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Abstract 

In this paper, we consider the optimal source control problem of a system of 2-dimensional semi-linear steady 

convection-diffusion equations. The problem is modelized from temperature and consistency distribution in the gasification 

processes, so it is described by 2 non-linear elliptic partial differential equations with Dirichlet boundary condition. The 

problem is a optimal source control problem that controls the source term necessary to approximate the temperature to a proper 

target function. First, we derived the optimal condition. Based on setting the approximation problem of a given control 

problem in a first order polynomial finite element function space and deriving the optimality condition of the approximation 

problem, we evaluated a priori error between the optimal control, the optimal state, the conjugate state and its finite element 

approximation functions by using optimal condition of original and approximate problem. And we also evaluated the upper 

estimate of a posteriori error by finite element method (FEM). We proved the convergence to 0 of a posteriori error indicator 

(term of the right side of inequality) when division diameter converges to 0. For this, we acquired the lower bound estimation 

of a posteriori error and proved that a priori error and total variance error converges to 0 when division diameter converges to 

0, so that we proved the convergence problem of a posteriori error indicator. 
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1. Introduction 

Differential equations and their control problems are fre-

quently found in the technical processes accompanied by 

energy and in the fields of optimal design. In the preliminary 

literatures, they derived a priori and a posteriori error esti-

mates for the non-linear differential equations by FEM, finite 

volume method (FVM) and spectral method [1-4, 7-9, 14, 

16-18], and even now for optimal control problems [5, 6, 

10-13, 15]. When solutions of differential equations are 

smooth, spectral method is useful for a posteriori error esti-

mates, otherwise, FEM is preferable. One of the difficulties 

in estimating a posteriori errors by FEM is to estimate the 

sensitivity of a posteriori error indicator to ℎ, mesh size, i.e, 

to prove the convergence of a posteriori error indicator to 

zero when ℎ tends to zero. That’s because, unlike by spec-
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tral method, by FEM, the error indicator 𝜂 in estimating a 

posteriori error is represented by an infinite series of ele-

ment-wise error indicators with respect to the total number of 

elements when ℎ tends to zero. 

‖𝑦 − 𝑦ℎ‖2 ≤ 𝜂2 = 𝐶 ∑ ‖𝜂𝑘‖0,𝑘
2

𝑘 ℎ𝑘
2 = 𝜂𝛺

2 ℎ2,  

𝜂𝛺
2 = ∑ ‖𝜂𝑘‖0,𝑘

2
𝑘   

Therefore, upper bound estimate of a posteriori error 

makes sense only when error indicator converges to zero. In 

[13], for control problems of linear differential equations, 

convergence to zero for error indicators was discussed under 

the assumption that a sequence of approximate solutions 

converges to analytical solution in the sense of subsequences. 

And in [5], for semi-linear parabolic source control problems, 

we acquired a posteriori error estimates by spectral method 

but no convergence results of error indicator. 

A priori and a posteriori error estimates for linear and 

semi-linear convection-diffusion equations were presented in 

[1, 2]. However, in case of a system of non-linear convec-

tion-diffusion equations, no error estimates and convergence 

results for not only equations but also their control problems 

might be presented at all. 

The purpose of this paper is to discuss on a posteriori error 

estimates by FEM for source control problem governed by a 

system of semi-linear convection-diffusion equations and 

convergence of error indicator η to zero. For convergence of 

error indicator, we estimated lower bound of a posteriori 

error, a priori error and oscillation error by FEM, introduced 

some finite dimensional norm, and proved them by using 

Riesz’s theorem in Hilbert space. This paper is organized as 

follows. 

In section 1, we presented problems to solve and optimal-

ity conditions, in section 2, a priori error estimates, in section 

3 and 4, upper and lower bound estimates for a posteriori 

error, in section 5, convergence of a posteriori error indicator. 

Here are some notations. 
1 0 2
0: ( ), ( ) : ( ),V H H L      

‖. ‖𝑠: norm in ( )( 0, 1, 2)sH s   

(. , . )𝑠: inner product in ( )( 0, 1, 2)sH s   

‖. ‖𝑠,𝐾 , ‖. ‖𝑠,𝐸 : norm in ( ), ( )s sH K H E  (where K is 

patch of element in  , E is edge of element in  , s = 0, 1, 

2). 

(. , . )𝑠,𝐾, (. , . )𝑠,𝐸: inner product in ( ), ( )
s s

H K H E  

‖. ‖0,𝛤 = ‖. ‖𝐿2(𝛤): norm in 𝐿2(𝛤) 

(. , . )0,𝛤: inner product in 𝐿2(𝛤) 

‖. ‖0,𝑝,𝐾, ‖. ‖0,𝑝,𝐸: norm in 𝐿𝑝(K), 𝐿𝑝(E) 

(. , . )0,𝑝,𝐾, (. , . )0,𝑝,𝐸: inner product in 𝐿𝑝(K), 𝐿𝑝(E) 

Assume that   is bounded convex polygonal domain in 
2R  and   is boundary of  . The state model is as fol-

lows. 

( , ) ,

( , ) ,

0, 0

y y g a y f

g y g a g u

y g





     

     

    







    (1) 

The weak solution of (1) satisfies the following equation. 

0 0 0 0

0 0 0 0

( , ) ( ( , ), ) ( , ) ( , ) ,

( , ) ( ( , ), ) ( , ) ( , ) ,

y y g a y f V

g y g a g u V

     

     

       

       





 (2) 

[Assumption 1] Functions  ( , ), ( , ), a x      satisfy the 

following conditions. 
2, 2 1, 2

( , ), ( , ) ( ), ( ) , 0,locW R a W diva 
 

         

1
( , ) 0, ( , ) 0, ( , ) 0, ( , ) 0, ,s t s s t t s t R               Under 

this assumption, y, g, the solutions of (2), uniquely exist in 
2 ( ) ( )V H L    [5]. Cost functional is 

2 2 2
1

(y; f, u) : (y z ) ,
2 2 2

d
J dx f dx u dx

 

  

       

1 2
0, , ( )ds R z L      - is known. 

[Problem 1] 
(f,u) U

inf (y; f, u)
ad

J


 

where y=y(f,u) is the unique solution of (2) and 
2 2 2

: ( ( ))adU U L   . 

[Theorem 1] (Optimality condition) Assume that ( , )f u is 

the solution of problem 1. Then there exists a function 

( )( 1,2)ip V L i     so that it satisfies the following 

system. 

2

1 0

2 0

( , ) 0, : ( )

( , ) 0,

p f f f U L

p u u u U





     

   





 

1 0 1 0 2 0

1 0 0

2 0 1 0 2 0

2 0

( ,  ) ( ( , ) ,  ) ( ( , ) ,  )

( , ) ( ,  ) ,

( ,  ) ( ( , ) ,  ) ( ( , ) ,  )

( , ) 0,

y y

d

g g

p y g p y g p

a p y z V

p y g p y g p

a p V

    

  

    

 

       

     

       

    









  (3) 

where (𝑦̅, 𝑔̅) stands for the unique weak solution of (2) 

when f = 𝑓,̅ u = 𝑢̅. 

(Proof) Let us identify 𝑦𝑓̇, 𝑔𝑓̇ with Gateaux differentia-

tion to f at ( , )f u  of ,y g , the solution of (2). 

,f fy g  satisfy the following equations, respectively. 

0 0 0

0 0

( , ) ( ( , ) , ) ( ( , ) , )

( , ) ( , ) ,

f y f g f

f

y y g y y g g

a y f V

    

  

     

    
   (4) 
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0 0 0

0

( , ) ( ( , ) , ) ( ( , ) , )

( , ) 0,

f y f g f

f

g y g y y g g

a g V

    

 

     

    
     (5) 

Let us identify 𝑦𝑢̇, 𝑔𝑢̇ with Gateaux differentiation to u 

at ( , )f u  of ,y g , the solution of (2). Then 𝑦𝑢̇, 𝑔𝑢̇ satisfy 

the following equations. 

0 0 0

0

( , ) ( ( , ) , ) ( ( , ) , )

( , ) 0,

u y u g u

u

y y g y y g g

a y V

    

 

     

    
     (6) 

0 0 0

0 0

( , ) ( ( , ) , ) ( ( , ) , )

( , ) ( , ) ,

u y u g u

u

g y g y y g g

a g u V

    

  

     

    
     (7) 

Then, using Gateaux differentiation to f, u at (𝑓̅, 𝑢̅) of 

cost functional, the optimality condition is 

0 0

0 0

( , ) ( , ) 0,

( , ) ( , ) 0,

d f

d u

y z y f f f U

y z y u u u U





    

    
       (8) 

Now let us consider 𝑝̅𝑖 ∈ 𝑉(𝑖 = 1,2), the solution of the 

following conjugate system. 

1 0 1 0 2 0

1 0 0

( ,  ) ( ( , ) ,  ) ( ( , ) ,  )

( , ) ( ,  ) ,  

y y

d

p y g p y g p

a p y z V

    

  

       

     
    (9) 

2 0 2 0 1 0

2 0

( ,  ) ( ( , ) ,  ) ( ( , ) ,  )

( , ) 0,  

g g
p y g p y g p

a p V

    

 

       

    
    (10) 

Let 𝑣 = 𝑝1 in (4) and 𝑣 = 𝑦𝑓̇ in (9), and by using as-

sumption 1 and 1 0 1 0( , ) ( , )f fa y p a p y    , then we have 

0 1 0 2 0 1 0
( , ) ( , ) ( , ) ( , )

d f y f g f
y z y p f p y p g          (11) 

Let 𝑣 = 𝑝2 in (5) and 𝑣 = 𝑔𝑓̇ in (10), and by comparing 

2 equalities, then we have the equality 

2 0 1 0

2 1

( ( , ) , ) ( ( , ) , ) ,

( , ) ( , )

y f g f

y g

y g p g y g p g

y g p y g p

 

 

 

 
     (12) 

From (11) and (12), we have 

0 1 0( , ) ( , )d fy z y f p             (13) 

Let 𝑣 = 𝑝1 in (6) and 𝑣 = 𝑦𝑢̇ in (9), and by using as-

sumption 1 and 1 0 1 0( , ) ( , )u ua y p a p y    , we have the 

equality 

0 2 0 1 0( , ) ( , ) ( , )d u y u g uy z y p y p g           (14) 

Let 𝑣 = 𝑝2 in (7) and 𝑣 = 𝑔𝑢̇ in (10), and by comparing 

2 equalities and using 2 0 2 0( , ) ( , )u ua g p a p g    , then we 

have 

2 0 2 0 1 0( , ) ( ( , ) , ) ( ( , ) , )y u g uu p y g p y y g p g       (15) 

Therefore, from (14) and (15), we have 

0 2 0( , ) ( , )d uy z y u p          (16) 

and from (8), (13), (16), we have 

1 0

2 0

( , ) 0,

( , ) 0,

p f f f U

p u u u U





    


   
 

It is trivial that 𝑝𝑖̅ ∈ 𝐻2(𝛺) , and we have 

( )( 1,2)ip V L i   
 from the fact that embedding 

𝐻2(𝛺) ⊂ 𝐶0(𝛺) ⊂ 𝐿∞(𝛺) is continuous. Therefore, we can 

obtain the result of this theorem. 

2. A Priori Error Estimate by FEM 

Now we partition Ω  into regular triangles 𝐾𝑗(𝑗 =

1,2, … , 𝑀), let us denote the diameter of triangle 
jK  by 

ℎ𝐾𝑗
, length of edge by ℎ𝐸𝑗

, 
1

: max
jK

j M
h h

 
 . Let 𝑇ℎ be the 

family of triangulation, 𝐸ℎ be the set of edges of 𝑇ℎ. 

Let us denote finite element function space of 𝐻0
1(𝛺) as 

1

0
: { ( ) ( ) | | ( ), , | 0},

h h h K r h h
V v H C v P K K T 


        

1

1: { ( ) ( ) | | ( ), }h h h K hV v H C v P K K T         

where 1(K)P  is the linear polygonal space on element K, 

: hhU U V  . 

The state equation in the finite element function space is 

0 0 0

0

0 0 0

0

( , ) ( ( , ), ) ( , )

( , ) ,

( , ) ( ( , ), ) ( , )

( , ) ,

h h h h h h h

h h h h

h h h h h h h

h h h h

y y g a y

f V

g y g a g

u V

   

 

   

 

     

  

     

  








   (17) 

The finite element approximation of problem 1 is as fol-

lows. 

[Problem 2]: 

2 2 2

2
(f ,u )

1
(y ; f , u ) : (y z ) ,

2 2 2
min

h h h h d h h

h h hU

J dx f dx u dx
 

  


       
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where h hy V  is the unique solution of (17). 

[Lemma 1] When 2(( ,  ),  )h h h h hf u y U V   is the solution 

of problem 2, there exists a 2
1 2( ,  )h h hp p V  so that it satis-

fies the following system of equations. 

(Optimality system) 

1 0

2 0

( , ) 0,

( , ) 0,

h h h h h

h h h h h

p f f f U

p u u u U





    


   
 

1 0 1 0

2 0 1 0

0

2 0 2 0

1 0 2 0

( ,  ) ( ( , ) ,  )

( ( , ) ,  ) ( ,  )

( ,  ) ,  

( ,  ) ( ( , ) ,  )

( ( , ) ,  ) ( ,  )

0,

h h y h h h h

y h h h h h h

h d h h h

h h g h h h h

g h h h h h h

h h

p y g p

y g p a p

y z V

p y g p

y g p a p

V

  

  

 

  

  



    

    

   

    

    

  












     (18) 

where ( ,  )h hy g  is the unique solution of (17).

 (Because the proof of this lemma is similar to theorem 1, 

we shall omit it here.) 

[Lemma 2] Assume that condition 2/ 1g y C 
 

    

holds true. Then the equation (18) has a unique solution, 

where C  is the positive constant such that 

2

0 0 1
( , ) ( , )a C         . 

(Proof) To begin with, let us consider the following itera-

tion scheme for existence of the solution. 

( ) ( ) ( )

1 0 1 0 1 0

( 1)

2 0

( , ) ( , ) ( , )

( , ) ,

m m m

h h y h h h h

m

h d y h h h h

p p a p

y z p V

   

  


     

    
 

( ) ( ) ( )

2 0 2 0 2 0

( )

1 0

( ,  ) ( ,  ) ( ,  )

( ,  )  0,  

m m m

h h g h h h h

m

g h h h h

p p a p

p V

   

  

     

   
   (19) 

By using assumption 1 and [1], the above iteration scheme 

has a unique solution. 

Let us set 
( )

( )
m

h hihp V    in every equations above. 

Reflecting 
( ) ( )

0( , ) 0, ( 0, 1,2)
m m

ih iha p p diva i    , from 

the above iteration scheme, we have 

( ) ( 1)
1 2 11 201 1

(1/ ) ( / )
m m

h dh hp c y z c c p


  
 

where 1 2
0,

: , : yc C c 


   

Similarly, the following inequality holds 

( ) ( )
3 12 1

1 1

( 1)2 2
3 2 3 20 1

3
0,

( / )

( / ) ( / ) )

:

m m
h h

m
h d h

g

p c c p

c C y z c c C p

c 





 

  



 

where ic  is constant independent of m . From the inequal-

ities above, we have 

( ) ( 1)
4 52 2 01 1

2 2
4 2 3 5 3

,

( : / , : / )

m m
h dh hp c p c y z

c c c C c c C


  

 

 

( ) (0) 1
4 4 4 52 2 01 1

( ) ((( ) ) )
m m m

h dh hp c p c c c y z      

If 4 1c  , then ( ) ( )
1 22 1

1 1
,

m m
h hp C p C     (20) 

where ( 1,2)iC i   is constant independent of m . 

Thus there exists an weak convergent subsequence, so that 

( ) 1
, ( )( ), ( 1,2)

m

ih ih ih hp p H m p V i         (21) 

When m approaches to infinity under (21) in (19), it can be 

shown that ( 1,2)ihp i   is the solution of (18). 

Now let us prove uniqueness. For 2 solutions 

ˆ, ( 1,2)ih ihp p i  , let us notice ˆ ( 1, 2)ih ih ihp p p i   . In 

the first equation of (18), we fix 2
ˆ

hp , subtract equations 

with each other and choose the trial function by 

1 1
ˆ

h h hp p   , and then we have 

2 2

1 1 0 1 1 0
0

( ,1) ( , ) 0h y h h hp p a p p      

By applying Green’s Formula to the third term of above 

equality, we have 

2
1 1 0 1 0

2 2
1 0 1 0,

1
( , ) ( ( ) ,1)

2

1 1
( , ( ) ) ( ( ) ) 0

2 2

h h h

h h

a p p a p

diva p a n p 

    

    

 

and by recalling 1 0, 0hp diva  (assumption 1), we 

have 𝑝̅1ℎ = 0 (𝛺) from the above equality. i.e, 1 1
ˆ .h hp p  

Likewise, we can derive 2 2
ˆ

h hp p  for the second equa-

tion of (18), which completes the proof. 

[Lemma 3] [3, 4] Let hI  be the orthogonal projector being

1
0 ( )hV V H   . For 1( ), ,hH K K T E K      , 
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the following estimates hold 

1) 

'

1/2

1, 1,0, 0,

'

,

: , :

K E
h k h EK E

K E

K EK K

v I v Ch v v I v Ch v

K K

 

 

  

   

 
 

2) 1/2 1/2

0,E 0, 0,
( )K KK K

v C h h     

3) 1 1

0, , 0, 1, 0,
( ), ,K KK K K K

v L K v Ch v v Ch v  


    

First, let us derive a priori error estimates. Let 

( 1,2)h
i hp V i   satisfy the following system. 

1 0 1 0

2 0 1 0

0 1

2 0 2 0

1 0 2 0

2

( ,  ) ( ( , ) ,  )

( ( , ) ,  ) ( ,  )

( ,  ) , ,

( ,  ) ( ( , ) ,  )

( ( , ) ,  ) ( ,  ) 0,

,

h h h h

h y h

h h h h

y h h

h h

d h h h h

h h h h

h g h

h h h h

g h h

h

h h h

p y g p

y g p a p

y z V p V

p y g p

y g p a p

V p V

  

  

 

  

  



    

    

    

    

    

  













   (22) 

where ,h hy g  is the solution of the system of equations. 

0 0 0

0

0 0 0

0

( , ) ( ( , ), ) ( , )

( , ) , ,

( , ) ( ( , ), ) ( , )

( , ) , ,

h h h h

h h h

h

h h h h

h h h h

h h h

h

h h h h

y y g a y

f V y V

g y g a g

u V g V

   

 

   

 

     

   

     

   









 

[Lemma 4] 

Let ( , , , , ), ( , , , , )( 1,2)i h h h h ihf u y g p f u y g p i   be the so-

lutions of (3) and (18). Then the following inequality holds 

true. 

2 22 2

1 1 2 20 0 0 0
( )

2
h h h h

f f u u C p p p p Ch


         

(We denote the constants independent of h  by C .) 

This lemma can be proved easily from optimality condi-

tion. 

[Theorem 2] 

Let ( , , , , ), ( , , , , )( 1,2)i h h h h ihf u y g p f u y g p i   be the so-

lution of (3), (18), respectively. And let us assume that 

0, 0,
,y gC C

 
    . Then the following a priori error 

estimate holds.
 

2 2 2 2

0 0 1 1

2
2

1
1

( , )

h h h h

i ih

i

f f u u y y g g

p p C h


       

    
 

(We shall denote the constants independent of h by C in 

the proof.) 

(Proof) First of all, let us estimate 1 1
1

hp p , where 1
hp  

is the solution of (22). Let us notice 

1 1 1 1 1 1: , : , .h h
h hI p p p I p p p           

2

0 0 01

1 0 1 0

1 0 1 0 1 0

2 0 1 0 1 0

1 0 2 0 1

( , ) ( ( , ) , ) ( , )

( ( ), ) ( ( , ) , )

( ( ), ) ( , ) ( ( , ) , )

( ( , ) , ) ( , ) ( , )

( ( , ) , ) ( ( , ) , ) ( ,

h h

y

h h

h y h

h h h h

h y

h h h h

y

y y

C y g a

I p y g I p

a I p p y g p

y g p a p p

y g p y g p a p

       

  

   

   

   

      

    

      

      

     0

1 0 1 0 2 0

1 0 2 0 0

0 0

0 2 2 0

1 1 0

)

( , ) ( ( , ) , ) ( ( , ) , )

( , ) ( ( , ) , ) ( , )

( ( , ) , ) ( , )

( , ) ( ( , ) ( , ) , )

( ( , ) ( , ) , )

y y

h h h

y

y

h h h h
y y

h h h
y y

p y g p y g p

a p y g p

y g a

y y y g p y g p

y g p y g p



    

    

    

   

  



      

      

   

     

  

 

2

1 0, 1 10, 1

10, 1 1

2 2 1 10, 0,1 1 1

1 1 10, 1

1 1 2 21 1 1 1 1 1

1 1 1 2 22 1 1 1 1

(( ) )

( )

( )

( )

( )

(

h

y

h h

y

h h h

y y

h

y

h h h h

h h h h

C C a y y

C y y g g

p p C y y g g

p p

C C y y g g p p p p

Ch p C y y g g p p p p

Ch C y

   

 

   

 

 





 



    

    

       

 

         

         

  1 1 2 2
1 1 1 1

)
h h h h

y g g p p p p      

 

1 1 1 11

2 2
1 1 1

( )

h

h h h

p p Ch

C y y g g p p

     

             (23) 

0,

0,

ˆ
ˆ: , : max(1, )

C
C C

C


 



 


 

Second, let us estimate 
1

hy y . 

This time, by letting  

: , : ,h h
h hI y y y I y y y          , and using lemma 3, 

assumption 1 and the above estimate, then we can write 

1 1 0,1 1

h h
gy y Ch g g  


       

Third, let us estimate 
1

hg g . 
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This time, by letting  

: , : ,h h
h hI g g g I g g g          , and using lemma 3, 

assumption 1, then we can write 

1 1 0,1 1

h h
yg g Ch y y  


       

And thus, we have 

1 1
1 1 1

,h h hy y g g Ch p p Ch           (24) 

Fourth, let us estimate 2 2
1

hp p . 

Similarly to estimate 1 1
1

hp p , we have 

2 2 1 1 1
1 1 1 1

( )
h h h h

p p Ch C y y g g p p         

1 0,

0,

ˆ
ˆ: , : max(1, )

C
C C

C


 



 


 

1 1 1
( )( ), 1, 2

h h h

i i
p p Ch C y y g g i           (25) 

Meanwhile, subtracting the equations which ,h
hy y  sat-

isfy, we have 

0 0

0 0

( ( ), ) ( ( , ) ( , ), )

( ( ), ) ( , )

h h h
h h h h h

h
h h h h

y y y g y g

a y y f f

   

 

     

    
 

by letting a trial function by : h
h h hy y V     and apply-

ing assumption 1, we have 

2

01

0, 0 0 1

201 0

2

0, 1

01 0

( )

( )

h

h h

h h h

h h h

h h

h h h

h

h

h h

h h h

C y y C f f

C y y g g y y

C y y C f f C g g

C y y

y y C f f g g







 



 

   

    

     

 

    

 

Meanwhile, subtracting the equations which ,h
hg g  sat-

isfy, we have 

0 0

0 0

( ( ), ) ( ( , ) ( , ), )

( ( ), ) ( , )

h h h
h h h h h

h
h h h h

g g y g y g

a g g u u

   

 

     

    
 

by letting a trial function by : h
h h hg g V     and apply-

ing assumption 1, we have 

2

0,1 0 0

0 1

2

0,1 1 1

0

( ( )

)

( )

)

h h h
h h h

h
h h

h h h
h h h

h

C g g C y y g g

u u g g

C g g C y y g g

C u u





 

 



     

  

     

 

 

01 0

ˆ( ),h h
h h hg g C y y u u      

22
2 22 0,

0,

ˆ : , max( , )
C

C C C C
C C




  
 

 


 

From the above results, we can write 

0 01

2

3 4

( )( ),

( ) : / (1 )

h

h h hy y C f f u u

C C C

     

  

     (26) 

where 

4 1 2

3 1 2

ˆ: max( , ),

ˆ: , 1 0

C C C

C C C C C



    
 

Due to the condition of this theorem, it holds 

0, 0,
1 max( , ) 0C  

 
    . 

By subtracting the equations which 1 1, ph
hp  satisfy, we 

have 

1 1 0 1 1 0

2 2 0 1 1 0

0

( ( ), ) ( ( , ) ( , ) , )

( ( , ) ( , ) , ) ( ( ), )

( , )

h h h h

h h y y h h h h

h h h h

y y h h h h h h

h

h h

p p y g p y g p

y g p y g p a p p

y y

   

   



      

      

 

 

by letting a trial function by 1 1,
h

h hp p    under exploit-

ing Lipschitz continuity of ' ( )   and 0,
C


  , we have 

2

1 1 1 10,1 1

2 20, 0, 0,1

1 1
1 1 1

( )

( )

h h

h h

h

h

h h h

h h h

C p p C p p

C p p C

y y g g p p



  

 

   

   

     

   

 

1 1 2 2
1 0 0 1

ˆh h h h
h h h hp p C y y g g p p        

Similarly to estimate 1 1
1

h
hp p , for 2 2,h

hp p , we have 
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2 2 1 1
1 0 0 1

ˆh h h h
h h h hp p C y y g g p p        

1 0 0
( ) , 1, 2

ˆ( ) : / ( ), max(1, , )

h h h

i ih h hp p C y y g g i

C C C C C  
 

      

    

    (27) 

Meanwhile, the following inequalities hold. 

2 22

1 1 1

2 22

1 1 1

,

,

h h
h h

h h
h h

y y y y y y

g g g g g g

    

    

 

2 22

1 1 1
( 1, 2)

h h

i ih i i i ihp p p p p p i          (28) 

From lemma 4 and (23)~(28), we have 

2 2 2 2

1 1 2 20 0 1 1

2 22

0 0

( )
2

( ) ( )

h h h h

h h

u u f f p p p p Ch

C u u f f Ch


        

     

 

Now let us choose   being 2/ 2 ( ) 0C    . 

2 22

0 0

2 2

0 0

( ( ) )( )
2

( , )

h h

h h

C u u f f Ch

u u f f C h





     

    

     (29) 

By summing up (23)~(29), we can complete the proof. 

[Lemma 5] For the solution of (23), we have the following 

result. 

1 20, 1,4 0, 1,4
,h h h hy c y C g c g C

 
     

where C is constant independent of h. 

(Proof) From theorem 2, for hy , hg , the solution of (22), 

we have the following a priori error estimate. 

1 1
2 2

1 1
,h hy y Ch g g Ch           (30) 

Let us denote the interpolation of y by i
hy V . Because of 

3/2 1,4( ) ( )y H W    , we can get 

3/2
1/2

1, ( )1, 1
, (1, ),

i i

q Hq
y C y q y y Ch y


       (31) 

and by applying triangle inequality, using (30) and (31), we 

have 

0, 1,4 1,4 1,4

1
2

1 2 1,41

1
2

1 2 1,41 1
( )

i i
h h h

i
h

i
h

y y y y y

C h y y C y

C h y y y y C y C







    

   

     

 

Hence the relation 10, 1,4h hy c y

  holds true. We can 

deduce the second result of lemma in a similar way. So we can 

complete the proof. 

3. A Posteriori Error Estimate by FEM 

Now let us assume that ( 1,2)h
ip V i   satisfy the fol-

lowing system. 

1 0 1 0 2 0

1 0 0

2 0 2 0 1 0

2 0

0 0 0 0

( ,  ) ( ( , ) ,  ) ( ( , ) ,  )

( ,  ) ( ,  ) ,

( ,  ) ( ( , ) ,  ) ( ( , ) ,  )

( ,  ) 0,

( , ) ( ( , ), ) ( , ) ( , ) ,

(

h h h h h h h

y y

h h

d

h h h h h h h

g g

h

h h h h

h

p y g p y g p

a p y z V

p y g p y g p

a p V

y y g a y f

V

    

  

    

 

    



     

     

     

    

     

 


0 0 0 0

, ) ( ( , ), ) ( , ) ( , ) ,
h h h h

h
g y g a g u

V

    



    

 
















  (32) 

We can assume that , , ( 1,2)h h h
iy g p i  , the solutions of 

(32), exist uniquely in 1 2
0 ( ) H ( )H    . 

[Assumption 2] Functional J is strictly convex near 

( , )f u  and there exists a constant C such that 

2 2

1 20 0
( ( ) ( ), ) ( )J J w w C f w u w           (33) 

where 1 2: ( , )w w w  is an arbitrary point in the neighbor-

hood of : ( , )f u  . 

We shall assume that assumption 1, 2 are valid in the sub-

sequent theorems. 

[Lemma 6] 

Let ( , , , , ), ( , , , , )( 1,2)i h h h h ihf u y g p f u y g p i   be the solu-

tion of (3), (17), respectively. Then we have 

2 2

0 0

2 2
2 2

1 1 2 2 9 10
0 0

2 22 2

9 1 10 20 0

( )

( )

: , :

h h

h h

h h

h h h h

f f u u

C p p p p

f p u p



 

   

   

     

   

 

where ( 1,2)h
ip i   are the functions defined in (32), C>0 is 
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the constant independent of h. 

(Proof) Starting from (33), we obtain 

2 2

0 0

0

1 0 2 0

1 0 2 0
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Notice that we used optimality condition here. 

From the above inequality, we have 
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which completes the proof. 

[Lemma 7] 

Let ( , , , , ), ( , , , , )( 1,2)
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Let 1
1 1 0: , : ( )h

h I h hp p I V H        . 
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such that 
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holds true, so we can deduce the following inequality. 
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where 1C c  is the constant in the norm equality 
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By adding this to 
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and applying lemma 3, then we can obtain the following es-

timation. 
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then we have the following estimation. 
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Step 3: 
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   

 

 





 

where C  is the equivalence constant between the space 

1 1
0 ( ), ( )H H  . 

From the assumption 1, using  

2

0, 0,
0 max( , ) 1g yC C  

 
    , we can deduce 

8
2 2

2

1 1
5

h h
h h i

i

y y g g C 


            (36) 

By summing up (34)~(36), we can complete the proof. 

[Theorem 3] 

Let ( , , , , ), ( , , , , )( 1,2)i h h h h ihf u y g p f u y g p i   be the so-

lution of (3) and (18), respectively. If the condition 

0, 0,
1 max( , ) 0C  

 
     is valid, then we can obtain 

the following upper bound estimate for a posteriori error 
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2 2 2

0 0 1

2 10
22 2

1 1
1 1

h h h

h i ih i

i i

f f u u y y

g g p p C 
 

     

     
 

(Proof) From lemma 6 and lemma 7, we have 

2 2

0 0

10
2 2

2
1 1 2 2

1 1
1

( )

( )

h h

h h
h h i

i

f f u u

C p p p p C






   

     
    (37) 

Meanwhile, the following inequalities hold. 

2 22

1 1 1

2 22

1 1 1

h h
h h

h h
h h

y y y y y y

g g g g g g

    

    

          (38) 

2 2 2

1 1 1

h h
i ih i i i ihp p p p p p            (39) 

By subtracting the equation satisfying , hy y , and choos-

ing a trial function as hy y   , and using assumption 1, 

then we have 

00 0

0,0 0 0

0

( ) ( ( , ) ( , ) )

( ) ( )

)

h h h

h

h h h

h

C y y C y g y g f f

y y C y y g g

C f f

 





 



     

        

 

 

This time, by subtracting the equation satisfying , hg g , 

and choosing a trial function as hg g   , using assump-

tion 1 and the monotonity of ( , )   , then we have 

01

h
hg g C u u    

2

0,0 0

01

2

0, 0

0 0

( ) ( )

( )

( )

( )

h h

h

h

h

h h

C y y C y y

C g g f f

C y y

C u u f f





 



 



     

    

   

   

 

From assumption 1 and above inequalities, we can deduce 

the following. 

00 0
( ) ( )h h

h

C
y y g g f f

C C

     


 

Denoting the equivalence constant of norm of 
1 1

0( ), ( )H H   by 1C , and taking into account 

0,
C


   and assumption 1, then it follows that 

01 0
1

1

1 0 0
1

0 0

( )
( )

( )
( )

( )

h h

h

h h

h h

C
y y g g f f

C C C

C
C u u f f

C C C

C u u f f









     


    


   

 

0 01
( )h

h hy y C u u f f      

where 
2

2 1

1

: , : max( ,1)
( )

C C
C C C

C C C

 


. 

Similarly, subtracting the equation satisfying 1 1, hp p , 

choosing a trial function as 1 1
hp p   , taking into account 

assumption 1, and then we have 

2

1 1 1 1 1 1 0
0

2 2 1 1 0

1 1 1 1 0 1 1 0

1 1 1 1
1 0

2 2
0 0

( ) ( ( , ) ( , ) , )

( ( , ) ( , ) , )

( ( ), ) ( , )

( ( , ) ( , )

( , ) ( , ) )

h h h h h

y y

h h h h

y y

h h h h

h h h h

y y

h h h h

y y

p p y g p y g p p p

y g p y g p p p

a p p p p y y p p

C p p C y g p y g p

y g p y g p y y

 

 

 

 



      

    

     

    

    

  

1 1 2 2
1 1 1 1

1 2
0 0

( ),

( : max( , )

h h h h

h h

C p p C p p C y y g g

C p p

 
       


 

1 1 2 20 01 1
( )

h h

h hp p C f f u u p p        

Similarly, subtracting the equation satisfying 2 2, hp p , 

choosing a trial function as 2 2
hp p   , taking into account 

assumption 1 and above estimations, and then we have 

2

2 2 2 2 2 2 0
0

1 1 2 2 0

2 2 2 2 0

( ) ( ( , ) ( , ) , )

( ( , ) ( , ) , )

( ( ), )

h h h h h

g g

h h h h

g g

h h

p p y g p y g p p p

y g p y g p p p

a p p p p

 

 

      

    

    
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2 2 0

2 2 2 2
0 0

1 1
0 0

( , )

( ) ( ( , ) ( , )

( , ) ( , ) )

h h

h h h h

g g

h h h h

g g

y y p p

C p p C y g p y g p

y g p y g p y y

 

 



  

     

    

 

2 2 1 1
0 0

2 1
1 1 0 0

( ) ( )

( ( : max( , )

h h

h h h h

C p p C p p

C y y g g C C p p

 



      

    
 

2 2 4 40 01 1
( ),

( : )
)

h h

h hp p C f f u u p p

C
C

C C

      




 

1 2 0,
: , : max( , ), :i ih

C
C C C C C p

C C 
  


 

Due to assumption 1, all the above conditions are satisfied 

when 0, 0,
1 max( , ) 0C  

 
    . Thus there holds 

1 1 0 01

2 2 0 01

ˆ ( )

ˆ ( )

h
h h

h
h h

p p C f f u u

p p C f f u u

    

    

      (40) 

and for all v such that Ĉ  , by summing up (37)~(40), we 

can get the desired result. This completes the proof. 

4. Lower Bound Estimate for a 

Posteriori Error by FEM 

Let us introduce the following function using barycentric 

coordinate 
1 2 3
, ,K K K    [3] 

1 2 3
27 ,

:
0, \

K K K

K

K
b

K

  
 


 

And let us introduce the following function depending on 

the end points (number 1, 2) of edge hE E , which is the 

common edge of element ',K K . 

4 ,

: 4 , , ( : )

0, ( )

i j

i m

K K

K K K E

c
E

K

b K K K

 

  






   



 

[Lemma 8] [3] For every element 
hK T  and edge 

hE E , bK, bE have the following characteristics. 

2 1

0, 0,

2 1

0, 0,

sup , [0,1],max 1,

9
,

20

sup , [0,1],max 1,

1
,

3

E

E E

E

K K K
x K

K K K K KK K

K

E E E E
x

E E E E E E

b K b b

b dx K Ch b Ch b

b b b

b dx Ch b Ch b



 















  

    

  

    





 

[Theorem 4] 

Let ( , , , , ), ( , , , , )( 1,2,3,4)i h h h h ihf u y g p f u y g p i   be the 

solution of (3), (18). Then we have the following lower 

bound estimate for a posteriori error by FEM. 

10
2 2 22

0 0 1
1

2
22

1 1
1

(

)

i h h h

i

h i ih

i

C f f u u y y

g g p p osc Ch






      

     




 

where  is independent of  and two of Cs are not the 

same. 

2 2

1 1

1

: ( ( ) ( )) ( ( ) ( ))

( ) ( )

iK iE iK iE

i i

h h

osc osc osc osc r osc r

osc z osc z

 

 

    

 

 
 

22

0,

22

0,

( ) : ,

( ) : ( 1,2)

h

h

iK K iK iK K
K T

iE E iE iE E
E T

osc h

osc h i

  

  





 

  




 

22

0,

22

0,
( 1, 2)

( ) : ,

( ) :

h

h

iK K iK iK K
K T

iE E iE iE E
E T

i

osc r h r r

osc r h r r







 

 




 

2

0,

2

1 1 1 0,

4 1 1

( ) : ,

( ) :

: , :

h

h

h h h K
K T

h h h K
K T

h h h h h h

osc z z z

osc z z z

z u p z f p





 

 

   



  

(Proof) ∙ Estimation of 2
1 : 

Let us consider the average 1 1

1
:K K

K

dx
K

   . 

2 2 2

1 1 1 10, 0, 0,
,K K K KK K K

       

C h
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2

1 1 1 0,0,

1 1 0, 1 1 1 0,

1 2

1 1 1 0, 4

1 2

1 1 1 0,

( , )

( , ) ( , )

( ( , ) ( , )

, )

( ( , ) ( , )

, )
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h d y h h h y h h h
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b
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
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


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1 2
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2 2
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4 1 2 3 4
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.
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
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where 4 1 1 1 0,: ( , )K K K K KI b    . 

By exploiting lemma 3 and lemma 8, we have 
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1
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Taking into account 0,
( ) C


   , we can obtain the 

following estimates. 
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Estimation of 2
2 : 

Let us consider the average 1 1

1
:E E

E
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E
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where 4 1 1 1 0,: ( , )E E E E EI b    . 

Using lemma 3 and lemma 8, we also have the following 

estimate. 
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Here 0, E
E Kb Ch


  is taken into account. Likewise, 

considering the Lipschitz continuity of ( , )   , 
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   , we can deduce the following estimates. 
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1 1 1 1 1

22

1 10,

2 2 2

1 1 1 1 1

2
1 1

( )

( )

( )

+ ( )

h

h

E E E

E E

h h h

K K EK

K T

h h h

E

h

C p p y y g g

C h osc

C p p y y g g

osc

 

 

 





 

      

  

      





  

Similarly to the estimations of 2 2
1 2,  , we can get the 

followings. 

22 2

3 2 0,

2 2 2

1 11 1 1

2 2

2 2 21 1

(

) ( )

h

K K K

K T

h h h

h h K

h

C y y g g p p

p p g g osc

 





 

      

    



 

22

4 2 0,

2 2 2

1 1 2 21 1 1

2 22

21 0,

2 2 2

2 2 1 1 2 20, 1 1

2 2 2

3 21 1

(

)

(

) +osc( )

h

h

h

E E E

E E

h h h

h K K K

K T

E E E h hE

E E

h h E

h

C p p p p y y

g g C h

h C p p p p

y y g g

 



 

 







 

      

   

      

    






 

22 2

5 1 0,

2 2 2

1 1 0

22

1 1 0,

2 2 2

11 1 0

( )

( ) ( )

h

h

K K K

K T

h h h

K K K K

K T

h h h K

h r

C y y g g f f

h r r

C y y g g f f osc r







 

      

  

      




 

22

6 1 0,

2 2 2

1 1 0

2 22

1 1 10, 0,

( )

h

h h

K E E

E E

h h h

K K K E EK E

K T E E

h r

C y y g g f f

C h r h r r





 

 

      

   



 

 

2 2 2

1 1 0

2

5 1

( )

( ).

h h h

E

C y y g g f f

osc r

      

 
 

22 2

7 2 0,

2 2 22

2 2 0,0 1

2 2

20 1

( )

( ) ( ),

h

h

K K K

K T

h h K K K K

K T

h h K

h r

C u u g g h r r

C u u g g osc r







 

      

    



  

22
8 2 0,

2 2

1 0

2 22
2 2 20, 0,

2 2 2
7 21 0

( )

( ) ( ).

h

h h

K E E
E E

h h

K K K E EK E
K T E E

h h E

h r

C g g u u

C h r h r r

C g g u u osc r







 

 

    

   

     



 
 

2 2 22

9 2 20 0 1

22 2

20 0 0,

( )

( )

h

h h h

h h K

K T

z C u u p p

Ch u p z z





     

    
 

2 2

2 20 1
( ) ( )h h hC u u p p Ch osc z       

2 2 22
10 1 1 10 0 1

2 2

1 11 1

( )

( ) ( )

h h h h

h

f p C f f p p

Ch f p osc z

       

  
 

By summing up 
2 2

1 10  , we can derive the result of 

this theorem. This completes the proof. 

5. Convergence of a Posteriori Error 

Indicator 

[Lemma 9] For osc , oscillation error (Theorem 4), 

0 ( 0)osc h   

(We shall denote the constants independent of h by the 

same character C in the proof.) 

(Proof) Step 1: Let us consider the following inequality. 

2 2

2 20, 0,

h h

K EK E
K T E E

C 
 

    

(C is independent of h).         (41) 

where 2 2,K Er r  are the quantities defined in lemma 7 being 

2 : ( , )K h h h hr g y g a g      
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2

( ) ,

,

h
h Kh

E

E

h

E

g
g g n E

n
r

g
E

n

  
       

 
  

 

 

Due to coercivity of objective function J with repect to 

control ,h hu f , it follows that ,h hu f  is bounded in 

2 ( )L   independently of h, i.e. 

2 20 ( ) 0 ( )
,h h h hL L

u u C f f C
 

    (C is con-

stant independent of h). 

Letting h hv g  in the variational equation 

0 0

0 0

( , ) ( ( , ), )

( , ) ( , ) ,

h h h h h

h h h h h h

g y g

a g u V

  

  

   

    
      (42) 

satisfied by h hg V , and by using assumption 1, lemma 

5 and 
2

0 0 1
( , ) ( , )h h h h hg g a g g C g     , then it 

follows 

0 1 0 0,
( , )h h h h hg g C u y g C


     

From (42), we have 

0, 2 0,

0, 0 0 0

( , ) ( , )

( ( , ) )

h h

h h K E h E

K T E E

h h h h h

g r

y g u C

 

  

 



   

  

 
 

Let us introduce norm in hV  by 

2 2 1/2

0, 0,E
: ( )

h h

h h hh K
K T E E

v v v
 

   . Because all finite 

dimensional norms are equivalent, it follows 

1 20h h hh h
C v v C v   

Let us consider the functional 

0, 2 0,E(g )( ) : ( g , ) ( r , )
h h

h h h h K E h

K T E E

F v  
 

      

in hv . 

Considering the fact 
0

(y )(v )h h h h h
F C v C v  , 

(y )hF  is bounded linear functional in hV , and from 

Riesz’s representation theorem, there is a unique h ha V  

such that (y )( ) ( , )h h h h hF a  , and it follows 

(y )h h h
F a  

2 2

20, 0,E
( )

h h

h h Eh K
K T E E

a g r C
 

      

Recalling assumption 1 and lemma 5, 

0,
( , )h hy g C


  (C is independent of h), so we have 

the following result. 

2 2

2 0, 0,
: ( , )

h h

K h h h h hK K

K T K T

r g y g a g u
 

         

2 2

0, 0
2 2 ( , )

h

h h h h hK

K T

g y g a g u C


        

Step 2: 

2 2

1 10, 0,

h h

K K E

K T E E

C 
 

            (43) 

2 2

1 10, 0,

h h

K EK E

K T E E

C 
 

           (44) 

2 2

2 20, 0,

h h

K EK E

K T E E

C 
 

           (45) 

where C is constant independent of h. 

By summing up (43)~(45), and using the definition of osc, 

we can obtain the result of this theorem. This completes the 

proof. 

Now we can state the convergence of a posteriori error in-

dicator  . 

[Theorem 5] 

Let ( , , , , ), ( , , , , )( 1,2)i h h h h ihf u y g p f u y g p i   be 

the solution of (3), (18), respectively. We have the following 

convergence results when h → 0. 

0 0 1

11 1

10
2 2

1

1) 0, 0, 0

2) 0, 0 ( 1, 2)

3) : 0

h h h

h i h

i

i

u u f f y y

g g p p i

 


     

    

 

 

(Proof) We can prove 1), 2) from theorem 2, and then 3) 

from lemma 9, theorem 2 and theorem 4. 
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6. Conclusion 

In this paper, for the optimal source control problem of a 

system of 2-dimensional semi-linear steady convec-

tion-diffusion equations, we acquired the optimality condi-

tion. And we estimated the a priori and a posteriori error and 

proved the convergence to 0 of a posteriori error indicator 

when division diameter converges to 0. 
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