < Chi;% (" Py~ Pin "ng *
né lraclox = Cvn =Yl +lpw = pill +lgn ~ ol ) y=villo, +l9=0ul, )7l e

+ hli ||7/1K ~ 7 ";K

32
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I3 < ||71K ”01% ”bEJ’lE"o,wE =

< e

o Fie <O el e

|71K

0,wg

0 Wielye <Cp =Pl +ly-will,, +
tla=nll,, )+ Chi el

0,0g

7722 = Z he "7’1E”(2),E <

EeEn
<C(lp, - plh||12 +y - yh||12 +]g- gh”f)+

+C Z hli ||71K ”;K +0sC(ye ) =

KeT,
=C(lp, - plhlll2 +||y—yh||12 +[g- 9h"12)+

+ 7712 +0SC(y1e)

Similarly to the estimations of 72,7Z, we can get the
followings.

7 < Z hy ")/ZK"(Z),K <

KeT,
<Clyn = yIE +lgn - ol +lpw - mu[} +
+{Ipzn ~ p2||f +[gn - 9||12)+°SC(7’2K)

77; = z he "72E";E S

EcE,
<Clp, = pullf +llp, = Pl +ly = vl +

+la-au b+ 2ol +

< C(||yh _y"f +||9h —g||f *”f - fh”cz))+
+12 +0sc(e ).

7 = 2 Il <

KeT,

<C(lu-unls +lo -9l + D ¢ I ~ Tl =

KeT,

=C(lu-uy s +[o - gy [[) +ose(ryi ).

m= Y Mg ||r2E||§,E <

EecE,

<Cllgn—of; +u-unlp)+

+C Z hl% "I’ZK”;K + Z hK "rZE _FZE";E =

KeT, EcE,

<C(|gy — g} +|u—up[) +72 +osc(re).
72 <zl <CQu—u, | +]p2 = o)+
+Ch(ul} +lpl5+ X Iz -7l =
K ETh

=C(u —uh||§ +|p, - p2h||f)+Ch+osc(zh)

no <[/ fu + Punlly <CAT = full +] P = Punff)+
+Ch(| [ +[ P} +0sc(zyp)

= By summing up 7712 ~ 77120, we can derive the result of

+ Z he "72E _72E||;E = C(" Py = Py "f +||p2 - p2h||12 +

EcE,

this theorem. This completes the proof.

Ay = vyl +llg = g, ]F) + 02 +osc(r,e) 5. Convergence of a Posteriori Error

’752 = Z hi "rlK ";K <

Indicator

ke [Lemma 9] For OSC, oscillation error (Theorem 4),

SC("y‘yh"lz +g _gh"l2 +|f - fh”é)Jr

osc —>0 (h—0)

) (We shall denote the constants independent of h by the
+ z hi Ir — T ||0,K = same character C in the proof.)

KeT,

= C(||y—yh||f +g _gh”lz +]f - fh||§)+osc(rlK)

(Proof) Step 1: Let us consider the following inequality.

Z ||7’2K||(2),K + Z ||7/2E||§,E <C

7762 _ Z hK ”rlE "(Z)E < KeT, EeE,
EcE,
(C is independent of h). (41)
<C(ly, _y"f +[la, _9"12 +[If - fh"cZJ)Jr
2 2 — 2 - . . .
+C Z i el + Z hy Ine —Te [l e < where I, are the quantities defined in lemma 7 being

KeT, EeE,

33

Ly = Agh _¢(yh’ gh) + anh


http://www.sciencepg.com/journal/ijimse

International Journal of Industrial and Manufacturing Systems Engineering

http://www.sciencepg.com/journal/ijimse

{%:l :(Vgh_V§h)'nK’ Enl'=0
N le

9Gn
on

r-2E -
, ENnT'=9

E

Due to coercivity of objective function J with repect to
control Uy, f,

L*(Q) independently of h,
[unlly =luallz o < C:ll fully =l fullz gy < € (€ s con-

stant independent of h).

it follows that U, f, is bounded in

i.e.

Letting V,, =, in the variational equation

(Vgh,VUh)o + (¢(yh’ gh)!Uh)o +

(42)
+(avg,,u,), =(U,,v,),, Vv, €V,

satisfied by g, th, and by using assumption 1, lemma

5 and (Vg,,V9,), +(@v9,,g,) 2C[g, ;- then it

follows

l9nll, <lgnl; <Clunf, +leC. 80, < C
From (42), we have

Z (Agh!uh)O,K + Z (_rZE’Uh)O,E =

KeT, EeE,

< ey 9. +lunll) onlly = € fonl

Let us  introduce  norm in V, by
||Vh ||h = (Z ||Vh||;K + z ||Vh ||;E)l/2 . Because all finite
KeT, EeE,

dimensional norms are equivalent, it follows
Co Vall, < vally < s vl
Let us consider the functional

F(gh)(vh) = z (Agh’vh)O,K + Z (_ rZE'Vh)O,E

KeTy EeE,

in V.
Considering the fact |F (Y, )(v,)| < C||Vh||O < C”Vh”h,

F(y,) is bounded linear functional in V,, and from

34

Riesz’s representation theorem, there is a unique @, €V,

such that F(y,)(v,) =(&,,v}),, and it follows
[Foll=laul,

Jaull, = (X 180u . + 2lrcle) <€
KeT, EeE,

Recalling assumption 1 and lemma 5,
|#(Y,,9,)]|,, <C (C is independent of h), so we have

the following result.

Z ”rZK ||§,K = Z ”Agh _¢(yh’ gh) _avgh +uh||z,K <

KeT, KeT,

< 22 ”Agh”Z,K +2”¢(yh' gh)+anh _uh”§ <C

KeT,

Step 2:
Z ||71K ||§K + Z ”71”2,5 <C (43)
KeT, EcE,
2l + el <€ (44)
KeT, EeE,
27l + el <C (@5)

KeT, E<E,
where C is constant independent of h.

By summing up (43)~(45), and using the definition of osc,
we can obtain the result of this theorem. This completes the
proof.

Now we can state the convergence of a posteriori error in-
dicator 77.

[Theorem 5]

Let (f,u,y,9,p) (fiUn, Yi: 9 P)(I=12) be
the solution of (3), (18), respectively. We have the following
convergence results when h — 0.

D ”u _uh”o -0, ”f - fh“o -0, ||y—yn||1 —0
2) llg-g,[, >0 [p~pyl, >0 (=12

10
3) n’= an —0

i=1

(Proof) We can prove 1), 2) from theorem 2, and then 3)
from lemma 9, theorem 2 and theorem 4.
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6. Conclusion

In this paper, for the optimal source control problem of a
system of 2-dimensional semi-linear steady convec-
tion-diffusion equations, we acquired the optimality condi-
tion. And we estimated the a priori and a posteriori error and
proved the convergence to 0 of a posteriori error indicator
when division diameter converges to 0.
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