
International Journal of Fluid Mechanics & Thermal Sciences 

2025, Vol. 11, No. 4, pp. 62-75 

https://doi.org/10.11648/j.ijfmts.20251104.11  

 

 

*Corresponding author:  

Received: 28 June 2025; Accepted: 29 July 2025; Published: 10 October 2025 

 

Copyright: © The Author(s), 2025. Published by Science Publishing Group. This is an Open Access article, distributed 

under the terms of the Creative Commons Attribution 4.0 License (http://creativecommons.org/licenses/by/4.0/), which 

permits unrestricted use, distribution and reproduction in any medium, provided the original work is properly cited. 
 

 

Research Article 

ALE Numerical Simulation for a Rigid Body Rotation About 

a Fixed Axis in a Incompressible Viscous Fluid 

Wan Il Kim
1
, Jae Wan Jo

2
, Wan Hui Jo

2
, Myong Chol Ri

3, * 
, Song Bom Pyon

3 

1
Faculty of Mechanics, Kim Chaek University of Technology, Pyongyang, DPR Korea 

2
Faculty of Engineering, University of Sciences, Pyongyang, DPR Korea 

3
Faculty of Physical Engineering, Kim Chaek University of Technology, Pyongyang, DPR Korea 

 

Abstract 

An efficient numerical method is presented in this paper. It combines a unique ALE formulation with an adaptive time 

algorithm based on a Courant-Friedrichs-Levy (CFL) type condition to simulate fluid and rigid body interactions. The ALE 

differential formulation includes the geometric conservation law (GCL) which has the mesh velocity as a variable. In the 

adaptive time algorithm, the time step selection is based on the CFL type condition which is estimated by the difference 

between the fluid and mesh velocity. With the adaptive algorithm, the numerical simulations of incompressible viscous flow 

around moving bodies when the motion of the bodies is not known in advance are stable. To validate the proposed method, 

only the body rotation about a fixed axis in a incompressible viscous fluid is considered because it causes the large deformation 

of mesh. The harmonic and damped vibrations of a physical pendulum in the air are tested and the opening of a swing check 

valve plate is simulated to determine its local resistance characteristics in comparison with experimental data. The numerical 

simulations show that when a rigid body rotates in an incompressible fluid, the distortion of the mesh element is not significant 

and the numerical results agree with the experimental data. 
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1. Introduction 

Fluid and body interactions in which the motion of the 

body is not known in advance but results from the hydrody-

namical application and external forces such as gravity can 

be found in many engineering applications [1-4, 17-19]. Due 

to the complication of these problems, measurements are 

sometimes limited for capturing necessary information of 

flow phenomena such as the local resistance characteristic at 

the opening interval of the swing check valve which is used 

in underwater exhaustion or fire extinguishing systems. In 

this case, the numerical simulation gives us another choice to 

understand flow phenomena and engineering improvement 

such as reducing cost, improving performance or reducing 

failures. 

The numerical simulation of fluid and rigid body system 

rely on the Eulerian method and the arbitrary Lagrangian-

Eulerian (ALE) method. The Eulerian method includes im-
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mersed boundary method [5], immersed interface method [6], 

fictitious domain method [7] and so on. The Eulerian method 

has the main advantage of solving problems with variable 

domains on a fixed regular grid without body-conformal 

meshing, but its drawbacks are the challenging interface res-

olution and imposition of boundary condition on the inter-

face. The applications of fluid and rigid body system by the 

Eulerian method are commonly limited to the flow solutions 

over a cylinder or a sphere at the low Reynolds numbers. In 

the ALE method, where the grids can be moved in any arbi-

trarily specified way independent of the flow motions, it is 

easy to analyze interfaces and to impose directly boundary 

conditions on the interface, and hence one can obtain higher 

accurate results for the interface dynamics in comparison 

with the Eulerian approach. Therefore, the ALE method is 

applied in many practical problems [8]. 

In ALE related works [8, 16], the ALE differential for-

mations of the hydrodynamic governing equations are differ-

ently given, which is confusing. But their integral forms are 

similar. Also, apart from the ALE differential formulation, 

the bulk of the work focused on the discrete geometric con-

servation law (DGCL) which states that the computation of 

the geometric parameters must be performed in such a way 

that, independently of the mesh motion, the resulting numer-

ical scheme preserves the state of a uniform flow. 

This paper presents a unique ALE differential formulation 

for the incompressible viscous flows with variable domains. 

This formulation includes the differential form of the geo-

metric conservation law (GCL) which has the mesh velocity 

as a variable. The DGCL results from the differential GCL. 

The key of the ALE numerical simulation is to specify the 

mesh velocity in such a way that the quality of moving mesh, 

that is, the DGCL is satisfied. If the mesh has the bad quality 

such as the degeneration of mesh cells or the mesh distortion 

due to crossing or stretching of mesh edges, the accuracy of 

solution drops and the solution is unstable and thus, the solu-

tion process fails. The stability of ALE schemes has been 

studied in several works [8]. In [11], the authors proposed an 

adaptive algorithm for time integration of fluid-structure 

integration problems, in which the time step selection is 

based on a local error estimate, an error controller and a step 

rejection mechanism. The mesh velocity is affected by the 

body velocity which is coupled with the fluid velocity 

through the hydrodynamical force, and hence the reasonable 

mesh velocity is naturally related to the fluid velocity. On a 

fixed mesh, the stability of Eulerian explicit schemes re-

quires the restriction of time step by the traditional CFL con-

dition, which does not include the mesh velocity. Neverthe-

less, in [12, 13, 19], the authors used such CFL type condi-

tions without the mesh velocity for ALE numerical simula-

tions. In [9], the authors performed the nonlinear stability 

analysis of the ALE schemes based on the CFL type condi-

tions which is estimated by the difference between the fluid 

and mesh velocities. But they construct the special moving 

meshes by which it is difficult to solve the ALE problems in 

which the motion of the body is not known in advance. 

This paper presents an adaptive time algorithm for the 

numerical simulation of the incompressible viscous flow past 

moving rigid bodies when the motion of the bodies is not 

known in advance but results from the hydrodynamical cou-

pling and external forces such as gravity, in which the time 

step selection is based on a CFL type condition similar to the 

Eq. (36) in [8]. In numerical simulations, where the differen-

tial GCL with the mesh velocity as a variable is included in 

the formulation of ALE problem and the mesh and fluid ve-

locity are coupled through the CFL type condition, the stabil-

ity of the transient ALE solution will be naturally justified. 

In this paper, to validate the proposed method, the pure 

body rotation about a fixed axis in a incompressible viscous 

fluid is considered because it causes the large deformation of 

mesh. The harmonic and damped vibrations of physical pen-

dulum in the air are tested and the opening of a swing check 

valve is simulated to determine its local resistance character-

istics in compression with the experimental data [14, 18, 20]. 

The paper is organized as follows. In Section 2 we present 

the ALE differential formulation for the incompressible vis-

cous flows with variable domains and the fully coupled 

equations for the fluid and body interaction problems in 

which the body only rotates about a fixed axis. In Section 3 

the discretization by the cell-centered finite volume method 

for the coupled equations is addressed, and in Section 4 the 

spring analogy [15] with no damping is used to move the 

grid points and the adaptive algorithm for time integration of 

fluid and body interaction problems is given based on a CFL 

type condition. In Section 5, numerical examples of the body 

rotation about a fixed axis in a fluid domain are given. Final-

ly, the concluding remarks are presented in Section 6. 

2. Fully Coupled Equations for Fluid and 

Body Interaction Problems 

Here, we present the ALE differential formulation for the 

incompressible viscous flows with variable domains and the 

fully coupled equations for the fluid and body interaction 

problems in which the body only rotates about a fixed axis. 

2.1. ALE Kinematic Description 

In the ALE description of motion, as shown in Figure 1, 

neither the material 𝑅̂𝑿  nor the spatial 𝑅𝒙 configuration is 

taken as the referential system 𝑅𝒙̂, where reference coordi-

nate 𝒙̂ is introduced to identify the mesh points. 

A particle motion may be considered to be resulted with 𝑿 

via 𝝌(𝑿, 𝑡) , or via in a combined motion of 𝝍(𝑿, 𝑡)  and 

𝜙(𝒙̂, 𝑡). Different views of motion can be made, depending 

upon which coordinates or descriptions are used [3]. 

In the Lagrangian description, the velocity of the particle 

observed by an observer standing at O is 
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𝒖 =
𝜕𝒙

𝜕𝑡
|

𝑿
=

𝜕𝝌(𝑿,𝑡)

𝜕𝑡
|

𝑿
= 𝒖(𝑿, 𝑡).              (1) 

In the Eulerian description, the observer, standing still at 

O, with his eyes focused at position 𝒙, will observe a veloci-

ty at 𝒙 and at 𝑡 as 𝒖(𝒙, 𝑡), 

𝒖 =
𝜕𝒙

𝜕𝑡
|

𝑿
=

𝜕𝝌(𝑿,𝑡)

𝜕𝑡
|

𝑿
=

𝜕𝝌(𝝌−1(𝒙,𝑡),𝑡)

𝜕𝑡
|

𝑿
= 𝒖(𝒙, 𝑡).    (2) 

 
Figure 1. Various configurations used for the ALE description. 

In the ALE description, if the observer stands at 𝒙̂, with 

his eyes focused at 𝒙, he will observe a velocity at 𝒙 and at 𝑡 

as 𝒗(𝒙̂, 𝑡), 

𝒗 =
𝜕𝝓(𝒙̂,𝑡)

𝜕𝑡
|

𝒙̂
= 𝒗(𝒙̂, 𝑡)                           (3) 

Again, the observer, standing at O, with his eyes focused 

at position 𝒙, will observe a velocity at 𝒙 and at 𝑡 as 𝒗(𝒙, 𝑡), 

𝒗 =
𝜕𝒙

𝜕𝑡
|

𝒙̂
=

𝜕𝜙(𝒙̂,𝑡)

𝜕𝑡
|

𝒙̂
=

𝜕𝜙(𝜙−1(𝒙,𝑡),𝑡)

𝜕𝑡
|

𝒙̂
= 𝒗(𝒙, 𝑡)     (4) 

In order to express the conservation law in an ALE refer-

ence system, the material time derivatives inherent to con-

servation law, must be related to referential time derivatives. 

The relationships between the time derivatives of physical 

quantity 𝑓 are 

𝑑𝑓

𝑑𝑡
=

𝜕𝑓

𝜕𝑡
|

𝑿
=

𝜕𝑓

𝜕𝑡
|

𝒙
+ 𝒖 ⋅ 𝛻𝒙𝑓                   (5) 

𝜕𝑓

𝜕𝑡
|

𝒙̂
=

𝜕𝑓

𝜕𝑡
|

𝒙
+ 𝒗 ⋅ 𝛻𝒙𝑓                       (6) 

𝜕𝑓

𝜕𝑡
|

𝑿
=

𝜕𝑓

𝜕𝑡
|

𝒙̂
+ (𝒖 − 𝒗) ⋅ 𝛻𝒙𝑓 (mixed ALE form)  (7) 

𝜕𝑓

𝜕𝑡
|

𝑿
=

𝜕𝑓

𝜕𝑡
|

𝒙̂
+ 𝑱−1(𝒖 − 𝒗) ⋅ 𝛻𝒙̂𝑓. (pure ALE form) (8) 

where 𝑱 = 𝜕𝒙/𝜕𝒙̂, 𝐽 = 𝑑𝑒𝑡( 𝑱) and 𝛻𝒙̂ = 𝑱𝛻𝒙.      (9) 

2.2. Differential ALE Form of the 

Incompressible Flow Equations 

Denoting a variable fluid domain by 𝛺(𝑡) with the bound-

ary being 𝜕𝛺(𝑡) and a rigid body domain by 𝐵(𝑡) with the 

boundary 𝜕𝐵(𝑡) at a given instant 𝑡 ∈ [0, 𝑇] , the unsteady 

incompressible Navier-Stokes equations in 𝛺(𝑡) are given in 

the Eulerian form by 

𝜕𝜌

𝜕𝑡
+ 𝛻 ⋅ (𝜌𝒖) = 0                                (10) 

𝜕(𝜌𝒖)

𝜕𝑡
+ 𝛻 ⋅ (𝜌𝒖𝒖) = −𝛻𝑝 + 𝛻 ⋅ 𝜏                   (11) 

Where, 𝒖 is the velocity vector, 𝜌 is the density, 𝑝 is the 

pressure. For Newtonian fluids, the viscous stress tensor is 

given by 𝜏 = 𝜇(𝛻𝒖 + (𝛻𝒖)𝑇)  where 𝜇  is the dynamic vis-

cosity. 

Now, we will transform Eqs. (10) and (11) into ALE form. 

The time derivative of the 𝐽 in Eq. (9) in the referential frame 

𝑅𝒙̂ (or 𝛺(𝒙̂, 0)) with 𝒙̂ fixed is given by 
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𝐽̇ =
𝜕𝐽

𝜕𝑡
|

𝑥̂
= 𝐽𝑡𝑟(𝐽−1𝐽)̇ = 𝐽𝑡𝑟(𝐽−1𝛻𝑣𝐽) 

= 𝐽(𝐽−1: 𝛻𝑣𝐽) = 𝐽(𝛻𝑣𝐽: 𝐽−1) = 𝐽𝑡𝑟(𝛻𝑣) = 𝐽𝛻 ⋅ 𝑣    (12) 

where 𝛻 = 𝛻𝒙 = 𝜕/𝜕𝒙 and (:) is the double contraction. Us-

ing Eqs. (7) and (12), Eq. (10) can be written in the mixed 

ALE form. Note that the mixed form is convenient to obtain 

equations in integral form 

𝜕𝜌

𝜕𝑡
+ 𝛻 ⋅ (𝜌𝑢) =

𝜕𝜌

𝜕𝑡
|

𝑥
+ 𝛻𝑥 ⋅ (𝜌𝑢) =

𝑑𝜌

𝑑𝑡
+ 𝜌𝛻𝑥 ⋅ 𝑢 

=
𝜕𝜌

𝜕𝑡
|

𝑋
+ 𝜌𝛻𝑥 ⋅ 𝑢 =

𝜕𝜌

𝜕𝑡
|

𝑥
+ (𝑢 − 𝑣) ⋅ 𝛻𝑥𝜌 + 𝜌𝛻𝑥 ⋅ 𝑢 

=
1

𝐽
[𝐽

𝜕𝜌

𝜕𝑡
|

𝑥
+ 𝐽(𝑢 − 𝑣) ⋅ 𝛻𝑥𝜌 + 𝐽𝜌𝛻𝑥 ⋅ 𝑢 + 𝜌

𝜕𝐽

𝜕𝑡
|

𝑥
− 𝜌

𝜕𝐽

𝜕𝑡
|

𝑥
] 

=
1

𝐽
[(𝐽

𝜕𝜌

𝜕𝑡
|

𝑥
+ 𝜌

𝜕𝐽

𝜕𝑡
|

𝑥
) + 𝐽(𝑢 − 𝑣) ⋅ 𝛻𝑥𝜌 + 𝐽𝜌𝛻𝑥 ⋅ 𝑢 − 𝜌𝐽𝛻𝑥 ⋅ 𝑣] 

=
1

𝐽
[

𝜕(𝜌𝐽)

𝜕𝑡
|

𝑥̂
+ 𝐽𝛻𝑥 ⋅ [𝜌(𝑢 − 𝑣)]] =

1

𝐽
[

𝜕(𝜌𝐽)

𝜕𝑡
|

𝑥̂
+ 𝐽𝛻 ⋅ [𝜌(𝑢 − 𝑣)]] = 0  (13) 

From Eq. (12), Eq. (13) for the incompressible fluid re-

sults in 

𝛻 ⋅ 𝑢 = 0                                      (14) 

Similar to Eq. (13), Eq. (11) can be written in the ALE 

form by 

𝜕(𝐽𝜌𝑢)

𝜕𝑡
|

𝑥̂
+ 𝐽𝛻 ⋅ [𝜌(𝑢 − 𝑣)𝑢] = −𝐽𝛻𝑝 + 𝐽𝛻 ⋅ 𝜏.        (15) 

Summarizing Eqs. (12)-(15), we have the ALE differential 

formulation for the incompressible viscous flows in variable 

domains. 

𝜕𝐽

𝜕𝑡
|

𝒙̂
− 𝐽𝛻 ⋅ 𝒗 = 0 (GCL in differential form)      (16) 

𝐽𝛻 ⋅ 𝑢 = 0                                    (17) 

𝜕(𝐽𝜌𝑢)

𝜕𝑡
|

𝑥̂
+ 𝐽𝛻 ⋅ [𝜌(𝑢 − 𝑣)𝑢] = −𝐽𝛻𝑝 + 𝐽𝛻 ⋅ 𝜏             (18) 

We will call Eq. (16) the GCL in differential form. Be-

cause the mesh velocity 𝒗 is the unknown quantity, Eq. (16) 

should be included in the ALE formulation. In Section 4, we 

will describe the method that combines the mesh velocity 

with the flow velocity through a CFL type condition for any 

incompressible flows. 

Note that the continuity equation, Eq. (14) was replaced 

with Eq. (17) for its integral form. 

 

2.3. Rigid Body Rotation About a Fixed Axis 

In the work, the pure body rotation about a fixed axis in a 

incompressible viscous fluid is considered because it causes 

the large deformation of mesh. To do this, the following mo-

tion equation of the rigid body is coupled with Eqs. (16)-(18). 

𝐼
𝑑𝜔

𝑑𝑡
= 𝑀 + 𝑀𝑓                                   (19) 

where 𝜔 is the angular velocity vector of the body, 𝐼 the axi-

al moment of inertia of the body, 𝑀 the moment duo to ex-

ternal forces such as the gravity, and 𝑀𝑓 the hydrodynamic 

moment acting on the body. The hydrodynamic moment is 

given by. 

𝑀𝑓 = − ∫ 𝑟𝜕𝐵 × (𝜏 − 𝑝𝐼)𝑛𝑑(𝜕𝐵)
𝜕𝐵                          (20) 

where 𝑛 is the unit normal vector on the surface of the body 

pointing into the body and 𝑟𝜕𝐵 is the position vector from the 

fixed axis to the body surface. 

The boundary of the fluid domain 𝛺(𝑡)  can be decom-

posed into three nonoverlapping sections: (𝜕𝛺)𝒖, (𝜕𝛺)𝑝, and 

𝜕𝐵. On these boundary sections the following boundary con-

ditions are imposed. 

𝑢 = 𝑢𝑏, on (𝜕𝛺)𝑢                          (21) 

𝑝 = 𝑝𝑏, on (𝜕𝛺)𝑝                            (22) 

𝑢(𝑥) = 𝜔 × 𝑟𝜕𝐵(𝑥), for ∀𝑥 ∈ 𝜕𝐵(𝑡)               (23) 

Where, 𝑢𝑏 and 𝑝𝑏 are the prescribed velocity and pressure, 

respectively. 

The initial conditions for the flow field and the body vari-

ables are 

𝑢(0) = 𝑢0 and 𝑝 = 𝑝0, in 𝛺(0)                    (24) 

𝜃(0) = 𝜃0, 𝜔(0) = 𝜔0                            (25) 

3. Finite Volume Discretization 

3.1. Integral Form of Eqs. (16)-(18) 

We assume that the initial fluid domain 𝛺(𝒙̂, 0) is discre-

tized with control volumes or cells. Integrating Eqs. (16)-(18) 

over any control volume 𝑉(0) in the initial mesh, then get-

ting integrals over the control volume 𝑉(𝑡) in a given instant 

𝑡 by considering the relation 𝑑𝑉 = 𝑑𝑉𝒙 = 𝐽𝑑𝑉𝒙̂ from Eq. (9), 

and finally, integrating them by parts, we get 

𝑑

𝑑𝑡
∫ 𝑑𝑉

𝑉(𝑡)
= ∫ 𝑣 ⋅ 𝑛

𝜕𝑉(𝑡)
𝑑𝐴                           (26) 
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∫ 𝑢 ⋅ 𝑛
𝜕𝑉(𝑡)

𝑑𝐴 = 0                                (27) 

𝑑

𝑑𝑡
∫ 𝜌𝑢

𝑉(𝑡)
𝑑𝑉 + ∫ [𝜌(𝑢 − 𝑣)𝑢] ⋅ 𝑛𝑑𝐴

𝜕𝑉(𝑡)
= − ∫ 𝑝𝐼

𝜕𝑉(𝑡)
⋅ 𝑛𝑑𝐴 + ∫ 𝜇(𝛻𝑢 + (𝛻𝑢)𝑇) ⋅ 𝑛

𝜕𝑉(𝑡)
𝑑𝐴                               (28) 

Where, 𝜕𝑉 is the surface enclosing 𝑉, 𝑛 the outward nor-

mal vector on 𝜕𝑉 , and 𝑑𝐴  the element of surface. These 

equations, in turns, are the integral forms of GCL, continuity 

and momentum equations. 

3.2. Cell Centered Discretization 

First, discretizing the GCL, Eq. (26) about each control 

volume (CV) using the backward differences with the first 

order accuracy in time, we get 

𝑉𝑛+1−𝑉𝑛

𝛥𝑡
= ∑ 𝒗̄𝑓 ⋅ 𝒏̄𝑓

𝑁𝑓

𝑓
𝐴̄𝑓 = ∑ 𝑣̄𝑛𝑓

𝑁𝑓

𝑓
𝐴̄𝑓             (29) 

where 𝑁𝑓 is the number of cell faces and 𝑛̄𝑓, 𝐴̄𝑓 and 𝑣̄𝑓 (𝑣̄𝑛𝑓) 

are the outward unitary normal vector to the cell face 𝑓, the 

area of 𝑓 , and the velocity (the normal component of the 

velocity) of the face centroid, respectively, which are defined 

by quantities at time levels 𝑛 and 𝑛 + 1 as follows. 

𝑛̄𝑓 = 0.5(𝑛𝑓
𝑛 + 𝑛𝑓

𝑛+1),                             (30) 

𝐴̄𝑓 = 0.5(𝐴𝑓
𝑛 + 𝐴𝑓

𝑛+1),                                (31) 

𝑣̄𝑓 = (𝑥𝑓
𝑛+1 − 𝑥𝑓

𝑛)/𝛥𝑡                             (32) 

where 𝑥𝑓 is the coordinates of the face centroid.  Eq. (29) is 

called the DGCL which represents the relation between ge-

ometric quantities such as the mesh position and velocity. 

The change of CV is 

𝑉𝑛+1 − 𝑉𝑛 = 𝛥𝑉 = ∑ 𝛿𝑉𝑓
𝑁𝑓

𝑓
                            (33) 

where 𝛿𝑉𝑓 is the volume swept out by the CV face 𝑓 over the 

time step 𝛥𝑡. From Eqs. (29) and (33), the product 𝑣̄𝑛𝑓𝐴̄𝑓 on 

each CV face is calculated from 

𝑣̄𝑛𝑓𝐴̄𝑓 =
𝛿𝑉𝑓

𝛥𝑡
                                (34) 

where 𝛿𝑉𝑓 is calculated from the coordinates of the CV ver-

tices at time levels 𝑛  and 𝑛 + 1  which are determined by 

reasonable mesh movement approaches. 

The semi-discretized momentum equation of Eq. (28) is 

(𝜌𝑢𝑉)𝑛+1 − (𝜌𝑢𝑉)𝑛

𝛥𝑡
+ ∑ 𝜌(𝑢𝑛𝑓

𝑛+1 − 𝑣̄𝑛𝑓)

𝑁𝑓

𝑓

𝐴̄𝑓𝑢𝑓
𝑛+1 = 

∑ 𝜇[(𝛻𝑢)𝑓
𝑛+1𝑁𝑓

𝑓
+ (𝛻𝑢)𝑇

𝑓

𝑛+1
] ⋅ 𝑛̄𝑓𝐴̄𝑓 − ∑ 𝑝𝑓

𝑛+1𝑁𝑓

𝑓
𝑛̄𝑓𝐴̄𝑓. (35) 

This is the fully implicit. The spatial discretization of Eq. 

(35) can be done using traditional schemes [4] such as the 

upwind for the convective term and the central-differencing 

for the diffusive term on the fixed mesh, provided the prod-

uct 𝑣̄𝑛𝑓𝐴̄𝑓 was determined from Eq. (34). The discretization 

of the continuity equation (Eq.(27)) is also like that on a 

fixed mesh and the pressure-velocity coupling algorithm 

such as SIMPLE is used to obtain the equation for pressure 

from the continuity equation [4]. 

3.3. Discretization of the Motion Equation of a 

Rigid Body 

The discrete hydrodynamic moment acting on the body at 

𝑛th time level, is 

𝑀𝑓
𝑛 = − ∑ 𝑟𝑖

𝑛 × {−𝑝𝑖
𝑛𝑛𝑖

𝑛𝐴𝑖
𝑛 + 𝜇[(𝛻𝑢)𝑖

𝑛 + (𝛻𝑢)𝑇
𝑖

𝑛
] ⋅ 𝑛𝑖

𝑛𝐴𝑖
𝑛}𝑁

𝑖=1   (36) 

where 𝑟𝑖
𝑛 is the position vector from the fixed axis to the 𝑖th 

face centroid of body boundary mesh at the time level 𝑛, 𝑁 

the number of faces in the body boundary mesh. The pres-

sure 𝑝𝑖
𝑛 and the velocity gradient (𝛻𝑢)𝑖

𝑛 in the 𝑖th face cen-

troid of body boundary mesh at the time level 𝑛 are given 

from the flow field. 

If the body is under the action of gravity, the moment due 

to external force is 𝑀𝑛 = 𝑟𝑐
𝑛 × 𝑚𝑔, where 𝑟𝑐

𝑛 is the position 

vector from the fixed axis to the centroid of the body, 𝑚 the 

mass of the body, and 𝑔 the gravity acceleration. 

Thus, the angular velocity and orientation of the body at 

the time level 𝑛 + 1 are determined by 

𝜔𝑛+1 = 𝜔𝑛 + 𝛥𝑡(𝑀𝑛 + 𝑀𝑓
𝑛)/𝐼                  (37) 

𝜃𝑛+1 = 𝜃𝑛 +
𝛥𝑡

2
(𝜔𝑛+1 + 𝜔𝑛)                  (38) 

where 𝜔 is the 𝑧 -directional component of the angular ve-

locity vector 𝜔 when the fixed axis is the 𝑧 coordinate axis of 

the Cartesian coordinate system used. 

4. Mesh Movement 

Whether or not the DGCL mentioned above is exactly sat-

isfied in an ALE numerical solution affects the accuracy and 

stability of the solution. If the analytic transformation law 

𝑥 = 𝜙(𝑥̂, 𝑡) is given, the differential GCL (Eq.(16)), the in-
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tegral GCL (Eq.(26)) and the DGCL (Eq.(29)) are automati-

cally satisfied. But the law 𝑥 = 𝜙(𝑥̂, 𝑡) is not generally given 

in the numerical solution and the mesh is deformed in an 

arbitrarily specified way in each time step. In this case, the 

DGCL may be not satisfied. Thus, it is very important to 

support the mesh movement in such a way that the DGCL is 

satisfied during the whole period of simulation. 

In this paper, the mesh is displaced by the coordinate 

smoothing method such as spring analogy with no damping 

at the time interval 𝛥𝑡 = 𝑡𝑛+1 − 𝑡𝑛  and the time step 𝛥𝑡 is 

determined by the adaptive time method based on the CFL 

type condition similar to that in [9] to ensure the stability of 

the ALE numerical simulation of the incompressible viscous 

flow past moving rigid bodies when the motion of the bodies 

is not known in advance but results from the hydrodynamical 

coupling and external forces such as gravity. 

4.1. Mesh Displacement 

The mesh velocity smoothing [10, 12] and the Delaunay 

graph mapping [18] can easily become invalid for many 

problems involving significant rotation of some of the 

boundary components. Contrastingly, other researchers have 

attempted to calculate the mesh deformation using coordi-

nate smoothing methods [1, 7]. At each time step, the mesh 

coordinate positions are updated by solving the spring analo-

gy-based equations. 

𝐾(𝑏𝑞̇ + 𝑞) = 0 

𝑞(𝑡) = 𝑞𝜕𝐵(𝑡)                                   (39) 

where 𝑞 = 𝑥𝑛+1 − 𝑥𝑛 is the displacement of mesh nodes at 

time levels 𝑛 and 𝑛 + 1, 𝑏 is the damping factor and 𝐾 is the 

spring coefficient. Traditionally, the spring coefficient 𝐾𝑖𝑗 

for the edge connecting nodes 𝑖 and 𝑗 is taken to be propor-

tional to the inverse of the edge length as 

𝐾𝑖𝑗 ∝
1

√|𝒙𝑗−𝒙𝑖|
.                                  (40) 

The solution of Eq. (39) is given by 

𝑞 = 𝑞0𝑒−𝛼𝑡, 𝛼 = 1/𝑏                             (41) 

where 𝑞0 is the solution of the quasi steady equilibrium sys-

tem of the spring network as 

Kq0=0                                        (42) 

q0=𝑞𝜕𝐵                                       (43) 

Since displacements are known at the boundaries after 

boundary node positions of the body have been updated, the 

position of mesh nodes with no damping is obtained by solv-

ing Eqs. (42) and (43) using a Jacobi sweep on all interior 

nodes. The position of mesh nodes with damping is given by 

𝑥𝑛+1 = 𝑥𝑛 + 𝑞, 𝑞 = 𝑞0𝑒−𝛼(𝑡𝑛+1−𝑡𝑛)              (44) 

where the damping factor 𝛼 is between 0 and 1. A value of 0 

indicates that there is no damping on the springs, and bound-

ary node displacements have more influence on the motion 

of the interior nodes. As 𝛼 approaches 1, the motion of the 

interior nodes is not adapted for the motion of the body 

boundary. 

It is desirable that the interior nodes, especially nodes 

close to the body boundary rotate along the boundary in or-

der to help avoid edge crossing when a body rotates. We 

obtain new positions of nodes at time 𝑡𝑛+1 with no damping 

(𝛼 = 0) by 

𝑥𝑛+1 = 𝑥𝑛 + 𝑞0                                 (45) 

The mesh is moved as long as it is possible and neverthe-

less, when it is tangled or too distorted, one can locally 

remesh it. 

4.2. Adaptive Time Algorithm for Determining 

the Time Step 

When the displacement of the body is too large for the 

given time step, the spring smoothing method mentioned 

above can not avoid edge crossing. Thus, we consider a effi-

cient adaptive time algorithm which can control the exces-

sive mesh deformation using the reasonable time step, and by 

which the DGCL is satisfied automatically and hence, the 

ALE numerical solution can advance successively during the 

whole period of simulation. 

In fact, the discrete equation (35) is fully implicit for the 

mesh velocity 𝒗 = 0 and then the solution is stable uncondi-

tionally. However, if cells with negative volume can be pro-

duced due to edge crossing from large body displacement 

and hence, the quality of moving mesh, that is, the DGCL is 

satisfied, the solution process fails. 

On a fixed mesh, the stability of Eulerian explicit schemes 

requires the restriction of time step by the traditional CFL 

condition, which does not include the mesh velocity. Never-

theless, in [17, 18], the authors used CFL type conditions 

without the mesh velocity for ALE numerical simulations. 

The mesh velocity is affected by the body velocity which is 

coupled with the fluid velocity through the hydrodynamical 

force, and hence the reasonable mesh velocity is naturally 

related to the fluid velocity. In [9], the authors performed the 

nonlinear stability analysis of the ALE schemes based on the 

CFL type conditions which is estimated by the difference 

between the fluid and mesh velocities. But they construct the 

special moving meshes by which it is difficult to solve the 

ALE problems in which the motion of the body is not known 

in advance. We construct the CFL type condition similar to 
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the Eq. (36) in [9] and determine the next time step based on 

it. In that way, the excessive mesh deformation is restricted. 

The method called an “adaptive time algorithm” is as follows. 

If the converged solution of the first order upwind implicit 

scheme of Eq. (35) in the time interval [𝑡𝑛, 𝑡𝑛+1] is exact 

within time accuracy of first order, then it should be the same 

as that of the explicit scheme. The DGCL is satisfied in the 

time interval and then, for any 𝑖th cell in the multidimen-

sional mesh, one can write the CFL type condition such as 

𝛥𝑡𝑖 ≤ 𝛥𝑡𝐶𝐹𝐿 =
𝑉𝑛+1

∑ |(𝑢𝑛𝑓
𝑛 −𝑣̄𝑛𝑓)−|𝐴̄𝑓𝑓

                         (46) 

where (𝑢𝑛𝑓
𝑛 − 𝑣̄𝑛𝑓)− = 𝑚𝑖𝑛( 𝑢𝑛𝑓

𝑛 − 𝑣̄𝑛𝑓, 0)  for the outward 

normal vector to a face of the cell. We assume that the de-

nominator is always not zero. 

In general, 𝛥𝑡𝑖 = 𝛥𝑡𝐶𝐹𝐿 by Eq. (46) is estimated for all the 

cells and then, 𝛼𝑚𝑖𝑛
𝑖

𝛥𝑡𝑖 should be selected as the next time 

step, 𝛥𝑡 = 𝑡𝑛+2 − 𝑡𝑛+1. This requires the additional compu-

tational expense. In order to reduce it, the cell with the most 

severe distortion is searched and then, the next time step is 

determined by estimating 𝛥𝑡 = 𝛼𝛥𝑡𝐶𝐹𝐿  from Eq. (46) only 

for the cell, where 𝛼 = 0.9~1. The cell distortion can be 

estimated by the cell equiangle skewness defined by 

𝑚𝑎𝑥 [
𝑞𝑚𝑎𝑥−𝑞𝑒

180−𝑞𝑒
,

𝑞𝑒−𝑞𝑚𝑖𝑛

𝑞𝑒
 ]                        (47) 

where 𝑞𝑚𝑎𝑥 and 𝑞𝑚𝑖𝑛 are the largest and smallest angles in 

the face or cell respectively, 𝑞𝑒 is the angle for an equiangu-

lar face or cell. 

As the body displacement increases according to a large 

time step for the implicit scheme, cells with severe distortion 

appear in the moving mesh zone and the volume of the cell 

with the largest skewness (close to 1) estimated by Eq. (47) 

among them becomes negative after all. Once there are cells 

with negative volume, the mesh violates the DGCL at the 

time and the solution fails. The remedy for the phase is just 

the adaptive time algorithm mentioned above. Using the time 

step determined by the algorithm as the next step when there 

will appear cells with negative volume leads to recovery of 

the mesh quality. As a result, the DGCL remains satisfactory 

in each time step and hence, the ALE numerical scheme is 

stable. Table 1 shows the application steps of the ALE nu-

merical scheme. 

Table 1. Application steps of the ALE numerical scheme. 

Algorithm: 

Initialize the velocities (𝒖𝑛), pressure (𝑝𝑛) and body angular 

velocity (𝜔𝑛) in 𝛥𝑡 = 𝑡𝑛+1 − 𝑡𝑛. 

The velocity and pressure are used to calculate the hydrodynamic 

moment, Eq. (36). 

Algorithm: 

The angular velocity 𝝎𝑛+1 and orientation 𝜃𝑛+1 of the rigid  

body are calculated using Eqs. (37) and (38). 

Move the mesh by Eqs. (42), (43) and (45). 

Project the flow field onto the new mesh. 

Calculate the 𝒖𝑛+1 and 𝑝𝑛+1 of the fluid flow. 

Calculate 𝑣̄𝑛𝑓𝐴̄𝑓 by Eq. (34). 

Search the cell with the largest skewness by Eq. (47). 

Determine 𝛥𝑡 = 𝑡𝑛+2 − 𝑡𝑛+1 by estimating 𝛥𝑡 = 𝛼𝛥𝑡𝐶𝐹𝐿 from 

Eq. (46) only for the cell, where 𝛼 = 0.9~1 

5. Numerical Examples 

The performance of our time adaptive method is tested on 

the two-dimensional harmonic and damped vibrations of a 

uniform rod pendulum with mass in the air and applied to the 

opening of the swing check valve to determine its local re-

sistance characteristics in comparison with the experimental 

data [12]. 

5.1. Physical Pendulum Problem 

The uniform rod with mass, 𝑚 = 0.1𝑘𝑔 and length, 

𝑙 = 0.15𝑚 is supported by a frictionless hinge at the point O 

in the room of size 3𝑚 × 3𝑚 (Figure 2). The barycentre of 

the rod is the point . It is released at t =0 from the tip an-

gle of 𝜃0 = 315∘ by which the pendulum is displaced coun-

ter-clockwise from the horizontally right position ( 𝑥  -

coordinate axis). The moment of inertia of the rod is 

𝐼 = (1/3)𝑚𝑙2 = 0.00075𝑘𝑔𝑚2 and the acceleration due to 

gravity 𝑔 = 9.8𝑚/𝑠2 . The room is filled up with the air 

whose density and viscosity are 𝜌 = 1.225𝑘𝑔/𝑚3  and 

𝜇 = 1.7894 × 10−5𝑘𝑔/𝑚𝑠, respectively. 

 
Figure 2. The domain and initial mesh. 

The boundary and initial conditions (21), (24) and (25) are 

given by 𝑢𝑏 = 0𝑚/𝑠, 𝑢0 = 0𝑚/𝑠, and 𝜔0 = 0𝑟𝑎𝑑/𝑠. 

C
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The initial mesh has 1 7400 triangular cells. In Figure 2, 

the inside rectangular indicates the moving mesh zone. 

5.1.1. Harmonic Vibration of the Pendulum 

The object of this simulation is to compare the mesh dis-

placements by spring networks with damping and no damp-

ing (see Eqs. (42)~(45)) and test the performance of the time 

adaptive method (see Eqs. (46) and (47)). The model equa-

tions for the harmonic motion in the air are Eqs. (16)~(20) 

neglecting the hydrodynamic moment 𝑴𝑓  in Eq.(20). Ac-

cording to the algorithm mentioned above, the solution has 

successively performed for several periods of vibration. The 

time step is taken as the constant 𝛥𝑡 = 0.01𝑠 for the first 5 

steps and then the adaptive step. 

Figure 3 shows the influence of damping on the mesh dis-

placement by the spring network at time 𝑡 = 0.165𝑠. It is 

obvious that the state of the mesh with no damping (see the 

left in Figure 3) is better than one with damping (the right in 

Figure 3). 

 

 
(a) Mesh with no damping, (b) Mesh with damping 

Figure 3. Influence of the damping on the mesh displacement by the spring network. 

 

Figure 4 shows the performance of the adaptive time 

method. As seen in Figure 4a, the quality of the mesh is de-

graded when the time step is taken as the constant step 

𝛥𝑡 = 0.05𝑠 from the time 𝑡 = 0.05𝑠 to 𝑡 = 0.1𝑠, though the 

mesh state near the rigid body is relatively good by the 

spring analogy method with no damping. Figure 4b shows 

that when using still the constant step 0.05s, the cells with 

negative volume appear due to the crossing of edges, that’s, 

the failure of DGCL, at 𝑡 = 0.15𝑠 . Then, the calculation 

ends up incompletely. 

Figure 4c shows that the state of the mesh at time 𝑡 = 0.1𝑠 

(see Figure 4a) is recovered significantly at time 𝑡 =

0.1175𝑠 using the adaptive time algorithm. Also, as seen in 

Figure 4d, the state of the mesh is good at time 𝑡 =

0.1278𝑠. 
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Figure 4. Effect of the adaptive time algorithm: (a) Degraded mesh for 𝛥𝑡 = 0.05𝑠 and 𝑡 = 0.1𝑠, (b) Cells with negative volume for con-

stant 𝛥𝑡 = 0.05𝑠  and 𝑡 = 0.15𝑠 , (c) Upgraded mesh by the adaptive algorithm from 𝑡 = 0.1𝑠  to 𝑡 = 0.1175𝑠 , (d) full mesh at 

𝑡 = 0.1278𝑠. 

5.1.2. Damped Vibration of the Pendulum 

The model equations for the damped vibration of the pen-

dulum in the air are Eqs. (16)~(20). Figure 5 shows the pres-

sure and velocity fields at time 𝑡 = 0.184𝑠 when the pendu-

lum is moving to the right. In Figure 5a, the pressure over the 

right overall surface of the pendulum is higher than that at 

the left and thus, the motion of the pendulum is damped 

meeting with the resistance of air. Contrarily, in Figure 5b, 

the velocity over the left of the pendulum is higher than that 

at the right. These behaviours are repeated with the damping 

property. 

 
Figure 5. Pressure (a) and velocity (b) at time . 

Meanwhile, the problem under consideration can be ap-

proximated by the simplest oscillator with linear viscous 

damping as 

𝐼𝜃̈ + 𝑐𝜃̇ +
𝑚𝑔𝑙

2
𝜃 = 0                           (48) 

where 𝑐  is the viscous damping coefficient. In the under-

damped case, the viscous damping constant 𝑐 may be deter-

mined experimentally by measuring the rate of decay of un-

forced oscillations. 

Figure 6 shows the result by the numerical simulation 

(drawed by solid line in Figure 6 and the solution (dot-and-

dash line) of Eq. (47) with the viscous damping 𝑐 = 0.004. 

From this fact, the role of experiment for determining the 

viscous damping constant 𝑐 may be replaced by the numeri-

cal simulations such as this case. 

 

0.184t s
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Figure 6. Variation of the orientation of the pendulum versus time. 

5.2. Motion and Local Resistance of a Swing 

Check Valve 

The swing check valve is used in underwater exhaustion 

or fire extinguishing systems. However, the local resistance 

characteristics, especially when the valve is open, are deter-

mined through experiments, tests or semiempirical expres-

sion. Here, we determine the local resistance characteristics, 

especially when the valve is open, through the numerical 

simulation. 

5.2.1. Numerical Simulation for the Opening Process 

The air flows through the swing check valve linked by the 

pipe with the hydraulic diameter 𝑑 = 0.2𝑚 . The problem 

under consideration is illustrated in Figure 7. The uniform 

plate with mass, 𝑚 = 5𝑘𝑔and length, 𝑙 = 0.2𝑚 is supported 

by a frictionless hinge at the point O. The barycentre of the 

plate is the point 𝐶 . It is open at t =0 from the angle of 

𝜃0 = 300∘ by which the plate is displaced counter-clockwise 

from the horizontally right position (𝑥 -coordinate axis). The 

moment of inertia of the plate is 𝐼 = (1/3)𝑚𝑙2 =

0.067𝑘𝑔𝑚2 and the acceleration due to gravity𝑔 = 9.8𝑚/𝑠2. 

 
Figure 7. Schematic of the problem. 

The density and viscosity of air are 𝜌 = 1.225𝑘𝑔/𝑚3 and 

𝜇 = 1.7894 × 10−5𝑘𝑔/𝑚𝑠, respectively. 

The initial conditions (24) and (25) are given by 𝑢0 =

0𝑚/𝑠  and 𝜔0 = 0𝑟𝑎𝑑/𝑠 . The gauge static pressures 

𝑝𝑖𝑛 = 3000𝑃𝑎 and 𝑝𝑜𝑢𝑡 = 0𝑃𝑎 are given at the inlet and the 

outlet, respectively. The operating pressure is 𝑝0 =

101325𝑃𝑎 and then the absolute pressure is the gauge static 

pressures plus the operating pressure. The solution has suc-

cessively performed from the initial angle 𝜃 = 300∘(𝑡 = 0𝑠) 

to the full open angle 𝜃 = 370∘(𝑡 = 0.18𝑠). 

Figure 8 shows the meshes at time 𝑡 = 0𝑠 and 𝑡 = 0.11𝑠, 

respectively. 
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Figure 8. Meshes at different times, (a) 𝑡 = 0𝑠, (b) 𝑡 = 0.11𝑠. 

Figure 9 and Figure 10 show the total pressure fields at the intermediate time 𝑡 = 0.11𝑠(𝜃 = 330∘) and the fully open time 

𝑡 = 0.18𝑠(𝜃 = 370∘), respectively. 

 
Figure 9. Total pressure field at the intermediate time 𝑡 = 0.11𝑠(𝜃 = 330∘). 

 
Figure 10. the total pressure fields at the fully open time 𝑡 = 0.18𝑠(𝜃 = 370∘). 

The average total pressure values at the inlet and the outlet 

of the pipe and the average velocity at the inlet at  

and  are obtained as follows, respectively. 

𝑃𝑖𝑛 = 2985.536𝑃𝑎,, 𝑃𝑜𝑢𝑡 = 689.426𝑃𝑎 and 𝜐𝑖𝑛 = 33.791m/𝑠 (49) 

𝑃𝑖𝑛 = 2988.259𝑃𝑎, 𝑃𝑜𝑢𝑡 = 2020.043𝑃𝑎 and 𝜐𝑖𝑛 = 60.178𝑚/𝑠 (50) 

These values are used in the next section 5.2.2 for deter-

mining local resistence of the valve. The total pressure is 

defined as 

𝑃 = 𝑝 +
1

2
𝜌𝜐𝑖𝑛

2                                (51) 

where 𝜐𝑖𝑛 is the magnitude of the velocity vector at the inlet 

of the pipe. 

Meanwhile, suppose the pipe is the straight in the same 

dimensions without the valve and then, the average total 

pressure values at the inlet and the outlet of it and the aver-

age velocity at the inlet are obtained as follows, respectively 

𝑃𝑖𝑛 = 3014.114𝑃𝑎, 𝑃𝑜𝑢𝑡 = 2369.326𝑃𝑎   and  

𝜐𝑖𝑛 = 63.72𝑚/𝑠                   (52) 

5.2.2. Local Resistance Characteristics of the Valve 

The local resistance coefficient of the swing check valve 

can be calculated as 

𝜉𝑣 = 𝜉𝑡 − 𝜉𝑠                                   (53) 

where 𝜉𝑣 , 𝜉𝑡  and 𝜉𝑠  are the local, total and frictional re-

sistances of the pipe system, respectively. The total re-

sistance coefficient is calculated as 

𝜉𝑡 =
𝑃𝑖𝑛−𝑃𝑜𝑢𝑡

1

2
𝜌𝜐𝑖𝑛

2                                   (54) 

and the frictional resistance coefficient 𝜉𝑠 is also determined 

from Eq. (54) using Eq. (52) for the straight pipe. 

Table 2 lists the values of the local resistance coefficient 

estimated in this way along as well as the experimental data 

and the semiempirical expression [12] as 

0.11t s

0.18t s

http://www.sciencepg.com/journal/ijfmts


International Journal of Fluid Mechanics & Thermal Sciences http://www.sciencepg.com/journal/ijfmts 

 

73 

𝜉 = 0.0845
𝑙

𝑑
− 0.0053 (

𝑙

𝑑
)

2

+ 𝜂 (1 −
1

(1+0.033
𝑙

𝑑
)2

)         (55) 
where 𝑙 and 𝑑 are the length and hydraulic diameter of the 

valve body, respectively and 𝜂 ≈ 0.8 is the relaxation factor 

for the outlet part of the valve body. 

Table 2. Local resistance coefficient values of the valve. 

Angle Simulation Experiment Semiempirical Eq. (55) 

 3.025 - - 

 0.218 0.186 0.220 

 

When the valve was open fully at angle 𝜃 = 370∘ , the 

value from this simulation is in agreement with the experi-

mental value with the error of 1%. 

Figure 11 shows the local resistance coefficient according to 

Reynolds number at 𝜃 = 370∘, when the swing check valve is 

open fully. The Reynolds number is defined as 𝑅𝑒 = 𝜐𝑖𝑛𝑑/𝜇. It 

is seen that the discrepancy with the experimental data decreases 

as Reynolds number,  increases. The error with respect to 

the experimental data is small (<3%). 

 
Figure 11. Local resistance coefficient versus Reynolds number at 𝜃 = 370∘. 

Figure 12 shows the variation of the local resistance coefficient according to the opening angle under settings mentioned 

above. As seen in the Figure 12, its local resistance decreases rapidly as the valve is open. 

 
Figure 12. Local resistance coefficient versus the opening angle. 

330

370

Re
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6. Conclusion 

In the numerical method to simulate fluid and body inter-

actions, the unique ALE formulation has presented, which 

includes the differential form of the geometric conservation 

law. Also, the adaptive time algorithm based on a Courant-

Friedrichs-Levy (CFL) type condition which is estimated by 

the difference between the fluid and mesh velocity has pre-

sented to advance stably the numerical solutions of incom-

pressible viscous flow past moving bodies when the motion 

of the bodies is not known. The numerical examples showed 

the ability of the adaptive time algorithm to recover the de-

graded mesh in combination with the method of spring 

smoothing with no damping. It was shown that numerical 

results on the damped vibration of the pendulum and the 

opening of the swing check valve can replace limited or im-

possible measurements. 
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ALE Arbitrary Lagrangian Eulerian 
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