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Abstract 

In this paper, we propose a method for identification of continuous-time fractional-order systems with unknown states and 

input delays. In practice, many systems are modeled accurately with fractional differential equations. In particular, many 

systems are modeled as fractional differential equations with input delay and state delay. Since the geometric and physical 

meaning of fractional calculus is not clear, it is difficult to model the real system directly to fractional order systems based on 

mechanical analysis. Thus, the identification of fractional order systems is the main method for constructing fractional order 

models and is the subject of the main research by many scientists. To solve the identification problem of systems with input 

delay and state delay, we use the fact that the fractional integral operator matrix by the block pulse functions is an upper 

triangular Toeplitz matrix. We have presented an efficient method to identify the linear and nonlinear parameters separably by 

using the commutativity and nilpotent property for multiplication between upper triangular Toeplitz matrices. We also have 

presented an efficient algorithm to newly approximate the Jacobian of the variable projection functional to solve the least 

squares problem with nonlinear parameters. Several simulation examples have been used to verify the effectiveness of the 

proposed method. It is shown that the input delay and the state delay have a significant effect on the output characteristics of 

the system, especially the state delay has a larger effect than the input delay. 
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1. Introduction 

Due to non-local and historical memory properties of 

fractional order system (FOS), it has been widely studied by 

many researchers, see [1-7]. See also books [8-10]. 

The time delay is one of the natural problem in the practical 

engineering applications. FOSs with time delays can be found 

in various engineering systems such as chemical process, 

nuclear reactor, and the dynamic behavior of HIV infection 

of     T-cells, see [11]. In practice, FOSs with state delays 

arise from the dynamic behavior of viscoelastic materials, 

dynamical processes in self-similar and porous structures, 

control theory of mechanical system, strongly porous materials, 

some amorphous semiconductors, see [12-18]. In particular, 
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they arise from communication lags, feedback delay in 

measurement, delay in closed loop systems. In [17], the 

authors studied the control problem of SISO system which is 

presented as FOS with state delay when there exists a time 

delay in the state feedback loop. In [18], the authors use the 

control signal composed of state delay signals to stabilize the 

vibration system of single degree of freedom. The stabilization 

of FOSs is greatly affected by state delay, see [13, 16]. So this 

is an important non-negligible factor in the construction of 

model for FOS with state delay. 

Because of the lack of acceptable geometric or physical 

explanations of fractional calculus, the identification for 

FOSs has been the best approach for building fractional 

order models of physical systems. 

It is well known that the time domain identification 

method is one of the identifications of FOSs. This is based 

on the minimization of both equation error and output error 

and hence several least square algorithms have been used. 

For example, we refer to a recursive error prediction 

approach [19], modulating function method [20, 21], Haar 

wavelet-based method [22, 23], Block pulse functions 

(BPFs)-based method [11, 24-28]. 

Due to the simplicity of BPFs, the identification method 

using BPFs has been considered as an effective one to avoid 

the complicated and costly computations of the fractional 

derivatives of input and output signals. 

In [11], to identify FOS with input delay, the fmincon 

function in MATLAB optimization toolbox was used to solve 

the optimization problem for determining both linear and 

nonlinear parameters. In the paper, the identification accuracy 

is sensitively varied according to the change of initial value. In 

general, the identification method for the linear continuous 

FOS which can estimate the linear and nonlinear parameters 

individually is considered as an efficient one having the 

independence of identification accuracy to initial condition 

and reducing the amount of work. In the context, we proposed 

an efficient identification method for FOS with both nonzero 

initial value and time delay, in which the linear and nonlinear 

parameters are individually estimated [28]. 

Within our knowledge, for FOSs with state delay there 

seems to be no work concerning parameter identification 

method in which linear and nonlinear parameters are 

individually estimated. So the aim of this paper is to develop 

such an identification method for FOSs with unknown state 

and input delays. The main novelty is to derive a new method, 

by which the linear and nonlinear parameters are separably 

estimated by using the commutativity and nilpotent property 

of the fractional integral operational matrix (FIOM) of BPFs. 

Moreover, we propose an efficient algorithm based on a new 

approximation about the Jacobian of variable projection 

functional for solving the least squares method for nonlinear 

parameters. With the estimated nonlinear parameters, we use 

the bias compensated recursive least squares (BCRLS) method 

in order to reduce the amount of work and get a high accuracy 

in the identification of linear parameters. 

Simulation results show that in the proposed methods the 

unknown state and input delays, coefficients are efficiently 

identified. 

The paper consists of 5 sections. In section 2, we give the 

definitions of fractional calculus, BPFs and explain the 

commutativity and nilpotent property of the FIOM of BPFs, 

which is upper triangular Toeplitz. Section 3 is devoted to 

construction of a separable recursive model for FOSs with 

unknown state and input delays, and of a method in which 

the least square problem including all parameters is projected 

onto the one only including nonlinear parameters, i.e., state 

and input delays. In section 4, we give some simulation 

examples for verifying the effectiveness of the proposed 

method. Section 5 concludes this paper. 

2. Preliminaries 

2.1. Definitions of the Fractional Order Integral 

and Derivative 

The Riemann-Liouville fractional order integral is defined 

by 

   
   

      
 

    
∫  

 

  
                      (1) 

where    ,        is the integral interval and      is the 

Gamma function, that is,       ∫  
 

 
         . 

For the sake of simplicity, we set       and 

denote    
   

  by   . 

Let             . Then the Riemann-Liouville 

fractional order derivative is defined as 

                                     

 
  

   *
 

      
∫  

 

  
                 +  

   (2) 

2.2. The FIOM of BPFs 

As in [29], a set of BPFs in the semi-open interval       is 

defined by 

       {
  

   

 
    

 

 
  

            
           (3) 

where        , and   is the number of BPFs in the set. 

We call                        by block pulse vector. 

If we define the elements of                by 

   
 

 
∫  

 

 
 

   

 
 

         
   

 
     

then any absolute integrable function defined on 

interval       can be approximated by a linear combination 
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of BPFs as follow: 

     ∑   
   [

 

 
∫  

 

 
 

   

 
 

      ]       ∑   
           

                          (4) 

By Eq. (1), we have 

       
 

    
                     (5) 

where the symbol   means convolution. In [30], it was shown 

that Eq. (5) can be represented as 

                             (6) 

where 

    
  

      

(

 
 

         

          

         

     
      )

 
 

       (7) 

  
 

 
                                   

          

We call the matrix    by FIOM for BPFs. By Eqs. (4), (6), 

the fractional order integral of the function      is given by 

                              (8) 

2.3. Commutativity and Nilpotent Property of 

the FIOM 

By Eq. (4), the function        is expanded by BPFs as 

follow: 

                ∑   
                 (9) 

where 

   
 

 
∫  

 

 
                       (10) 

In [11], it was pointed out that for     , the delayed 

function        is represented as 

                              (11) 

where for the Kronecker delta function     

   (      )     

 
                   (12) 

The matrix    is called   order delay operational one. In 

[28], it was shown that for non-negative integers    , 

          {

          
             

           

         (13) 

As in [11], the Riemann-Liouville fractional order 

integral        is rewritten as 

                                  (14) 

By Eq. (12), the FIOM from Eq. (7) is decomposed into 

   ∑     
   

  

      
                  (15) 

From Eq. (15), we can see that the FIOM from Eq. (7) is 

upper triangular Toeplitz which belongs to the 

subspace        {            }. 

Next, let us consider the commutativity of FIOMs. In the 

Appendix A below, we show the following properties: for 

any two FIOMs,        and            , 

           

              

                

             (16) 

In [31], it was shown that if a matrix   belongs to the strict 

upper triangular Toeplitz space         {         }, 

then    is nilpotent. Indeed, if       , then by (13) for 

all       

                       (17) 

Remark 1 Eq. (17) is the main key in the transformation of 

identification of FOS with state delay onto the separable 

least square problem. In particular, by Eqs. (16) and (17), 

we get that 

for   ∑     
             and   ∑     

         , 

              ∑     
   

  

               (18) 

For more detail, we refer to Appendix B. 

3. Identification Algorithm for FOSs 

with Unknown State and Input Delays 

Here we construct a new identification algorithm for FOSs 

with unknown state and input delays using separable least 

square problem. At first, the identification method is proposed 

for FOS from [14] and then for FOS from [12, 13, 16]. 

3.1. Case 1 

Let us consider the FOS from [14] 
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         (19) 

where              and    is the number of BPFs 

and   is the simulation time, and     ,     ,     ,      are 

input signal, state, output signal and the Gauss white noise, 

respectively. 

From Eqs. (8) and (14) the first equation in Eq. (19) can be 

rewritten as 

                             

Hence by (4) 

                     
              (20) 

By Eq. (18), the matrix          
   with     is the 

following: 

         
   ∑     

            
            (21) 

Inserting Eq. (21) into Eq. (20) implies that 

             ∑     
            

              (22) 

Now we set 

                                                             

                                                                                                

                       

If                , then by the previous notation Eq. (22) can be rewritten as 

                                                        (23) 

where 

                                                                                           (24) 

Remark 2 In the estimation of the nonlinear parameter           , for                   or                , only 

the first up to              elements in Eq. (24) can be non-zero. The greater   and  , the smaller the amount of work. 

By Eq. (24) the data matrix        for   sampling points can be written as 

       {        }   
                                        (25) 

where 

         {
    

 
                                   

           
                      (26) 

Then by Eqs. (25) and (26) the identification for (19) is 

reduced to the separable least square problem as 

          ‖          ‖ 
                (27) 

where   is sampling value vector for     . 

3.2. Case 2 

Let us consider the FOS from [12, 13, 16] 

                                 

               
 (28) 

where             ,  ,  ,                     are the 

same as in the FOS (19). 

From Eq. (8) we can rewrite Eq. (28) as 

                                   

Hence 

                                        (29) 

From (18) and Appendix C, the matrix       
    

        with     can be rewritten as 

                  ∑     
       

               (30) 

where      
 

      
     

  

      
     

  

  
             

∑   
     

             . Once    is known, the 

matrix         is represented as 
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        (
 
 
)   

              
     

Remark 3 If |  |   , then the convergence of proposed 

algorithm is guaranteed with increase of the number of BPFs. 

If |  |   , then in Appendix C we can set          and 

modify the algorithm. 

Inserting (30) into (29) implies that 

            ∑     
            

                   (31) 

If               
             , in Eq. (31), 

then                   
  is the linear parameter 

and               the nonlinear parameter. Then Eq. (31) 

can be rewritten as 

                             (32) 

where 

                                               

                                    

                                      (33) 

By Eq. (32) the data matrix        for   sampling points 

can be rewritten as 

       {        }   
           (34) 

where 

                                            (35) 

Thus from Eqs. (31) and (34) the identification for the 

FOS (28) is reduced to the separable least square problem 

          ‖          ‖ 
              (36) 

where   is the sampling value vector of     . 

3.3. Identification Algorithm 

3.3.1. Identification Algorithm for Nonlinear 

Parameter 

As we can see in Eqs. (27) and (36), the identifications for 

FOSs (19) and (28) with both state and input delays are 

reduced to the separable least square problem. 

As [32], given the nonlinear parameter    , the solution of 

the optimization problem (27) and (36) for obtaining the 

linear parameters is 

                           (37) 

where                         
          is 

Moore-Penrose pseudo-inverse. 

Inserting Eq. (37) into Eq. (27) or (36) yields that we have 

the following optimization for nonlinear parameter    : 

        ‖(        ) ‖
 
            (38) 

where               
            and 

        (        )            (39) 

is a variable projection functional. 

The matrix          needs the inverse 

matrix                 
  . However, the 

matrix                can be singular. To solve the 

problem, we follow the argument from [28]. 

If the matrix         satisfies 

       
                    (       

      )
 

 

       
                       (40) 

then the matrix        from (38) can be rewritten as 

              
                  (41) 

Here the matrix          can be obtained as follow: 

if             , then the matrix        is decomposed 

as 

        (
      

  
)            (42) 

where                     and      has normally 

orthonormal column vectors. Then the matrix 

        (   
   

  
)    

satisfies Eq. (40). Setting                  , we have 

           
                 (43) 

Thus Eq. (38) is represented as 

      ‖       
   ‖             (44) 

As pointed out in [28], the matrix    consists of the first 

linear independent   column vectors which are obtained by 

orthonormalizing         by virtue of Gram-Schmidt 

orthogonalization. 

In order to identify the nonlinear parameter based on 

Levenberg-Marquardt (LM) algorithm from [31], we have to 

construct the Jacobian for the cost functional (44). 

Remark 4 In this paper, we propose a new construction of 

Jacobian of variable projection functional, in which the 
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matrix    is no longer used. 

To this end, we first calculate the Jacobian of variable 

projection functional         from (39). 

If                    for      or 3, then we have 

for         

                                                                                

                                                                            

                                                     

As [33] we can neglect the term                 in the previous formula. This enables us to reduce the amount of work 

without a great affection about the approximation accuracy of Jacobian. By (43) we have 

                                       

          
           

                      (45) 

Since                        by (40) and (41), we have 

            
                                            (46) 

Moreover,                    can be obtained as follow: for the case 1 with           

            
                       

               

            
                     

               
                         (47) 

while for the case 2 with                 

                                                                                               

                                                   

                                                                             (48) 

where 

 

   
             ∑  

   
            

     
        

        

By Eqs. (47) and (48) the algorithm for determining the 

nonlinear parameter     is constructed as follow: 

[Algorithm 1] 

Step 1: Set     and select the initial point        and 

admissible error    . 

Step 2: Set                       and determine 

the scrutiny direction    as 

* (      )
 
 (      )     +      (      ) (      )   

where          
    is error function,    damping factor. 

The Jacobian  (      ) is determined by Eq. (45) as 

 (      )  

(   (      )    (      )      (      ))    

where     for the case 1, while     for the case 3. The 

step size     is determined by        
   

‖(           

    ) ‖
 
. 

Step 3: If  ‖(   (        ))  ‖
 

  , then we 

set   ̂            and if not, then go to step 2 

with      . 

3.3.2. Identification Algorithm for Linear 

Parameters 

If the nonlinear parameter     is estimated by algorithm 1, 

the linear parameter    can be estimated by Eq. (37). 

Remark 5 As mentioned above, the matrix         does 

not exist if                      . Moreover, it is 

pointed out in [25] that even though                    

 , the linear parameter estimated by Eq. (37) has a deviation 

when there exists an output noise. Furthermore, increase of 

the number of BPFs yields increase of the number of the 

linear parameters, which makes it impossible for us to 

calculate them. Hence we use BCRLS method from [25]. 

We select                     as sampling times 

and introduce the notations 

                                            (49) 

Then the FOS (19) or (28) can be rewritten as 

       (   ̂  ̂)                 (50) 
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where  ̂  ̂ are the already estimated nonlinear parameters. 

For the FOS (19), we have 

 (   ̂  ̂)  [   (   ̂)   (   ̂)]            

           
 (51) 

and while for the FOS (28) 

 (   ̂  ̂)  [   (   ̂)          (   ̂)]            

               
                        (52) 

Then the BCRLS for estimating linear parameters is the following: 

[Algorithm 2] 

                                                                                                                

                                                                                                                        

                                                                                                        ∑    

                                                                                           (53) 

where           ̂                    
  and    is a 

very large parameter which usually has the size 

of           and        . 

4. Simulation Examples 

Example 1 

We consider 

                         

               
       (54) 

where                              

    and      is the Gauss white noise. The simulation time 

is      . 

Figure 1 shows the step response for the FOS (54) with 

noise or without noise. 

 
Figure 1. The Step Response for Example 1. 

To show the dependence of output response to input or 

state delays, we present Figure 2. 

 
Figure 2. The Step Response for Example 1 with Ignored State or 

Input Delay. 

As we can see in Figure 2, the output response for the 

system with ignored state delay is greatly different from real 

response than the one for the system with ignored input delay. 

This shows that the state delay is an important non-negligible 

factor. 

Figure 3 shows the error function (44) for the FOS (54) 

without noise or with noise          , in which the 

errors for state delay    and input delay    is presented in the 

range of          . 
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                    (a) Without Noise.                                         (b) with Noise. 

Figure 3. The Error Function for FOS (54). 

Table 1 lists the identification results of nonlinear parameters       for the FOS (51) with noise or without noise. Here the 

algorithm 1 is used. 

Table 1. Identification Results of Nonlinear Parameters for Example 1. 

nonlinear parameter true(s) without noise 

with noise (SNR) 

10dB 20dB 

state delay time 1.2 1.2000 1.2000 1.2000 

input delay time 0.8 0.8000 0.8000 0.8000 

 

 

 

Table 1 shows that if the state and input delay times are 

integer times of the sampling interval    , then there does 

not exist the identification error for nonlinear parameters. 

Based on this identification result, we can estimate the 

linear parameters. Here we use algorithm 2. 

In Figure 4, the online identification process of linear 

parameters for the FOS (54) with noise or without noise is 

presented. 

  
                     (a) Without Noise                                           (b) with Noise 

Figure 4. The Identification Result for FOS (54). 

Table 2 shows the identification result according to 

various noise and numbers of BPFs. Table 2 represents the 

average values of 50 identification results obtained by using 

Monte-Carlo methods. In Table 2, we present the 

identification accuracy by the relative error between real 

parameter          and estimated one  ̂  ( ̂  ̂)
 
, i.e., 
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‖   ̂‖

‖ ‖
                       (55) 

Table 2. The Identification Result According to Various Noise and Numbers of BPFs. 

linear parameter true 

BPFs' number =100 BPFs' number =500 

SNR=10dB SNR=20dB SNR=50dB SNR=10dB SNR=20dB SNR=50dB 

   1.1 1.1313 1.0898 1.1001 1.0986 1.0998 1.1000 

   1.5 1.6241 1.4997 1.4999 1.5014 1.5001 1.5000 

   - 6.88 0.54 7.6e-03 0.100 0.010 0.000 

 

From Table 2, we can see that the more increase the 

number of BPFs, the more improve the identification 

accuracy. 

Figure 5 shows the online identification process of 

example 1 with ignored state delay or input delay. 

Here          and      . 

 
Figure 5. The Dependence of Online Identification for Linear 

Parameters to Nonlinear Parameters. 

 
Figure 6. The Dependence of Error Function to Nonlinear 

Parameters. 

In order to analyse the identification accuracy in more 

detail, we present the dependence of the function (55) to the 

nonlinear parameters, see Figure 6. Figure 6 shows that for 

FOS with both state and input delays, identification result of 

linear parameters is greatly different from the one for FOS 

with only input delay [11, 28], and without any delay [25]. In 

particular, the identification result is worse for FOS without 

state delay. 

Example 2 

We consider the system 

                                 

               
    (56) 

where                                    

   ,      is the Gauss white noise and      . 

Figure 7 shows the step response for the FOS (56) with 

noise or without noise. 

 
Figure 7. The Step Response for Example 2. 

To show the dependence of output response to input or 

state delays, we present Figure 8. 
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Figure 8. The Step Response for Example 2 with Ignored State or 

Input Delay. 

As example 1, the output response for the system with 

ignored state delay is greatly different from real response 

than the one for the system with ignored input delay. This 

also shows that the state delay is an important non-negligible 

factor. 

Figure 9 shows the error function (44) for the FOS (56) 

without noise or with noise          when        . 

Here the errors for state delay     and input delay     is 

presented in the range of          . 

 

  
                     (a) Without Noise.                                                  (b) with Noise. 

Figure 9. The Error Function for FOS (56). 

From Figure 9 we can see that the error function (44) for the FOS (56) is seldom affected by the output noise. 

Table 3 presents the identification results of nonlinear parameters       for the FOS (56) with noise or without noise. 

Table 3. Identification Results of Nonlinear Parameters for the FOS(56). 

nonlinear parameter true(s) without noise 

with noise 

SNR=10dB SNR=20dB 

state delay time 1.2 1.2000 1.2000 1.2000 

input delay time 0.8 0.8000 0.8000 0.8000 

auxiliary parameter 0.25 0.2500 0.2492 0.2501 

Based on this identification result, we can estimate the linear parameters. Here we also use algorithm 2. 

Figure 10 show the online identification process of linear parameters for the FOS (56) with noise or without noise. 
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                      (a) Without Noise                                          (b) with Noise. 

Figure 10. The Identification Result of Linear Parameters for FOS (56). 

Table 4 lists the identification result according to various noise and numbers of BPFs by the average values of 50 

identification results obtained by using Monte-Carlo methods. 

Table 4. The Identification Result According to Various Noise and Numbers of BPFs. 

linear parame-

ter 
true 

BPFs' number =100 BPFs' number =500 

SNR=10dB SNR=20dB SNR=50dB SNR=10dB SNR=20dB SNR=50dB 

   2.5 2.3909 2.4872 2.4997 2.4984 2.4999 2.5000 

   1.0 0.9670 1.1012 1.0054 1.0007 1.0003 1.0002 

  1.5 1.6103 1.5136 1.5019 1.5012 1.5001 1.5000 

  - 5.1460 3.3388 1.7531 0.0687 0.0107 0.0064 

 

From Table 4, we can see that the more increase the 

number of BPFs, the more improve the identification 

accuracy. Figure 11 shows the online identification process 

of example 2 with ignored state delay or input delay. 

Here          and      . 

 
Figure 11. The Dependence of Online Identification of Linear 

Parameters to Nonlinear Parameters. 

In Figure 12 the dependence of the function (55) to the 

nonlinear parameters is presented. 

 
Figure 12. The Dependence of Error Function to Nonlinear 

Parameters. 

From Figure 12 we can see that for linear continuous FOS, 

the identification accuracy of linear parameters is affected 
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strongly by state delay than input delay and is nearly similar 

for the case of ignoring only state delay and the case of 

ignoring both state and input delay. Hence the state delay 

time must be estimated for linear continuous FOS with state 

delay. 

5. Conclusion 

In this paper, the identification method for linear 

continuous FOS with unknown state and input delays is 

proposed. 

Simulation results show that the proposed method has a 

high identification accuracy for FOS with unknown state and 

input delays. In particular, Simulation result shows that the 

state delay is an important non-negligible factor. 

Our further study is to develop an identification method 

for fractional order systems with unknown state and input 

delays, in which not only the delays and efficient but also 

differential order are estimated. 

Abbreviations 

FOS Fractional Order System 

BPF Block Pulse Function 

FIOM Fractional Integral Operational Matrix 
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LM Levenberg-Marquardt 
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Appendix 

Appendix I: Proof of Eq. (16) 

At first, let us prove i) in Eq. (16). Let        . Then 

                       (57) 

By Eq. (15) we have    ∑     
         . Hence the 

matrix    is represented as 

   ∑     
   ∑     

                       (58) 

By Eq. (13), Eq. (58) can be rewritten as 

   ∑     
   ∑     

                ∑     
            

where             ,       ∑   
             . 

Thus Eq. (57) holds. 

For        , we can follow the same argument to get 

                      (59) 

where 

   ∑     
   ∑     

                ∑     
               

∑   
                          (60) 

By Eqs. (57) and (59) we have          and        . 

It suffices to prove only       for verifying ii) in Eq. 

(16). That       is obvious by Eq. (60). 

The validity of iii) in Eq. (16) follows immediately from 

ii). 

Appendix II: Proof of Eq. (18) 

Here we prove Eq. (18). We have 

       ∑     
   

  

         ∑     
   

  

      
 ∑     

   
    

         

  
  

      
    

On the other hand,      by Eq. (17). Thus Eq. (18) is 

valid. 

Appendix III: Proof of Eq. (30) 

Here we prove Eq. (30). For simplicity, we set     
  

      
  . Direct calculations show that 

                                

                             ∑          

                                         

                ∑    

                                     

                                             

          ∑                                      

Using the result from Appendix A, we have for     

                  
 

      
∑     

        (
  

      
     

  

      
∑     

         )
 

    

Now setting 
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     ∑     

          

          

we have 

                                     ∑    

                                 

                  ∑    

                        ∑    

                                                   

Denoting          (
 
 
)   

   
    we obtain that 

                  

  ∑     
         

 ∑   
     

                 

In particular, there holds 

            {            }             

        

On the other hand, setting 

           ∑   
     

              ,  

we have 

               {            }             

and 

                  ∑     
            

               

Thus (30) is proved. 
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