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Abstract 

It is well known that every derivation on a von Neumann algebra is inner, which reflects the strong rigidity of these algebras. In 

contrast, for general C*-algebras there may exist non-inner derivations, indicating a more complicated and diverse algebraic 

structure. This fundamental difference has stimulated extensive research on derivations on various classes of operator algebras. 

In recent years, increasing attention has been paid to derivations defined on algebras of unbounded operators, in particular on 

algebras of measurable, locally measurable, and τ-measurable operators associated with von Neumann algebras. Such algebras 

arise naturally within the framework of noncommutative integration theory and provide a rich setting for extending classical 

results from the theory of bounded operators. In particular, a complete description of derivations on these algebras has been 

established in a number of works when they are associated with type I von Neumann algebras, demonstrating that under 

appropriate assumptions the derivations possess strong regularity properties and admit explicit representations. The present 

article is devoted to the development of a real analogue of the results described above. More precisely, derivations on algebras of 

measurable, locally measurable, and τ-measurable operators associated with real type I von Neumann algebras are investigated. 

By carefully adapting the methods from the complex case and taking into account the specific algebraic and topological features 

of real operator algebras, a complete characterization of all derivations on the algebras under consideration is obtained. These 

results generalize known theorems for complex von Neumann algebras to the real setting and contribute to a deeper 

understanding of derivations on algebras of unbounded operators associated with real operator algebras. 
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1. Introduction 

Derivations on operator algebras on a Hilbert space have 

been widely studied. In particular, it is known that all deriva-

tions on a von Neumann algebra are inner, while on a 

C*-algebra there are non-inner derivations. Recently, con-

siderable attention has been devoted to the study of deriva-

tions on algebras of unbounded operators. In papers [1-5] a 

full description of all derivations on algebras of measurable, 

locally measurable, and  -measurable operators affiliated 

with von Neumann algebra of type I is given. Papers [6-9] 

study derivations on algebras of measurable and locally 

measurable operators affiliated with von Neumann algebras, 

focusing on their continuity and structural properties under 

natural measure-type topologies. In the present paper, a real 

analogue of these results is considered. More precisely, de-
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scriptions of derivations on some algebras of measurable, 

locally measurable, and  -measurable operators affiliated 

with real von Neumann algebra of type I are obtained. 

2. Derivations on Some Algebras of 

Measurable Operators 

2.1. Preliminaries 

Let M  be a *-subalgebra of ( )B H  of all bounded linear 

operators on complex Hilbert space H . The set 

{ ( ) : , }M x B H xy yx y M       is called the commu-

tant of the *-algebra M . The set ( )Z M M M    is called 

the center of the algebra M . A *-subalgebra M  with the 

property M M  is called W*-algebra, where M  is the 

double commutant of M . It is equivalent to that, 

*-subalgebra M  is weakly closed and consists identity (i.e. 1

M ). W*-algebras are also known as von Neumann Alge-

bras. A W*-algebra M  is called a factor if its center is trivial, 

i.e. ( )Z M  coincides with { 1: }.   M  is called discrete, 

or of type I, if for every nonzero central projection z  there 

exists a nonzero abelian projection q  such that q z . M  

is called of type I  if M  is a nonfinite (infinite) algebra of 

type I. 

A functional : [0; ]M     is called a trace on M  if 

1) ( ) ( ) ( )T S T S      for all ,T S M  ; 

2) ( ) ( )T T    for every T M   and 0   (with 

the convention 0 0  ); 

3) *( ) ( )U TU T  for every T M   and every unitary 

operator U M . 

A trace   is called finite if ( )T    for every T M  ; 

semifinite if ( ) sup{ ( ) : 0 , ( ) }T S S T T       for 

every T M  ; faithful if from ( ) 0T   with T M   it 

follows that 0T  ; normal if from T T   with 

,T T M   it follows that ( ) ( )T T  . 

A linear subspace D H  is said to be affiliated with al-

gebra M  (notation: D M ) if ( )U D D  for every unitary 

operator U M  . 

If D  is a closed linear subspace of H  and DP  denotes 

the orthogonal projection onto D , then D M  if and only if 

( )DP P M , where ( )P M  is complete lattice of all projec-

tions from M . 

A linear subspace D H  is called strongly dense in H  

with respect to M  if D M  and there exists a sequence of 

projections 1{ } ( )n nP P M
   such that 

, ( ) ,n n nP I P H D P   is a finite projection for each 

1,2,...n  . 

In this case one says that the strongly dense linear subspace 

D  is determined by the sequence of projections 1{ }n nP 
 . 

From the condition nP I  it follows directly that every 

strongly dense linear subspace is dense in H . 

A linear operator T  with domain ( )D T , acting in the 

Hilbert space H , is called affiliated with M  (notation: 

T M ) if UT TU  for every unitary U M  , that is, 

( )D T M  and UT TU   for all ( )D T  . 

It is easy to see that a bounded linear operator ( )T B H  

is affiliated with M if and only if T M . A closed linear 

operator T  acting in a Hilbert space H  is called measura-

ble with respect to algebra M  if T M  and its domain 

( )D T is strongly dense in H . 

We denote by ( )S M  the set of all operators that are 

measurable with respect to algebra M . Clearly, 

( )M S M . 

A closed linear operator T  acting in a Hilbert space H  is 

called locally measurable with respect to algebra 

( )M B H  if T M  and there exists a sequence of central 

projections 1{ } ( ( ))n nZ P Z M
   such that 

, ( )n nZ I TZ S M   for all 1,2,...n  . 

We denote by ( )LS M  the set of all linear operators that 

are locally measurable with respect to algebra M . It is clear 

that ( ) ( )S M LS M , and ( ) ( )S M LS M  if M  is a fac-

tor. 

2.2. Derivations on the Algebra ( )LS R  

Let A  be an algebra over the complex numbers. A linear 

operator :D A A  is called a derivation if it satisfies the 

Leibniz rule ( ) ( ) ( )D xy D x y xD y   for all ,x y A . 

Every element a A  defines a derivation aD  on A  by 

( ) ,aD x ax xa x A   . Such derivations aD  are called 

inner derivations. 

If the element a  that defines the derivation aD  belongs 

to a larger algebra B  that contains A , then aD  is called a 

spatial derivation. 

In the special case when A  is commutative, all inner 

derivations are zero, so they are trivial. One of the main 

problems in the theory of derivations is to determine when 

derivations are automatically inner or spatial, and whether 

non-inner derivations exist, especially nontrivial derivations 

on commutative algebras. 

Recall that, real *-subalgebra ( )R B H  is called real 

W*-algebra, if it is weakly closed, 1 R , and {0}R iR  . 

Real W*-algebras are also known as real von Neumann Al-

gebras. Let R  be a real von Neumann algebra and 

M R iR  . We consider the algebra ( )S R  of all measur-
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able operators affiliated with a real von Neumann algebra .R  

It is proved that (see [10]) ( ) ( ) ( )S M S R iS R  , analogi-

cally it is proven that ( ) ( ) ( )LS M LS R iLS R  . Below, we 

give a full description of derivations on the algebra ( )LS R  of 

all locally measurable operators affiliated with a type I real 

von Neumann algebra R . 

It is clear that if a derivation D on ( )LS R is inner, then it 

is Z -linear, that is, ( ) ( )D x D x  for all 

, ( )Z x LS R   , where Z is the center of R . The fol-

lowing result shows that the opposite statement is also true. 

Theorem 3.1. Let R  be a type I real von Neumann algebra 

with the center Z . Then every Z -linear derivation D  on 

the algebra ( )LS R  is inner. 

Proof. Since ( , ) ( , ) ( , )LS R iLS R LS R iR     , the 

derivation D  can be extended by cZ -linearity to derivation 

D  on ( )LS R iR  as 

( ) ( ) ( ), , ( ),D x iy D x iD y x y LS R     

where cZ Z iZ   is a center of ( )LS R iR . Since every 

derivation on ( )LS R iR  is inner (see [2], Theorem 2.1), 

then derivation D  is inner, i.e. there is an element 

( , ( )),z a ib a b LS R    such that 

( ) [ , ] ( ) ( ) , , ( )D x iy z x iy z x iy x iy z x y LS R         . 

Then we have 

( ) ( ) [ , ] [ , ] [ , ] [ , ].D x D x z x a ib x a x i b x       

Since ( )x LS R and ( ) ( )D x LS R , then [ , ] 0b x  . 

Hence ( ) [ , ]D x a x , i.e. D  is inner. The theorem is prov-

en. 

Theorem 3.2. If R  is a type I  real von Neumann alge-

bra, then any derivation on the algebra ( )LS R is inner. 

The proof of the theorem 3.2 is carried out similarly to the 

proof of Theorem 3.1. 

Suppose that A isa commutative algebra and suppose that 

( )nM A  is the algebra of n n  matrices over A . If 

, , , 1,i je i j n , are the matrix units in ( )nM A , then every 

element ( )nx M A has the form 

, , ,

, 1

, , , 1,

n

i j i j i j

i j

x e A i j n 


   . 

Let : A A   be a derivation. Setting 

, , , ,

, 1 , 1

( )

n n

i j i j i j i j

i j i j

D e e   
 

 
  
 
 
             (1) 

we obtain a well-defined linear operator D  on the algebra 

( )nM A . Moreover D  is a derivation on the algebra 

( )nM A and its restriction onto the center of the algebra 

( )nM A  coincides with the given  . 

Now let R  be a homogeneous real von Neumann algebra 

of type ,nI n , with the center Z . Since cZ Z iZ   

is the center of M , it follows that ( ) ( ) ( )cS Z S Z iS Z   

and ( ) ( ) ( )cLS Z LS Z iLS Z  . Let : ( ) ( )S Z S Z   be a 

derivation and D  be a derivation on the algebra ( ( ))nM S Z  

defined by (1). Extend D  to 

( ( )) ( ( )) ( ( ))n c n nM S Z M S Z iM S Z   by setting 

, , , ,

, 1 , 1

( )

n n

i j i j i j i j

i j i j

D e e   
 

 
  
 
 
               (2) 

where : M M   is the extension of : R R   to M , 

defined by ( ) ( ) ( )x iy x i y     . It is clear that D  is a 

derivation on ( ( ))nM S Z , and D  is a derivation on 

( ( ))n cM S Z . 

The next lemma explains the form of derivations on the 

algebra of measurable operators in homogeneous type 

,nI n , real von Neumann algebras. 

Lemma 3.3. Let R  be a homogeneous real von Neumann 

algebra of type ,nI n . Each derivation D  on the al-

gebra ( )LS R  has a unique representation as a sum 

aD D D   

in this representation, aD  is an inner derivation given by an 

element ( )a LS R , and D is a derivation of type (1) 

coming from a derivation   on the center ( )S Z . 

Proof. The proof of the this lemma and lemma 3.3 in [2] is 

very similar. Here, we give a sketch of the proof. Let D  be 

an arbitrary derivation on the algebra ( ) ( ( ))nLS R M S Z . 

Now consider the restriction of this derivation   onto the 

center ( )S Z  of this algebra, and let D  be the derivation on 

the algebra ( ( ))nM S Z  constructed as in (1). Put 

1D D D  . Then for any ( )S Z   we have 1( ) 0D   , 

i.e. 1D  is identically zero on ( )S Z . Therefore 1D  is Z

-linear and by Theorem 3.1 we obtain that 1D  is an inner 

derivation, and thus 1 aD D  for an appropriate 

( ( ))na M S Z . Therefore .aD D D   If 

1 1 2 2a aD D D D D     , then 
1 2 2 1a aD D D D    . 

Since 
1 2a aD D is identically zero on the center of the algebra 
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( ( ))nM S Z , this implies that 
2 1

D D   is also identically 

zero on the center of ( ( ))nM S Z . This means that 1 2  , 

and therefore 
1 2a aD D , i.e. the decomposition of D  is 

unique. The proof is complete. 

Remark 3.4. Under the conditions of the Lemma 3.3 we can 

extend the derivation D  to ( )LS M by 

( ) ( ) ( ), , ( )D x iy D x iD y x y LS R     . By Lemma 3.3 

(see [2]), D  has the form aD D D  , where [ , ]aD a   

with ( )a LS M , and D  is the derivation defined in (2). 

From the proof of the Lemma 3.3, it is easy to see that 

( )|LS ZD D  , and for 1 2a a ia   with ( )ia LS R  we 

obtain 
1( )|LS R aD D  , i.e. we have 

1
.aD D D   

Now let R  be any finite real von Neumann algebra of type 

I with the center Z . There exists a family of central projec-

tions from R which we denote { } ,n n Fz F  , with 

sup 1n F nz   such that the algebra R  is *-isomorphic to 

the C*-product of real von Neumann algebras nz R  of type 

nI  respectively, n F , i.e. n
n F

R z R


  . 

Analogically to Proposition 1.1 (see [2]), one can prove that 

( ) ( )n

n F

LS R LS z R



 . 

Let D  be a derivation on ( )LS R , and   be its re-

striction onto the center ( )S Z . Since   maps each 

( ) ( ( ))n nz S Z Z LS z R into itself,   generates a derivation 

n  on ( )nz S Z for each n F . 

Let 
n

D  be the derivation on the matrix algebra 

( ( ( ))) ( )n n nM z Z LS R LS z R defined as in (1). 

Put 

({ } ) { ( )}, { } ( )
nn n F n n n FD x D x x LS R       (3) 

It is easy to see that the map D  is a derivation on ( )LS R . 

Lemma 3.3 now leads to the following result: 

Lemma 3.5. Let R  be a finite real von Neumann algebra 

of type I. Each derivation D  on the algebra ( )LS R  has a 

unique representation as a sum 

aD D D   

where aD  is an inner derivation implemented by an element 

( )a LS R , and D  is a derivation given as (3). 

We shall now consider derivations on the algebra ( )LS R  

of locally measurable operators with respect to an arbitrary 

type I real von Neumann algebra R . 

Suppose that M  is a type I real von Neumann algebra. 

There exists a central projection 0z M  such that 

1) 0z R  is a finite real von Neumann algebra; 

2) 0z R  is a real von Neumann algebra of type I . 

Take a derivation D  on ( )LS R  and suppose that   is 

its restriction onto its center ( ).Z S  By Theorem 3.2 0z D  is 

inner and thus we have 0 0z   , i.e. 0z  . 

Let D  be the derivation on 0 ( )z LS R  defined as in (3) 

and consider its extension D on 

0 0( ) ( ) ( )LS R z LS R z LS R   

which is defined as 

1 2 1 1 0 2 0( ) : ( ), ( ), ( )D x x D x x z LS R x z LS R 
     (4) 

The following theorem gives the general form of deriva-

tions on the algebra ( )LS R . 

By combining Lemma 3.5 with Theorem 3.2, we obtain the 

following result. 

Theorem 3.6. Let R  be a type I real von Neumann algebra. 

Each derivation D  on ( )LS R  has a unique representation 

as a sum 

aD D D   

where aD  is an inner derivation implemented by an element 

( )a LS R , and D  is a derivation of the form (4), gener-

ated by a derivation   on the center of ( )LS R . 

2.3. Derivations on the Algebra S(R) 

In this section, we present a description of derivations on 

the algebra ( )S R  of measurable operators associated with a 

type I real von Neumann algebra R . 

Let A  be an arbitrary subalgebra of ( )LS R  which con-

tains R . 

Take a derivation : ( )D A LS R  and let us show that D  

can be extended to a derivation D  on the whole ( )LS R . 

Since R  is of type I, for an arbitrary element ( )x LS R  

there exists a sequence { }nz of mutually orthogonal central 

projections with 1n nz   and nz x R  for all n . 

Set 

1

( ) ( )n n

n

D x z D z x



               (5) 

Since every derivation : ( )D A LS R  is identically zero 
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on central projections of ,R  the equality (5) yields a 

well-defined derivation : ( ) ( )D LS R LS R  which coin-

cides with D  on A . 

More specifically, from Z -linearity of D on A , implies 

Z -linearity of D , and by Theorem 3.1 the derivation D  is 

inner on ( )LS R . Therefore D  is a spatial derivation on A , 

i.e. there exists an element ( )a LS R  such that  

( ) ,D x ax xa x A    . 

Hence, we arrive at the following result. 

Theorem 4.1. Let R  be a type I real von Neumann algebra 

with the center Z , and let A  be an arbitrary subalgebra in 

( )LS R  containing R . Then any Z -linear derivation 

: ( )D A LS R  is spatial and implemented by an element of 

( )LS R . 

Corollary 4.2. Let R  be a type I real von Neumann alge-

bra with the center Z  and let D  be a Z -linear derivation 

on ( )S R  or ( , )S R  . Then D  is spatial and implemented 

by an element of ( )LS R . 

Lemma 4.3. If R  is a type I real von Neumann algebra, 

then every derivation : ( )D R S R  has the form 

( ) ,D x ax xa x R    , for an appropriate ( )a S R . 

Proof. Derivation D  extends to derivation D  on M  as 

( ) ( ) ( ), ,D x iy D x iD y x y R    . By Lemma 3.4 (see [2]) 

derivation D  on M  is inner, i.e. there is an element 

, ( , )z a ib a b R   , such that 

( ) [ , ] ( ) ( ) , ,D x iy z x iy z x iy x iy z x y R         . Then 

we have ( ) ( ) [ , ] [ , ]D x D x a x i b x   . Since x R  and 

( )D x R , then [ , ] 0b x  . Hence ( ) [ , ]D x a x , i.e. D  is 

inner. The Lemma is proven. 

Analogically, we prove the next lemma. 

Lemma 4.4. Let R  be a type I real von Neumann algebra 

with the center Z . Then every Z -linear derivation D  on 

the algebra ( )S R  is inner. In particular, if R  is of type I

then every derivation on ( )S R is inner. 

Finally, combining Lemmas 3.5 and 4.4, we obtain the 

main result of this section. 

Theorem 4.5. Let R be a type I real von Neumann algebra. 

Then every derivation D  on the algebra ( )S R  has a unique 

representation as a sum 

aD D D   

where aD  is inner and implemented by an element 

( )a S R , and D is the derivation of the form (3) generated 

by a derivation   on the center of ( )S R . 

Let   be a faithful normal semifinite trace on a von 

Neumann algebra M . A linear subspace D H  is called 

 -dense if D M  and for every 0   there exists a pro-

jection ( )P P M such that ( )P H D  and ( )I P   . 

From Proposition 3.15 (see [5]) it follows that every 

-dense subspace D H  is strongly dense. 

A closed linear operator T  acting in H  is called 

-measurable with respect to algebra M  if T M  and 

( )D T  is  -dense in H . 

We denote by ( , )S M   the set of all  -measurable op-

erators. Clearly, ( , ) ( )M S M S M  . And ( , )T S M   

if and only if ( )T S M  and ( )D T P(T) is  -dense in H . 

Now, we consider a general form of derivations on the al-

gebra ( , )S R   of  -measurable operators affiliated with a 

type I real von Neumann algebra R  and a faithful normal 

semifinite trace  . Similarly to the proof of Theorem 2.1 (see 

[2]) it is proved the following theorem. 

Theorem 4.6. Let R  be a type I real von Neumann algebra 

with the center Z  and a faithful normal semi-finite trace. 

Then every Z -linear derivation D  on the algebra ( , )S R 

is inner. As a special case, if R  is of type I , then every 

derivation on ( , )S R   is inner. 

In a similar way to (3), and formulae (12) from [2] we can 

define a derivation D  on ( , )S R  . Now, similarly to 

Lemma 3.5 one can prove the following. 

Lemma 4.7. Let R  be a finite real von Neumann algebra 

of type I with a faithful normal semi-finite trace  . Each 

derivation D  on the algebra ( , )S R   can be uniquely rep-

resented in the form aD D D   where aD  is an inner 

derivation implemented by an element ( , )a S R  , and D  

is a derivation given as (5). 

Finally, Theorem 4.6 and Lemma 4.7 imply the following 

result. 

Theorem 4.8. Let R  be a type I real von Neumann algebra 

with a faithful normal semi-finite trace  . Then every deri-

vation D  on the algebra ( , )S R   can be uniquely repre-

sented in the form aD D D   where aD  is an inner 

derivation implemented by an element ( , )a S R  , and D  

is the derivation from lemma 4.7. 

If we consider the measure topology t  on the algebra 

( , )S R   (see Section 1), then it is clear that every non-zero 

derivation of the form D  is discontinuous in t . Therefore, 

the above Theorem 4.8 implies the following. 

Corollary 4.9. Let R  be a type I real von Neumann alge-

bra with a faithful normal semi-finite trace  . A derivation 

D  on the algebra 
( , )S R 

 is inner if and only if it is con-

tinuous in the measure topology. 

3. Materials and Methods 

The article employs methods from the theory of bounded 
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and unbounded operator algebras. In proving the main results, 

the method of passing to the enveloping complex algebra is 

also used. In doing so, the results obtained in the complex case 

are applied. 

4. Results 

Descriptions of derivations on certain algebras of measur-

able, locally measurable, and  -measurable operators, affil-

iated with real von Neumann algebra of type I, are obtained. 

5. Discussion 

Derivations on operator algebras on a Hilbert space have 

been widely studied. More specifically, it is known that all 

derivations on a von Neumann algebra are inner, while on a 

C*-algebra there are non-inner derivations. Recently, con-

siderable attention has been devoted to the study of deriva-

tions on algebras of unbounded operators. In 2008-2013, a 

complete description of all derivations on algebras of meas-

urable, locally measurable, and  -measurable operators 

affiliated with von Neumann algebra of type I is obtained. 

Here, a real analogue of these results is considered. That is, 

descriptions of derivations on some algebras of measurable, 

locally measurable, and  -measurable operators affiliated 

with real von Neumann algebra of type I are obtained. 

6. Conclusions 

A real analogue of the study of derivations on the algebra of 

unbounded operators is considered. In particularly, descrip-

tions of derivations on certain algebras of measurable, locally 

measurable, and  -measurable operators, affiliated with real 

von Neumann algebra of type I, are obtained. 

Abbreviations 

B(H) Algebra of all Bounded Linear Operators Acting on 

a Complex Hilbert Space H 

P(M) Complete Lattice of all Projections from M 
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