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Abstract

One of the important research directions of fixed point theory is the generalization of metric spaces. An interesting
generalization of metric space is the modification of triangular inequality. In the last few decades, many generalizations of
metric space have been introduced in the field of fixed point theory by changing triangle inequality using multiplication of
constants or functions. Recently, a new generalization of metric space with changing triangle inequality using the composition
of two functions, namely, a double-composed metric space, has been introduced. A double-composed metric space is a new
concept using the composition of functions, unlike the previous generalizations of metric space that modify the triangular
inequality using the multiplication of functions. And, Banach-type fixed point result and Kanan-type fixed point result are
established under certain assumptions in the setting of double-composed metric spaces. In this paper, we reconsider the
Banach-type fixed point result in the setting of double-composed metric spaces under new and simple conditions. We have
proved the fixed point theorem by using a new proof method and, consequently, we have demonstrated that Banach’s
contractions in double-composed metric spaces have a unique fixed point under different assumptions from the previous one.
We also present an example showing the validity of our fixed point result. Finally, we apply our fixed point result to show the
existence of solution of Fredholm integral equations.

Keywords

Fixed Point, Banach Contraction, Double-Composed Metric Space, Fredholm Integral Equation

1. Introduction and Preliminaries

Fixed point theory has wide applications in various fields
including nonlinear analysis, engineering, computer science,
mathematical modeling, etc., [1]. Banach’s contraction prin-
ciple [2] plays a key role in fixed point theory. Many re-
searchers have been engaged in research to extend and im-
prove Banach’s contraction principle, where recent attention

is focused on generalization of metric spaces. Several ab-
stract spaces that generalize triangular inequalities such as
b-metric space [3], extended b-metric space [4], controlled
metric space [5], and double controlled metric space [6] have
been introduced in the field of fixed point theory. In 2023,
Ayoob et al. [7] defined a new extension of metric space by
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using the composition of functions, dou-
ble-composed metric space, as follows.

Definition 1.1 ([7]). Let F,G:[0,00) — [0,0) be two
non-constant functions. A double-composed metric on
K+9 is a function D.:K xK — [0,00) such that
Vk,1,v EK:

1) k=1 D.(x,1) =0;

2) D.(x,1) =D.(1,k);

3) D.(k,0) < F(D.(k,v)) + G(D.(v,0)).

The pair (K,D,.) is called a double-composed metric
space. Obviously, each metric space is a double-composed
metric space via F(x) = G(x) = x forall x = 0.

More recently, several papers have been published con-
cerning the double-composed metric space and its generali-
zation, see [8-15].

Example 1.1 ([8]). Let K =R. Define D.:K XK —
[0,00) as D.(x,1) =el*=t—1, for all x,.€ K. Then
(K,D.) is a double-composed metric space via
F,G:[0,00) - [0,0) with F(x) = G(x) = 22
x = 0, which is not a standard metric space.

The authors of [7] presented some concepts concerning
double-composed metric spaces.

Definition 1.2 ([7]). Let (K,D.) be a double-composed
metric space.

1) {k;} c K converges to k if lim;,,D.(k;k) =0

for some k € K.
2) {x;} C K issaid to Cauchy if lim; ;e D.(k; k) = 0;
3) (K,D,.) is said to complete if every Cauchy sequence
on K converges to some point of K.

Proposition 1.1 ([7]). Let (K,D.) be a double-composed
metric space via two non-constant functions F,G: [0, ) —
[0,). If F and G are continuous and F(0) = G(0) =0,
then every convergent sequence has a unique limit.

The following theorem is Banach-type fixed point result in
the framework of double-composed metric space proposed in
[7].

Theorem 1.1 ([7]). Let (K,D.) be a complete dou-
ble-composed  metric space via continuous and
non-decreasing  functions  F,G:[0,00) = [0,0)  with
F(0)=6(0)=0, and let T:K - K be a mapping such
that

namely,

for all

D.(Tk,Tt) < AD.(k, 1), VK,L EK,

where A € (0,1). Define a sequence {k;} as k; = Tk, for
Ko. Assume that:

1) limg o (Z52 GVIF (D (160, 11)) +
Ggi-i-1 (Ai‘lDC(KO, Kl))) =0,
where GVIF (D (6, 1))
Gi-i-1 (Ai‘lﬂc(}co, xl)) denotes the composite func-

tion.
2) G issub-additive.

and

27

Then T has a unique fixed point.

In this paper, we prove Banach-type fixed point result in
double-composed metric space without the assumptions 1)
and 2) of Theorem 1.1. We also present an example showing
the significance of the obtained result. Moreover, we show
the existence of a solution of Fredholm integral equations by
applying obtained fixed point result.

2. Main Results

We reconsider the Banach-type fixed point theorem in
double-composed metric spaces without the assumptions 1)
and 2) of Theorem 1.1, while we use the assumption that F
and G are strictly increasing instead of the assumption that
they are non-decreasing.

Theorem 2.1. Let (K,D.) be a complete double composed
metric space via two continuous and strictly increasing func-
tions F,G: [0, ) — [0,0) with F(0) = G(0) =0, and let
T:K — K be a mapping such that

D.(Tx,Tt) < AD.(k,1), Vk,L E K, (D)
where A € [0,1). Then T has a unique fixed point.

Proof. Since A € [0,1), for given 0 <75 < 1, we can take
n € N such that

<minfrs(2).6°4(2)

Let us take k, € K arbitrarily. We define ¥ :=7™" and
construct a sequence {k;} by x; = ¥'k,.

Firstly, we will see that {x;} is a Cauchy sequence.

From (1), we obtain

@

D, (Wi, W) = D (T, T™) < AD (T Yk, T 1) - <

A"D.(x, 1) 3)
By (3), we getforall i € N,
De(rep Kip1) = De(Preimg, W) < A"De(iciog, 1) <
AMD, (Ko, Kq)-
Thus,
lim; e, D (i, Kigq) = 0. 4)
So we can take h € N satisfying
Delien wnes) <min{F2(5),67 (1)} 6

Denote by Bg.[kn,n/2]:={t € K:D.(k,1) <n/2} .
Since it is clear that k; € By.[xy,n/2], it holds that
Byclxp,n/2] #+ @. Let us take an arbitrary v € B[k, 1n/2].
Then, D.(ky,v) < n/2.

By (2) and (3), we get
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D, (Pip, Pv) < A"D.(kp,v) < min {T - G) G (%)} '

el Q@) o

By triangle inequality (iii), (5), (6) and the fact that F and
G are strictly increasing, we get

D (K, PV) < F(D(kn, kne1)) + G(De(ener, ¥V))

= F(D.(kn, kn+1)) + G(D(Prp, ¥v))

<

NS

Hence, ¥v € B;[x,n/2]. This means that ¥ maps
Bgclkn,m/2] into itself. Thus we have Wk, € B, [k, n/2]
for k; € By.[xy,n/2] . Repeating this process, we get
K; € Byclicp,m/2] forall j > h.

Forall j > i > h (where i = h + [ forsome [ > 0), by (3)
and k;_; € Byc[Kky,n/2], we have

DC(KL', Kj) = Dc(lpki_l, lij_l) < AnDC(Ki_l, Kj—l)

< /‘lDC(Ki_l, Kj—l)

< AZDC (Ki—Zl Kj—Z)

< /’tl . DC(KhJ Kj—l)

<D, (Kh, K]-_l)

<

NS

<.

Thus, we have lim; ;o D.(k;, 1) = 0 and {x;} is Cau-
chy. By the completeness of K, there exists k* € K such that
lim;_o D.(k;, k*) = 0.

Secondly, we will prove that x* is a unique fixed point of
Y. By triangle inequality (iii) and (3),

Do (K", Wk™) < F(De(k*, Kiv1)) + G(De (i1, Pi))
= F(Do (", ki41)) + G(D (i, Vi)

S T(Dc(’f*v Ki+1)) + g(/lnDc(Ki' K*))’

28

forall i € N.
Taking the limit as i — oo, by the continuity of F and g
we obtain that

D.(k*,Wk*) <
T(limi—»ooDc(K*' Ki+1)) + g(ﬂ'nlimi—»ooDc(Ki! K*)> =
F(0)+G(0)=0.

So k™ is a fixed point of ¥.

Now, let ¥ has two fixed points «* and ¢*, i.e.,
and * =¥,

By (3)

K*=W¥k*

D.(k*, 1) = D, (Pr*, ¥1*) < "D, (xc*, 1¥).

That is D (x*,¢*) = 0, and the fixed point of ¥ is unique.

Finally, since k*=¥k*=7T"k* , we get Tk* =
Tl = Y(Tk*). That is, Tk* is also a fixed point of ¥.
Since the fixed point of ¥ is unique, k* = Tk*. Conse-
quently, x* is a fixed point of 7. The uniqueness can be
easily showed.

Example 2.1. We discuss the double composed metric
space (K,D,.) defined in Example 1.1. The completeness of
K can be easily checked, and F and G are continuous and
strictly increasing with F(0) = G(0) = 0.

Take T:K — K by Tk = =.
Since e*/3 —1 < %(e"/3 — 1), Vx € R, we have

[k—1l

DT, T) =eP T —1=¢ 3
AD.(k, 1),

—1< (e -1) <

forall A € [%, 1). Thus all the conditions of Theorem 2.1 are

satisfied and 7 has a unique fixed point x* = 0. On the other
hand, since G is not sub-additive, so we cannot apply Theo-
rem 1.1 (Theorem 3 in [7]).

3. Application to Nonlinear Integral
Equations

We apply Theorem 2.1 to discuss the existence of a solution
of Fredholm integral equation as follows:

K(t) = [, H(t,s,k(s))ds, Vt,s € [0,1], @)

where 7£:[0,1]2 x R - R is given continuous function.
Let K = €([0,1], R). Define D.: K x K — [0, ) by

D.(k,0) = eMaxtefo(IkO—-uOD _ 1, vk, € K.
From Example 1.1, we can easily check that (K,D,) is a

complete double-composed metric space via F, G: [0, ) —
[0, ) with F(x) = G(x) = (x? + 2x)/2 forall x > 0.
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Theorem 3.1. Suppose that

e|}[(t,s,x(s))—}[(t,s,t(s))| —-1< /1(3|K(5)—l(5)| _ 1) (8)

for all x,c € K and t,s € [0,1], where A € [0,1). Then the
integral equation (7) has a unique solution in K.

Proof. The inequality (8) is equivalent to the following
inequality.

|7 (¢, 5,k(s)) = F (L, 5,u(s))| < In(A(e!*O=H O —1) + 1) (9)

forall x,t € K and t,s € [0,1].
We define the integral operator 7: K — K as

Tk(t) = fol H(t,s, k(s))ds, Vt,s € [0,1].
By (9), we get

eI TRO-T U _ 1 = e|f01 H(ts.k(s))ds— [y H (t.s.t(S))dS| -1

< ef01|7{(t,s,k(s))—}[(t,s,t(s))|ds -1

< elo MA(M@~®l-1)+1)as _ ¢

< eln(,‘{(emaxse[o,l]|x(5)_1(5)|_1)+1) f01 as g

— A(emaxse[o,1]|’€(5)—l(5)| _ 1)
< A(emFetonKO- Ol _ 1),

forall t € [0,1] and k,t € K.
So,

eMatefo]ITr(O-T U _ 1 < A(emaxte[0,1]|’<(t)—i(f)| _ 1)7

that is,
D (T, T1) < AD.(k, 1).

By Theorem 2.1, T has a unique fixed point, which means
that (7) has a unique solution in K.

4. Conclusions

In this paper, we newly discussed the Banach-type fixed
point result in the framework of double-composed metric
spaces. We have established the Banach-type fixed point
result without the assumptions (1) and (2) of Theorem 1.1,
instead replacing the assumption that F and G are
non-decreasing with the assumption of strictly increasing.
And we presented an example supporting our fixed point
result. Finally, we show the existence of a solution of
Fredholm integral equations by applying obtained fixed point

29

result.
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