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Abstract: In the mathematical theory of nerve impulse propagation, the Fitzhugh-Nagumo Reaction-Diffusion System has
attracted a great deal of attention. The Fitzhugh-Nagumo Reaction-Diffusion System provides a prototype for chemical and other
nerve conduction and biological systems. In this paper, we define two types of weak solutions of the time fractional Fitzhugh-
Nagumo Reaction-Diffusion System, namely (1) -weak solutions and (2) -weak solutions, and demonstrate the existence and
uniqueness of these weak solutions. First, we have obtained a generalization of [1, Lemma 1] in Lemma 2.1 and using Lemma
2.1 and Galerkin’s approximation sequence, we have found the existence of (1)-weak solutions and (2)-weak solutions. We also
obtained a generalization of the result of [10, Lemma 6] to Hilbert spaces in Lemma 2.2, and using this result we proved the
uniqueness of the (2)-weak solution. Lemma 2.1 and Lemma 2.2 of this paper are results that can be effectively used to show the
existence and uniqueness of weak solutions of time fractional partial differential equations. And the existence and uniqueness
results of the weak solution of the time fractional Fitzhugh-Nagumo Reaction-Diffusion System can be used in the numerical
solutions of this reaction-diffusion system. Also, we can be used in the optimal control problems described in this system.
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1. Introduction
Fitzhugh-Nagumo Reaction-Diffusion System(FNRDS) is

an equation describing the neuron signal propagation, which
have studied in [2, 8, 9, 11, 14].

In [2], numerical calculations algorithm for fractional order
FNRDS(neglecting diffusion term) and examples of numerical
calculations for different fractional orders were studied.

The stability of a solution about the initial value problem of
first order FNRDS(neglecting diffusion term) was studied in
[8].

In [9], Spectrum and stability of travelling pulses in a
coupled FNRDS were studied.

In [11], the numerical calculation algorithm of first order
FNRDS (neglecting diffusion term) and the solution behavior
by numerical calculation were studied.

In [14], the bifurcation of initial boundary value problem for
first order FNRDS in R1 was studied.

The existence and uniqueness of a weak solution of a time
fractional linear diffusion equation were studied in [3], and
the existence and uniqueness of a weak solution for a time
fractional Navier-Stokes system were studied in [15].

In this paper, we consider weak solution of the following
initial boundary value problem of the time fractional FNRDS
in the bounded domain Ω ⊂ Rn(n = 1, 2, 3). Here, we
assume that the boundary Γ is smooth enough:

∂αy1

∂tα
−∆y1+a1y

3
1−a2y1+a3y2 = f1(t, x) in Q = (0, T )×Ω,

(1)
∂αy2

∂tα
+ b1y2 − b2y1 = f2(t, x) in Q = (0, T )× Ω, (2)
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∂y1

∂ν
= 0,

∂y2

∂ν
= 0 on Σ = (0, T )× Γ, (3)

y1(0, x) = u1(x), y2(0, x) = u2(x) in Ω, (4)

where ν is a outward unit normal on Γ, ∂yi∂ν = ∇yi·ν (i = 1, 2)

is a normal derivative on Γ, ∂αyi
∂tα (or c

0D
α
t yi) is the Caputo

Fractional Derivative(CFD) of order α ∈ ( 1
2 , 1). Also, we

assume that f1, f2 ∈ L2(0, T ;L2(Ω)) and u1, u2 ∈ L2(Ω).
We organized this paper as follows.
First, we present some preliminaries concepts and

definitions that will be used in subsequent sections in section
2.

Next, we demonstrate the existence of the weak solution of
the time fractional FNRDS in section 3. Finally, we prove the
uniqueness of the weak solutions in section 4. The main result
is as follows in this paper:

Definition 1.1.

y1 ∈ L∞(0, T ;L2(Ω))∩L2(0, T ;H1(Ω))∩Cw(0, T ;L2(Ω)),

y2 ∈ L∞(0, T ;L2(Ω)) ∩ Cw(0, T ;L2(Ω))

(
∂αy1

∂tα
∈ L2(0, T ;H1(Ω)∗) + L

4
3 (Q),

∂αy2

∂tα
∈ L2(0, T ;L2(Ω)))

are called (1)-weak solutions of the initial boundary value
problem (1)-(4), if for any z1 ∈ H1(Ω), z2 ∈ L2(Ω) and
almost all t ∈ (0, T ), the equalities〈

∂αy1

∂tα
, z1

〉
+

∫
Ω

(
∇y1∇z1 + a1y

3
1z1 − a2y1z1 + a3y2z1

)
dx

=

∫
Ω

f1z1dx,

(5)∫
Ω

(
∂αy2

∂tα
z2 + b1y2z2 − b2y1z2

)
dx =

∫
Ω

f2z2dx, (6)

y1(0, x) = u1(x), y2(0, x) = u2(x) (in L2(Ω)) (7)

are satisfied, where H1(Ω)∗ is a adjoint space of H1(Ω), 〈·, ·〉
is a duality pairing of H1(Ω)∗, H1(Ω).

Definition 1.2.

y1 ∈ L∞(0, T ;L2(Ω))∩L2(0, T ;H1(Ω))∩Cw(0, T ;L2(Ω)),

y2 ∈ L∞(0, T ;L2(Ω)) ∩ Cw(0, T ;L2(Ω))(
∂αy1

∂tα
∈ L2(0, T ;L2(Ω)),

∂αy2

∂tα
∈ L2(0, T ;L2(Ω))

)
are called (2)-weak solutions of the initial-boundary value
problem (1)-(4), if for any z1 ∈ H1(Ω), z2 ∈ L2(Ω) and
almost all t ∈ (0, T ), the equalities

∫
Ω

(
∂αy1

∂tα
z1 +∇y1∇z1 + a1y

3
1z1 − a2y1z1 + a3y2z1

)
dx

=

∫
Ω

f1z1dx,

(8)∫
Ω

(
∂αy2

∂tα
z2 + b1y2z2 − b2y1z2

)
dx =

∫
Ω

f2z2dx, (9)

y1(0, x) = u1(x), y2(0, x) = u2(x) (in L2(Ω)) (10)

are satisfied.
Theorem 1.1. There exist (1)-weak solutions of the problem

(1)-(4).
Theorem 1.2. If u1 ∈ H2(Ω) and ∂u1

∂ν |Γ = 0, there exist
(2)-weak solutions of (1)-(4).

Theorem 1.3. The (2)-weak solution y = (y1, y2) of (1)-(4)
is unique.

2. Preliminaries
In this section, we provide some preliminaries concepts

and definitions for fractional integral and derivative and prove
Lemma 2.1 and Lemma 2.2.

Suppose that X is a Banach space. Let α ∈ (0, 1], ν :
[0, T ] → X . We define the left, right Riemann-Liouville(RL)
integrals of ν :

0I
α
t v(t) =

∫ t

0

gα(t− s)v(s)ds,

tI
α
T v(t) =

∫ T

t

gα(s− t)v(s)ds, 0 < t < T

(see [4]), where gα denotes the RL kernel

gα(t) =
tα−1

Γ(α)
, t > 0.

Further, c
0D

α
t v(t), 0D

α
t v(t) and tD

α
T v(t) stand the left

CFD, left and right RL fractional derivative operators of order
α, respectively; that is

c
0D

α
t v(t) =

d

dt

(∫ t

0

g1−α(t− s)(v(s)− v(0))ds

)
, t > 0,

0D
α
t v(t) =

d

dt

(∫ t

0

g1−α(t− s)v(s)ds

)
, t > 0,

tD
α
T v(t) = − d

dt

(∫ T

t

g1−α(s− t)v(s)ds

)
, t < T.

(see [4]).
Generally, for u : [0,∞)×Rn → R1, the left CFD with
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respect to time of the function u can be written as

∂αu(t, x)

∂tα
=

∂

∂t

∫ t

0

g1−α(t−s) (u(s, x)− u(0, x)) ds, t > 0.

Let X0, X, X1 be Hilbert spaces and X0 ↪→ X ↪→ X1 be
continuous.
Suppose that v : R→ X1, v̂ denotes Fourier transform(FT)

F [v](τ) = v̂(τ) =

∫ +∞

−∞
e−iτtv(t)dt.

and R is a set of the real numbers. We have

F [−∞D
α
t v] (τ) = (iτ)αv̂(τ)

(see [4]), where

−∞D
α
t v(t) =

d

dt

(∫ t

−∞
g1−α(t− s)v(s)ds

)
, t > 0.

For given γ ∈ (0, 1), we introduce a following space.

Wγ(R ;X0, X1) ={
v ∈ L2(R ;X0) : (1 + |τ |γ)v̂(τ) ∈ L2(R ;X1)

}
.

Obviously, it is a Hilbert space for the norm

‖v‖Wγ =
(
‖v‖2L2(R;X0) + ‖|τ |γ v̂(τ)‖2L2(R;X1)

) 1
2

(see [5, Eq.(5.18)]). For any J ⊂ R, we define the spaceWγ
J

as:

Wγ
J (R ;X0, X1) = {u : v|J = u, v ∈ Wγ(R ;X0, X1)} ,

Wγ(0, T ;X0, X1) =Wγ
[0,T ](R ;X0, X1).

Let

0C
∞(0, T ) = {v ∈ C∞(0, T ) : support v ⊂ (0, T ]} ,

Hγ
l (0, T ;X0, X1) ={

v ∈ L2(0, T ;X0) : ∃vk ∈ 0C
∞(0, T ;X0),

‖vk − v‖Hγl (0,T ;X0,X1) → 0 (k →∞)
}
,

‖v‖Hγl (0,T ;X0,X1) =
(
‖v‖2L2(0,T ;X0) + ‖0Dγ

t v(t)‖2L2(0,T ;X1)

) 1
2

and

Hγ
l (R ;X0, X1) =

{
v ∈ L2(R ;X0) : ∃vk ∈ C∞0 (R ;X0),

‖vk − v‖Hγl (R ;X0,X1) → 0 (k →∞)
}
,

‖v‖Hγl (R;X0,X1) =
(
‖v‖2L2(R;X0) + ‖−∞Dγ

t v(t)‖2L2(R;X1)

) 1
2

By Plancherel theorem, Wγ(R ;X0, X1) =
Hγ
l (R ;X0, X1) holds and the norms are equivalent.

Lemma 2.1. Suppose that H is the real Hilbert space and
α ∈ ( 1

2 , 1), u ∈ L2(0, T ;H), c
0D

α
t u ∈ L2(0, T ;H) hold.

Then

0I
α
t (c0D

α
t u(t), u(t)) ≥ 1

2

(
‖u(t)‖2 − ‖u(0)‖2

)
(t ∈ (0, T )),

here ‖ · ‖ is the norm of H and (·, ·) is the scalar product of H .
Proof: Putting

v(t) = u(t)− u(0), g(t) =
1

Γ(1− α)

∫ t

0

v(τ)

(t− τ)α
dτ,

we have

g ∈ L2(0, T ;H),
d

dt
g(t) = 0D

α
t v(t) ∈ L2(0, T ;H)

by the condition for u(t).
Therefore, by [6, Theorem 2.2 of Chapter I], there exist

g̃ ∈ L2(R ;H),
dg̃

dt
∈ L2(R ;H)

such that g̃|[0,T ] = g, g̃(t) = 0 (t ≤ 0).
So, there exists {g̃k} ⊂ C∞0 (R ;H) such that

g̃k(t) = 0 (t ≤ 0), ‖g̃k − g̃‖L2(R ;H) → 0,∥∥∥∥ ddt g̃k − d

dt
g̃

∥∥∥∥
L2(R ;H)

→ 0 (k → +∞)

by [6, Theorem 2.1 of Chapter I].
Now if we put ṽ = −∞D

1−α
t g̃, ṽk = −∞D

1−α
t g̃k, we

find that

ṽ = −∞I
α
t

(
dg̃

dt

)
, ṽk = −∞I

α
t

(
dg̃k
dt

)
,

ṽ|[0,T ] = v, ṽ = 0, ṽk = 0 (t ≤ 0),

−∞D
α
t ṽ =

d

dt
g̃, −∞D

α
t ṽk =

d

dt
g̃k,

‖ṽk − ṽ‖L2(R ;H) → 0,

‖−∞Dα
t ṽk − −∞D

α
t ṽ‖L2(R ;H) → 0 (k → +∞),

namely,

‖ṽk−ṽ‖Hαl (R ;H,H) = ‖ṽk−ṽ‖Wα(R ;H,H) → 0 (k → +∞).

Therefore, putting ṽk|[0,T ] = vk, uk(t) = vk(t) + u(0),
we obtain

‖uk − u‖L2(0,T ;H) → 0, ‖c0Dα
t uk − c

0D
α
t u‖L2(0,T ;H) → 0

(k → +∞).
(11)

By [4, Theorem 2.1], we obtain

d

dt

(∫ t

0

1

Γ(1− α)
· uk(τ)− uk(0)

(t− τ)α
dτ

)
=
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0

1

Γ(1− α)
· u′k(τ)

(t− τ)α
dτ

and uk(t) ∈ C1([0, T ];H). Now let us prove

(c0D
α
t uk(t), uk(t)) ≥ 1

2
c
0D

α
t

(
‖uk(t)‖2

)
.

Similarly to [1, Lemma 1],

(c0D
α
t uk(t), uk(t))− 1

2
c
0D

α
t (uk(t), uk(t)) =

=
1

Γ(1− α)

(∫ t

0

u′k(τ)

(t− τ)α
dτ, uk(t)

)
−

1

2

1

Γ(1− α)

∫ t

0

2(u′k(τ), uk(τ))

(t− τ)α
dτ =

=
1

Γ(1− α)

∫ t

0

(u′k(τ), uk(t)− uk(τ))

(t− τ)α
dτ =

1

Γ(1− α)

(∫ t

0

u′k(τ)

(t− τ)α
dτ,

∫ t

τ

u′k(η)dη

)
=

=
1

Γ(1− α)

∫ t

0

dτ

∫ t

τ

(u′k(τ), u′k(η))

(t− τ)α
dη =

1

Γ(1− α)

∫ t

0

dη

∫ η

0

(u′k(τ), u′k(η))

(t− τ)α
dτ =

=
1

Γ(1− α)

∫ t

0

(t− η)αdη

∫ η

0

(u′k(τ), u′k(η))

(t− η)α(t− τ)α
dτ =

=
1

2Γ(1− α)

∫ t

0

(t− η)α

∂

∂η

(∫ η

0

u′k(τ)

(t− τ)α
dτ,

∫ η

0

u′k(τ)

(t− τ)α
dτ

)
dη =

=
α

2Γ(1− α)

∫ t

0

(t− η)(α−1)(∫ η

0

u′k(τ)

(t− τ)α
dτ,

∫ η

0

u′k(τ)

(t− τ)α
dτ

)
dη ≥ 0

Thus, we have

0I
α
t (c0D

α
t uk(t), uk(t)) ≥ 1

2

(
‖uk(t)‖2 − ‖uk(0)‖2

)
. (12)

BecauseWα(0, T ;H,H) ↪→ C(0, T ;H) is continuous,

1

2

(
‖uk(t)‖2 − ‖uk(0)‖2

)
→ 1

2

(
‖u(t)‖2 − ‖u(0)‖2

)
(k → +∞)

(13)

holds. Also, since

|0Iαt (c0D
α
t uk(t), uk(t))− 0I

α
t (c0D

α
t u(t), u(t))| =

= ‖ 1

Γ(α)

∫ t

0

1

(t− τ)1−α [(c0D
α
τ uk(τ), uk(τ))−

(c0D
α
τ u(τ), u(τ))]dτ‖ ≤

≤ 1

Γ(α)
[

(∫ t

0

‖c0Dα
τ uk(τ)‖2 dτ

)1/2

·(∫ t

0

‖uk(τ)− u(τ)‖2

(t− τ)2−2α
dτ

)1/2

+

+

(∫ t

0

‖c0Dα
τ (uk(τ)− u(τ))‖2dτ

)1/2

·(∫ t

0

‖u(τ)‖2

(t− τ)2−2α
dτ

)1/2

] ≤

≤ c1[

(
‖uk − u‖2C([0,T ];H)

∫ t

0

1

(t− τ)2−2α
dτ

)1/2

+

+

(
‖u‖2C([0,T ;H]) ·

∫ t

0

‖c0Dα
τ (uk(τ)− u(τ))‖2dτ

)1/2

·(∫ t

0

1

(t− τ)2−2α
dτ

)1/2

],∫ t

0

1

(t− τ)2−2α
dτ =

t2α−1

2α− 1
(α ∈ (1/2, 1)),

we have from (11) that

0I
α
t (c0D

α
t uk(t), uk(t))→ 0I

α
t (c0D

α
t u(t), u(t))

(k → +∞, t ∈ (0, T ))

holds. Thus from the above result and (11), (12), (13), this
lemma is proved.

Lemma 2.2. Suppose that H is the real Hilbert space, α ∈
( 1

2 , 1), u ∈ L2(0, T ;H), 0D
α
t u ∈ L2(0, T ;H), u(0) = 0

hold. Then∫ T

0

( 0D
α
t u(t), u(t)) dt =

∫ T

0

(
0D

α/2
t u(t), tD

α/2
T u(t)

)
dt ≥ 0

is satisfied. Here (·, ·) is the scalar product of H .
Proof: Putting

g(t) =
1

Γ(1− α)

∫ t

0

u(τ)

(t− τ)α
dτ,

we have

g ∈ L2(0, T ;H),
d

dt
g(t) = 0D

α
t u(t) ∈ L2(0, T ;H)

by the condition for u(t).
Then, similarly to Lemma 2.1, there is {ũk} ⊂

C∞0 (R ;H) such that

ũk|[0,T ] = uk, ũ|[0,T ] = u,

‖ũk − ũ‖L2(R ;H) → 0, ‖ −∞Dα
t (ũk − ũ) ‖L2(R ;H) → 0

(k → +∞)
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Hence,∣∣∣∣∣
∫ T

0

(0D
α
t uk(t), uk(t)) dt−

∫ T

0

( 0D
α
t u(t), u(t)) dt

∣∣∣∣∣ ≤
≤ ‖0Dα

t (uk − u)‖L2(0,T ;H) ‖u‖L2(0,T ;H)+

+ ‖0Dα
t uk‖L2(0,T ;H) ‖uk − u‖L2(0,T ;H) → 0

(k → +∞)

holds. By [7, Lemma 2.5], the norm

‖u‖
H
α/2
l (0,T ;H,H)

, ‖u‖
H
α/2
r (0,T ;H,H)

and ‖u‖Wα/2(0,T ;H,H) are equivalent, where

‖u‖
H
α/2
r (0,T ;H,H)

=
(
‖u‖2L2(0,T ;H) + ‖tDα/2

T u‖2L2(0,T ;H)

) 1
2

.

Thus, since Wα(0, T ;H,H) ↪→ Wα/2(0, T ;H,H) is
continuous, ∣∣∣∣∣

∫ T

0

(
0D

α/2
t uk(t), tD

α/2
T uk(t)

)
dt−

∫ T

0

(
0D

α/2
t u(t), tD

α/2
T u(t)

)
dt

∣∣∣∣∣ ≤
≤
∥∥∥0D

α/2
t (uk − u)

∥∥∥
L2(0,T ;H)

∥∥∥tDα/2
T u

∥∥∥
L2(0,T ;H)

+

+
∥∥∥0D

α/2
t uk

∥∥∥
L2(0,T ;H)

∥∥∥tDα/2
T (uk − u)

∥∥∥
L2(0,T ;H)

→ 0

(k → +∞)

holds. And we have from [3, Lemma 4.2] that∫ T

0

(0D
α
t uk(t), uk(t)) dt =

∫ T

0

(
0D

α/2
t uk(t), tD

α/2
T uk(t)

)
dt.

From [6, Theorem 11.1 of Chapter I],

C∞0 (0, T ) ⊂ Wα/2(0, T ) :={
v|(0,T );

(
1 + |τ |α/2

)
v̂(τ) ∈ L2(−∞,+∞)

}
is density. This lemma is proved.

3. Existence of the Weak Solutions

In this section, we see that Theorem 1.1 and Theorem 1.2.

Proof (Theorem 1.1).
We assume that {wj} is the proper base of H1(Ω), i.e. it

satisfies

(wj , v)H1(Ω) = λj(wj , v)L2(Ω) (∀v ∈ H1(Ω)),

and

y1m =

m∑
j=1

αmj(t)wj , y2m =

m∑
j=1

βmj(t)wj .

Now we suppose that

u1m ∈ [w1, ..., wm], u2m ∈ [w1, ..., wm],

uim → ui (i = 1, 2;m→∞, in L2(Ω)),

where [w1, ..., wm] is a set of all linear combinations of
{wj}mj=1. Then there exist solutions of following initial value
problem in [0, tm] by [13, Theorem 2.1].∫

Ω

(
∂αy1m

∂tα
wj(x) +∇y1m∇wj(x) + a1y

3
1mwj(x)

−a2y1mwj(x) + a3y2mwj(x)) dx =

=

∫
Ω

f1wjdx (1 ≤ j ≤ m),

(14)

∫
Ω

(
∂αy2m

∂tα
wj(x) + b1y2mwj(x)− b2y1mwj(x)

)
dx =∫

Ω

f2wjdx (1 ≤ j ≤ m),

(15)
y1m|t=0 = (u1)m, y2m|t=0 = (u2)m, (16)

where tm ≤ T .
Multiplying (14) by αmj(t), adding for j(j = 1, ...,m), we

get (
∂αy1m(t)

∂tα
, y1m(t)

)
L2(Ω)

+∫
Ω

(
|∇y1m|2 + a1|y1m|4

)
dx ≤∫

Ω

(
a2|y1m|2 + a3|y1m| · |y2m|

)
dx+

+

∫
Ω

f1 · y1mdx ≤
1

2

(∫
Ω

|f1|2dx+

∫
Ω

|y1m|2dx
)

+

a2

∫
Ω

|y1m|2dx+
a3

2

∫
Ω

|y2m|2dx+
a3

2

∫
Ω

|y1m|2dx.
(17)

And applying the fractional integral to it in (0, t) when
t ∈ (0, T ), we have from Lemma 2.1,

1

2
‖y1m(t)‖2L2(Ω) +

1

Γ(α)

∫ t

0

(t− τ)α−1(∫
Ω

(|∇y1m|)2
dx+ a1

∫
Ω

|y1m|4dx
)
dτ ≤

≤ 1

2Γ(α)

∫ t

0

(t− τ)α−1

(∫
Ω

|f1|2dx+

∫
Ω

|y1m|2dx
)
dτ+

1

2
‖u1m‖2L2(Ω)+
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+
1

Γ(α)

∫ t

0

(t− τ)α−1(
a3

2

∫
Ω

|y2m|2dx+
(
a2 +

a3

2

)∫
Ω

|y1m|2dx
)
dτ.

(18)

And since

(t− τ)α−1 ≥ (T − τ)α−1 ≥ Tα−1 (τ ≤ t ≤ T ),

we have

1

2
‖y1m(t)‖2L2(Ω) +

Tα−1a1

Γ(α)

∫ t

0

(∫
Ω

|y1m|4dx
)
dt

+
Tα−1

Γ(α)

∫ t

0

(∫
Ω

|∇y1m|2dx
)
dt ≤ 1

2
‖u1m‖2L2(Ω)+

+
1

Γ(α)

(
1

2

∫ t

0

(t− τ)α−1

(∫
Ω

|f1|2dx+ a3

∫
Ω

|y2m|2dx+(
2a2 + a3 +

1

2

)∫
Ω

|y1m|2dx
))

dτ ≤

≤ 1

2

Tα

αΓ(α)
‖f1‖2L∞(0,T ;L2(Ω)) +

1

2
‖u1m‖2L2(Ω)+

+
1

Γ(α)

(
1

2

∫ t

0

(t− τ)α−1

(∫
Ω

|f1|2dx+

a3

∫
Ω

|y2m|2dx+

(
2a2 + a3 +

1

2

)∫
Ω

|y1m|2dx
))

dτ.

(19)
And also, multiplying (15) by βmj(t), adding for j(j =

1, ...,m), we get(
∂αy2m(t)

∂tα
, y2m(t)

)
L2(Ω)

+

∫
Ω

b1|y2m|2dx =∫
Ω

f2 · u2mdx+

∫
Ω

b2|y1m| · |y2m|dx ≤

≤ 1

2

(∫
Ω

|f2|2dx+

∫
Ω

|y2m|2dx+ b2

∫
Ω

|y1m|2dx+

b2

∫
Ω

|y2m|2dx
)
.

Applying the fractional integral to it in (0, t) we get,

1

2
‖y1m(t)‖2L2(Ω)+

1

Γ(α)

∫ t

0

(t− τ)α−1

(∫
Ω

b1|y2m|2dx
)
dτ ≤

≤ 1

2
‖u2m‖2L2(Ω) +

1

2Γ(α)

∫ t

0

(t− τ)α−1(∫
Ω

|f2|2dx+

∫
Ω

|y2m|2dx
)
dτ+

+
b2

2Γ(α)

∫ t

0

(t− τ)α−1

(∫
Ω

|y1m|2dx+

∫
Ω

|y2m|2dx
)
dτ ≤

Tα

2αΓ(α)
‖f2‖2L∞(0,T ;L2(Ω))+

+
1

2
‖u2m‖2L2(Ω) +

1

2Γ(α)

∫ t

0

(t− τ)α−1(
b2

∫
Ω

|y1m|2dx+ (1 + b2)

∫
Ω

|y2m|2dx
)
dτ.

(20)

By (19) and (20), we have

‖y1m(t)‖2L2(Ω) + ‖y2m(t)‖2L2(Ω) ≤

c1

(
‖u1m‖2L2(Ω) + ‖u2m‖2L2(Ω) + ‖f1‖2L∞(0,T ;L2(Ω))+

+‖f2‖2L∞(0,T ;L2(Ω)) +

∫ t

0

(t− τ)α−1
(
‖y1m(τ)‖2L2(Ω)+

‖y2m(τ)‖2L2(Ω)

)
dτ
)
.

Thus, by singular Gronwall inequality ([12, Theorem 1.2]),

‖y1m(t)‖2L2(Ω) + ‖y2m(t)‖2L2(Ω) ≤

c2

2∑
i=1

(
‖ui‖2L2(Ω) + ‖fi‖2L∞(0,T ;L2(Ω))

)
(for a.e. t ∈ (0, T )),

(21)

where, c2 > 0 independent on yi(i = 1, 2).
Therefore, there exist solutions of the initial value problem

(14)-(16) in (0, T ).
Also, from (19),

‖y1m‖4L4(Q) + ‖y1m‖2L2(0,T ;H1(Ω)) ≤

c3

2∑
i=1

(
‖ui‖2L2(Ω) + ‖fi‖2L∞(0,T ;L2(Ω))

)
,

(22)

where, c3 > 0 independent on yi(i = 1, 2).

Now let ỹ1m : R→ H1(Ω) be given as

ỹ1m(t) =

{
y1m(t), t ∈ [0, T ],
0, t ∈ R\[0, T ],

and g1m : (0, T )→ H1(Ω)∗ be given as

〈g1m, wj〉 =

∫
Ω

f1wjdx−
∫

Ω

(
∇y1m∇wj − a1y

3
1mwj+

a2y1mwj + a3y1my2mwj) dx+

+
tα−1

Γ(α)
(u1m, wj) , wj ∈ H1(Ω).

Since

c
0D

α
t y1m(t) = 0D

α
t (y1m(t)− y1m(0)) =

d

dt
[ 0I

1−α
t ((y1m(t)− u1m))],
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then (14) can be written as

〈0Dα
t y1m, wj〉 = 〈g1m, wj〉 .

Let ŷ1m denote the FT of ỹ1m. Now we prove the sequence
{ŷ1m} is bounded inWγ(R : H1(Ω), L2(Ω)). So, we have to
see that∫ +∞

−∞
|τ |2γ‖ŷ1m(τ)‖2L2(Ω) ≤ const, ∃γ ∈ (0, 1), (23)

where,
Wγ(R ;H1(Ω), L2(Ω)) ={

v ∈ L2(R ;H1(Ω)) : (1 + |τ |γ)v̂(τ) ∈ L2(R ;L2(Ω))
}
,

‖v‖Wγ =
{
‖v‖2L2(R;H1(Ω)) + ‖|τ |γ v̂(τ)‖2L2(R;L2(Ω))

} 1
2

.

Now we prove (23).

〈−∞Dα
t ỹ1m, wj〉 =

〈
d

dt
[−∞I

1−α
t ỹ1m], wj

〉
=

1

Γ(1− α)

〈
d

dt

∫ t

−∞

ỹ1m(τ)

(t− τ)α
dτ, wj

〉
=

=


0, (t < 0)
〈0Dα

t y1m, wj〉 = 〈g1m(t), wj〉 , (0 ≤ t ≤ T )
1

Γ(1−α)

〈
d
dt

∫ T
0

y1m(τ)
(t−τ)α dτ, wj

〉
, (t > T )

holds. Expressing the right-hand side as 〈g̃1m, wj〉 , we have

〈−∞Dα
t ỹ1m, wj〉 = 〈g̃1m, wj〉 . (24)

By the property of the FT ([4, Property 2.15]), (24) yields

(iτ)
α

(ŷ1m, wj)L2(Ω) = 〈ĝ1m, wj〉 , (25)

here ŷ1m and ĝ1m denote the FT of ỹ1m and g̃1m, respectively.
Now, we have

sup
τ∈R
‖ĝ1m(τ)‖(H1(Ω))∗ =

sup
τ∈R

∥∥∥∥∫ +∞

−∞
g̃1m(t)e−iτtdt

∥∥∥∥
(H1(Ω))∗

≤

≤
∫ T

0

‖g1m(t)‖(H1(Ω))∗dt+∫ +∞

T

∥∥∥∥ 1

Γ(1− α)

d

dt

∫ T

0

y1m(s)

(t− s)α
ds

∥∥∥∥
(H1(Ω))∗

dt

and∫ T

0

‖g1m(t)‖(H1(Ω))∗dt =

∫ T

0

sup
z∈H1(Ω)

|〈g1m(t), z〉|
‖z‖H1(Ω)

dt ≤

≤ c4
∫ T

0

(
‖f1(t)‖L2(Ω) + ‖y1m(t)‖H1(Ω) + ‖y1m(t)‖3L4(Ω)+

‖y2m(t)‖L2(Ω) +
tα−1‖u1m‖L2(Ω)

Γ(α)

)
dt.

Also,∫ +∞

T

∥∥∥∥∥ 1

Γ(1− α)

d

dt

∫ T

0

y1m(s)

(t− s)α
ds

∥∥∥∥∥
(H1(Ω))∗

dt ≤

c6

∫ +∞

T

∥∥∥∥∥ ddt
∫ T

0

y1m(s)

(t− s)α
ds

∥∥∥∥∥
L2(Ω)

dt ≤

≤ c7
∫ +∞

T

∫ T

0

‖y1m(s)‖L2(Ω)

(t− s)α+1
dsdt ≤

c8‖y1m(s)‖L∞(0,T ;L2(Ω))

∫ T

0

1

(T − s)α
ds

hold. Multiplying (25) by α̂mj(τ) and adding for j(j =
1, ...,m), we get

(iτ)
α ‖ŷ1m(τ)‖2L2(Ω) = 〈ĝ1m, ŷ1m(τ)〉 . (26)

Then, since

sup
τ∈R
‖ĝ1m(τ)‖(H1(Ω))∗ ≤

c4

∫ T

0

(
‖f1(t)‖L2(Ω) + ‖y1m(t)‖H1(Ω)+

‖y1m(t)‖3L4(Ω) + ‖y2m(t)‖L2(Ω)+

+
tα−1‖u1m‖L2(Ω)

Γ(α)

)
dt+

c8‖y1m(s)‖L∞(0,T ;L2(Ω))

∫ T

0

1

(T − s)α
ds.

we take

sup
τ∈R
‖ĝ1m(τ)‖(H1(Ω))∗ ≤ const, ∀m ≥ 1

by (21) and (22).
From (26),

|τ |α‖ŷ1m(τ)‖2L2(Ω) ≤ c9‖ŷ1m(τ)‖H1(Ω). (27)

For γ fixed, 0 < γ < α
2 −

1
4 , then,

h(|τ |) = |τ |2γ 1 + |τ |α−2γ

1 + |τ |α

is continuous in [0,+∞) , h(|τ |) ≥ 0 and

h(0) = 0, h(|τ |)→ 1 (|τ | → +∞).

Now putting the supremum of h(|τ |) ≥ 0 in [0,+∞) as
c10(γ), we have

|τ |2γ ≤ c10(γ)
1 + |τ |α

1 + |τ |α−2γ
.
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Accordingly, ∫ +∞

−∞
|τ |2γ‖ŷ1m(τ)‖2L2(Ω)dτ ≤

c10(γ)

∫ +∞

−∞

1 + |τ |α

1 + |τ |α−2γ
‖ŷ1m(τ)‖2L2(Ω)dτ ≤

≤ c10(γ)

∫ +∞

−∞

1

1 + |τ |α−2γ
‖ŷ1m(τ)‖2L2(Ω)dτ+

c10(γ)

∫ +∞

−∞

|τ |α‖ŷ1m(τ)‖2L2(Ω)

1 + |τ |α−2γ
dτ ≤

≤ c10(γ)

∫ +∞

−∞
‖ŷ1m(τ)‖2L2(Ω)dτ+

c10(γ)

∫ +∞

−∞

|τ |α‖ŷ1m(τ)‖2L2(Ω)

1 + |τ |α−2γ
dτ.

(28)

And using (27), we can see that∫ +∞

−∞

|τ |α‖ŷ1m(τ)‖2L2(Ω)

1 + |τ |α−2γ
dτ ≤ c9

∫ +∞

−∞

‖ŷ1m(τ)‖H1(Ω)

1 + |τ |α−2γ
dτ.

Thus, (23) follows by proving that∫ +∞

−∞

‖ŷ1m(τ)‖H1(Ω)

1 + |τ |α−2γ
dτ ≤ const.

Using Schwarz inequality, we can estimate this integral as
follows. ∫ +∞

−∞

‖ŷ1m(τ)‖H1(Ω)

1 + |τ |α−2γ
dτ ≤

(∫ +∞

−∞

dτ

(1 + |τ |α−2γ)2

) 1
2
(∫ +∞

−∞
‖ŷ1m(τ)‖2H1(Ω)dτ

) 1
2

.

Because γ < α
2 −

1
4 , the first integral on the right-hand side

to inequality is finite. Therefore, from (22) and (28), we have∫ +∞

−∞
|τ |2γ‖ŷ1m(τ)‖2L2(Ω)dτ ≤ const.

Hence, (23) is proved.

Therefore, from (21), (22) and (23), there exist two elements
and two subsequences in L2(0, T ;H1(Ω))∩L∞(0, T ;L2(Ω))
(relabeled {y1m}, {y2m}) such that

y1m → y1 weakly in L
2(0, T ;H1(Ω)) and

weak − star in L∞(0, T ;L2(Ω)),

y2m → y2 weak − star in L∞(0, T ;L2(Ω)).

Using compact embedding ([5, Theorem 5.2]), we get

y1m → y1 strongly in L
2(0, T ;L2(Ω)).

Also, by [5, Lemma 1.3],

y3
1m → y3

1 weakly in L
4
3 (0, T ;L

4
3 (Ω))

hold.
And we obtain ∫ T

0

∫
Ω

∂αy1m

∂tα
wj(x)ψ(t)dxdt =∫ T

0

∫
Ω

d

dt

(∫ t

0

(t− τ)α−1

Γ(α)
(y1m(τ)− y1m(0)) dτ

)
wj(x)ψ(t)dxdt =

= −
∫ T

0

∫
Ω

(∫ t

0

(t− τ)α−1

Γ(α)
(y1m(τ)− u1m) dτ

)
wj(x)ψ′(t)dxdt→

→ −
∫ T

0

∫
Ω

(∫ t

0

(t− τ)α−1

Γ(α)
(y1(τ)− u1) dτ

)
wj(x)ψ′(t)dxdt,

−
∫ T

0

[∫
Ω

(∇y1m∇wj(x)+

a1y
3
1mwj(x)− a2y1mwj(x) + a3y2mwj(x)

)
dx
]
ψ(t)dt→

→ −
∫ T

0

[∫
Ω

(∇y1∇wj(x)+

a1y
3
1wj(x)− a2y1wj(x) + a3y2wj(x)

)
dx
]
ψ(t)dt.

for any ψ(t) ∈ C∞0 (0, T ). Therefore, by (14), we obtain

−
∫ T

0

∫
Ω

(∫ t

0

(t− τ)α−1

Γ(α)
(y1(τ)− u1)dτ

)
wj(x)ψ′(t)dxdt =∫ T

0

(∫
Ω

f1(t, x)wjdx

)
ψ(t)dt−

−
∫ T

0

[∫
Ω

(∇y1∇wj(x)+

a1y
3
1wj(x)− a2y1wj(x) + a3y2wj(x)

)
dx
]
ψ(t)dt.

(29)

Now, if we put

〈F1(t), z̃〉 =

∫ T

0

[∫
Ω

f1(t, x)z̃(t, x)dx−

∫
Ω

(
∇y1∇z̃ + a1y

3
1 z̃ − a2y1z̃ + a3y2z̃

)
dx

]
dt,

when
z̃ ∈ X = L2(0, T ;H1(Ω)) ∩ L4(Q),

we can get

F1 ∈ L2(0, T ;H1(Ω)∗) + L
4
3 (Q).
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Thus, from (29),

0D
α
t (y1(t)− u1) ∈ L2(0, T ;H1(Ω)∗) + L

4
3 (Q)

holds. When z1 ∈ H1(Ω),

0D
α
t (y1(t)− u1, z1) +∫

Ω

(
∇y1∇z1(x) + a1y

3
1z1(x)−

a2y1z1(x) + a3y2z1(x)) dx =

=

∫
Ω

f1(t, x)z1(x)dx.

(30)

holds. Integrating (30) (with order α) in (0, t), we get

(y1(t), z1)− (u1, z1) =

1

Γ(α)

∫ t

0

(t− τ)α−1

[∫
Ω

f1(τ, x)z1(x)dx−

−
∫

Ω

(∇y1∇z1(x)dx+

a1y
3
1z1(x)− a2y1z1(x) + a3y2z1(x)

)
dx
]
dτ,

(31)

Now, we show that the right-hand side to (31) is continuous
at all points of the interval [0, T ]. When t, t0 ∈ [0, T ] and
t > t0, we obtain

0I
α
t 〈F1(·), z1〉 − 0I

α
t0〈F1(·), z1〉 =

1

Γ(α)

∫ t

0

(t− τ)α−1

[∫
Ω

f1(τ, x)z1dx−

−
∫

Ω

(
∇y1∇z1(x) + a1y

3
1z1(x)− a2y1z1(x)+

a3y2z1(x)) dx] dτ−

− 1

Γ(α)

∫ t0

0

(t0 − τ)α−1

[∫
Ω

f1(τ, x)z1dx−

−
∫

Ω

(
∇y1∇z1(x) + a1y

3
1z1(x)−

a2y1z1(x) + a3y2z1(x)) dx] dτ =

=
1

Γ(α)

∫ t0

0

(
(t− τ)α−1 − (t0 − τ)α−1

)
[∫

Ω

f1(τ, x)z1dx−

−
∫

Ω

(
∇y1∇z1(x) + a1y

3
1z1(x)−

a2y1z1(x) + a3y2z1(x)) dx] dτ+

+
1

Γ(α)

∫ t

t0

(t− τ)α−1

[∫
Ω

f1(τ, x)z1dx−

−
∫

Ω

(
∇y1∇z1(x) + a1y

3
1z1(x)−

a2y1z1(x) + a3y2z1(x)) dx] dτ → 0

(t→ t0 + 0)

Similarly, we can show that

− 0I
α
t 〈F1(·), z1〉+ 0I

α
t0〈F1(·), z1〉 → 0 (t→ t0 − 0)

when t, t0 ∈ [0, T ] and t < t0. Thus, the right-hand side to
(31) is continuous in [0, T ].

Therefore, (y1(t), z1)L2(Ω) is continuous in [0, T ]. Since
H1(Ω) ↪→ L2(Ω) is density, y1 ∈ Cw(0, T ;L2(Ω)) hold.
Thus, from (31), we have

y1(0) = u1 (in L2(Ω))

Finally, we have from (31),〈
∂αy1

∂tα
, z1

〉
+

∫
Ω

(∇y1∇z1(x) + y1z1(x) + y1(y2)2z1(x))dx

=

∫
Ω

f1(t, x)z1dx.

While, for any ψ(t) ∈ C∞0 (0, T ), we obtain∫ T

0

∫
Ω

∂αy2m

∂tα
wj(x)ψ(t)dxdt =∫ T

0

∫
Ω

d

dt

(∫ t

0

(t− τ)α−1

Γ(α)
(y2m(τ)− y2m(0)) dτ

)
wj(x)ψ(t)dxdt =

= −
∫ T

0

∫
Ω

(∫ t

0

(t− τ)α−1

Γ(α)
(y2m(τ)− u2m) dτ

)
wj(x)ψ′(t)dxdt→

→ −
∫ T

0

∫
Ω

(∫ t

0

(t− τ)α−1

Γ(α)
(y2(τ)− u2) dτ

)
wj(x)ψ′(t)dxdt,∫ T

0

[∫
Ω

f2(t, x)wjdx−
∫

Ω

(b1y2mwj(x)−

b2y1mwj(x)) dx]ψ(t)dt→

→
∫ T

0

[∫
Ω

f2(t, x)wjdx−
∫

Ω

(b1y2mwj(x)−

b2y1mwj(x)) dx]

ψ(t)dt.

Therefore, by (15), we get

−
∫ T

0

∫
Ω

(∫ t

0

(t− τ)α−1

Γ(α)
(y2(τ)− u2)dτ

)
wj(x)ψ′(t)dxdt

=

∫ T

0

(∫
Ω

f2(t, x)wjdx

)
ψ(t)dt−

−
∫ T

0

[∫
Ω

(b1y2mwj(x)− b2y1mwj(x)) dx

]
ψ(t)dt.

(32)
Now, if we put

〈F2(t), z̃〉 =

∫ T

0

[∫
Ω

f2(t, x)z̃(t, x)dx−
∫

Ω

(b1y2z̃(t, x)−
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b2y1z̃(t, x)) dx] dt,

when
z̃ ∈ X = L2(0, T ;L2(Ω)),

we have
F2 ∈ L2(0, T ;L2(Ω)).

Thus, from (32),

0D
α
t (y2(t)− u2) ∈ L2(0, T ;L2(Ω))

holds. When z2 ∈ L2(Ω),

0D
α
t (y2(t, x)− u2, z2(x)) +

∫
Ω

(b1y2z2(x)− b2y1z2(x)) dx

=

∫
Ω

f2(t, x)z2(x)dx.

(33)
holds. Integrating (33) (with order α) in (0, t), we obtain

(y2(t, x), z2(x))− (u2(x), z2(x)) =

1

Γ(α)

∫ t

0

(t− τ)α−1

[∫
Ω

f2(τ, x)z2(x)dx−

−
∫

Ω

(b1y2(t, x)z2(x)− b2y1(t, x)z2(x)) dx

]
dτ,

(34)

Now, we show that the right-hand side to (34) is continuous
at all points of the interval [0, T ]. When t, t0 ∈ [0, T ] and
t > t0, we obtain

0I
α
t 〈F2(·), z2〉 − 0I

α
t0〈F2(·), z2〉 =

1

Γ(α)

∫ t

0

(t− τ)α−1

[∫
Ω

f2(τ, x)z2(x)dx−

−
∫

Ω

(b1y2z2(x)− b2y1z2(x)) dx

]
dτ−

1

Γ(α)

∫ t0

0

(t0 − τ)α−1

[∫
Ω

f2(τ, x)z2dx−

−
∫

Ω

(b1y2z2(x)− b2y1z2(x)) dx

]
dτ =

1

Γ(α)

∫ t0

0

(
(t− τ)α−1 − (t0 − τ)α−1

) [∫
Ω

f2(τ, x)z2dx−

−
∫

Ω

(b1y2z2(x)− b2y1z2(x)) dx

]
dτ+

1

Γ(α)

∫ t

t0

(t− τ)α−1

[∫
Ω

f2(τ, x)z2dx−

−
∫

Ω

(b1y2z2(x)− b2y1z2(x)) dx

]
dτ → 0 (t→ t0 + 0)

Similarly, we can show that

− 0I
α
t 〈F2(·), z2〉+ 0I

α
t0〈F2(·), z2〉 → 0 (t→ t0 − 0)

when t, t0 ∈ [0, T ] and t < t0. Thus, the right-hand side to
(34) is continuous in [0, T ].
Therefore, (y2(t), z2) = (y2(t), z2)L2(Ω) is continuous in

[0, T ] and y2 ∈ Cw(0, T ;L2(Ω)) hold. Thus, from (34), we
have

y2(0) = u2 (in L2(Ω))

Finally, we have from (34),∫
Ω

(
∂αy2

∂tα
z2 + b1y2z2(x)− b2y1z2(x)

)
dx =

∫
Ω

f2(t, x)z2dx.

Result of Theorem 1.1 is proved.
Proof(Theorem 1.2.)

Let {wj} be the system of the eigenfunctions of a eigenvalue
problem

(wj , v)H2(Ω) = λj(wj , v)L2(Ω) (∀v ∈ H2(Ω)).

and

y1m =

m∑
j=1

αmj(t)wj , y2m =

m∑
j=1

βmj(t)wj .

Now we suppose that

u1m ∈ [w1, ..., wm], u2m ∈ [w1, ..., wm],

uim → ui (i = 1, 2;m→∞, in H2(Ω)),

where [w1, ..., wm] is a set of all linear combinations of
{wj}mj=1.

Then, similarly to Theorem 1.1, there exist solutions
y1m, y2m to the Galerkin system (14)-(16). Therefore, since

the sequence {y1m} is bounded in
L∞(0, T ;L2(Ω)) ∩ L2(0, T ;H1(Ω)) ∩ L4(Q),

the sequence {y2m} is bounded in L∞(0, T ;L2(Ω)),∫ +∞

−∞
|τ |2γ‖ŷ1m(τ)‖2L2(Ω)dτ ≤ const,

there exist two elements and two subsequences (relabeled
{y1m}, {y2m}) such that

y1m → y1 weakly in L
2(0, T ;H1(Ω)) and

weak − star in L∞(0, T ;L2(Ω)),

y2m → y2 weak − star in L∞(0, T ;L2(Ω)).

By (8)-(10),∫
Ω

(∣∣∣∣∂αy1m

∂tα

∣∣∣∣2 +∇y1m∇(
∂αy1m

∂tα
) + a1y

3
1m

∂αy1m

∂tα

)
dx =

=

∫
Ω

(
a2y1m

∂αy1m

∂tα
− a3y2m

∂αy1m

∂tα
+ f1

∂αy1m

∂tα

)
dx

(35)
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follow and ∫ T

0

∫
Ω

∇y1m
∂α∇y1m

∂tα
dtdx =∫ T

0

∫
Ω

∇(y1m − u1m)
∂α∇y1m

∂tα
dtdx+∫ T

0

∫
Ω

∇u1m
∂α∇y1m

∂tα
dtdx,∫ T

0

∫
Ω

∇u1m
∂α∇y1m

∂tα
dtdx =

−
∫ T

0

∫
Ω

∆u1m
∂αy1m

∂tα
dtdx

hold. By Lemma 2.2, we obtain∫ T

0

∫
Ω

∇(y1m − u1m)
∂α∇y1m

∂tα
dtdx =∫ T

0

∫
Ω

0D
α/2
t ∇(y1m − u1m)·

tD
α/2
T ∇(y1m − u1m)dtdx ≥ 0.

Also,∫
Ω

a1y
3
1m

∂αy1m

∂tα
dx ≥ a1

2

∫
Ω

y2
1m

∂αy2
1m

∂tα
dx ≥

a1

4

∫
Ω

∂αy4
1m

∂tα
dx =

a1

2

∂α

∂tα

∫
Ω

|y1m|4dx

holds. Hence, we have from (35) that∫ T

0

(∫
Ω

(∣∣∣∣∂αy1m

∂tα

∣∣∣∣2 +
a1

4

∂αy4
1m

∂tα

)
dx

)
dt =

=

∫ T

0

(∫
Ω

(
a2y1m

∂αy1m

∂tα
− a3y2m

∂αy1m

∂tα
+

f1
∂αy1m

∂tα
+ ∆u1m

∂αy1m

∂tα

)
dx

)
dt.

(36)

At this time, we get

a1

4

∫ T

0

(∫
Ω

∂αy4
1m

∂tα
dx

)
dt =

=
a1

4

1

Γ(α)

∫ T

0

(
d

dt

∫ t

0

(
1

(t− τ)1−α∫
Ω

(
y4

1m(τ, x)− u4
1m(τ, x)

)
dx

)
dτ

)
dt =

=
a1

4

1

Γ(α)

∫ T

0

1

(T − τ)1−α(∫
Ω

(
y4

1m(τ, x)− u4
1m

)
dx

)
dτ ≥

≥ a1

4

1

Γ(α)
Tα−1

∫ T

0

(∫
Ω

(
y4

1m(τ, x)− u4
1m

)
dx

)
dτ.

Thus, by (36), Hölder inequality and Young inequality, we
obtain ∥∥∥∥∂αy1m

∂tα

∥∥∥∥2

L2(Q)

+ ‖y1m‖4L4(Q) ≤

≤ c1
∥∥∥∥∂αy1m

∂tα

∥∥∥∥
L2(Q)

(
‖y1m‖L2(Q) + ‖y2m‖L2(Q)+

‖f1‖L2(Q) + ‖u1m‖H2(Ω)

)
+ c2‖u1m‖4L4(Ω) ≤

≤ c1(ε)
(
‖y1m‖L2(Q) + ‖y2m‖L2(Q)+

‖f1‖L2(Q) + ‖u1m‖H2(Ω)

)2
+

ε

∥∥∥∥∂αy1m

∂tα

∥∥∥∥2

L2(Q)

+ c2‖u1m‖4L4(Ω),

where 0 < ε < 1. Therefore, we obtain∥∥∥∥∂αy1m

∂tα

∥∥∥∥2

L2(Q)

≤ c3
(
‖y1m‖2L2(Q) + ‖y2m‖2L2(Q)

+‖f1‖2L2(Q) + ‖u1m‖2H2(Ω) + ‖u1m‖4L2(Ω)

) (37)

Then, similarly to Theorem 1.1, for any ψ(t) ∈ C∞0 (0, T ),∫ T

0

(∫
Ω

(
∇y1m∇wj(x) + a1y

3
1mwj(x)−

a2y1mwj(x) + a3y2mwj(x)) dx)ψ(t)dt→

→
∫ T

0

(∫
Ω

(
∇y1∇wj(x) + a1y

3
1wj(x)−

a2y1wj(x) + a3y2wj(x)) dx)ψ(t)dt

and ∫ T

0

(∫
Ω

∂αy1m

∂tα
wj(x)dx

)
ψ(t)dt =

−
∫ T

0

(
0I

1−α
t

(∫
Ω

(y1m(t, x)−

y1m(0, x))wj(x)dx)ψ′(t)) dt =

= −
∫ T

0

(∫ t

0

(t− τ)α−1

Γ(α)(∫
Ω

(y1m(τ, x)− y1m(0, x))wj(x)dx

)
dτ

)
ψ′(t)dt =

= − 1

Γ(α)

∫ T

0

∫
Ω

(y1m(τ, x)− y1m(0, x))(∫ T

τ

(t− τ)α−1ψ′(t)dt

)
wj(x)dxdτ →

→ − 1

Γ(α)

∫ T

0

∫
Ω

(y1(τ, x)− y1(0, x))(∫ T

τ

(t− τ)α−1ψ′(t)dt

)
wj(x)dxdτ =
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= −
∫ T

0

(
0I

1−α
t

(∫
Ω

(y1(t, x)−

y1(0, x))wj(x)dx)ψ′(t)) dt.

Hence, from (37),∫ T

0

(∫
Ω

∂αy1m

∂tα
wj(x)dx

)
ψ(t)dt→∫ T

0

(∫
Ω

χ1(t, x)wj(x)dx

)
ψ(t)dt

holds for some χ1 ∈ L2(Q). Thus, we have χ1 = ∂αy1
∂tα ∈

L2(Q).
Finally, (8) holds by (14). In a similar way, we get (9).

The result of theorem is proved.

4. Uniqueness of the Weak Solutions

In this section, we see that Theorem 1.3.

Proof(Theorem 1.3).
Assume that (y1, y2), (ȳ1, ȳ2) are two solutions of (1)-(4)

and let
z1 = y1 − ȳ1, z2 = y2 − ȳ2.

Then from Definition 1.2, we obtain∫
Ω

(
∂αz1

∂tα
z1 +∇z1∇z1+

a1(y3
1 − ȳ3

1)z1 − a2z1z1 + a3z2z1

)
dx = 0,

(38)

∫
Ω

(
∂αz2

∂tα
z2 + b1z2z2 − b2z1z2

)
dx = 0, (39)

z1(0, x) = 0, z2(0, x) = 0, (40)

where ∫
Ω

a1(y3
1 − ȳ3

1)z1dx ≥ 0.

Hence, applying the fractional integral to the both sides of
(38), (39) and summing two equations, we have

‖z1(t)‖2L2(Ω) + ‖z2(t)‖2L2(Ω) ≤

≤ c
∫ t

0

(t− τ)α−1
(
‖z1(τ)‖2L2(Ω) + ‖z2(τ)‖2L2(Ω)+

‖z1(τ)‖L2(Ω)‖z2(τ)‖L2(Ω)

)
dτ ≤

≤ 3

2
c

∫ t

0

(t− τ)(α−1)
(
‖z1(τ)‖2L2(Ω) + ‖z2(τ)‖2L2(Ω)

)
dτ.

Thus, by singular Gronwall inequality ([12, Theorem 1.2]),

‖z1(t)‖2L2(Ω) + ‖z2(t)‖2L2(Ω) = 0 (for a.e. t ∈ (0, T )).

The proof is complete.

Abbreviations
FNRDS Fitzhugh-Nagumo Reaction-Diffusion System
CFD Caputo Fractional Derivative
RL Riemann-Liouville
FT Fourier Transform
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