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Abstract: In the mathematical theory of nerve impulse propagation, the Fitzhugh-Nagumo Reaction-Diffusion System has
attracted a great deal of attention. The Fitzhugh-Nagumo Reaction-Diffusion System provides a prototype for chemical and other
nerve conduction and biological systems. In this paper, we define two types of weak solutions of the time fractional Fitzhugh-
Nagumo Reaction-Diffusion System, namely (1) -weak solutions and (2) -weak solutions, and demonstrate the existence and
uniqueness of these weak solutions. First, we have obtained a generalization of [1, Lemma 1] in Lemma 2.1 and using Lemma
2.1 and Galerkin’s approximation sequence, we have found the existence of (1)-weak solutions and (2)-weak solutions. We also
obtained a generalization of the result of [10, Lemma 6] to Hilbert spaces in Lemma 2.2, and using this result we proved the
uniqueness of the (2)-weak solution. Lemma 2.1 and Lemma 2.2 of this paper are results that can be effectively used to show the
existence and uniqueness of weak solutions of time fractional partial differential equations. And the existence and uniqueness
results of the weak solution of the time fractional Fitzhugh-Nagumo Reaction-Diffusion System can be used in the numerical
solutions of this reaction-diffusion system. Also, we can be used in the optimal control problems described in this system.
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In [14], the bifurcation of initial boundary value problem for
first order FNRDS in R! was studied.
The existence and uniqueness of a weak solution of a time

1. Introduction

Fitzhugh-Nagumo Reaction-Diffusion System(FNRDS) is

an equation describing the neuron signal propagation, which
have studied in [2, 8,9, 11, 14].

In [2], numerical calculations algorithm for fractional order
FNRDS (neglecting diffusion term) and examples of numerical
calculations for different fractional orders were studied.

The stability of a solution about the initial value problem of
first order FNRDS(neglecting diffusion term) was studied in
[8].

In [9], Spectrum and stability of travelling pulses in a
coupled FNRDS were studied.

In [11], the numerical calculation algorithm of first order
FNRDS (neglecting diffusion term) and the solution behavior
by numerical calculation were studied.

fractional linear diffusion equation were studied in [3], and
the existence and uniqueness of a weak solution for a time
fractional Navier-Stokes system were studied in [15].

In this paper, we consider weak solution of the following
initial boundary value problem of the time fractional FNRDS
in the bounded domain @ C R™(n = 1,2,3). Here, we
assume that the boundary I' is smooth enough:

oo .
S Ayt asyitasye = fi(t,2) in Q = (0,7)xQ
(1)
O byyy = inQ=(0T)xQ (2
8ta + 1Y2 — 021 _f2(t7x) an_(Ov ) X ) ( )
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Oy1 . Oya _
E—O7E—Oon2—(07T)xF, 3)
y1(0, Q?) = U1($), yQ(va) = UQ(x) in Qa (4)

where v is a outward unit normal on I, %y; =Vy;-v (i=1,2)
is a normal derivative on T, % (or §Dgf'y;) is the Caputo
Fractional Derivative(CFD) of order a@ € ( %, 1). Also, we
assume that f1, fo € L?(0,7T; L*(Q)) and uy,us € L*(Q).

We organized this paper as follows.

First, we present some preliminaries concepts and
definitions that will be used in subsequent sections in section
2.

Next, we demonstrate the existence of the weak solution of
the time fractional FNRDS in section 3. Finally, we prove the
uniqueness of the weak solutions in section 4. The main result
is as follows in this paper:

Definition 1.1.
y1 € L(0,T; L*(Q))NL*(0,T; H' (€2))NCy (0, T; L*(2)),

Yo € L>(0,T; L*(Q)) N Cyw(0,T; L*(2))
(aayl
ot

€ L2(0,T; H'(Q)") + L3 (Q),

0%y2

ot™
are called (1)-weak solutions of the initial boundary value
problem (1)-(4), if for any 2, € HY(Q), z € L*) and
almost all ¢ € (0,T'), the equalities

€ L*(0,T; L*(Q)))

aa
< 87:?5*1 7Z1> +/ (Viyr1Vear + a1yiz — azyiz1 + asyzz1) do
Q

= / flzld:u
Q
4)

8()(
/ ( 31532 22 + biyaze — bzylz2> dx = / fazadz,  (6)
Q 0

y1(0,2) = u1(2), y2(0,2) = uz(z) (in L*(Q)) (D

are satisfied, where H'(2)* is a adjoint space of H*(Q), (-, )
is a duality pairing of H'(Q)*, H*().
Definition 1.2.

y1 € L°(0,T; L*(Q))NL*(0,T; H'(Q2))NC, (0, T; L* (1)),
Y2 € L>°(0,T; L*(Q)) N Cy(0,T; L*(Q))

0%y 2 .72 0%y2
(G e ro.miz2), 5

are called (2)-weak solutions of the initial-boundary value
problem (1)-(4), if for any z; € H'(Q), z € L*(Q) and
almost all ¢t € (0, T"), the equalities

€ L*(0,T; L2(Q))>

o .
/ ( o z1 + Vy1V21 + alyle — a2Y121 + a3y221> dx
Q

ot™
= / flzldxa
Q

(®)
aa
/ ( 35:2 29 + b1y222 — b2y122> dzx = / fazadz, (9)
Q Q
y1(0,2) = uy(x), y2(0,2) = ua(z) (in L2(Q)) (10)

are satisfied.

Theorem 1.1. There exist (1)-weak solutions of the problem
(1)-(4).

Theorem 1.2.1f uy € H?(Q) and %h = 0, there exist
(2)-weak solutions of (1)-(4).

Theorem 1.3. The (2)-weak solution y = (y1,y2) of (1)-(4)
is unique.

2. Preliminaries

In this section, we provide some preliminaries concepts
and definitions for fractional integral and derivative and prove
Lemma 2.1 and Lemma 2.2.

Suppose that X is a Banach space. Let o € (0,1], v :
[0,7] — X. We define the left, right Riemann-Liouville(RL)
integrals of v :

olfu(t) = /0 9ot — s)v(s)ds,

T
JSo(t) = / ga(s—t)v(s)ds, 0<t<T
¢

(see [4]), where g, denotes the RL kernel
tafl

— .
ey £ 0

ga(t) =
Further, §Dv(t), oDgv(t) and (DSwv(t) stand the left

CFD, left and right RL fractional derivative operators of order
o, respectively; that is

sDrol) = 4 ( / gt — $)(0(s) v(O))ds) i,
oD2u(t) = % </0t 1ot — s)v(s)ds) L t>0,

T
«DFv(t) = —% (/t J1—als — t)v(s)ds) , t<T.

(see [4]).
Generally, for u : [0,00) x R" — R!, the left CFD with
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respect to time of the function u can be written as

a t
CATUS: N TR YA R P )
0

Let Xy, X, X; be Hilbert spaces and Xy, — X <— X be
continuous.
Suppose that v : R — X7, © denotes Fourier transform(FT)

+o0
Flo](r) = o(r) = / e~y (1)dt.

— 00

and R is a set of the real numbers. We have
F_Di'v] (1) = (iT)*0(7)

(see [4]), where

d t
—eoD{fu(t) = 7 (/ gi—a(t — s)v(s)ds> , t>0.
For given v € (0, 1), we introduce a following space.
WY (R ; Xo, X1) =
{ve L’ (R;Xo): (1+|r")d(r) € L*(R; X1)}.

Obviously, it is a Hilbert space for the norm

1
R P
Il = (013 roxe) + 7170 e rx )

(see [5, Eq.(5.18)]). For any J C R, we define the space W)
as:

W}/(R ;Xo,Xl) = {'LL : 1)|.] =u, vE W’Y(R ;X(),Xl)},
W(0,T; Xo, X1) = Wy (R 5 Xo, X1).
Let
0C>(0,T) = {v e C>®(0,T) : supportv C (0,71},

H;/(OvTa XOaX1) =

{ve L*(0,T;Xo) : v, € oC>(0,T; Xo),

o = vllg 0,10, x0) = 0 (k= 00) }

HU”H](O,T;XO,Xl) = <||v||2L2(0,T;XO) + ||0D;/U(t)||%2(0,T;X1))
and
H)(R;Xo,X1)={veL*(R;Xo): vy € CF(R;Xo),

o = vl (7 300,50y = 0 (B = 00) |

(VB

ol o,y = (10032 x) + -0 DT OO N2 x )

By Plancherel theorem, W?(R ; Xo, X1) =
H] (R ; Xo, X1) holds and the norms are equivalent.

N|=

Lemma 2.1. Suppose that H is the real Hilbert space and
a € (%,1), u € L*(0,T;H), §Dfu € L*(0,T; H) hold.
Then

ol (§DFu(t), u(t)) = 5 (lu®)|* = [[u(0)]*) (¢ € (0,1)),

NN

here || - || is the norm of H and (-, -) is the scalar product of H.

Proof: Putting
1 t
/ v(r) dr,
Nl—a) Jy (t—1)°

v(t) = u(t) — u(0), g(t) =
we have

d
g € L2(07T;H)7 7g(t) =

y oD&u(t) € L*(0,T; H)

by the condition for u(t).
Therefore, by [6, Theorem 2.2 of Chapter I], there exist

i
ge LR H), d—f € L*(R : H)

such that gljo. 7 =g, g(t) =0 (t <0).
So, there exists {gx} C C3°(R ; H) such that

gr(t) =0 (t <0), gk = Gllz2(r sm) = 0,
d d

gk — .9

%g o =0 (k— 400)

L2(R;H)

by [6, Theorem 2.1 of Chapter IJ.
Now if we put & = _ooD} %G, O = _ooD} %Gr, we

find that
. o (dgY . o [ A9k
V= _oolj (dt)’ Vg = —ocoly <dt ,
O)jo,r) =v, ©=0, 0, =0 (t <0),
on 4 ox N

—oth U= %97 —DODt VU = %g/w

|9x — Ol L2(m ;1) — O,

”—ooD?@k - —othaﬁHL%R i H) -0 (k - +OO)7
namely,

[0k =0l g (r 1, m) = |06 —0llwe(r ;1) = 0 (k — +00).

Therefore, putting O |jo,7] = vk, ur(t) = vi(t) + u(0),
we obtain
lur = ull20,750m) = 0, 1§07 ue — §DF ull 2o 7,51y — O

(k = +00).
(11)
By [4, Theorem 2.1], we obtain

i ([ ro e )
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(1)
0 i e dr

]; H). Now let us prove

/ot F(ll—a)'

and uy(t) € C1([0,T

(D5 ur (1), ur (1)) = 5 607 ([ur(®)[I?) -

1\9\»—*

Similarly to [1, Lemma 1],

Nl-« - (t—1)
R CAGRTAC) P
mfa)/od” A
(

“aia
8617 </on a3 'i(iia dr, /0 n a /ﬁtgadT) dn =
(/on i, [ dT) dn >0

Thus, we have

ol (6Dy uk(t), ug(t)) > (12)

(Jlur ()11 ~

Because W*(0,T; H,H) —

lur (0)]%) -

C(0,T; H) is continuous,

l\'J\H

5 (1O = 1) = 5 (Ol = O,
(k — 400)
holds. Also, since
loIi* (6D uk (t), ur(t)) — olf" (GDF u(t), u(t))| =

¢ 1
(t—r)i-«

I | (DS un (7). ()~

GDFu(7), u(r))ldr|| <

1/2
< D2 d .
< a(/m ()| ar )

( Jue(r) — u(r >||2dT)”2+

t77-2 2

1/2
B [1Col
55 AT 1<
o (t—1)
, t 1 1/2
SC1[(|uk—u||C([o,T];H)/O W‘”) +

t 1/2
n (wné(m,m) - / 15 D2 (ur () —u<¢>>|2dr) -

t 1 1/2
[
o T

t?o& 1

t 1 _
dr —
/O t—7)2 2" T 2a—1

we have from (11) that

(a € (1/2,1)),

o (6DF uk(t), ur(t)) = ol (5D ult), u(t))

(k — +oo, t € (0,7))

holds. Thus from the above result and (11), (12), (13), this
lemma is proved.

Lemma 2.2. Suppose that H is the real Hilbert space, o €
(3,1), w € L*0,T;H), ¢Dfu € L*(0,T;H), u(0) = 0
hold. Then

/OT (oDfu(t),u(t))dt = /OT (OD?/2u(t)’ gﬁu( )) dt >0

is satisfied. Here (-,
Proof: Putting

B 1 bou(r)
0= T |, T

-) is the scalar product of H.

we have

g€ L*(0,T;H), —g(t) = oDju(t) € L*(0,T; H)

4
dt
by the condition for u(t).

Then, similarly to Lemma 2.1,
C§°(R ; H) such that

there is  {ax} C

Ukl[o,r) = Uk, Uljo,7) = U,

lar = alle2r iy = 0, || —oo Dy (@ — @) [| L2(8 111) = O

(k — +00)
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Hence, and
T T m m
/ (0D (8), un (1)) dt — / (oD%u(t), u(t)) dt| < Yim = 3 Qi (W, Yom = Y Bms ().
0 0 j=1 j=1
< llo D (ur = wll 20,70y 1ull 220,700+ Now we suppose that

+loDf ukll r20, 7,y lur — ull 20, 75m) — 0

(]{J N —|—OO) Ulm € [w17~--7wnz]7 U2m, S [wl, ...,wm}’

im —7 U :1727 — a. LZQa
holds. By [7, Lemma 2.5], the norm b ui (i m = 00, in L2(Q))

where [wi,...,w,,] is a set of all linear combinations of
Hu||H°‘/2(O,T;H,H)’ HUHHg/z(O’T;H’H) {wj };”:1 Then there exist solutions of following initial value
l problem in [0, ¢,,,] by [13, Theorem 2.1].
and ||ullyya/2(0 ;) are equivalent, where

0%Y1m .
[ (B ,0) 4 Vs + o138 )
Q

2 a2 12 3
7] | p— ) ={||u . + e D7 " . ) .
Vg 200, = (Wl oy + 1eD5 "l g1y (@) + asyzaw; (2)) de = (14)

Thus, since Wo(0,T; H, H) < W/2(0,T; H, H) is _ / faydz (1< j <m),
continuous, Q T
T aay2m
/ (o2 un(t), DY *un(t) ) di— /Q ( Bra Wi (@) + bryomw;(x) — bzylmwj(@) dz =
0
v, 2 [ e (125 <m),
/ (OD;"/ u(t), tD;’;/ u(t)) dt| < Q as)
0
D“/Q /2 ylm‘tzo = (Ul)rm y2m|t=0 = (UZ)ma (16)
< _
= HO o (e u)’ L2(0,T;H) Ht T u‘ L2(0,T;H) + where t,, < T.
" HODta/Quk‘ tD;/Q(uk B u)‘ N Multiplying (14) by oy, (t), adding for j(j = 1,...,m), we
L2(0,T;H) L2(0,T;H) get
k — 400
( ) (aaylm(t) i (t)) 4
holds. And we have from [3, Lemma 4.2] that ot T L2(Q)

T 2 4
\Y% m|” +a m de
| D, wi = J, 05
0

/ (a2|y1m|2 + a3|y1m| : |y2m|) dr+
Q

T
| (oD uste), D5 un(0) . X
0 +/f1'y1md$<2(/ |f1\2d$+/ y1m2d$>+
From [6, Theorem 11.1 of Chapter I], Q Q Q
2 asz 2 az 2
CSO(O,T) c Wa/2(O,T) = a2/Q|y1m| dr + 2 /Q|y2m| dx + 2 /Q|y1m| dx.
(17)
{U\(O,T)é (1 + |7-|"‘/2) b(r) € LQ(—oo,—i—oo)} And applying the fractional integral to it in (0,¢) when
t € (0,T), we have from Lemma 2.1,
is density. This lemma is proved.
1 2 1 ‘ a—1
Sl O + 75 | =)
3. Existence of the Weak Solutions
</ (|Vy1m|)2 de + al/ |y1m|4dx> dT S
Q Q
In this section, we see that Theorem 1.1 and Theorem 1.2. 1 t
< (t—7)" </ 12 da +/ v |2dx> drt
2l(a) /0 9! o "

Proof (Theorem 1.1).
We assume that {w;} is the proper base of H!(Q), i.e. it

1 2
e §||U1M||L2(Q)+
satisnes

(’LUj,’U)Hl(Q) = )\j(wj,v)Lz(Q) (V’U S Hl(Q)),
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1 t
—|——/ (t—T)"“l
Q,
( 3/|y2m| dLU—i- Cl2+ /‘ylm‘ daj)

And since

(18)

(t—m) > (T -7t >T! (r<t<T),

M/t (/ |y1m|4dx) dt
To—1
+F(a / (/ IVyim| dac) dt < = ||u1m||L2
rri (5 [ e=mm ([ 1aPar+as [ nars
I'(a) \2 Jo Q Q
(2(12 +as+ ;) /Q |y1m|2dx>> dr <

1
2aT(a )||f1||Lo<> or;r2) t o ||U1m||L2(Q)+

we have

1
*||Z/1m(t)|\%2(9) +

+i 1/t(t yert /|f |>da+
Tl)\2 )y " 0!
1
03/ y2m | dz + (2&2+a3+>/|y1m|2d;l:>)d7'.
Q 2) Ja
(19)

And also, multiplying (15) by B,,;(t), adding for j(j =
1,...,m), we get

(&W%%ﬂ

7y2m(t)> +/ b1 |yam|?dx =
ot 2@ Jo

/ f2 ° u2md$ +/ b2|y1m| : |y2m|dx S
Q Q

1
< 3 (/ |f2\2dx+/ \y2m|2d$+b2/ |y1m | da+
Q Q Q
b2/ |y2m|2d:c).
Q

Applying the fractional integral to it in (0, ¢) we get,
1 2
§\|ylm(t)||L2(Q)+
. /t(t >t </ bily |2dx)d <
-7 11Y2m T <
() Jo )
1 1 -
2||u2m||L2(Q)+21—\(a>/0(t7) '
(/ |f2\2d$+/ y2m2dx> dr+
Q Q
+ b2 /t(t_T)al (/ |y1m|2dx+/ |y2m|2d1’) dr S
2 () J, o o

T 9
2al(a) 120l 2o (0,722 (02)) +

1 ! . a—1
oT(a) / t=7)

(b2 [P+ 0+ [ |y2m|2dx) o
Q Q

By (19) and (20), we have

+5 luamlz2() + (20)

[y1m (D)1 20y + [[Y2m (D]|F 20y <

€1 (HulmH%?(Q) + Hu2m||2L2(Q) + ||f1||%°°(O,T;L2(Q))+
t
el oz + [ (€= (1) oy
ly2m (1) 220y ) 7).
Thus, by singular Gronwall inequality ([12, Theorem 1.2]),

ly1m (D172 () + ly2m D172y <

czz(nuznm il ran@n) @D
)

i=1
(for ae.t€ (0,T)

where, ¢ > 0 independent on y; (i = 1, 2).

Therefore, there exist solutions of the initial value problem
(14)-(16) in (0,T)).

Also, from (19),

ly1ml 220y + lv1ml 320,181 02)) <

2
es 3 (il + 1illEw 0 rizzcan )

i=1

(22)

where, ¢3 > 0 independent on y; (i = 1, 2).

Now let §1,, : R — H'(Q2) be given as

Gim(t) = { @éjm(t),

and g1y, : (0,7) — H*(Q)* be given as

te[0,T],
t € R\[0,T],

(G1m, wj) = / fledﬂﬁ—/ (VyimVw; — a1y, wj+
Q Q

a2Y1mW; + a3Y1mY2mw;) dr+
toz—l
+m (ulm,wj) , Wy € Hl(Q)

Since
0D y1m (t) = oDf (Y1m(t) —

d
dt

Yim (O)) =

= [oL ™ (yam(t) — wim))),
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then (14) can be written as

(0Df y1m, wj) = (gim,wj) -

Let ¢1,, denote the FT of ¢,,,. Now we prove the sequence
{91m} is bounded in WY (R : H*(Q), L?(£2)). So, we have to
see that

+oo
PIVITON
/ 721 () 2

— 00

)y < const, Iy € (0,1), (23)

where,

WY(R ;s H'(Q),L*(Q)) =
{ve LX(R;HY(Q): (L+|r|)o(r) € L*(R; L*(Q)},

lollws = { 1ol rarrscay + M9 322 )

Now we prove (23).

<ooD?371m,wj>=<;t[ oI Gl ]> _
ey ([ e ginm) -

0, (t<0)
= <0Dt y1m7w]> <glm(t)’wj>v (0 StST)
< ST @ g wj> . (t>T)

(t—7)=

holds. Expressing the right-hand side as (§1,,,w;) , we have

<—00Dtaglma wj> = <§1ma wj> . (24)

By the property of the FT ([4, Property 2.15]), (24) yields

(ZT) (y1m7 wj)L2(Q) <glﬂ% wj> (25)

here ¢1,, and §i1,,, denote the FT of 41, and g1.,,, respectively.
Now, we have

sup || gim (1)l (71 (0))+
TER

+oo )
/ glm(t)e_”tdtH

—00

IN

sup
TER

(H'(2))*

T
S/ lg1m ()| (12 ()~ dt+
0
/+°° 1 d /T Yim(s)

9" s dt

H(Hl(ﬂ))*

and

T T
m(t), 2
/ 91 (D)l (a1 ()t =/ sup Ko (t). 2}l 5, <
0 0 zeH(Q)

HZHHl(Q)

T
<er [ (10 + o Olln ey + IOy +

o P ) »

1920 ()| 2(2) + (o)

Also,
/+Oo : d/T tim (%) ds dt <
T Pl—a)dt J, (t—s) () -
+oo d T
Yim(S
of ] E =
T 0 £2(9)

o0 T lyim (s) ||L 2(Q)
o [ [ e

1
C. m oo . 7d8
sllyim(s)llLe(o,ri> (Q))/O T —s)e

hold. Multiplying (25) by &y, ;(7) and adding for j(j =
1,...,m), we get

(@) [91m () F20) = (G1ms Grm (7)) - (26)
Then, since

Sup || grm (7) [l (71 ()= <
TER

T
e / (1A 22 + N (©) 112+
1 ()3 ac0y + 2 (8 | 200+

ta71||u1m||L2(Q)
- TmTETE) ) g
T () >*

T
c 7 oo o —ds.
sl =i | s
we take

Slelg |91 (T) || (r11 (02))= < const, ¥m > 1

by (21) and (22).
From (26),
71N G1m (D F 20y < CollGrm (T) [ 1.(0)- (27

1
For v fixed, 0 < v < % — 7. then,

1+ |T|a—2'y
n(|r)) = |7 —————
(1) = I
is continuous in [0, +00) , A(]7]) > 0 and

h(0) =0, h(|7|) =1 (J7] = +o0).

Now putting the supremum of A(|7|) > 0 in [0, +oc0) as
c10(7y), we have

1+ |7

2y L R
I7]*7 < c10(7) 1+ ‘7-|0t—2'y'
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Accordingly,

+oo
/ 72 1 ()2 2y <

— 00

“+oo o
Lt |r* o
w0 | e i Ol <

<ec1o(7) /+°° !

o THITE

490 |71 Gm (1) 125
010(7)/ 1+ |7.‘oz—2'y dr <

[91m (T 7 20y d+
(28)

— 00

+oo
< cio(7) / 1 ()12 -+

— 00

oo 7] G1m (7113
010(7)/ |71 [ G1m ( )J‘LQ(Q)dT.

S

And using (27), we can see that

91m (T) | 1 (02) &
L+ [rfo-27

/*"0 7151 (7172 @ g <

L+ [r]o2

+oo
of
Thus, (23) follows by proving that
/.
Using Schwarz inequality, we can estimate this integral as
follows.

—0o0

Mm— < const.

L+ |72

/+Oo 91m (T )||H1(Q)d

1+ [r]o-2

— 00

1 1
+o0 dr 2 +oo . 2
</OO (1 + |T|“_2V)2) </OO ||y1m(7_)iI1(Q)dT) .

Because y < 3 — 1 the first integral on the right-hand side
to inequality is finite. Therefore, from (22) and (28), we have

“+oo
/ |T|2W||Q1m(7)|\2Lz(Q)dT < const.
— 00

Hence, (23) is proved.

Therefore, from (21), (22) and (23), there exist two elements
and two subsequences in L?(0, T'; H*(Q2))NL>° (0, T; L?(Q2))
(relabeled {y1m}, {y2m}) such that

Yim — y1 weakly in L*(0,T; H'(Q)) and
weak — star in L(0,T; L*(Q)),
Yom — Yo weak — star in L= (0,T; L*(12)).

Using compact embedding ([5, Theorem 5.2]), we get

Yim — y1 strongly in L*(0,T; L*(Q)).

Also, by [5, Lemma 1.3],
ys — s weakly in L%(O, T;L? (Q))

hold.
And we obtain

/ / 31;?? w; (@) () dwdt =
/ /dt (/ F(To);l(ylm( )—ylm(O))dT)
w(x)(t)dwdt =

-/ ' [ [ (o a)+

alyfmwj () — a2y1mw; (x) + asyamw, (x)) dx} P(t)dt —

- ' [0

aryiw;(x) — azyrw;(x) + azyow;(x)) da] Y (t)dt.
for any ¢ (¢) € C§°(0,T). Therefore, by (14), we obtain
()~ wr)ar )

SATS
wj(x)y (t)dedt =

/0 ’ ( /Q fl(t,x)wjdx> P(t)di— (29)
I [ TnTu

— asyrw;(z) + asysw;(z)) d] ¥ (t)dt.

th)afl

C Do)

aly?wj (z)

Now, if we put

T
(F1 (1), 2) = /0 [ [ .-

/ (Vﬁng + aly‘;’é —asy1Z + (lgyzé) dx| dt,
Q

when
7€ X =L%0,T;H'(Q) N LYQ),

we can get

Fy € L2(0,T; HY(Q)*) + L3 (Q).
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Thus, from (29),
0D} (s (8) = ) € LAO, T B (@)") + L1 (Q)
holds. When z; € Hl(Q)
oDy (y1(t) —ur, z1) +

/ (V1 Vi (2) + aryfz (x)—
Q

(30)
azy121(x) + agyez1(x)) doe =
/ f1 t X 2’1
holds. Integrating (30) (with order «) in (0, t), we get
(y1(t),21) — (u1,21) =
1 /t .
— [ t—7)" [/ fi(r,z)z1(x)de—
F(Oé) 0 Q (31)
- / (Vy1Vz (z)da+
Q

a1y 21 (x) — agyr 21 (x) + asyazi (x)) da] dr,

Now, we show that the right-hand side to (31) is continuous
at all points of the interval [0,7]. When ¢,y € [0,7] and
t > ty, we obtain

ol (F1(), z1) — olf (F1(+), 21) =

7 / (- [ | )z

—/ (Vy1Vzi(2) + aryiz(z) — asyr 21 (z)+
Q

azyz21(v)) dx] dr—

_F(loé)/oto(t0 _ oyt [/Q Fi(7, )21 da—

—/ (Vylv,zl(a:) + alyle(l")—
Q

azy121(x) + azyz21(v)) dz] dr =

1 fo a—1 _ -7 a—1
Zm/o ((t—7) (to — 7))

[/Q fi(r,x)z1dx—

_/Q (Vy1Vz1(x) +a1y§’21($)—

agy121 () + azyzz1 (v)) dx] dr+

T /tot(t—r)“-l JRGES

_/Q (Vy1Vzl(x) + aryi 2 (z)—

asy121(x) + agyz21(z)) de] dr — 0
(t = to+0)

when t,to € [0,T] and t < to.

Similarly, we can show that
— ol (Fi(+), z1) + ol (F1(), 21) = 0 (t — to — 0)

Thus, the right-hand side to

(31) is continuous in [0, 7).

Therefore, (y1(t),21)12(q) is continuous in [0,7]. Since

HY(Q) — L?(Q) is density, y1 € C,(0,T;L*(Q)) hold.
Thus, from (31), we have

<

y1(0) = uy (in L*(Q))
Finally, we have from (31),

0%y

ata7zl> Jr/Q(VyNZl(m)erlzl(at)erl(:yz)231(36))clﬂC

= / f1(t, z)zd.
Q

While, for any ¢ (t) € C§°(0,T), we obtain
L
/O o ;t/i w;(z)(t)dzdt =
_ a—1
/ /Q dt (/ t:))é) (Y2 (7) = y2m (0)) dT)
w;(z)Y(t)dedt =

(o () — ti2m) dT>
wj(x)y' (t)dedt —

UATES T
- - / /(/ ) 1(y2(7)—u2)d7')
w; (o) (t)dadt,

boyimw; (x)) da] (t)dt —

- /OT [/Q fg(t7l‘)’wj‘d$—/9(b1y2mwj(x)_

boyimw;(x)) da]
Y(t)dt.
Therefore, by (15), we get

(] S ) v ) sty

_ /0 ! ( /Q fQ(t,x)wjd:E> Y(t)dt—

T
—/ {/ﬂ (D1yomw;(z) — bayrimw;(z)) da:} P(t)dt.
’ (32)
Now, if we put

/ [/ fa(t, )z txdx—/g(blygé(tx)—
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bay12(t, x)) dx] dt,

when
Ze X =L*0,T; L*()),

we have
Fy, € L*(0,T; L*(Q)).

Thus, from (32),
0Df (y2(t) — u2) € L?(0,T; L*(2))

holds. When 2y € L*(Q2),

oDﬂm@www@mw»+AwWﬂxm—mma@»m

_ /Q Folt, )2 (2)d.

(33)
holds. Integrating (33) (with order «) in (0, ¢), we obtain

(y2(t; ), 22(2)) — (ua(2), 22(2)) =
1

) /Ot(t — )t L/Q fa(r, z)z2(x)dx— (34)
7 /Q (b1ya(t, 2)22(x) — b2y1(t,x)22(9:))d:z:] dr,

Now, we show that the right-hand side to (34) is continuous
at all points of the interval [0,7]. When ¢,y € [0,7] and
t > ty, we obtain

ol (Fa(), 22) — olp (F2(+), 22) =
1

T(a) /ot(t -7 [/Q fo(7, @) 20 (2)dz—
_/Q (b1yaz2(x) — b2y122(x))d4 i

F(la)/oto(to ~ oyt UQ Folr, @) 2ada—

B /Q (b19>22(w) = baya2a()) dx] dr —

1 fo a—1 _ _Ta—l
m/o ((t—7) (to— 7))

_/ (b1y222(x) — bay122(7)) dx} dr+
Q

— /Q (bryaz2(x) — bay122(x)) dx] dr — 0 (t = to +0)

fo(r, @) z0dx—
LJo

Similarly, we can show that
— ()Ita<F2(), 22> + ()Itcg <F2(), ZQ> —0 (t — 1o — 0)

when ¢,ty € [0,T] and t < t. Thus, the right-hand side to
(34) is continuous in [0, 7).
Therefore, (y2(t),22) = (y2(t),22) 12, is continuous in

[0,7] and yo € C,(0,T;L*(Q)) hold. Thus, from (34), we
have
y2(0) = us (in L*(Q))

Finally, we have from (34),

aOL
/ ( 3tz2 22 + biy22a(z) — b2y122(93)) dr = / fo(t, z)22dx.
Q Q

Result of Theorem 1.1 is proved.
Proof(Theorem 1.2.)

Let {w, } be the system of the eigenfunctions of a eigenvalue
problem

(wj,v) () = Aj(w;,v)r2(0) (Vo € H*(Q)).

and
m m
Yim = Z Amj (t)wja Yom = Zﬁm] (t)wj'
j=1 j=1

Now we suppose that

Ulm € (W1, ooy Win]y Uz € W1y evy W],

Ui — w; (1 = 1,2;m — o0,in H?(Q)),

where [wy, ..., w,,] is a set of all linear combinations of

{w; }3”21
Then, similarly to Theorem 1.1, there exist solutions
Y1m, Y2m to the Galerkin system (14)-(16). Therefore, since

the sequence {yim} is bounded in
L0, T; L*(Q)) N L*(0, T3 H' (2)) N LH(Q),
the sequence {yam} is bounded in L°°(0,T; L*(Q)),

+oo
[ o i) yr < const,

— 00
there exist two elements and two subsequences (relabeled
{yim}, {y2m}) such that

Yim — y1 weakly in L*(0,T; H'(Q)) and
weak — star in L>(0,T; L*(Q2)),
Yom — Yo weak — star in L*°(0,T; LQ(Q))'

By (8)-(10),

8ay1m aocyhﬂ 3 aaylm _
(e N T

o O“Y1m O*Y1m O“Y1m
- /Q (alem ot a3Y2m It + fl ot dx
(35)

2
+ VylmV(
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follow and

/ / Vylmaav&dtd
0*Vyim
/ / V(im = 1) 0 dtda+
[ et
ylm
Vu midtda: =
/0 /Q o
T 1e%
—/ /Aulmaa%dtdx
o Ja
hold. By Lemma 2.2, we obtain
T le}
/ /V(ylm—ulm)aav#dtdmz
0o Ja

T
/ / ()D?/Qv(ylm - Ulm)'
0 JQ

(DN (Y1 — urm)dtdz > 0.

ylmdtd

Also,

O“Y1m ay , 0° yl
dex > — ™ dx
‘/Qalylm ot L=z 2 ylm ote

oyt
_— 1m — 5 8ta/|yhn| dCE

4 Jq Oto
holds. Hence, we have from (35) that
T 2 4
%Y1m a1 0%y,
— ) da | dt =
/0 (/QO ot ‘ T e )
NSNS
- 291m — 5, — W3Y2m
o O m ata 13 ata

8Olylm 3Qy1m
fi e + Auip, B )dm) dt.

(36)

At this time, we get

T
E 8ay1m _
4 /0 ( o Ot & )dt_
B E 1 /T i /t 1
B 4 F(O[) 0 dt 0 (t - 7—)1—04

/Q (yilm(Ta x) —ui,, (T, z)) dx) d7> dt =

=5 r<1a> /UT (T —lﬂl—a
( /Q (v (rox) —ul) d:v) ir >
K

a 1 (v (r ) — ) dx) dar.
Q

*411()

Tafl/
0

Thus, by (36), Holder inequality and Young inequality, we
obtain

2
H aaylm,

4
m <
ot HLz(Q) * ||L4(Q) o

<

ot~
[ fillz2(q)
< e1(e) (lyimllz2c@) + llyamllz2 @)+

8Olylm
H (Iamllz20) + 2 L2200+
L2(Q)

+ lurmll g2()) + colluamllzag) <

2
1f1ll20) + lurmllm2))” +
&_Haaylm 2
0t lL2(q)

+ callurml a0y

where 0 < € < 1. Therefore, we obtain
Haaylm 2
0t lL2(q)

2 2 4
11132y + ItrmlEracay + NuvmE2ay )

< ¢ (Ilyamli32(g) + Iy2mll3e(o) -

Then, similarly to Theorem 1.1, for any v (¢) € C§°(0,T),

L ([ 005030 + s o)~
a2y1mw;(x) + azyomw;(z)) dz) Y(t)dt —

- ' ( | (0 9u,@) + arptu, (@)~

asy1w;(x) + azyow;(x)) dx) (t)dt

and

j (x)dm) Y(t)dt =

/T( 8aylmw
0 o Ot
T
- (013—“ ( [ -
0 ¢

y1m (0, 7)) wj(af)dzx) Y(t)) dt =
S

0 0 (6]
(/Q (Y1m (7, 2) = y1m (0, 7)) w; (:l:)dx) d7'> W (t)dt =
ﬁ /OT /Q (Y1m (T, 2) — y1m (0, 2))
(/TT(t - T)a_1¢/(t)dt> wj(z)dzdr —
- F(la)/OT/Q(yl(m)yl(o,x))

T
(/ (t— T)alil)'(t)dt) w;(z)drdr =
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- ' (o ([ e~

y1(0,2)) w; (z)dz) Y’ (t)) dt.
Hence, from (37),

T aa m
/o (Q 3oe wf(ﬂﬁ)dx) Y(t)dt —

/OT ( /Q Xl(t’fv)wj(x)dw> P(t)dt

holds for some x; € L?(Q). Thus, we have x; = 6;%’,1 S
L*(Q).
Finally, (8) holds by (14). In a similar way, we get (9).

The result of theorem is proved.

4. Uniqueness of the Weak Solutions
In this section, we see that Theorem 1.3.

Proof{Theorem 1.3).
Assume that (y1,y2), (§1,72) are two solutions of (1)-(4)
and let

z1=Y1— Y1, 22 = Y2 — Y.
Then from Definition 1.2, we obtain
804
/ < A1 21+ Vz1Vzi+
o\ ot (38)

al(y:f — gf)zl — agz1%1 + a32’22’1> d,CL' = O7

0%
/ <Z222 + b12'22'2 - b22’12’2> dx = 07 (39)
o \ ote
21(0,2) =0, 22(0,2) =0, (40)

where
/ al(yi’ — g?)zldaﬁ > 0.
Q

Hence, applying the fractional integral to the both sides of
(38), (39) and summing two equations, we have

21 ()72 + 122() |72 <
t
<o [ =m0 (a0l + 120+
21 ()22 22(7) | 2@ dT <
t

< 3e [t =m0 (Ol + laal )
Thus, by singular Gronwall inequality ([12, Theorem 1.2]),
21 (Ol|72 () + 220720y = 0 (for ae.te (0,T)).

The proof is complete.

Abbreviations

FNRDS Fitzhugh-Nagumo Reaction-Diffusion System

CFD Caputo Fractional Derivative

RL Riemann-Liouville

FT Fourier Transform
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