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Abstract 

This paper considers real C*- and AW*-algebras with quasitrace and explores their connection with the concept of stable 

finiteness, stable proper infiniteness and pure infiniteness. A review of existing results for complex algebras and their real 

analogues is presented, including the role of quasitrace in concept of finiteness and infiniteness. It is proved that a real C*-algebra 

is stably properly infinite if and only if its complexification has the same property. The concept of quasitrace allows us to classify 

C*-algebras as finite or infinite. If the quasitrace is trivial, such an algebra is called traceless or stably properly infinite. There 

are known results such as a connection between traceless and weakly purely infinite complex C*-algebras and equivalence of all 

definitions of pure infiniteness under condition of real rank zero, so a natural question arises: how are traceless C*-algebras 

related to infinite ones in the real case and if all definitions of pure infiniteness under condition of real rank zero coincide in real 

case? In this paper, we obtain the following results: a real analogue of the Cuntz-Blackadar-Handelman theorem, build the 

connection between weakly purely infinite and traceless real C*-algebras through their enveloping complex C*-algebras, and 

we give Stacey's theorem without the assumption simplicity through the class of stably properly infinite (traceless) real C*-

algebras. It would be reasonable to consider AW*-algebras, since we consider real rank zero C*-algebras as the class AW*-

algebras lies in the class of real rank zero C*-algebras. 
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1. Introduction 

It is known that every stably finite C*-algebra has a qua-

sitrace [4], but the converse is true only for a simple C*-alge-

bra [5], that is, one without nontrivial two-sided ideals. Cuntz, 

Blackadar, and Handelman proved a more general result: a 

C*-algebra has a quasitrace if its quotient algebra is stably fi-

nite [13], or, equivalently, if it is not stably properly infinite. 

The notion of 2-quasitrace allows one to classify C*-algebras 

as stably finite or infinite. If the quasitrace is nontrivial, this 

allows one to conclude that the algebra is finite or stably finite. 

If the 2-quasitrace is trivial, such an algebra is called traceless 

[14]. A natural question arises: how are traceless C*-algebras 

related to infinite ones? There are four different definitions of 

infiniteness: locally pure, weakly pure, pure, and strongly pure 

infinite [6, 17, 18]. In particular, it was proved that a C*-alge-

bra is weakly purely infinite if and only if it is traceless [17]. 

In the paper [6], it was shown that under the condition of real 

rank zero the definitions of weak pure and pure infiniteness for 

C*-algebras coincide. All the above-mentioned results relate to 

the complex case, so their adaptation to the real case is of partic-

ular interest. In the paper, Stacey proposed an analogue of the 
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concept of pure infiniteness for real algebras. A similar result was 

obtained by Boersema [7]. However, in both cases the transfer of 

the properties of pure infiniteness from a real C*-algebra to its 

complexification was carried out under the condition of simplic-

ity of the latter. In the present paper, the following results will be 

obtained: a real analogue of the Cuntz-Blackadar-Handelman 

theorem, established the relation between real weakly pure in-

finite and traceless algebras via their enveloping algebras, 

considered Stacey's theorem without the assumption of sim-

plicity of an algebra via the class of stably properly infinite 

(traceless) real C*-algebras. 

2. Purely Infinite Real C*-algebras 

2.1. Preliminaries 

Let A be a Banach *-algebra over a field 𝑅. An algebra A 

is called a C*-algebra if ‖𝑥∗𝑥‖ = ‖𝑥‖2  for any 𝑥 ∈  A. A 

real Banach *-algebra 𝑅  is called a real C*-algebra if the 

norm on 𝑅 can be extended to the complexification 𝐴 = 𝑅 +

𝑖𝑅 of R so that A is a (complex) C*-algebra. We say that a 

C*-algebra A is finite if for 𝑥 ∈ 𝐴, 𝑥∗𝑥 = 𝕝 implies 𝑥𝑥∗ = 𝕝. 

A is called stably finite if 𝑀𝑛(𝐴) is finite for all 𝑛 ≥ 1. Fi-

niteness and stable finiteness in the real cases are defined sim-

ilarly. Let 𝐴 be a ring and 𝑆 a non-empty subset of 𝐴, denote 

by 𝑅(𝑆) = {𝑥 ∈ 𝐴: 𝑠𝑥 = 0 |  ∀𝑠 ∈ 𝑆} and call 𝑅(𝑆) the right 

annihilator of 𝑆. Similarly, 𝐿(𝑆) = {𝑥 ∈ 𝐴: 𝑥𝑠 = 0 |  ∀𝑠 ∈ 𝑆} 

denotes the left annihilator of 𝑆. A Baer *-ring is a ring 𝐴 

such that for every non-empty subset 𝑆 of 𝐴, 𝑅(𝑆) = 𝑔𝐴 for 

some projection 𝑔. An AW*-algebra is a (real or complex) 

C*-algebra that is a Baer *-ring [1-3]. 

If 𝑆 is an abelian semigroup, then there is a universal en-

veloping abelian group 𝐺(𝑆), called the Grothendieck group 

of S. There is a canonical homomorphism from 𝑆 to 𝐺(𝑆) 

that sends 𝑥 to [(𝑥 + 𝑥, 𝑥)]. This homomorphism is injective 

if and only if 𝑆 has a cancellation, i.e., one can omit the ele-

ment 𝑧 in the equality 𝑥1 + 𝑦2 + 𝑧 = 𝑥2 + 𝑦1 + 𝑧. A strong 

identity in 𝑆 is an element 𝑢 > 0 such that for any 𝑥 ∈ 𝐺 

there is a positive integer n such that 𝑥 ≤ 𝑛𝑢. Let 𝑆 be an 

ordered abelian semigroup with strong identity u. If f is any 

monotone (i.e., order-preserving) homomorphism 𝑓: 𝑆 → ℝ 

such that 𝑓(𝑢) = 1, we call f a (normalized) functional (𝑆, 𝑢). 

If, in addition, 𝑓(𝑥) > 0 for all 𝑥 >  0, we call f a strict 

functional [9]. Recall that Grothendick groups and states on 

them are inextricably linked with the condition of existence of 

a quasitrace in the complex and real cases. A C*-subalgebra 

B of a C*-algebra A is called hereditary if, for a positive ele-

ment a of A and a positive element 𝑏 of 𝐵, the inequality 

𝑎 ≤ 𝑏 implies that a belongs to 𝐵. Recall that a C*-algebra A 

filter on a set 𝑋  is a nonempty family ω ⊂ 2𝑋  satisfying 

three conditions: ∅ ∈ ω; if 𝐴,  𝐵  ∈ ω, then 𝐴 ∩ 𝐵 ∈ ω (and 

hence any finite intersection of elements of ω belongs to ω); 

If 𝐴  ∈ ω and 𝐴 ⊂ 𝐵, then 𝐵 ∈ ω. In particular, 𝑋 ∈ ω. A 

filter ω is called free if ∩ ω = ∅. A maximal (by inclusion) 

filter is called an ultrafilter, that is, a filter ω is an ultrafilter 

if for any filter ω ⊂ ω′ we have ω′ = ω. 

Definition 1. [4, 11] Let A be a C*-algebra, and the qua-

sitrace on A is a function 𝜏: 𝐴 → ℂ that satisfies: 

1) 𝜏(𝑥∗𝑥)  = 𝜏(𝑥𝑥∗) ≥ 0 for all 𝑥 ∈  𝐴. 

2) 𝜏(𝑎 + 𝑖𝑏) = 𝜏(𝑎) + 𝑖𝜏(𝑏) for 𝑎, 𝑏 ∈ 𝐴ℎ. 

3) 𝜏 is linear on every abelian C*-subalgebra 𝐵 of 𝐴. 

Definition 2. [12, 15] Let R be a real C*-algebra with unity. 

A quasitrace 𝜏  on 𝑅  is a function 𝜏: 𝑅 → ℝ satisfying the 

following conditions: 

1) 𝜏(𝑥∗𝑥) = 𝜏(𝑥𝑥∗) ≥ 0, 𝑥 ∈ 𝑅; 

2) 𝜏(𝑎 + 𝑏) = 𝜏(𝑎), для 𝑎 ∈ 𝑅ℎ, 𝑏 ∈ 𝑅𝑘, i.e., 𝑏∗ = −𝑏; 

3) 𝜏 is linear on every abelian C*-subalgebra 𝐵 of 𝑅. 

Theorem 1. A real C*-algebra 𝑅 is stably finite if 𝐴 = 𝑅 +

𝑖𝑅 is stably finite. 

Recall that a C*-algebra with a unity 𝐴 is called properly 

infinite if it contains two mutually orthogonal projections, 

both equivalent with respect to 𝕝. We say that A is stably 

properly infinite if 𝑀𝑛(𝐴) is properly infinite for all 𝑛 ≥ 1. 

Theorem 2. If a real C*-algebra R is stably properly infinite, 

then 𝐴 = 𝑅 + 𝑖𝑅 is stably properly infinite. 

Proofs in one direction is quite obvious, nevertheless con-

verse proofs are quite difficult to obtain purely algebraically, 

so to simplify the proof, we apply the quasitrace. It is worth 

noting that in the properly infinite case, it is trivial. Accord-

ingly, it is necessary to consider under what conditions the 

quasitrace is nontrivial in the real C*-algebra. 

2.2. Stably Not Properly Infinite Real  

C*-algebras 

Let 𝑅 ⊆ 𝐵(𝐻) be a seperable real C*-algebra with a unity, 

where 𝐻 is a seperable Hilbert space. Let 𝑀∞(𝑅) be the *-

algebra consisting of all finite-dimensional square matrices 

over elements in 𝑅, i.e., we set 𝑀∞(𝑅) =∪𝑛∈𝑁 𝑀𝑛(𝑅). Con-

sider the order ≲ on 𝑀∞(𝑅), defined as 𝑎 ≲ 𝑏, if and only 

if there exists a sequence (𝑣𝑛)𝑛∈𝑁 ⊂ 𝑀∞(𝑅)  such that 

𝑣𝑛
∗𝑏𝑣𝑛 → 𝑎 for 𝑛 → ∞. We set 𝑎  ∼ 𝑏 if 𝑎  ≲ 𝑏 and 𝑏  ≲

𝑎, and we say that a is Cuntz equivalent to b, and we denote 

the equivalence class of a by ⟨𝑎⟩. We set 𝑊(𝑅) = 𝑀∞(𝑅)+/

∼ and equip it with the order ⟨𝑎⟩ ≥ ⟨𝑏⟩ if 𝑎 ≲ 𝑏, and with 

the addition ⟨𝑎⟩ + ⟨𝑏⟩ = ⟨𝑎 ⊕ 𝑏⟩ such that 𝑊(𝑅) is an or-

dered abelian semigroup. If we apply the same construction to 

the stabilization of 𝑅 ⊗ 𝐾(𝐻) instead of the precompletion 

𝑀∞(𝑅), we obtain the so-called full Cuntz semigroup, which 

appears explicitly as the quotient 𝐶𝑢(𝑅) = (𝑅 ⊗ 𝐾(𝐻))/∼ 

[14]. We formulate the definitions in terms of ordered abelian 

semigroups for the sake of generality. If 𝑆 is an ordered abe-

lian semigroup and 𝑥, 𝑦 in 𝑆, we denote that 𝑥 <𝑠 𝑦 if there 

exists 𝑛 ∈ ℕ such that (𝑛 + 1)𝑥 ≤ 𝑛𝑦. 

Definition 3. Let 𝑆 be an ordered abelian semigroup, and 

let 𝑛 ∈ ℕ ∪ {0}. We say that 𝑆 has n-comparison if for any 

𝑥, 𝑦0, … , 𝑦𝑛 ∈ 𝑆  satisfying 𝑥 <𝑠 𝑦𝑗  for all 𝑗 =  0, . . . , 𝑛 , 

we have 𝑥 ≤ 𝑦0 + ⋯ + 𝑦𝑛. 
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Obviously, 𝑛- comparison implies m- comparison for 𝑛 ≤

𝑚. Note that 0- comparison is equivalent to the property that 

(𝑛 + 1)𝑥 ≤ 𝑛𝑦  for some 𝑛  ∈ ℕ  implies 𝑥 ≤ 𝑦 , which is 

also known as almost unperforation. If R is a real C*-algebra, 

then 𝑊(𝑅) is almost unperforated if and only if 𝐶𝑢(𝑅) is al-

most unperforated [14], and it is easy to see that almost unper-

foration carries over to ideals and quotients. 

It is worth noting that the definition of projection types in 

C*-algebras is similar to that for AW*-algebras. 

Proposition 1. Let R be a real C*-algebra and 𝑝 ∈ 𝑅 be a 

nonzero projection. The following conditions are equivalent: 

1) 𝑝 is properly infinite; 

2) 𝑝 ⊕ 𝑝 ≲ 𝑝; 

Proofs for the above assertions are similar to those in the 

complex case [6, 7]. 

Definition 4. Let 𝑆  be an ordered abelian semigroup. A 

state on 𝑆 is an order-preserving mapping 𝑓: 𝑆 → ℝ. The set 

of states on 𝑆 is denoted by ∑(𝑆). If 𝑡  ∈ 𝑆, then we denote 

by ∑(𝑆, 𝑡) the set of states 𝑓 ∈ ∑(𝑆) satisfying 𝑓(𝑡) = 1. 

Proposition 2. [5] Let 𝑆 be an ordered abelian semigroup 

with strong unity 𝑢, and let 𝐻 be a subgroup of 𝑆 that con-

tains u. If f is any functional on (𝐻, 𝑢), then f extends to a 

functional on (𝐺, 𝑢). 

It is worth noting that Definition 4 and Proposition 4 apply 

equally in the real and complex cases. 

Let 𝑅  be a real C*-algebra with a unity. A state 𝑑  on 

𝐶𝑢(𝑅)  𝑑(𝕀𝐴) = 1  is called a dimension function on 𝑅 . 

Therefore, dimension functions are states on Cuntz semi-

groups with the obvious normalization assumption. For every 

positive element 𝑎 ∈ 𝑀∞(𝑅)+ and ϵ >  0, we define the ϵ-

cutoff of a as (𝑎 − ϵ)+ = 𝑓ϵ(𝑎), where the right-hand side is 

determined by applying continuous functional calculus to the 

function 𝑓ϵ(𝑡) = 𝑚𝑎𝑥{0, 𝑡 − ϵ}. A dimension function 𝑑 on 

𝑅 is lower semicontinuous if for all 𝑎 ∈ 𝑀∞(𝐴)+, 𝑑(⟨(𝑎 −

ϵ)+⟩) → 𝑑(⟨𝑎⟩) for ϵ →  0 [17]. Denote by 𝐷𝐹(𝑅)  the di-

mension functions on 𝑅, and by 𝐿𝐷𝐹(𝑅) the lower semicon-

tinuous dimension functions on 𝑅. Given the quasitrace τ on 

the real C* -algebra 𝑅, one can define a lower semicontinuous 

dimension function d on 𝑅  by 𝑑τ(⟨𝑎⟩) = 𝑙𝑖𝑚𝑛→∞(𝑎1/𝑛) . 

This correspondence is in fact an equivalence, as shown by 

Blackadar and Handelman [4] in the following theorem. 

Theorem 3. Let A be a C*-algebra. Then there is an affine 

bijection between the spaces 𝑄𝑇(𝐴) and 𝐿𝐷𝐹(𝐴). 

Since the definitions of the quasitrace and the dimension 

function are given in the real case, it is reasonable to conjec-

ture that the equivalence established by Blackadar and Han-

delman also applies in the real case. We now prove the real 

analog of the Cuntz-Blackadar-Handelman theorem (see [13] 

Theorem 2.3). 

Theorem 4. Let 𝑅 be a real C*-algebra with a unity. If 𝑅 

is not stably properly infinite then 𝑅 admits a quasitrace. 

Proof. Suppose that 𝑅 is not stably properly infinite and 

𝐾0(𝑅) does not admit nonzero states. Let 𝑢 = [1𝑅]0 be the 

equivalence class of the identity 1𝑅 in 𝐾0(𝑅). First, we prove 

the existence of 𝑘, 𝑙 ∈ ℕ with 𝑘 >  𝑙 and 𝑘𝑢 ≤ 𝑙𝑢 . Sup-

pose that 𝑘𝑢 ≤ 𝑙𝑢 implies 𝑘 ≤ 𝑙. Using Proposition 2, the 

function 𝑓: 𝑍𝑢 → 𝑅  by 𝑓(𝑛𝑢) = 𝑛  for 𝑛 ∈ ℤ  extends to a 

state on 𝐾0(𝑅), which contradicts our assumption. Therefore, 

there exist some 𝑘, 𝑙 ∈ ℕ with 𝑘 >  𝑙 and 𝑘𝑢 ≤ 𝑙𝑢. 

Next, let 𝑒𝑛 ∈ 𝑀𝑛(𝑅)  be the identity in 𝑀𝑛(𝑅) . Since 

[𝑒𝑛]0 = 𝑛𝑢 for any 𝑛 ∈ ℕ, it immediately follows that the in-

equality [𝑒𝑘]0 ≤ [𝑒𝑙]0  holds. We choose 𝑚 ∈ ℕ  such that 

𝑒𝑘 ⊕ 𝑒𝑚 ≲ 𝑒𝑙 ⊕ 𝑒𝑚  and set 𝑛 =  𝑙 +  𝑚  and 𝑑 =

 𝑘 −  𝑙 >  0. Then 𝑒𝑛+𝑑 ≲ 𝑒𝑛, and the iterative process 

will show that 𝑒𝑛 is in fact properly infinite. Thus when 𝑅 is 

not stably properly infinite, 𝐾0(𝑅) does admit nonzero states. 

Based on the Theorem 2 and Theorem 4, we can assert the 

following corollary. 

Corollary 1. Let 𝑅 be a real C*-algebra with a unity. 𝑅 ad-

mits a quasitrace if and only if 𝑅 is not stably properly infi-

nite. 

2.3. Purely Infinite Real C*-algebras 

Stably properly infinite C*-algebras are of particular inter-

est because they simplify the consideration of certain types of 

purely infinite C*-algebras. There are several formulations of 

purely infinite C*-algebras. We will consider them all in order 

from weakest to strongest. 

Definition 5 [6]. A C*-algebra 𝐴 is called 

1) locally purely infinite if and only if for every primitive 

ideal 𝐽  of 𝐴  and every element 𝑏 ∈ 𝐴+  with ‖𝑏 +

𝐽‖ > 0, there exists a stable C*-subalgebra 𝐷 of the he-

reditary C*-subalgebra generated by 𝑏 such that 𝐷 is 

not contained in 𝐽. 

2) For a given strictly positive integer 𝑚, a C *-algebra 𝐴 

is said to be 𝑚-purely infinite if and only if, for every 

pair of positive elements 𝑎, 𝑏 in 𝐴 such that 𝑏 lies in 

the closed two-sided ideal 𝐴 generated by 𝑎, and for 

every 𝜀 >  0 , there exists 𝑑1, … , 𝑑𝑚  in 𝐴  such that 

‖𝑏 − (𝑑1
∗𝑎𝑑1 + ⋯ + 𝑑𝑚

∗ 𝑎𝑑𝑚)‖ < 𝜀 , and there is no 

nonzero quotient algebra l∞(𝐴)  of dimension ≤  𝑚2 

We say that 𝐴  is weakly purely infinite if 𝐴  is 𝑚 -

purely infinite for some m ∈ ℕ. 

3) purely infinite if and only if for every pair of positive 

elements 𝑎, 𝑏 ∈ 𝐴+/{0} such that 𝑏 lies in the closed 

two-sided ideal 𝑠𝑝𝑎𝑛(𝐴𝑎𝐴)  generated by 𝑎 , and for 

every 𝜀 >  0, there exists an element 𝑑 ∈ 𝐴 such that 

‖𝑏  − 𝑑∗𝑎𝑑‖ <, and there is no nonzero character on A. 

4) strongly purely infinite if and only if for any 𝑎, 𝑏  ∈

 𝐴+/0, 𝜀  >  0, there exist elements 𝑠, 𝑡 ∈ 𝐴 such that 

‖𝑎2 − 𝑠∗𝑎2𝑠‖ < 𝜀, ‖𝑏2 − 𝑡∗𝑏2𝑡‖ < 𝜀  and ‖𝑠∗𝑎𝑏𝑡‖ <

𝜀. 

It should be noted that these definitions are given similarly 

in the real case under the regularity condition [7, 18]. However, 

it is rather difficult to connect the real and complex cases 

through these definitions, so we consider an analogue using 
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traceless C*-algebras. Traceless C*-algebras provide a differ-

ent approach to considering various classes of infinite C*-al-

gebras. 

Proposition 5 [15]. Let A be a C*-algebra with a unity. 

Then 𝐴 does not admit a normalized 2-quasitrace if and only 

if 𝑀𝑛(𝐴) is properly infinite for some 𝑛 ∈ ℕ. 

We say that 𝐴 is traceless if every lower semicontinuous 

nonnegative 2-quasitrace on 𝐴+ is trivial, i.e., takes only the 

values 0 and +∞. 

However, traceless C*-algebras are not always properly in-

finite or purely infinite, since there is an example of a finite 

C*-algebra over which the matrix is properly infinite (see 

Proposition 5.6 in [17]). The following theorem establishes a 

connection between weakly purely infinite and traceless C*-

algebras. 

Theorem 5 [18]. Let A be a C*-algebra, and 𝜔 a free ul-

trafilter on ℕ. 

Let 𝐴ω be the ultraproduct of 𝐴. Then the following state-

ments are equivalent. 

1) 𝐴ω is traceless, i.e., every lower semicontinuous 2-qua-

sitrace on 𝐴ω is trivial; 

2) 𝐴ω is weakly purely infinite; 

3) 𝐴 is weakly purely infinite; 

In the following theorem, we give a partial real analogue of 

the above theorem. 

Theorem 6. Let 𝑅 be a real C*-algebra. Then 𝑅 is trace-

less if and only if 𝑅 is weakly purely infinite. 

Proof. Let 𝑅 be traceless, then by Corollary 1 𝐴 = 𝑅 + 𝑖𝑅 

is traceless, which implies by Theorem 3 that 𝐴 = 𝑅 + 𝑖𝑅 is 

weakly purely infinite. Since 𝐴 = 𝑅 + 𝑖𝑅  is weakly purely 

infinite, it follows that (see Proposition 2.2 in [18]) 𝑅  is 

weakly purely infinite. Conversely, let 𝑅 be weakly purely 

infinite, but its complexification 𝐴 = 𝑅 + 𝑖𝑅 is not weakly 

purely infinite. Then 𝐴 = 𝑅 + 𝑖𝑅 is not traceless, and hence, 

by Theorem 4, it has a nontrivial quasitrace. A contradiction. 

Thus, we have proved that a real stably properly infinite C*-

algebra is weakly purely infinite. 

Of great interest is the condition under which all four defi-

nitions of pure infinity coincide. To this end, we consider a 

special class of C*-algebras with real rank zero. The following 

theorem, obtained by E. Kirchberg, proves that all the above 

definitions of pure infiniteness coincide under the condition 

that the C*-algebra has real rank zero. 

Theorem 7 [6]. Let A be a C*-algebra of real rank zero. 

Then A is locally purely infinite if and only if A is strongly 

purely infinite. 

This theorem yields an interesting corollary. 

Corollary 2. A traceless C*-algebra 𝐴 with real rank zero 

is purely infinite as a C*-algebra. 

Proof. By Theorem 3, 𝐴  is traceless if and only if it is 

weakly purely infinite. Consequently, if 𝐴 has real rank zero 

and is weakly purely infinite, then by Theorem 5 𝐴 is purely 

infinite. 

This corollary relates stably properly infinite and purely in-

finite C*-algebras. 

Remark. The example of a traceless C*-algebra mentioned 

in (see Proposition 5.6 in [17]) does not have real rank zero, 

(see Theorem 4.3 in [6]). 

We are particularly interested in Stacey's result on real 

purely infinite C*-algebras. 

Theorem 8 [18]. Let 𝐴 = 𝑅 + 𝑖𝑅 be a purely infinite C*-

algebra, then 𝑅 is a purely infinite real C*-algebra. 

The theorem does not require 𝐴 to be simple, but the con-

verse result was obtained with 𝐴 being simple [7]. We will 

consider the converse theorem without the simplicity condi-

tion. An obvious candidate is the real weakly purely infinite 

C*-algebra from Theorem 4. We will also give the result un-

der the condition that 𝑅 has real rank zero, which implies that 

𝐴 = 𝑅 + 𝑖𝑅 has real rank zero (see Proposition 2.2 in [19]). 

Theorem 9. Let 𝑅 be a weakly purely infinite C*-algebra 

with real rank zero. Then 𝐴 = 𝑅 + 𝑖𝑅 is purely infinite. 

Proof. By Corollary 1, 𝑅 is stably properly infinite if and 

only if 𝐴 = 𝑅 + 𝑖𝑅 is stably properly infinite. Consequently, 

by Proposition 1, 𝐴 = 𝑅 + 𝑖𝑅 is traceless, and by Corollary 2, 

𝐴 = 𝑅 + 𝑖𝑅 is pure infinite. 

Thus, we have proved that 𝐴 = 𝑅 + 𝑖𝑅 is (weakly) pure in-

finite if and only if 𝑅 is (weakly) purely infinite, using known 

and proper analogs of some theorems in the real case. 

Since we consider real rank zero C*-algebras, it is appro-

priate to consider AW*-algebras [8, 10]. 

Theorem 10. Let 𝐴 be a traceless C*-algebra. Then, if 𝐴 

is an AW*-algebra, then it is of type III AW*-algebra. 

Proof. Since A is an AW*-algebra, Theorem 5 implies that 

weak pure infiniteness is equivalent to pure infiniteness. By 

the definition of purely infinite C*-algebras, A does not con-

tain nonzero finite projections. Therefore, A is an algebra of 

type III as an AW*-algebra. The theorem is proved. 

Furthermore, we give a corollary of the above theorem in 

the real case, based on Theorem 9 and (see Theorem 4.7.4 [1]). 

Corollary 3. Let 𝑅 be a traceless real C*-algebra. Then, if 

𝑅 is a real AW*-algebra, then it is of type III real AW*-alge-

bra. 

3. Materials and Methods 

To obtain the results, methods of operator algebras were 

used, as well as the method of extension of quasitrace from 

real C*-algebra to its complexification. 

4. Results 

A real analogue of the Cuntz-Blackadar-Handelman theo-

rem is obtained, investigated the connection between real 

weakly pure infinite and traceless algebras via their envelop-

ing algebras, considered Stacey's theorem without the as-

sumption of simplicity of an algebra via the class of stably 

properly infinite (traceless) real C*-algebras. 
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5. Discussion 

Four different definitions of infiniteness are considered: lo-

cally pure, weakly pure, pure, and strongly pure infinite. In 

particular, it was proved that a C*-algebra is weakly purely 

infinite if and only if it is traceless. It was shown that under 

the condition of real rank zero the definitions of weak pure 

and pure infiniteness for C*-algebras coincide. All the above-

mentioned results related to the complex case, so their adap-

tation to the real case is of particular interest. Stacey and Bo-

ersema proposed an analogue of the concept of pure infinite-

ness for real algebras. However, in both cases the transfer of 

the properties of pure infiniteness from a real C*-algebra to its 

complexification was carried out under the condition of sim-

plicity of the latter. 

6. Conclusions 

Every stably finite C*-algebra has a quasitrace, but the con-

verse is true only for a simple C*-algebra. Cuntz, Blackadar, 

and Handelman proved a more general result: a C*-algebra 

has a quasitrace if its quotient algebra is stably finite, or, 

equivalently, if it is not stably properly infinite. The notion of 

quasitrace allows one to classify C*-algebras as stably finite 

or infinite. If the quasitrace is nontrivial, this allows one to 

conclude that the algebra is finite or stably finite. If the 2-qua-

sitrace is trivial, such an algebra is called traceless. A natural 

question arises: how are traceless C*-algebras related to infi-

nite ones? Since the class of real C*-algebras is wider than 

complex counterparts, the results are new and do not have any 

analogues. 
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