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Abstract 

In a previous preprint article, the author presented a conjecture on the trend of demographic mortality as the life span progresses. 

That article also provided a mathematical formulation of the statistical distribution to which mortality would tend in this case. In 

the present work, we show the possibility that the demographic mortality at high ages would be given by the sum of four main 

components. The four components were derived by iteratively solving the Fredholm equation that can be associated with the 

model. These solutions are presented for three demographic cases based on statistical data available in the public databases and 

literature. These are: mortality data in the US from 1970 to 2017, in Italy from 1974 to 2019 and in Japan from 1974 to 2019. In 

all cases, similarities and invariant components are noted and presented in graphs and numerical data. The four aforementioned 

components appear on average equally spaced in the age peaks (in the case of females ~50, ~63, ~77, ~90 ages) and are always 

present for all sample years and in all three countries. These same components can be used to reconstruct the qx datum, at 

advanced ages, of the considered Life Tables. A correlation with a more recent study using a multi-omics approach is pointed out. 
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1. Introduction 

In the study of demography in various countries around the 

world, an important role is played by Life Tables in which, 

among other aspects of people's life data, mortality data (i.e. 

the deaths of people according to various age and population 

groups) are also presented. An example of these mortality data 

is given in the Appendix I where deaths by age group of five 

years and survey year are given for three countries in the case 

of the females. Analysis of the data reveals some common and 

recurring features. Firstly, the sum of all data in the columns is 

centered on 100000. This is due to the convention with which 

the data are normally presented in Life Tables. Furthermore, if 

we look at the vertical sequences of the data, we see that at the 

beginning of the columns the infant mortality figure appears 

to be present in the initial 0-4 age group. Thereafter, with in-

creasing ages, the number of deaths appears almost inde-

pendent of age up to the average of 40 years. After the age of 

40-50, mortality starts to increase more sharply and reaches a 

statistical peak after which it decreases to zero at the age of 

the life limit. For brevity and in the following, we call area 'A' 

the area of infant mortality, 'B' the area of nearly flat mortality 

and 'C' the area of 'peak' mortality. In the paper in Ref. [1], the 

author presented a conjecture on mortality at high ages in 

which the mortality of zone C is predicted to tend toward a 

theoretical curve as lifespan increases. This theoretical func-
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tion, called mTC(a, TC), is defined by an age variable „a‟ and 

a single parameter TC (which coincides with the area under 

the curve plotted when 0 <a <Infinity) and has been analyti-

cally described and characterized in the works of Ref. [1] and 

[2]. The theoretical basis for the derivation of this function 

had been laid in Ref. [2] paper in which the Fermi statistic 

method was used to generate the function. In Appendix II the 

aforementioned function is recalled in various analytical ver-

sions and useful formulas. To clarify how these relationships 

can be used in the case of real mortality data, consider the 

examples in Figure 1 and Figure 2 below: 

 
Figure 1. USA 1970 curve superimposed on the theoretical mTC 

curve. 

 
Figure 2. USA 2017 curve superimposed on the theoretical mTC 

curve. 

Figure 1 shows the mortality data (dots as per Figure A1 in 

Appendix I) for the USA 1970 interpolated with a continuous 

curve. Below this curve a second curve mTC is presented 

whose peak coincides with the interpolated mortality peak. 

This last curve is a mTC function curve with ap = 85.5761 

years (where „ap‟ is the age corresponding at the peak), TC = 

70986 and a peak height equal to 16932. The overlap of the 

curves in the peak is obtained, using the formulas in Appendix 

I, by: 1) finding the age of the maximum of the interpolated 

curve and choosing this as „ap‟ value, 2) calculating the TC 

parameter corresponding to the mTC with the same „ap‟ and 

appropriately scaling the mTC curve by multiplying the 

mTC(a, 70986) function by a computed constant factor. 

Looking at Figure 1, you can see two distinct areas to the left 

and right of the peak not covered by the mTC curve. The area 

under the mTC curve indeed turns out to be 57881 dx cases, 

which means that the theoretical curve only partially covers 

the total cases of 100000 deaths and this is evident in the 

graphics of Figure 1. For Figure 2 (2017 data with the same 

graphics meaning of Figure 1), it can be seen that the peak of 

maximum mortality has shifted to a higher age (about 91.5 

years) and that the area of difference between the two curves 

to the left of the mTC still persists, even if the interpolated 

curve shape shrinks, while the area of difference to the right 

minimizes. Areas A and B have also shrunk. Mortality cov-

erage by the 2017 mTC curve is increased to 65940 dx over 

100000 dx and the peak height becomes 19290 and the full 

width at half maximum (FWHM) is reduced, as can be seen by 

the interception of the FWHM horizontal line on the curve. 

This trend is consistent with the conjecture mentioned above. 

This conjecture predicts indeed that as the „ap‟ increases, the 

two difference areas shrink until they disappear for very high 

„ap‟ values. The calculations indicated above are carried out 

using the formulas in the Appendix II while the continuous 

interpolating function is generated through a well-known and 

widely used mathematical computer application. The present 

study aims to analyze in detail the possible components that 

give rise to the difference area to the left of the theoretical 

mTC curve. The study also wants to assess whether there are 

differences between these possible components when dealing 

with surveys in different countries. For these purposes, mor-

tality data from the USA, Italy and Japan in the years 

1970-2017 (USA) and 1974-2019 (Italy and Japan) will be 

considered. In order to search for 'hidden' components of the 

left-hand skewness of the mortality curve, the next section 

presents a Fredholm integral equation that in general can 

answer the problem posed. In the third section, an iterative 

solution based on graphical methods for this equation is 

proposed. In the following sections, the results obtained are 

presented and discussed with preliminary conclusions. 

2. The Fredholm Equation 

In the work of Ref. [1], it was seen how the area to the left 

of the mTC curve takes on the appearance of a second similar 

peak when graphed in isolation. This fact, together with the 

presence of the main peak, may lead us to hypothesize that the 

demographic experimental curve -in the high ages C zone 

sector- may be obtained from the multiple composition of 

theoretical mTC curves with different parameters and sizes. 

This can be expressed in general by the Fredholm integral 

equation of the first kind as follows: 

   (    )  ∫  (     )   (    )    
     

 
    (1) 

In eq. (1), the term mdx represents the interpolated demo-

graphic data that is a function of the age and year t0 in which 
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the demographic estimate is made (e.g. t0=1970 or 2017 in the 

cases depicted above in Figures 1 and 2). The mTC function is 

the one discussed above and detailed in Appendix II while the 

function f(t0,TC) identifies the 'weight' of the specific mTC 

function at the polling time t0 and with parameter TC. The 

integral in eq. (1) then gives us for each age „a‟ and demo-

graphic sampling t0 the sum of the various mTC components 

that contribute to construct the mdx(a,t0) when weighted by 

the function f(t0,TC). Our problem is therefore to find the 

solution of the integral in eq. (1) in terms of the unknown 

function f, the mTC functions being known analytically and 

the mdx function numerically. In the case where the mTC 

components are present in discrete numbers of TC parameters 

and not continuous, eq. (1) becomes: 

       ∑  (  )    (     )
 
             (2) 

where n represents the number of possible discrete TC com-

ponents and similarly the i-th f(t0) refers to the weight of the 

i-th mTC. Recalling the formulas in the Appendix II, it will 

also be possible to express eq. (2) using the normalized func-

tion mTCnp which depends on the usual variable „a‟ and a 

parameter „ap‟ equal to the age of the curve peak. Conse-

quently, a weight i-th w(t0) will appear in the equation to 

represent exactly the number of dx cases relevant to the single 

component mTCnp(a,ap) with i-th parameter ap. Under these 

conditions, eq. (3) can be defined: 

       ∑  (  )      (     )
 
           (3)  

To the author's knowledge, no general solution of the 

Fredholm integral equation of the first type is known. Nu-

merical solution methods do exist in the literature, but these 

can lead to oscillating terms and non-unique solutions (see e.g. 

Ref. [3] and [4]). A possible practical approach is therefore to 

be guided by the specific physical problem and to bind the 

method of solution to it. 

3. The Solutions of the Fredholm Integral 

Equation 

To find a possible solution to eq. (3) in real cases, we used 

mortality data from three different countries: USA, Italy and 

Japan. It should be noted that these three countries are not only 

characterized by different lifestyles and social realities, but also 

have different population sizes (USA about 333 million people, 

Japan about 125 million and Italy about 60 million). Among 

these data we have chosen -for all three countries- the subset of 

the female case, which presents a lower dispersion (FWHM) of 

the mortality peak than the totals. The data used are available in 

Appendix I. In Ref. [1] a graphical-analytical method was used 

to identify a second peak component to the left of the main peak. 

This method is extended here recursively. In practice, a third 

peak is identified from the second peak and so on by iteration. 

This procedure is based on the assumption that the peak of the 

actual curve can be approximated to a large extent by a single 

mTC function, which leaves a small portion of the curve not 

covered by the mTC to the left. The numerical and graphical 

calculations are done with the aid of a mathematical application 

and ad-hoc written software that runs with the mathematical ap-

plication itself. The Appendix II equations are used for the 

computations. To clarify this method, the following Figures 3 

and 4 (relevant e.g. to the Italy case) are useful. The dotted curve 

represents actual demographic data appropriately interpolated 

with a continuous curve 
1
(*). The mTC curve is our mTC func-

tion scaled to match the current peak. The Figure 4 show a "dif-

ference curve" obtained by subtracting the scaled mTC from the 

current curve. Note that in this figure two vertical lines show the 

location of the current peak and also the location of the previous 

figure peak. Similar operations are then applied in sequence to 

this 'difference' curve generating Figures 5, 6, 7, 8, 9, 10. It must 

be noted that in the Figure 4, we only consider the difference to 

the left of the subtraction of the curves, as the right-hand lobe 

tends - in general - to shrink faster than the left-hand one. This 

right-hand lobe is therefore omitted in the figures and in the 

calculations. 

 
Figure 3. Plots of interpol. demogr. data and a compliant mTC. 

 

Figure 4. Plot of difference between curves giving a 2nd peak. 

                                                             
1
 (*) The constraint assumed for the continuous curve implies a possible shift 

(about 2.5 years) to the right of the simulated curve with respect to the real curve. 

This is not critical for our analysis, as we are looking for structural effects (not 

influenced by an offset component) and not for an absolute age effect. 
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Figure 5. Plots of 2nd peak curve and a compliant mTC. 

 
Figure 6. Plot of difference between curves giving a 3rd peak. 

 
Figure 7. Plots of 3rd peak curve and a compliant mTC. 

 
Figure 8. Plot of difference beteen curves giving a 4th peak 

 
Figure 9. Plots of 4th peak curve and a compliant mTC. 

 
Figure 10. Plot of difference between curves giving a flat zone. 

 
Figure 11. USA female mortality components summary data. 
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Figure 12. Italy female mortality components summary data. 

 
Figure 13. Japan female mortality components summary data. 

A recurrence of the shape (self similarity-like) of the new 

peaks found can be seen in the above Figures, which show a 

persistent asimmetry to the left. Also noticeable is the 

reduction in heights and consequently in the areas subtended 

by the curves (note the change in scale of the y-axis for the 

various Figures). Finally, recursion stops when the new curve 

obtained by difference from the previous one no longer shows 

evidence of peaks to be mapped with mTC or reaches an age 

range near to the B zone. This is the case in Figure 10 where 

after the last graphical subtraction, only an almost flat area 

appears. This flat zone can be assimilated to the 

aforementioned zone B of the demographic tables. This 

recurring exercise was applied to all of the population cases 

considered in Appendix I (Figures A1, A2 and A3). The 

outcomes led to the significant result that in all of the 

situations considered, no more than four mTC curves can 

cover the zone C of the population curves. For all the cases 

indeed, after the fourth iteration the resulting graphical curve 

appears semi-flat and/or distributed over an age range 

corresponding to the age range of zone B. Accordingly, we 

can consider the above Fredholm's equations solved with four 

mTC functions each characterized by a specific i-th TC (and 

consequently an ap) and an i-th weight f (or w). These results 

are summarized in Figures 11, 12 and 13 for the case of 

females in the USA, Italy and Japan. 

These data show in the third column the maximum height 

level of the last iteration in zone B, while the fourth column 

indicates the age of maximum height in zone B itself. The 

subsequent columns indicate the area (No. cases) of the sin-

gle-component mTC curve and the relevant peak age in years 

(„ap‟ parameter). The „ap‟ parameter is used in the data to 

allow an immediate view of the position of the mTC peak. 

These data can also be used to reconstruct the dx function 

using eq. (3) as follows in the next section. Finally, the last 

column defines an accuracy value in the calculations meas-

ured as the percentage fraction between the sum of the areas 

of the four mTC functions compared to the total number of 

cases of 100000. This sum should theoretically always be less 

than 100000 since it does not include data areas A and B and 

the right lobe of the difference curves but only considers the 

reconstruction of area C with the four identified mTC func-

tions. To these theoretical errors, it must be added the possible 

inaccuracies related to interpolations and peak searches. The 

data also show the growth in longevity over the years and 

from country to country. 

4. Reconstructing the dx Curve with the 

Solutions Found 

From the graphs and data shown above for the three cases 

study, we can verify the correctness of the solutions found. To 

this task we use eq. (3) where w(t0) corresponds to the indi-

vidual areas (No. cases) in Figures 11, 12, 13 and mTCnp(a,ap) 

will be given by a relevant formula in the Appendix II with the 

parameter „ap‟ taken from the above data Figures. Then we 

can numerically calculate the second member of eq. (3) and 

compare the result with the actual demographic data dx. The 

plots of the results are given hereunder for e.g. US 2017 with 

log scale and linear scales. In the first two figures we give the 

individual plots of the four components that build up the 

mortality data. In the next two figures the sum of the com-
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ponents is given compared with dots corresponding to the 

demographic table sampling. The A, B and C zones are also 

addressed. 

A similar exercise was carried out for the Italy 2019 and 

Japan 2019 data as shown in the following figures. The fourth 

(small) peak curve is almost invisible in the linear plot due to 

the low cases count. From the above examples, it can be seen 

that the reconstruction of the actual mortality data by means of 

the four mTC functions identified as solutions of the 

Fredholm equation is quite accurate in the age range from 40 

years to 105 years, i.e. in most of zone C of interest. Zones A 

(infant mortality) and B (flat mortality probability) are high-

lighted and are as expected outside our study data interval. 

Similar figures are obtained for all the other cases from dif-

ferent years of mortality sampling and in the different con-

sidered countries. 

 
Figure 14. Peaks subsets for fem. US2017 table (Log scale). 

 
Figure 15. Peaks subsets for US2017 table year (linear). 

 
Figure 16. Plot of subsets sum for fem. US2017 (Log scale). 

 
Figure 17. Plot of subsets sum for fem. US2017 (linear scale). 

 
Figure 18. Peaks subsets for fem. Italy 2019 dx table (Log scale)  
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Figure 19. Peaks subsets for fem. Italy 2019 dx table (linear scale). 

 
Figure 20. Plot of subsets sum for fem. Italy 2019 (Log scale). 

 
Figure 21. Plot of subsets sum for fem. Italy 2019 (linear scale). 

 

 
Figure 22. Peaks subsets for fem. Japan 2019 dx table (Log scale). 

 
Figure 23. Peaks subsets for fem. Japan 2019 dx table (linear scale). 

 
Figure 24. Plot of subsets sum for frem. Japan 2019 (Log scale). 

http://www.sciencepg.com/journal/hss


Humanities and Social Sciences http://www.sciencepg.com/journal/hss 

 

27 

 
Figure 25. Plot of subsets sum for fem. Japan 2019 (linear scale). 

From the above examples, it can be seen that the recon-

struction of the actual mortality data by means of the four 

mTC functions identified as solutions of the Fredholm equa-

tion is quite accurate in the age range from 40 years to 105 

years, i.e. in most of zone C of interest. Zones A (infant 

mortality) and B (flat mortality probability) are highlighted 

and are, as expected, outside our study data interval. Similar 

figures are obtained for all the other cases from different years 

of mortality sampling and in the different countries consid-

ered. 

5. Reconstructing the qx Curve with the 

Solutions Found 

In the Life Tables, in addition to the dx data, also the qx 

data are present. These data represent the ratio between the 

deaths -in a given age period- and the number of survived 

subjects entering at the beginning of this period. These qx's 

data depict therefore the probability to die in the age period 

considered. In Ref. [2] the author derived an explicit contin-

uous time (age) function form for the qx data based on the 

mTC continuous function model. We recall here this form as 

defined: 

𝑞𝑥(𝑡)  
   (𝑡   )

N(𝑡   )
  

where N(t,TC) is given by: 

N(𝑡   )    − ∫    (𝜏   )  𝜏 + 𝑔𝑔    (𝑡   
𝑡

 
); 

gg=0.5;  

We see from above that, given the mTC function, also the 

qx(t) function can be derived by integration of the mTC. 

This integration is indeed possible and therefore an analytic 

expression of the N(t,TC) is made available in Appendix II. 

Now, coming back to the four mTC components that build-up 

the most part of the dx profile of the various demographic data 

presented in Section 4., one can wonder if these components 

-when mixed in the same proportions and TC's parameters 

considered for the dx study- can lead also to a reconstruction 

of the correlated mixed qx datum. We consider then the 

equation: 

q  i ( )  
ρ1 (     )+ρ2 (    2)+ρ3 (    3)+ρ4 (    4)

ρ1N(     )+ρ2N(    2)+ρ3N(    3)+ρ4N(    4)
  

where a is the age of the population and ρi=wi/TCi. The wi 

and the TCi parameters are the same used in eq. (3) and Sec-

tion 4 for the reconstruction of the dx data. The Figure 26 

shows the result of this exercise for the case of Italian females 

in year 2019 when compared with qx's Life Table data. A 

good fitting is obtained for ages over about 40 years. 

 
Figure 26. Plot of 1000 qxmix for Italy females 2019. 

6. Discussion of the Results 

Two main aspects emerge from the data collected: 

- Similarity 

Data in Figures 11, 12 and 13 show that the four peaks are 

almost equally spaced (between 11-15 years interval) for al-

most all cases/countries considered. This is also shown in 

Figure 27. These graphs plot the areas (weight) of the com-

ponent‟s vs the ap parameter. It is seen that four clusters of 

points identify the four components of mortality. This feature 

- common for the US, Italy and Japan - leads to a similarity in 

peaks shape for the three countries. 
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Figure 27. Plot of peaks areas vs peak ages & fem. Demographic Table year for the three countries. 

In the Log-scale graphs of Figure 27, we see a steady shift 

of the positions of the component peaks age to the right from 

old to more recent years of demographic sampling, a fact 

consistent with an improvement in lifespan. 

- Invariant structure 

The following pie charts show the relative share of mortal-

ity cases (areas of the mTC peak's curves) between the com-

ponents for initial years of sampling and final years of sam-

pling. We see that the four components pattern is permanent 

in the two extreme dates of the demographic sample years. 

The four components structure is always present also for the 

other sample years (omitted for brevity). The shrinking trend 

of the other components vs the main peak is also evident from 

old sample year to recent sample year. 

 

 
Figure 28. Share of mortality components for initial/final years of sampling and countries. 

7. The Male Data 

Up to this point, all the data considered concern the case of 

the female sex. A similar exercise was carried out for the male 

case (Figure 29). In this case, the data show a certain greater 

statistical dispersion (e.g. peak‟s FWHM), which leads to a 

relatively greater inaccuracy in the reconstruction of the 

Fredholm equation. Despite this, however, the results for 

males also confirm the invariances found for females, i.e. the 

presence of four main components similarly spaced by age 

and with a similar structure of relative weights. This is true for 

the three countries considered and for all sampling years. In 

order not to burden the reader, the graphs and data for the 

male case are omitted here with exception of the following 

Figure 29. These graphs also reveal the well-known differ-

ence in longevity between males and females, the various 
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male data clusters being all on average backward in age compared to the female clusters seen in Figure 27. 

 
Figure 29. Plot of peaks areas vs peak ages & male dem. Table year for the three countries. 

8. Summary and Conclusions 

A number of facts emerge from the results outlined above: 

- the large part of zone C (that of maximum mortality vs. 

age) can be represented by the linear combination of four 

main components that can be described analytically by mTC 

functions. This holds for both dx and qx Life Tables data. 

- this feature is true for all countries and for all sampling 

years taken into account, so it appears to be an invariant 

characteristic of demographic mortality for these instances 

- the four aforementioned components appear on average 

equally spaced in the age peaks (for females ~50, ~63, ~77, 

~90 ages) and are always present for all sample years and in 

all three countries 

- the three minor components decrease as a share of the 

total with increasing sample years and lifespan, which is 

consistent with Ref. [1] conjecture that demographic mortality 

at older ages will converge to a single mTC function (the big 

Peak 1) as lifespan increases. 

At this point, our findings on the components of demo-

graphic mortality should be compared with the discussion in 

the literature on whether there are subcomponents of mortality 

in the aging process. Some studies highlight a non-linear 

growth in aging and the possible presence of population sub-

groups (Ref. [9-13]). Other studies consider mortality differ-

ences on a microscopic basis, i.e., at the cellular level or in 

subsystems capable of self-repair (Ref. [14-16]), or explain 

mortality data with a mixture of models (Ref. [17, 18]). 

In particular, a correlation with a recent study using a mul-

ti-omics approach must be highlighted: in a paper published in 

August 2024 in the journal Nature Aging (Ref. [19]), re-

searchers highlighted a non-linear disease risk that accumu-

lates with the biological ageing process. "The analysis re-

vealed consistent nonlinear patterns in molecular markers of 

aging, with substantial dysregulation occurring at two major 

periods occurring at approximately 44 years and 60 years of 

chronological age" (cit. from Ref. [19]). This study involved a 

sample of US persons aged 75 years and under. In our present 

study, we showed the possible existence of discrete compo-

nents of demographic mortality with age clusters. These two 

approaches - conducted in completely different ways - show a 

correlation of results. 

In conclusion, the issue of mortality in old age, i.e., the 

issue of aging, is subject to multiple hypotheses about its 

possible causes. Our study proposes the following conclu-

sions: there are six overall components of demographic mor-

tality, namely: infant mortality, the flat area in middle age and 

four components in higher ages, the latter being almost equi-

distant in age intervals and distributed with exponential rela-

tive weights and described by mTC functions. These six 

components change in their relative weights as lifespan 

changes. In particular, as lifespan increases, all components 

except the main one decrease but do not disappear altogether. 

In the long run, it can be foreseen that the main mortality peak 

will converge towards a single prevailing mTC function. 
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Appendix 

Appendix I: Mortality Data 

The following numerical data are derived from Ref. [5-8] 

 
Figure A1. USA female mortality from 1970 to 2017 years. 

 
Figure A2. Italy female mortality from 1974 to 2019 years. 

 
Figure A3. Japan female mortality from 1974 to 2019 years. 

Appendix II: Mathematical Formulas 

Below we provide a summary of the main relationships that 

characterize the theoretical mTC function identified in the 

work of Ref. [1] and Ref. [2]. Log[n] means the natural loga-

rithm of the number n. The mTC is presented in the specific 

conventional case where the species 'u' constant (see Ref. [2]) 

is equal to five and the demographic Life Tables dx and qx 

data are given at 5 years intervals. Then we have: 

-The general mTC function of the variable a (age) and a 

parameter TC (referring to Total Cases) proportional to the 

area underlying the function curve: 

   (    )  −  5⁄ (− +   −    [ ])
 +

1

1    [2](− +

   [ ])   [ ](− +   5⁄ +   −   5⁄    [ ])
3    [4]

 1    [2]  

- The normalized function mTCn(a,TC) where the area 

under the curve is constant and independent from TC: 

〖    (    )  (   (    ))/    

- The normalized mTCnp(a,ap) function with parameter ap 

equal to the year at which peak of the function is reached: 

     (    )  

−
 

4+2  5⁄  
2 5⁄ ( +    +

  

5 −    [ ])

1

1    [2]
(− +

   [ ])   [ ] (  5⁄ +    +
  

5 −   5⁄    [ ])

3    [4]

 1    [2]
( +

   5⁄ −    [ ])  

- Some mTC additional features are: 

∫  (    )   
 

 
      ∫  (    )   5⁄   
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- The relations between apeak and TC: 

       
   [2( 2+  )]

   [2]
; 

    +    +
     

5 ;  

-The curve max height value (peak value) with vs TC pa-

rameter: 
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-The N(a,TC) explicit function to be used for the continu-

ous calculation of qxmix: 
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