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Abstract 

Pressure distribution in horizontal wells mostly involves solving the diffusivity equation. Mathematical models take into 

account factors like permeability anisotropy, reservoir geometry and wellbore characteristics. The models use concepts like 

source and Green's functions to approximate pressure behavior particularly during various flow regimes like early radial, early 

linear, late pseudo radial and late linear. Mostly models consider the effects of boundaries like edge and bottom water drives 

and well completion strategies on pressure distribution. In this study reservoir characterization and description of the reservoir 

system form ways of actualizing prolonged clean oil production which is fundamental in all aspects of reservoir and petroleum 

engineering based on dimensionless pressure and dimensionless pressure derivative distribution in horizontal wells in oil 

reservoirs with water drive mechanisms. MATLAB programming was deployed in solving complex models and generating 

pressure and pressure derivative distribution plots. Since discrete data was used, cubic spline interpolation technique was used 

in generating smooth curves log – log plots. The results of the study show, at dimensionless breakthrough time (tDBr), the 

dimensionless pressure derivative collapses to zero when dimensionless pressure exhibits a constant trend. In addition, tDBr 

varies as hDyeD/LD and the dimensionless pressure varies directly as x
2
eD and inversely as yeD, PD varies as x

2
eD / yeD. Further from 

this study, xD = xwD, yeD = 2yD = 2ywD and zeD = hD = 2zwD and prolonged LD mar clean oil production. The information 

presented in this paper will assist the reservoir and petroleum engineers in designing correctly the horizontal well in the oil 

reservoir in order to enhance prolonged clean oil production. 
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1. Introduction 

The Source and Green’s functions was first developed by 

Gringarten A. C. and Ramey H. J. [1]. The methods used in 

solving diffusivity equation in fluid flow are exponential 

integral solution and the dimensionless pressure solution. In 

this study dimensionless pressure and dimensionless pressure 

derivative solution was deployed together with the Newman 

product rule to perform a well test analysis of a horizontal 

well in an anisotropic oil reservoir at late time linear flow 

regime subject to simultaneous double edge water drive 

mechanisms. Mathematical tools and techniques used include 
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diffusivity equation which describes flow of a fluid in a po-

rous media forming basis for pressure distribution. Source and 

Green’s functions are tools we use to solve the diffusivity 

equation for reservoirs and horizontal well configurations. 

Dimensionless variables simplify the equations by use of 

parameters like dimensionless pressure and dimensionless 

time which allow more general analysis and efficient com-

parison of results. 

Mathematical models are usually important in interpreting 

well test data and determination of properties of reservoirs 

like permeability and skin factor. Comprehending pressure 

distribution in oil reservoirs, is usually of great help to res-

ervoir and petroleum engineers in optimizing well placement, 

production rates and well completion strategies. In addition, 

models assist in characterizing reservoir geometry, boundary 

types and permeability distribution in oil and gas reservoirs. 

Efficient use of mathematical models, reservoir and petro-

leum engineers can enhance the understanding and prediction 

of pressure behaviour in horizontal wells with the prime idea 

of efficient and profitable clean oil and gas production in our 

oil industry. Adewole E. S. studied procedures for analyzing 

interference tests data to determine the degree of communi-

cation between points in a reservoir system utilizing source 

and Green's functions in deriving appropriate dimensionless 

pressure expressions for a reservoir, bounded laterally by 

double-edged water drive mechanism consisting of horizontal 

and vertical well combinations [2]. As a late time flow test, 

they considered external distances between the wells in the 

computation of dimensionless pressure derivatives from the 

dimensionless pressure expressions derived. They also de-

rived analytical expressions for analyzing interference test 

data for each well combination. The results show that, if the 

reservoir is isotropic, interference test duration should be less 

than water breakthrough time 𝑡𝐷𝑏𝑟 ≥ 𝑥𝑒𝐷
2 𝜋2⁄  for valid re-

sults. Flow time beyond this limit gives only an indication of 

the strength and responsiveness of the encroaching aquifer. 

Horizontal well combinations would produce earlier inter-

ference than vertical-vertical well combinations, given the 

same anisotropy and rate history. Time of occurrence of in-

terference is directly proportional to area between interfering 

wells. 

Henry Idudje and Steve Adewole realized that, for very old 

wells and tight reservoirs it would take painfully long shut-in 

time to eventually attain the initial reservoir pressure before 

drawdown while in largely depleted reservoirs, it may be 

impossible to actually attain the desired initial reservoir 

pressure even after a long shut-in [3]. In their study they de-

veloped a procedure to overcome these challenges. They 

employed mathematical procedures based on selection of 

relevant source and Green’s functions for a horizontal well 

during infinite-acting flow and assuming purely the well is a 

line source. Their results were analyzed on a semi log plot of 

flowing wellbore pressures versus time. The plots gave a 

straight line with intercept on the flowing wellbore pressure 

axis yielding the remaining reservoir pressure on extrapola-

tion to dimensionless pressure of zero. Malekzadeh D. and 

Tiab D. solved the problem of interference testing of hori-

zontal wells as a major step forward in understanding the fluid 

flow behavior of horizontal wells towards efficient imple-

mentation of the horizontal well technology [4]. They induced, 

these tests provide valuable information about reservoir 

characteristics such as storage, real average transmissibility 

and degree of communication between wells. Their study 

provided the dimensionless pressure and dimensionless 

pressure derivative type curves for interference testing of 

horizontal wells and the appropriate equations to be used in 

conjunction with the type curves in order to determine 

transmissibility and storage from field data. Their results 

suggested that the transmissibility and storage obtained from 

interference testing of horizontal wells would be much more 

representative of the formation than the ones obtained from 

interference testing of vertical wells. They also recommended 

that the determination of dimensionless pressure at the hori-

zontal wellbore requires calculating the  𝐷 function at small 

values of both  𝐷  and  𝐷. 

Emumena E., Adewole E.S. and Ojah M.G. utilized the 

solution to the dimensionless diffusivity equation using La-

place transform and modified Bessel equation in deriving a 

solution to the problem of interference testing of an active 

horizontal well in the presence of an active vertical well lo-

cated in an infinite acting isotropic reservoir [5]. Their work 

investigates the effects of separation distance between active 

and observation wells, well lengths and wellbore radius on the 

pressure response at the observation well and the influence of 

the number of active wells, Locations and timing of activities 

of active wells on the pressure response at the observation 

well. Results from their study showed that larger magnitudes 

of dimensionless pressure and derivative would indicate 

higher oil production for any well design. Ojah M.G., Ade-

wole E.S. and Emumena E. presented an accurate method for 

evaluating the performance of both the vertical and horizontal 

wells each located within an intersecting sealing or no-flow 

boundary and a constant-pressure boundary [6]. They inves-

tigated the transient pressure behaviour of a vertical well as 

well as a horizontal well located within an intersecting sealing 

fault and a constant pressure boundary. The methods em-

ployed in computing the dimensionless pressures and dimen-

sionless pressure derivatives for both well types include the 

method of images and principle of superposition. Their results 

show that for the selected parameters; the models give accu-

rate estimation of distances between active and image wells, 

for a given distance, both  𝐷 and  𝐷
  decrease as horizontal 

well length   increases. The longer the well length, the lower 

the drawdown required to give same effects, as would shorter 

lengths, on the well performance at a given time of production 

thereby prolonging production over time, the type curves can 

be used for matching of actual pressure drawdown data and 

determining the drainage area and relative well location with 

respect to physical boundaries. 

Edobhiye O. and Adewole E.S. investigated the effects of 
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both wellbore and reservoir properties on dimensionless 

pressure and dimensionless pressure derivatives of a hori-

zontal well in a reservoir subject to bottom water, gas cap and 

single edge water drive mechanisms [7]. The effects of rec-

tangular and square reservoir geometries were also considered 

in their study and the source and Green's functions together 

with the Newman’s product rule were utilized. Results show 

that dimensionless pressure increases with reservoir thickness, 

dimensionless wellbore radius and dimensionless well length 

were found to be inversely related to dimensionless pressure. 

Ogbue M.C. considered all potential flow regimes of a hori-

zontal well in a reservoir supported by bottom water drive [8]. 

The physical model and the mathematical model were de-

veloped based on the conceptual model. The pressure distri-

bution is in the form of dimensionless pressure and dimen-

sionless pressure derivative functions of reservoir system 

properties, fluid properties, reservoir system geometry and 

dimensionless time. Results of the study showed a series of 

flow patterns along the principal axes or along combinations 

of the principal axes. Each flow regime could be recognized 

by its characteristic signature in the log-log graph plots of the 

pressure distribution. 

Ozkan Erdal and Raghavan Rajagopal discussed the per-

formance of a horizontal well subject to bottom water drive 

and delineates conditions under which this completion mode 

is more appropriate [9]. They also discussed the productivi-

ties of horizontal wells operating under bottom water drive in 

terms of displacement efficiencies. This work presents in-

formation that enables the engineer to decide on the produc-

tivity improvements that may be expected from horizon-

tal-well completions under bottom water drive. Their results 

showed the effect of a constant-pressure gas cap on well 

performances would be similar to that of an active aquifer at 

the bottom of the formation. Results and the discussions are 

also applicable to oil production by gas-cap drive. Ogbami-

khumi A.V. and Adewole E.S. deployed analytical solution 

method of Green’s and Source functions to determine the 

performance of a horizontal well located between two paral-

lel sealing faults, assuming simple rectangular reservoir ge-

ometry [10]. The pressure expression derived from their 

work revealed that a maximum of two flow periods occur for 

the stated reservoir model. They discovered that increased 

perforation length reduces the production potential of the 

horizontal well. 

Oloro J.O, Adewole E.S. analyzed a plot of dimensionless 

pressure versus dimensionless time on a log-log paper for six 

sets of data to illustrate the pressure distribution of horizontal 

wells in a two layered reservoir with simultaneous gas cap 

and bottom water drive [11]. From the graphs it was shown 

that dimensionless pressure increases with dimensionless 

time. They observed that when there is crossflow, pressure 

distribution in such reservoir is the same as that of the ho-

mogeneous system and pressure responses in crossflow res-

ervoir are higher than that of without crossflow. Oloro J.O 

and Adewole S.E carried out a study using source functions 

and Newman’s product rule to develop models to predict the 

performance and behavior of a horizontal well which was 

subjected by double Edgewater drive [12]. They used nu-

merical methods to perform the computation and Sensitivity 

analysis of parameters. Their results showed that, the per-

formance and behavior of the reservoir were found to be, 

when the well is positioned at well length (𝑥 𝐷:  𝐷:   𝐷), 

in the ratio of 12:7:15 respectively. 

Ogbue M.C. and Adewole E.S., their theoretical research 

aimed at solving for time water will breakthrough a horizon-

tal well placed in bottom-water reservoir [13]. In their study, 

they suggested ways to delay the water breakthrough time. 

Thus, the model herein is a repository of three aims of res-

ervoir modeling; predict, optimize and monitor oil produc-

tion. Well modifications strategies were suggested to achieve 

significant delay of water breakthrough. Their results showed, 

from the mathematical model factors affecting water break-

through were chiefly wellbore, reservoir fluid and reservoir 

properties. Water breakthrough was evidenced by constant 

 𝐷 value. Delayed water breakthrough is favoured by nar-

row well, shorter well, low viscous fluid, low flow rate and 

high horizontal permeability relative to vertical permeability. 

Higher values of and 𝑡𝐷𝑒 can be achieved by increasing the 

horizontal permeability,    while vertical permeability,    

is reduced. Suitable stimulation process can achieve im-

proved permeability. Oloro j. and Adewole E.S. determined 

the factors that affect pressure distribution of horizontal 

wells in a layered reservoir subjected to simultaneous 

gas-cap at the top and bottom water drives [14]. Well com-

pletion was carried out in a particular layer and one of the 

parameters was varied while the others were kept constant. 

The results show that the following factors; wellbore radius, 

well length and pay thickness affect pressure distribution in 

two-layered reservoir subject to both active gas cap and bot-

tom water drive which affect pressure distribution. Further, 

results show slightly high productivity when smaller well-

bore radius is used. 

2. Reservoir Model Description 

 
Figure 1. Horizontal well in an anisotropic oil reservoir. 
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3. Mathematical Model Description 

At late time flow regime, the following are the correspond-

ing source functions according to Alain C. Gringarten and 

Henry J. Ramey Jr (1973) in 𝑥          𝑥𝑖  respectively. 

 
Figure 2. Physical description of an anisotropic oil reservoir along the 𝑥   𝑥𝑖 . 

 (𝑥 𝑡) =  
4

𝜋
∑

1

𝑛
𝑒𝑥𝑝 ( 

𝑛2𝜋2𝜂𝑥𝑡

𝑥𝑒
2 ) sin (

𝑛𝜋𝑥𝑓

2𝑥𝑒
)∞

𝑛=1 sin (
𝑛𝜋𝑥𝑤

𝑥𝑒
) sin (

𝑛𝜋𝑥

𝑥𝑒
)                        (1) 

 
Figure 3. Physical description of an anisotropic oil reservoir along the y  𝑥𝑖 . 

 (  𝑡) =  
1

𝑦𝑒
*1 + 2∑ 𝑒𝑥𝑝∞

𝑛=1 (  
𝑛2𝜋2𝜂𝑦𝑡

𝑦𝑒
2 ) cos (

𝑛𝜋𝑦𝑤

𝑦𝑒
) cos (

𝑛𝜋𝑦

𝑦𝑒
)+                      (2) 

 
Figure 4. Physical description of an anisotropic oil reservoir along the    𝑥𝑖 . 

 (  𝑡) =  
1

𝑧𝑒
*1 + 2∑ 𝑒𝑥𝑝∞

𝑛=1 (  
𝑛2𝜋2𝜂𝑧𝑡

𝑧𝑒
2 ) cos (

𝑛𝜋𝑧𝑤

𝑧𝑒
) cos (

𝑛𝜋𝑧

𝑧𝑒
)+                       (3) 

Since  𝑒 = 𝑕, we have; 

 (  𝑡) =  
1

 
*1 + 2∑ 𝑒𝑥𝑝∞

𝑛=1 (  
𝑛2𝜋2𝜂𝑧𝑡

 2 ) cos (
𝑛𝜋𝑧𝑤

 
) cos (

𝑛𝜋𝑧

 
)+                        (4) 
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Dimensionlizing the above equations we have: - 

 (𝑥𝐷  𝑡𝐷) =
4

𝜋
∑

1

𝑛
𝑒𝑥𝑝 ( 

𝑛2𝜋2𝑡𝐷

𝑥𝑒𝐷
2 ) sin (

𝑛𝜋

𝑥𝑒𝐷
√

𝑘

𝑘𝑥
) sin (

𝑛𝜋𝑥𝑤𝐷

𝑥𝑒𝐷
) sin (

𝑛𝜋𝑥𝐷

𝑥𝑒𝐷
) ∞

𝑛=1                   (5) 

 ( 𝐷  𝑡𝐷) =
2

𝑦𝑒𝐷
√

𝑘

𝑘𝑦
[1 + 2∑ 𝑒𝑥𝑝 ( 

𝑛2𝜋2𝑡𝐷

𝑦𝑒𝐷
2 ) cos (

𝑛𝜋𝑦𝑤𝐷

𝑦𝑒𝐷
) cos (

𝑛𝜋𝑦𝐷

𝑦𝑒𝐷
)∞

𝑛=1 ]                   (6) 

 ( 𝐷  𝑡𝐷) =
2

 𝐷
√

𝑘

𝑘𝑧
[1 + 2∑ 𝑒𝑥𝑝 ( 

𝑛2𝜋2𝑡𝐷

 𝐷
2 ) cos (

𝑛𝜋𝑧𝑤𝐷

 𝐷
) cos (

𝑛𝜋𝑧𝐷

 𝐷
)∞

𝑛=1 ]                    (7) 

Late linear flow regime 

The late linear flow regime is governed by the equation; 

 𝐷 = 2𝜋𝑕𝐷 ∫ (  𝑡𝑒 𝑥 ∗   𝑡𝑒  ∗   𝑡𝑒  ) 𝜏
𝜏𝐷

0
                           (8) 

Using equations (5), (6) and (7) in equation (8) and simplifying we have: 

 𝐷 =
4

𝑦𝑒𝐷
√

𝑘

𝑘𝑦
∫ ∑

1

𝑛
𝑒𝑥𝑝 ( 

𝑛2𝜋2𝑡𝐷𝑖

𝑥𝑒𝐷
2 ) sin (

𝑛𝜋

𝑥𝑒𝐷
√

𝑘

𝑘𝑥
) sin (

𝑛𝜋𝑥𝑤𝐷

𝑥𝑒𝐷
) sin (

𝑛𝜋𝑥𝐷

𝑥𝑒𝐷
)∞

𝑛=1
𝜏𝐷

0
   

∗ [1 + 2∑ 𝑒𝑥𝑝 ( 
𝑛2𝜋2𝑡𝐷𝑖

𝑦𝑒𝐷
2 ) cos (

𝑛𝜋𝑦𝑤𝐷

𝑦𝑒𝐷
) cos (

𝑛𝜋𝑦𝐷

𝑦𝑒𝐷
)∞

𝑛=1 ] ∗ [1 + 2∑ 𝑒𝑥𝑝 ( 
𝑛2𝜋2𝑡𝐷𝑖

 𝐷
2 ) cos (

𝑛𝜋𝑧𝑤𝐷

 𝐷
) cos (

𝑛𝜋𝑧𝐷

 𝐷
)∞

𝑛=1 ]  𝜏𝐷    (9) 

The dimensionless pressure derivative at steady-state is given as [15]: 

 𝐷
 = 𝑡𝐷

𝜕𝑃𝐷

𝜕𝑡𝐷
                                                  (10) 

 𝐷
 =

4𝑡𝐷𝑖

𝑦𝑒𝐷
√

𝑘

𝑘𝑦
∑

1

𝑛
𝑒𝑥𝑝 ( 

𝑛2𝜋2𝑡𝐷𝑖

𝑥𝑒𝐷
2 ) sin (

𝑛𝜋

𝑥𝑒𝐷
√

𝑘

𝑘𝑥
) sin (

𝑛𝜋𝑥𝑤𝐷

𝑥𝑒𝐷
) sin (

𝑛𝜋𝑥𝐷

𝑥𝑒𝐷
)∞

𝑛=1   

∗ [1 + 2∑ 𝑒𝑥𝑝 ( 
𝑛2𝜋2𝑡𝐷𝑖

𝑦𝑒𝐷
2 ) cos (

𝑛𝜋𝑦𝑤𝐷

𝑦𝑒𝐷
) cos (

𝑛𝜋𝑦𝐷

𝑦𝑒𝐷
)∞

𝑛=1 ] ∗ [1 + 2∑ 𝑒𝑥𝑝 ( 
𝑛2𝜋2𝑡𝐷𝑖

 𝐷
2 ) cos (

𝑛𝜋𝑧𝑤𝐷

 𝐷
) cos (

𝑛𝜋𝑧𝐷

 𝐷
)∞

𝑛=1 ]    (11) 

Integrating the equations for the late linear flow regime, the  𝐷 and  𝐷
  equations are outlined below: 

Considering the following as shown in table 1; 

𝑟 𝐷 =  𝐷    𝐷,  𝑒𝐷 = 2  𝐷 = 𝑕𝐷, 𝑥𝐷 = 𝑥 𝐷 ,  𝐷 =   𝐷  and 2 𝐷 = 2  𝐷 =  𝑒𝐷;             (12) 

Integrating the above equations we have; 

 𝐷 =
𝛼2

𝑦𝑒𝐷
 (1   𝑒−𝛼1𝑡𝐷𝑖)                                        (13) 

 𝐷
 =

𝛼3𝑡𝐷𝑖

𝑦𝑒𝐷
 𝑒−𝛼1𝑡𝐷𝑖                                          (14) 

Where; 

𝛼1 =
𝜋2

𝑥𝑒𝐷
2 sin (

𝜋

𝑥𝑒𝐷
√

𝑘

𝑘𝑥
) sin (

𝜋𝑥𝑤𝐷

𝑥𝑒𝐷
) sin (

𝜋𝑥𝐷

𝑥𝑒𝐷
); 𝛼2 =

36

𝛼1
√

𝑘

𝑘𝑦
; 𝛼3 = 36 √

𝑘

𝑘𝑦
                 (15) 

When calculating 𝑥𝑒𝐷 , for corresponding   , 

𝑥𝑒𝑖
= 𝑥𝑒  2𝑥  where 1 ≤ 𝑖 ≤ 8        (16) 

For large 𝑡𝐷 ; 

 𝐷 =
𝛼2

𝑦𝑒𝐷
;  𝐷

 = 0               (17) 
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4. Methodology and Demonstration of 

the Problem 

In this study, for the interpretation of the results we have 

used the cubic spline data interpolation. Splines are popular 

curves which are simple to construct and are characterized 

by accuracy of evaluation, ease and capacity to approximate 

complex shapes, interactive curve design and curve fitting. 

Consider the following numerical data of reservoir, wellbore 

and fluid properties in an anisotropic oil reservoir: - 

 = 1000𝑓𝑡 2000𝑓𝑡 3000𝑓𝑡 4000𝑓𝑡 5000𝑓𝑡 6000𝑓𝑡 7000𝑓𝑡 8000𝑓𝑡 

𝑥 = 𝑥 = 224 7𝑓𝑡 , 𝑥 = 224 7𝑓𝑡   𝑥 = 1224 7𝑓𝑡  =   = 7000𝑓𝑡 , 𝑦 = 7000𝑓𝑡   𝑦 = 7001𝑓𝑡  = 275 5𝑓𝑡    =

275𝑓𝑡  

 𝑧 = 275𝑓𝑡  𝑧 = 276𝑓𝑡  𝑥𝑒 = 9000𝑓𝑡  𝑒 = 14000𝑓𝑡   𝑒 = 𝑕 = 550𝑓𝑡 ,  𝑥 = 156    𝑦 = 210    𝑧 = 220  , 

√
𝑘

𝑘𝑥
= 1 1127, √

𝑘

𝑘𝑦
= 0 9591 √

𝑘

𝑘𝑧
= 0 9370 √

𝑘 

𝑘 
= 0 9070,  = √ 𝑥  𝑦   𝑧

3 = 193 16  , For a horizontal well;       

where   =  𝑧 and   = √ 𝑥 𝑦 = 181   

Table 1. Calculated dimensionless reservoir, wellbore and fluid properties, 𝑥𝐷 = 0 5000. 

Dimensionless 

parameter 

 (𝑓𝑡) 1000 2000 3000 4000 5000 6000 7000 8000 

 𝐷 1.0115 2.0231 3.0346 4.0462 5.0577 6.0693 7.0808 8.0924 

𝑕𝐷 1.03070 0.51535 0.34357 0.25768 0.20614 0.17178 0.14724 0.12884 

𝑥𝐷 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 

 𝐷 13.4274 6.7137 4.4758 3.35685 2.68553 2.2379 1.9182 1.678425 

 𝐷 0.516287 0.258144 0.172096 0.129072 0.103257 0.086048 0.073755 0.064536 

𝑥 𝐷 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 0.5000 

  𝐷 13.4274 6.7137 4.4758 3.35685 2.68553 2.2379 1.9182 1.678425 

  𝐷 0.515350 0.257675 0.171785 0.128840 0.103070 0.085890 0.073620 0.064420 

𝑥𝑒𝐷 19.0285 9.0142 5.6761 4.0071 3.0056 2.3380 1.8611 1.5035 

 𝑒𝐷 26.8548 13.4274 8.9516 6.7137 5.37106 4.4758 3.8364 3.35685 

 𝑒𝐷 1.03070 0.51535 0.34357 0.25768 0.20614 0.17178 0.14724 0.12884 

𝑟 𝐷 0.000937 0.000469 0.000311 0.000232 0.000187 0.000158 0.000135 0.000116 

𝛼1 0.0000339 0.00138 0.0132 0.0687 0.2499 0.6975 1.5167 2.3798 

∝2 
1018513.2

74 
25020 

2615.72727

3 

502.585152

8 

138.165666

3 

49.5019354

8 

22.76495

022 

14.50861

417 

∝3 34.5276 34.5276 34.5276 34.5276 34.5276 34.5276 34.5276 34.5276 

Table 2.  𝐷 and  ′𝐷 with varying dimensionless time, 𝑡𝐷 and dimensionless well length,  𝐷 respectively. 

𝑡𝐷 

 𝐷 1.0115 2 0231 3 0346 4 0462 

 𝑒𝐷 26.8548 13 4274 8 9516 6 7137 

𝑕𝐷 1.03070 0 51535 0 34357 0 25768 

𝑥𝐷 0.5000 0.5000 0.5000 0.5000 

𝛼1 0.0000339 0.00138 0.0132 0.0687 

𝛼2 1018513.274 25020 2615 727273 502 5851528 

∝3 34.5276 34.5276 34.5276 34.5276 
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 𝐷  𝐷
   𝐷  𝐷

   𝐷  𝐷
   𝐷  𝐷

  

0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

1.00E+00 1.2857 1.2857 2.5697 2.5679 3.8318 3.8066 4.9702 4.8014 

1.00E+01 12.8550 12.8528 25.5377 25.3619 36.1341 33.8017 37.1990 25.8728 

1.00E+02 128.3537 128.1363 240.1888 223.9968 214.1488 103.0379 74.7819 0.5341 

1.00E+03 1264.1656 1242.8591 1394.5741 646.9163 292.2073 7.14E-03 74.8596 7.50E-27 

1.00E+04 10904.5847 9160.4886 1863.3521 0.0261 292.2078 1.82E-53 74.8596 0 

1.00E+05 36648.2171 4333.9727 1863.3540 3.00E-55 292.2078 0 74.8596 0 

1.00E+06 37926.6751 2.44E-09 1863.3540 0 292.2078 0 74.8596 0 

1.00E+07 37926.6751 0 1863.3540 0 292.2078 0 74.8596 0 

1.00E+08 37926.6751 0 1863.3540 0 292.2078 0 74.8596 0 

1.00E+09 37926.6751 0 1863.3540 0 292.2078 0 74.8596 0 

1.00E+10 37926.6751 0 1863.3540 0 292.2078 0 74.8596 0 

𝑡𝐷 

 𝐷 5 0577 6.0693 7.0808 8.0924 

 𝑒𝐷 5 37106 4.4758 3.8364 3.35685 

𝑕𝐷 0 20614 0.17178 0.14724 0.12884 

𝑥𝐷 0.5000 0.5000 0.5000 0.5000 

𝛼1 0.2499 0.6975 1.5167 2.3798 

𝛼2 138 1656663 49.50193548 22.76495022 14.50861417 

∝3 34.5276 34.5276 34.5276 34.5276 

 𝐷  𝐷
   𝐷  𝐷

   𝐷  𝐷
   𝐷  𝐷

  

0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

1.00E+00 5.6881 5.0070 5.5540 3.8404 4.6318 1.9749 3.9220 0.9521 

1.00E+01 23.6104 5.2821 11.0496 0.0721 5.9339 2.33E-05 4.3221 4.75E-09 

1.00E+02 25.7241 9.02E-09 11.0599 3.94E-28 5.9339 1.22E-63 4.3221 0 

1.00E+03 25.7241 0 11.0599 0 5.9339 0 4.3221 0 

1.00E+04 25.7241 0 11.0599 0 5.9339 0 4.3221 0 

1.00E+05 25.7241 0 11.0599 0 5.9339 0 4.3221 0 

1.00E+06 25.7241 0 11.0599 0 5.9339 0 4.3221 0 

1.00E+07 25.7241 0 11.0599 0 5.9339 0 4.3221 0 

1.00E+08 25.7241 0 11.0599 0 5.9339 0 4.3221 0 

1.00E+09 25.7241 0 11.0599 0 5.9339 0 4.3221 0 

1.00E+10 25.7241 0 11.0599 0 5.9339 0 4.3221 0 

Table 3.  𝐷 and  ′𝐷 with varying dimensionless time, 𝑡𝐷;  𝐷 = 1 0115. 

𝑡𝐷 

 𝐷 1.0115 

 𝑒𝐷 26.8548 

𝑕𝐷 1.03070 

𝑥𝐷l 0.5000 
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𝛼1 0.0000339 

𝛼2 1018513.274 

∝3 34.5276 

 𝐷  𝐷
  

0 0 0 

50000 30963.3668 11802.8076 

100000 36648.2171 4333.9727 

150000 37691.9512 1193.5711 

200000 37883.5800 292.1850 

250000 37918.7629 67.0562 

300000 37925.2224 14.7738 

350000 37926.4084 3.1645 

400000 37926.6261 0.6640 

450000 37926.6661 0.1371 

500000 37926.6734 0.0280 

550000 37926.6748 0.0057 

600000 37926.6750 0.0011 

650000 37926.6751 0.0002 

700000 37926.6751 0.0000 

 
Figure 5. Graph of log  𝐷 and log  ′𝐷 with varying log 𝑡𝐷 for  𝐷 = 1 0115  
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Table 4.  𝐷 and  ′𝐷 with varying dimensionless time, 𝑡𝐷;  𝐷 = 2 0231  

𝑡𝐷 

 𝐷 2 0231 

 𝑒𝐷 13 4274 

𝑕𝐷 0 51535 

𝑥𝐷 0.5000 

𝛼1 0.00138 

𝛼2 25020 

∝3 34.5276 

 𝐷  𝐷
  

0 0 0 

1500 1628.2253 486.7166 

3000 1833.6841 122.8334 

4500 1859.6101 23.2497 

6000 1862.8816 3.9117 

7500 1863.2944 0.6170 

9000 1863.3465 0.0934 

10500 1863.3531 0.0138 

12000 1863.3539 0.0020 

13500 1863.3540 0.0003 

15000 1863.3540 0.0000 

 
Figure 6. Graph of log  𝐷 and log  ′𝐷 with varying log 𝑡𝐷 for  𝐷 = 2 0231. 
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Table 5.  𝐷 and  ′𝐷 with varying dimensionless time, 𝑡𝐷;  𝐷 = 3 0346  

𝑡𝐷 

 𝐷 3 0346 

 𝑒𝐷 8 9516l 

𝑕𝐷 0 34357 

𝑥𝐷 0.5000 

𝛼1 0.0132 

𝛼2 2615 727273 

∝3 34.5276 

 𝐷  𝐷
  

0 0 0 

100 214.1488 103.0379 

200 271.3555 55.0501 

300 286.6374 22.0587 

400 290.7197 7.8569 

500 291.8103 2.6236 

600 292.1016 0.8410 

700 292.1794 0.2621 

800 292.2002 0.0800 

900 292.2058 0.0240 

1000 292.2073 0.0071 

1100 292.2076 0.0021 

1200 292.2078 0.0006 

1300 292.2078 0.0002 

1400 292.2078 0.0001 

1500 292.2078 0.0000 

 
Figure 7. Graph of log  𝐷 and log  ′𝐷 with varying log 𝑡𝐷 for  𝐷 = 3 0346. 
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Table 6.  𝐷 and  ′𝐷 with varying dimensionless time, 𝑡𝐷;  𝐷 = 4 0462. 

𝑡𝐷 

 𝐷 4 0462 

 𝑒𝐷 6 7137 

𝑕𝐷 0 25768 

𝑥𝐷 0.5000 

𝛼1 0.0687 

𝛼2 502 5851528 

∝3 34.5276 

 𝐷  𝐷
  

0 0 0 

25 61.4213 23.0804 

50 72.4473 8.2865 

75 74.4266 2.2313 

100 74.7819 0.5341 

125 74.8457 0.1198 

150 74.8571 0.0258 

175 74.8592 0.0054 

200 74.8596 0.0011 

225 74.8596 0.0002 

250 74.8596 0.0000 

275 74.8596 0.0000 

300 74.8596 0.0000 

 
Figure 8. Graph of log  𝐷 and log  ′𝐷 with varying log 𝑡𝐷 for  𝐷 = 4 0462. 
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Table 7.  𝐷 and  ′𝐷 with varying dimensionless time, 𝑡𝐷;  𝐷 = 5 0577. 

𝑡𝐷 

 𝐷 5 0577 

 𝑒𝐷 5 37106 

𝑕𝐷 0 20614 

𝑥𝐷 0.5000 

𝛼1 0.2499 

𝛼2 138 1656663 

∝3 34.5276 

 𝐷  𝐷
  

0.0 0 0 

2.5 11.9515 8.6044 

5.0 18.3503 9.2135 

7.5 21.7762 7.3993 

10.0 23.6104 5.2821 

12.5 24.5924 3.5350 

15.0 25.1182 2.2711 

17.5 25.3997 1.4186 

20.0 25.5504 0.8680 

22.5 25.6311 0.5228 

25.0 25.6743 0.3110 

27.5 25.6974 0.1832 

30.0 25.7098 0.1070 

32.5 25.7165 0.0621 

35.0 25.7200 0.0358 

37.5 25.7219 0.0205 

40.0 25.7229 0.0117 

 
Figure 9. Graph of log  𝐷 and log  ′𝐷 with varying log 𝑡𝐷 for  𝐷 = 5 0577. 
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Table 8.  𝐷 and  ′𝐷 with varying dimensionless time, 𝑡𝐷;  𝐷 = 6 0693. 

𝑡𝐷 

 𝐷 6.0693 

 𝑒𝐷 4.4758 

𝑕𝐷 0.17178 

𝑥𝐷 0.5000 

𝛼1 0.6975 

𝛼2 49.50193548 

∝3 34.5276 

 𝐷  𝐷
  

0 0 0 

2 8.3189 3.8237 

4 10.3806 1.8953 

6 10.8916 0.7046 

8 11.0182 0.2328 

10 11.0496 0.0721 

12 11.0573 0.0215 

14 11.0593 0.0062 

16 11.0598 0.0018 

18 11.0599 0.0005 

20 11.0599 0.0001 

22 11.0599 0.0000 

 
Figure 10. Graph of log  𝐷 and log  ′𝐷 with varying log 𝑡𝐷 for  𝐷 = 6 0693. 
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Table 9.  𝐷 and  ′𝐷 with varying dimensionless time, 𝑡𝐷;  𝐷 = 7 0808. 

𝑡𝐷 

 𝐷 7.0808 

 𝑒𝐷 3.8364 

𝑕𝐷 0.14724 

𝑥𝐷 0.5000 

𝛼1 1.5167 

𝛼2 22.76495022 

∝3 34.5276 

 𝐷  𝐷
  

0 0 0 

1 4.6318 1.9749 

2 5.6482 0.8667 

3 5.8712 0.2853 

4 5.9202 0.0835 

5 5.9309 0.0229 

6 5.9333 0.0060 

7 5.9338 0.0015 

8 5.9339 0.0004 

9 5.9339 0.0001 

10 5.9339 0.0000 

 
Figure 11. Graph of log  𝐷 and log  ′𝐷 with varying log 𝑡𝐷 for  𝐷 = 7 0808. 
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Table 10.  𝐷 and  ′𝐷 with varying dimensionless time, 𝑡𝐷;  𝐷 = 8 0924. 

𝑡𝐷 

 𝐷 8.0924 

 𝑒𝐷 3.35685 

𝑕𝐷 0.12884 

𝑥𝐷 0.5000 

𝛼1 2.3798 

𝛼2 14.50861417 

∝3 34.5276 

 𝐷  𝐷
  

0.0 0.0000 0.0000 

0.5 3.0071 1.5647 

1.0 3.9220 0.9521 

1.5 4.2004 0.4345 

2.0 4.2851 0.1763 

2.5 4.3108 0.0670 

3.0 4.3187 0.0245 

3.5 4.3210 0.0087 

4.0 4.3218 0.0030 

4.5 4.3220 0.0010 

5.0 4.3221 0.0003 

5.5 4.3221 0.0001 

6.0 4.3221 0.0000 

 
Figure 12. Graph of log  𝐷 and log  ′𝐷 with varying log 𝑡𝐷 for  𝐷 = 8 0924. 
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Figure 13. Graph of log  𝐷 with varying log 𝑡𝐷 for all dimensionless well length,  𝐷. 

Table 11.  𝐷 and  ′𝐷 with varying dimensionless time, 𝑡𝐷;  𝐷 = 6 0693,  𝐷 = 7 0808,  𝐷 = 8 0924. 

𝑡𝐷 

 𝐷 6.0693 7.0808 8.0924 

 𝑒𝐷 4.4758 3.8364 3.35685 

𝑕𝐷 0.17178 0.14724 0.12884 

𝑥𝐷 0.5000 0.5000 0.5000 

𝛼1 0.6975 1.5167 2.3798 

𝛼2 49.50193548 22.76495022 14.50861417 

∝3 34.5276 34.5276 34.5276 

 𝐷  𝐷
   𝐷  𝐷

   𝐷  𝐷
  

0.0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.5 3.2564 2.7215 3.1543 2.1080 3.0071 1.5647 

1.0 5.5540 3.8404 4.6318 1.9749 3.9220 0.9521 

1.5 7.1751 4.0645 5.3240 1.3877 4.2004 0.4345 

2.0 8.3189 3.8237 5.6482 0.8667 4.2851 0.1763 

2.5 9.1259 3.3724 5.8001 0.5075 4.3108 0.0670 

3.0 9.6954 2.8553 5.8712 0.2853 4.3187 0.0245 

3.5 10.0971 2.3504 5.9046 0.1559 4.3210 0.0087 

4.0 10.3806 1.8953 5.9202 0.0835 4.3218 0.0030 

4.5 10.5806 1.5044 5.9275 0.0440 4.3220 0.0010 

5.0 10.7217 1.1794 5.9309 0.0229 4.3221 0.0003 

5.5 10.8213 0.9154 5.9325 0.0118 4.3221 0.0001 

6.0 10.8916 0.7046 5.9333 0.0060 4.3221 0.0000 
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Figure 14. Graph of log  𝐷/ ′𝐷 with varying log 𝑡𝐷 for various dimensionless well length,  𝐷. 

Table 12.  𝐷𝐵𝑟 and 𝑡𝐷𝐵𝑟 with varying dimensionless well length,  𝐷, Dimensionless pay thickness, 𝑕𝐷 and Dimensionless well width, 

 𝑒𝐷  

Dimensionless well length, 𝐷 1.0115 2.0231 3.0346 4.0462 5.0577 6.0693 7.0808 8.0924 

Dimensionless pay thickness,𝑕𝐷 1.03070 0 51535 0 34357 0 25768 0 20614 0.17178 0.14724 0.12884 

Dimensionless well width, 𝑒𝐷 26.8548 13 4274 8 9516 6 7137 5 37106 4.4758 3.8364 3.35685 

Dimensionless fluid breakthrough 

time, 𝑡𝐷𝐵𝑟 
700000 15000 1500 260 70 20.5 9.5 6 

Dimensionless pressure at fluid 

breakthrough time, 𝐷𝐵𝑟 
37926.7 1863.4 292.2 74.9 25.7 11.1 5.9 4.3 

 

5. Results and Discussions 

Table 1 defines the dimensionless parameters calculated at 

𝑥𝐷 = 0 5000. The results show that 𝑥𝐷 = 𝑥 𝐷 ,  𝐷 =   𝐷 , 

2 𝐷 = 2  𝐷 =  𝑒𝐷 ,  𝑒𝐷 = 2  𝐷 = 𝑕𝐷  and 𝑟 𝐷 =  𝐷  

  𝐷 . 

Table 2 shows how dimensionless pressure,  𝐷  and di-

mensionless pressure derivative,  ′𝐷  varies with dimen-

sionless time, 𝑡𝐷 for various dimensionless well length,  𝐷. 

Results show that dimensionless pressure,  𝐷  is maximum 

when the dimensionless well length,  𝐷 is minimum and vice 

versa. The dimensionless pressure derivative,  ′𝐷  collapses 

to zero when the dimensionless pressure,  𝐷 starts to exhibit 

a constant trend signifying the encroachment of the unwanted 

fluid breakthrough. 

Tables 3-5 describe precisely the relation between dimen-

sionless pressure,  𝐷 and dimensionless pressure derivative, 

 ′𝐷  with dimensionless time, 𝑡𝐷  for 1 0115   𝐷  

8 0924 with the idea of identifying the external fluid break-

through time, 𝑡𝐷𝐵𝑟 . Results show that the dimensionless 

pressure,  𝐷𝐵𝑟  varies as fluid breakthrough time, 𝑡𝐷𝐵𝑟 that 

is, 𝑡𝐷𝐵𝑟 ∝  𝐷𝐵𝑟 . 

Table 6 show how dimensionless pressure,  𝐷  and di-

mensionless pressure derivative,  ′𝐷  varies for various di-

mensionless well length,  𝐷 with varying dimensionless time, 

𝑡𝐷. Results indicate that, when dimensionless well length,  𝐷 

increase, dimensionless pressure,  𝐷  decreases. Further all 

the results show that, when dimensionless pressure,  𝐷  at-

tains a constant trend, dimensionless pressure derivative,  ′𝐷 

reduces to zero. 

Table 7 summarizes Dimensionless fluid breakthrough 

time,𝑡𝐷𝐵𝑟 and Dimensionless pressure at fluid breakthrough 

time,  𝐷𝐵𝑟  in relation to varying Dimensionless well 

length, 𝐷, Dimensionless pay thickness,𝑕𝐷 and Dimension-

less well width, 𝑒𝐷 . Results show that, 𝑡𝐷𝐵𝑟 ∝  𝐷𝐵𝑟  and 

 𝐷𝐵𝑟 ∝
 𝐷𝑦𝑒𝐷

 𝐷
. 

Figure 1 shows a horizontal well in an anisotropic oil res-

ervoir. The well is eccentric to the reservoir to avoid early 

encroachment of the unwanted fluid (water). The well design 

enhances the clean oil production resulting to optimized 

production and enhanced oil recovery. 
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Figure 2 shows 𝑥   𝑥𝑖  physical description of a reser-

voir bounded at the bottom and at the top by simultaneous 

double edge sealing faults with constant pressure boundaries. 

Figure 3 and figure 4 shows    𝑥𝑖  and    𝑥𝑖  

physical description of a reservoir sealed at both ends simul-

taneously. 

Figure 5 to figure 12 shows   𝑔    𝑔 plots of  𝐷  and 

 ′𝐷  with varying 𝑡𝐷. Further, the figures illustrate that, when 

the  𝐷 starts to exhibit a constant trend, the  ′𝐷  collapses to 

zero implying fluid breakthrough time have been realized. 

Figure 13 shows   𝑔    𝑔 plot of  𝐷 versus 𝑡𝐷 for var-

ying dimensionless well length,  𝐷 . From the results, the 

dimensionless pressure,  𝐷  increases with corresponding 

decrease in dimensionless well length,  𝐷. The dimensionless 

pressure,  𝐷  is maximum when the dimensionless well 

length,  𝐷 is minimum. 

Figure 14 shows   𝑔    𝑔  plots of  𝐷  and  ′𝐷  with 

varying 𝑡𝐷  for various dimensionless well length,  𝐷 . The 

result show that when the dimensionless pressure,  𝐷 starts 

to exhibit a constant trend, the dimensionless pressure deriv-

ative,  ′𝐷  collapses to zero indicating the encroachment of 

the unwanted external fluid (water). 

6. Conclusions 

1) Dimensionless fluid breakthrough time, 𝑡𝐷𝐵𝑟  and di-

mensionless pressure at fluid breakthrough time,  𝐷𝐵𝑟  

varies as 𝑕𝐷  and  𝑒𝐷  and inversely as  𝐷  i.e 

𝑡𝐷𝐵𝑟 ∝
 𝐷𝑦𝑒𝐷

 𝐷
; 𝑡𝐷𝐵𝑟 ∝  𝐷𝐵𝑟 . 

2) Minimum dimensionless well length,  𝐷 provided the 

maximum dimensionless wellbore pressure,  𝐷. 

3) Maximum dimensionless pay thickness, 𝑕𝐷  provided 

the largest dimensionless wellbore pressure,  𝐷. 

4) Largest dimensionless well width,  𝑒𝐷  produced the 

highest dimensionless wellbore pressure,  𝐷. 

5) Dimensionless pressure,  𝐷𝐵𝑟  at fluid breakthrough 

time, 𝑡𝐷𝐵𝑟  is maximum for small dimensionless well 

length,  𝐷. 

6) Calculated dimensionless reservoir, wellbore and fluid 

properties at 𝑥𝐷 = 0 5000  shows; 𝑟 𝐷 =  𝐷    𝐷 , 

 𝑒𝐷 = 2  𝐷 = 𝑕𝐷 ,  𝐷 =   𝐷 , 𝑥𝐷 = 𝑥 𝐷  and 

2 𝐷 = 2  𝐷 =  𝑒𝐷 . 

7) Dimensionless pressure varies directly as 𝑥𝑒𝐷
2  and in-

versely as  𝑒𝐷,  𝐷 ∝ 𝑥𝑒𝐷
2  𝑒𝐷⁄ . 

7. Recommendations 

1) Reservoir engineers and petroleum engineers should 

drill the horizontal well with 1 0115 ≤  𝐷 ≤ 2 0231, 

that is 1000 𝑓𝑡 ≤  ≤ 2000 𝑓𝑡. 

2) Prolonged dimensionless well length,  𝐷 reduces the 

fluid breakthrough time which mar clean oil produc-

tion. 

3) Well eccentricity, where the horizontal well is located 

away from the double edge water drive boundaries of-

fer delayed external fluid breakthrough time for the 

well completions. 
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Appendix 

Appendix I: Nomenclature 

𝑥 reservoir distance in the 𝑥   𝑥𝑖  𝑓𝑡 

𝑥𝐷  dimensionless reservoir lateral distance on the 

𝑥   𝑥𝑖  

  reservoir distance in the y  𝑥𝑖  𝑓𝑡 

 𝐷  dimensionless reservoir lateral distance on the y  𝑥𝑖  

  reservoir distance in the    𝑥𝑖  𝑓𝑡 

 𝐷  dimensionless reservoir lateral distance on the 

   𝑥𝑖  

𝑥𝑒 half the distance to the boundary in the 𝑥   𝑖𝑟𝑒 𝑡𝑖   

 𝑒 half the distance to the boundary in the     𝑖𝑟𝑒 𝑡𝑖   

𝑥  the X coordinate of the production point 

   the Y coordinate of the production point 

   the Z coordinate of the production point 

 𝐷 the dimensionless distance from the bottom of the res-

ervoir to the centre of the wellbore 

  𝐷  the dimensionless distance from the bottom of the 

reservoir to the bottom of the wellbore 

𝑥𝑒𝐷  dimensionless external reservoir lateral extent on 

𝑥   𝑥𝑖  

 𝑒𝐷  dimensionless external reservoir lateral extent on 

   𝑥𝑖  

 𝑒𝐷  dimensionless external reservoir lateral extent on 

z  𝑥𝑖  

𝑡𝐷𝐵𝑟 dimensionless fluid breakthrough time 

 𝐷𝐵𝑟  dimensionless pressure at fluid breakthrough time 
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 𝑥  the shortest distance between the well and the 

𝑥  boundary, ft 

 𝑦  the shortest distance between the well and the    

boundary, ft 

 𝑧  the shortest distance between the well and the    

boundary, ft 

 𝑥  the longest distance between the well and the 𝑥   

boundary, ft 

 𝑦  the longest distance between the well and the 

  boundary, ft 

 𝑧  the longest distance between the well and the    

boundary, ft 

𝑟  wellbore radius, ft 

𝑟 𝐷 dimensionless wellbore radius 

  oil formation volume factor, rbbl/STB 

 𝑡  total compressibility, 1/psi 

𝑖 axial flow directions x, y, or z 

𝑕 reservoir pay thickness, ft 

𝑕𝐷 dimensionless reservoir height 

  average reservoir permeability, md 

   formation permeability in the 𝑖𝑡  direction, md 

   reservoir permeability in the horizontal axis, md 

   reservoir permeability in the vertical axis, md 

  total length of horizontal well, ft. 

 𝐷 dimensionless well length 

  pressure, psi 

   pressure drop, psi 

 𝐷 dimensionless pressure at any point in the reservoir 

 𝐷
  dimensionless pressure derivative at any point in the 

reservoir 

  flow rate, bbl/day 

  source 

𝑡 flow time, hours 

𝑡𝐷 dimensionless time 

  dimensionless 

𝑒 external 

  wellbore 

  change 

Appendix II: Greek Symbols 

  reservoir fluid viscosity, cp 

𝜏 dummy variable of time 

𝜏𝐷 dummy dimensionless time integration variable 

  diffusivity constant, md-psi/cp 

  porosity, fraction 

Appendix III: Dimensionless Parameters 

 𝐷 =
𝑘  𝑝

141 2𝑞𝜇𝐵
  

𝑡𝐷 =
4𝑘𝑡

𝜙𝜇𝑐𝑡 
2  

𝜂 =
𝑘𝑖

𝜙𝜇𝑐𝑡
  

𝑖𝐷 =
2 

 
√

𝑘

𝑘𝑖
  

𝑖 𝐷 =
2 𝑤

 
√

𝑘

𝑘𝑖
  

𝑖𝑒𝐷 =
2 𝑒

 
√

𝑘

𝑘𝑖
  

𝑖 = 𝑥      

𝑕𝐷 =
2 

 
√

𝑘

𝑘𝑧
  

 𝐷 =
 

2 
√

𝑘

𝑘𝑥
  

𝑕𝐷 =
1

 𝐷
√

𝑘2

𝑘𝑥𝑘𝑧
  

𝑟 𝐷 =  𝐷    𝐷  

 𝑒𝐷 = 2  𝐷 = 2 𝐷   

 𝑒𝐷 = 2  𝐷 = 𝑕𝐷  
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