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Abstract 

The article offers an improvement of the method for predicting strong ground motion displacements and accelerations, assuming 

that an earthquake is an instantaneous mechanical rupture of the Earth’s crust. The method uses derived theoretical formulas to 

calculate all three parameters of the ground motion: displacements, velocities and accelerations during strong (with magnitude 

M≥6.0) earthquakes for any heterogeneous (multilayer) ground beddings. The article addresses the case of heterogeneous 

two-layer beddings. The example provided involves the results obtained for 16 variants of two-layer heterogeneous sites in 

seismic categories I-IV at the magnitude M=7.0, and distance of 15 km from the expected earthquake’s rupture. A comparison of 

the results obtained for actual heterogeneous foundation beddings with the equivalent homogeneous beddings showed 

divergences of increase by 1.3-1.6 times, depending on the number of the five and three natural oscillation modes considered. 

Significant effects of various modes of foundation bedding natural oscillations on ground surface displacements and 

accelerations were identified when comparing a heterogeneous beddings to a homogeneous ones. A substantial reduction (by a 

factor of two or more) in the stiffness of the upper soil layer relative to the lower layer leads to a marked increase in surface 

ground accelerations. A recommendation is provided that the predicted values of displacements and accelerations for 

heterogeneous foundation beddings should be calculated with consideration of at least 5 natural oscillation modes of the ground 

bedding. The paper proposes a new analytical solution to the problem of an earthquake as an instantaneous mechanical rupture of 

the earth's crust with modified boundary and initial conditions of the problem, and also reveals the influence of the ratio of the 

rigidities coefficients and the geometric parameters of the layers on the amplitudes of seismograms and accelerograms on the 

Earth's surface. 
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1. Introduction 

One of the main issues in seismic resistant construction is 

the availability of a large number of accelerograms for past 

earthquakes at the site of a future construction project, rec-

orded during a sufficiently long period. This would allow 

identifying statistically characteristic types of accelerograms 

for given site and therefore, reliable designing of the structure 

through calculations of seismic impact based on the selected 

accelerogram or a group of accelerograms. However, so far 

the number of records of past earthquakes in most of the 

seismically active zones of the Earth has been insufficient due 

to infrequent occurrences (once in more than 500 years) of 

strong earthquakes with magnitudes of М≥7.0-8.0 and inten-

sities of I=0.3g-0.8g [1-4]. In addition, the first reliable ac-

celerographs appeared only in 1940s. 

Seismic load is inertial and dynamic in nature. Therefore, 

seismic hazard parameters for a given site primarily depend 

on the values of horizontal (vertical, rotational) ground mo-

tion accelerations and their changes over the time. This proves 

the importance of studying the issues related to creation of 

artificial seismograms and accelerograms for strong earth-

quakes that would have adequate properties of actual recorded 

earthquakes. A short review of this issue was published in the 

initial articles [5, 6], where for the general case, foundation 

bedding was assumed to be heterogeneous, multi-layer 

(n-layer), but without specifying the layer parameters of 

thickness, density and stiffness. The results of the studies for a 

large number of single-layer homogeneous foundation bed-

dings were published in the mentioned articles, as well as in [7] 

by E. Khachyan, and many experts regard them close to the 

results recorded during actual strong earthquakes. In this 

study a simple two-layer bedding is considered to make sure 

the results are illustrative. The choice of heterogeneous 

two-layer bedding is based on the fact that the ratio of vs1 and 

vs2 propagation velocities of displacement waves in the soil 

during strong earthquakes significantly influences the ground 

surface displacement and acceleration values. In many cases, 

the cause of structural failure is the low shear wave velocity of 

the first soil layer vs1 compared to the underlying layer vs2. 

Furthermore, any typical multilayered foundation can be 

effectively represented as a two-layer foundation with equiv-

alent dynamic and seismic properties, according to formulas 

provided in seismic design codes used in many countries, 

including Armenia [8]. Therefore, the main objective of this 

study is to cover a wide range of possible cases (18 cases are 

analyzed in the article), involving various ratios of vs1 to vs2 

for two-layer foundation beddings and different thicknesses of 

layers H1 and H2. In some cases, to ensure the seismic re-

sistance of a particular structure founded on a multilayer soil 

profile, it may be advisable to preemptively remove the overly 

soft upper soil layers. 

2. Problem Statement 

Below are some of the fundamental assumptions, equations, 

and parameter relationships of the problem, derived and 

utilized by E. Khachiyan [5-7]. The near-surface upper soil 

layers differ significantly in kinematic conditions and 

physical-mechanical properties from the deeper layers of rock 

(Figure 1). These upper layers are less dense, with their 

elasticity coefficients under tension E and shear modulus G up 

to twice lower than those of the deeper rocks. Moreover, they 

are subjected to substantially lower vertical compressive 

stresses, and their volume is small compared to the total 

volume of the fractured blocks. Due to these characteristics, 

they exhibit greater shear deformability in both horizontal and 

vertical directions relative to the deeper layers. Therefore, 

during an instantaneous rupture of the Earth’s crust, the rocks 

of the upper layers experience much more intense alternating 

dynamic displacements, generated by inertial forces of the 

rock mass, than the deep layers. During a real earthquake, 

seismographs and accelerographs record precisely these 

alternating displacements and accelerations of soil particles 

on the Earth’s surface. 

If a near-surface prismatic zone is isolated from the rock 

mass at a distance ∆ from the rupture, having a uniform width 

and thickness H<<H0, where H+H0 is the depth to the rupture 

(Figure 1a), this zone at any point along the rupture length L 

will represent a multilayer lithological column with varying 

physical-mechanical and geometric properties: densities ρk, 

shear moduli Gk, and thicknesses Hk (Figure 1b). Here, the 

depth H is defined as the distance from the Earth’s surface 

(from the design level of the structure) to the dense bedrock 

with shear wave velocities exceeding 1000 m/s, but not less 

than 30 meters. Numerous records of actual earthquakes 

simultaneously recorded both at the surface and at depths up 

to 150 meters demonstrate a significant attenuation of seismic 

effects with depth [9]. This is also evidenced by the low 

damage observed to underground structures during strong 

earthquakes [2]. It is well established that the structure of the 

near-surface multilayer soil stratum significantly influences 

the characteristics of seismic vibrations at Earth’s surface. 

Based on this, the current study assumes that during an in-

stantaneous rupture, the effect of inertial displacements of the 

deeper layers on the inertial displacements of the upper 

near-surface layers can be neglected (Figure 1b). Thus, for 

the design scheme to determine the time history patterns of 

displacements (seismograms) and accelerations (accelero-

grams) of soil particles motion at the Earth’s surface, the 

multilayer lithological column of height H (Figure 1b, c, d) is 

considered. All layers of this column at the initial 0t   are 

assigned initial velocities of  ,v M  , according to formula 

(2) and Table 1. 
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Figure 1. Schematic diagram of the medium after an earthquake-caused rupture: a. diagram of the rupture and the mechanical model of the 

upper strata, b. the assumed structure of horizontal deformation in elevation view along the line О-О′, c. diagram of the upper strata in the 

form of heterogeneous surface layer along the line О-О′, d. the case of a homogenous near-surface layer; 𝑢0-static deformation accumulated 

in the vicinity of the future rupture during the prolonged preparatory phase of the earthquake, R-the extent of the deformation zone in the 

direction perpendicular to the rupture, W- areas assumed to be undeformed by the impending earthquake: H - total thickness of the surface 

layer, ∆ - distance from the rupture line to the observation point, 𝑣𝑚𝑎𝑥- velocity of the blocks at the rupture, 𝑣(𝑀, 𝛥) - velocity of the blocks at 

the distance ∆ from the rupture, 𝑢(𝑧, 𝑡)- function of displacement in perpendicular direction relative to the rupture, 𝜌𝑘, 𝐺𝑘, 𝐻𝑘- density, shear 

modulus and thickness of the k-th layer, 𝐻 + 𝐻0 - depth of the rupture. Arrows indicate the blocks movement direction after rupture, the heavy 

line shows the rupture direction, dotted arrows show the direction of the layers’ inertia movements after rupture (medium compression and 

dilatation). 

For the general case, during an earthquake (Figure 1) dis-

placements functions of foundation bedding layers 𝑢𝑘(𝑧, 𝑡) 

must match the following wave equations [10, 11]: 

2 2 3

2 2 2
0

1,2...

k k k
k k k

u u u
G

z t z t

k n

 
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  
   



        (1) 

where 𝐺𝑘 is the shear modulus of the k-th layer of the rocks, 

𝜌𝑘 is its density,  𝑘 coefficient of viscosity (attenuation), 𝐻𝑘 

is thickness of the k-th layer,   is the number of layers. The 

value of initial velocity for the inertial movement of layers 

(which is equal to the after-rupture plate velocity, but in the 

opposite direction) is assumed as per the following formula 

[6]: 

 
2

8.5

2
, 100 1Mv M е

R


 

    
 

      (2) 

Where M is the magnitude of the expected earthquake, 𝛥 is 

the distance in kilometers from the site to the future rupture 

line,   is the length of the deformed area measured from the 

expected earthquake rupture. The values of the length   and 

average slip 𝑢 (in meters) depending on the magnitude 𝑀 are 

determined according to the following formulas [5]: 

  35 15 10R u    , lg 0.55 3.71u M  .       (3) 

Data for predicted earthquake with values of 𝑣(𝑀, 𝛥), R 
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and ū are provided in Table 1, along with rock stratum ulti-

mate (limit) shear strain values    𝑚, which were determined 

by the new methodology developed in [12], according to 

which the relationship between    𝑚 and earthquake magni-

tude M is as follows: 

4
lim10 0.39 2.23M               (4) 

By assuming the solutions of the differential equation (1) as 

       1

1

, ,k ki i k ki k

i

u z t U z q t h U z h







   , 

0 0h   1,2...k n ,             (5) 

and satisfying the boundary and initial conditions of the 

problem [3, 4], the following transcendental equation for 

multilayer system free oscillations frequencies and values of 

functions  𝑘 (𝑧)       (𝑡) are obtained. The final values of 

displacements (seismograms) and accelerations (accelero-

grams) at the ground surface (z=0) would be as follows [6, 7]: 
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where 
0

2
i

i

p
T


  is the angular frequency of the whole mul-

tilayer system’s free oscillations derived from the relevant 

transcendental frequency equation, and in is the foundation 

bedding’s attenuation coefficient for the i-th mode. Assuming 
2 2
i in p , and 1 2    , while attenuation decrement   

as being the same for all oscillation modes and equal to 

0i in T  , where 0iT is the period of the i-th mode of the 

foundation bedding particles’ oscillation mode as shear 

seismic waves propagate with a velocity of Skv  in the layers 

of a heterogeneous foundation bedding, then the functions 

 𝑘 (𝑧)       (𝑡) are as follows: 
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(8) 

3. Natural Oscillation Modes of a 

Two-layer Foundation 

Let us now focus in more detail on constructing synthetic 

seismograms and accelerograms for a two-layer foundation 

bedding, the schematic diagram of which is shown in Figure 

2. 

The equations of soil motion (1) for the two-layer founda-

tion can be presented in the following form: 

2 2 3
1 1 1

1 1 12 2 2

2 2 3
2 2 2

2 2 22 2 2

0,

0

u u u
G

z t z t

u u u
G

z t z t

 

 
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  
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  
  

   

        (9) 

Solutions of these equations by separation of variables can 

be presented as follows: 
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Table 1. Values of the soil particles’ oscillation velocities at the rupture 𝑣(𝑀,  ) in cm/sec, average slip 𝑢 in meters, length of the deformed 

medium area   in km, and ultimate shear strain of ground    𝑚, depending on magnitude M and distance from the rupture   in km. 
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Figure 2. The schematic diagram of an inertially deformed two-layer foundation bedding after a rupture. 

Inserting (10) and (9) and separating variables for the 

functions  1iU z  and  2iU z , as well as functions  iq t , 

the following equations are obtained [5]: 
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Solutions of the equations (11) are then presented in the 

following form: 
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where: in  is the layers’ attenuation coefficient for the i-th 

mode, ip  is the yet unknown angular frequency of the het-

erogeneous two-layer system’s natural oscillations for the i-th 

mode, and 1iA , 1iB , 2iA , 2iB , 1ic , 2ic are unknown constants. 

Satisfying the boundary conditions of medium continuity at 

the layers separation and the initial conditions which are as 

follows: 
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The equations for determining values of all six coefficients 

1iA , 2iA , 1iB , 2iB and 1ic , 2ic  can be obtained. Using the 

first four boundary and continuity conditions (13), for coef-

ficients 1iA , 2iA , 1iB , 2iB , the following system of alge-

braic homogeneous equations can be obtained: 
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By setting to zero the fourth-degree determinant of the 

system of four homogeneous equations (14) with respect to 

the coefficients 1iA , 2iA , 1iB , 2iB , the following equation 
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for determining the frequency spectrum 
0

2
i

i

p
T


 is obtained, 

included in coefficients 1i  and 2i of the formula (11): 

   2 1 2 2 1 2

1 1 1 1 2 1 2 1

1 1 1 1 1 1 1 1 2 2 2 1 2 2 2 1

1 0 0 0

0 0 sin cos
0

sin cos sin cos

cos sin cos sin

i i

i i i

i i i i i i i

H H H H

H H H H

G H G H G H G H

 

   

       

 


 

 

                (15) 

By expanding (15) the following transcendental equation 

for frequencies is derived: 

1 1 1 1 2 2

2 2 0 1 0 2

2 2
1 0

i i

G H H
tg tg

G T G T G

    


    (16) 

The values of coefficients 1iA , 2iA , 1iB , 2iB  and func-

tions  1iU z ,  2iU z  would then be in the following form: 

 

 

 

 
 

1

1 1
2 1 2 1 2

2 2

1 1 1
0 1 0 1

1 1
2 1 2 1 2

2 2

1 1
2 1 2

2 2 0 2 0 2

0

cos
cos ,

sin

2 2 1
cos ,

cos
sin ,

sin

2cos 2 1
sin ,

sin

i

i
i i i

i

i i i
i S i S

i
i i i

i

i
i i i

i i S i S

A

H
A B H H

H

z
U z B

T v T v

H
B B H H

H

z HH
U z B

H T v T v






 







 






  

  

 


   

(17) 

Based on the last two equations for initial conditions (13), 

to determine 1ic , 2ic , the following is derived: 

   

     

1 2

1

1

1

1 0 1 0, 1,2,

1 1 1 0 , , 1,2

ki i i

i

ki i i

i

U z c c k

U z c p n v M k









      

         




 (18) 

Since the first condition (18) must hold true for any point z 

along the height of the two-layer lithological column, and the 

coefficients kiA , kiB ( 1,2k  ) cannot both be zero simulta-

neously, it follows from (18) that: 

2 0, 1,2,3...ic i                (19) 

The second equation of (18) can be used to derive the fol-

lowing two equations: 

       1 1 2 1

1 1

, , and , ,i i i i i i

i i

U z p c v M U z p c v M

 

 

     (20) 

If each of the equations (20) is multiplied by  1 1 jU z  

and  2 2 jU z , respectively, and integrated between 0 and 

H , according to (10) replaced beforehand by the sum of 

integrals between т 0 and 1H , and between 1H  and 

1 2H H , then using simple transformations the following 

single equation can be derived from the two new expressions 

(20): 

       

     

1 1 2

1

1 1 2

1

1 1 1 1 2 2 2

1 10

1 1 2 2

0

,

H H H

i i i j i j

i iH

H H H

j j

H

p c U z U z dz U z U z dz

v M U z dz U z dz

 

 

 

 



 
  
 
 

 
   
 
 

  

 

                   (21) 

Considering that the functions kiU and kjU  are orthogonal 

[13]; 

       
1 1 2

1

1 1 1 2 2 2

0

0

H H H

i j i j

H

U z U z dz U z U z dz 



    (22) 

then under i j  for all combinations of i -th and j -th 

oscillation modes, the following is derived from (21): 
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   

     

1 1 2

1

1 1 2

1

2 2
1 1 1 2 2

0

1 1 2 2

0

,

H H H

i i i i

H

H H H
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H

p c U z dz U z dz

v M U z dz U z dz

 

 





 
  
 
 

 
   
 
 

 

 

  (23) 

Therefore, for the coefficients 1ic  and 2ic the following is 

holds: 

     

   

1 1 2

1

1 1 2

1

2

1 1 2 2

0

1

2 2
1 1 2 2

0

0,

v ,

1, 2,3...

i

H H H

i i

H

i
H H H

i i i

H

c

M U z dz U z dz

c

p U z dz U z dz

i

 

 







 
  
 
 


 
 
 
 



 

 

, (24) 

The final expressions for displacements and accelerations 

(i.e.  1 0,u t  and  1 0,u t ) at ground surface (z=0 and as-

suming that the attenuation coefficient values ni are small 

compared to in t
e
 ) according to formulas (2), (10), (12), (17) 

and (24) will be: 

   

   

2
8.5 0

1 12
01
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1 12
0 01
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

 



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






 
   

 

 
    

 




                        (25) 

where i  represents: 

   

   

1 1 2

1

1 1 2

1

1 1 2 2

0

2 2
1 1 2 2

0

H H H

i i

H

i H H H

i i

H

U z dz U z dz

U z dz U z dz

 



 











 

 

, 1, 2,3...i  .                       (26) 

Inserting the values of  1iU z  and  2iU z  from (17) into (26) and integrating it for i , the following is derived: 
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          

   
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



 
 
 



,                  (27) 

Values of the constant 1iB can be assumed to be equal to 1 

( 1 1iB  ), because considering formulas (17) and (27), the 

final forms of (25) for seismograms and accelerograms 

 1 0,u t  and  1 0,u t , the values of 1iB will cancel out. 

In a particular case, taking: 

 

1 2 2 1

2 0

0, 0, , , 0,

4
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2 1

s s s

i
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H
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From expression (27) we obtain: 

 
 
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1 1

1
0 1 cos 2 1

21 4 1
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i i
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
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 

 

 
    

  
  

 
     

 

, 

which coincides with the expression derived for a homoge-

neous base in [5, 6]. 

Seismograms and accelerograms of two-layer and their 

equivalent single-layer foundation beddings at the Earth’s 
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surface. 

The 16 variants of heterogeneous foundation beddings are 

considered, the main parameters of which are presented in 

Figure 2 and Tables 2 and 3, where 1H  and 2H , 1Sv  and 

2Sv , 1  and 2  are thicknesses, propagation velocities of 

seismic shear waves and ground layer densities, respectively. 

The first three oscillation periods  0 ,  0       0  for all 16 

heterogeneous beddings are also presented in Tables 2 and 3, 

which are derived from the transcendental equations of fre-

quencies (16), while the values of coefficients i  are ob-

tained from the formula (27). 

Table 2 also provides the physical and mechanical character-

istics for all equivalent homogeneous foundation beddings: av-

erage values of propagation velocity of displacement waves. 

Table 2. Physical and mechanical properties of heterogeneous foundation beddings. 

Heterogeneous foundation beddings 

No. 

vs1, 

cm/

s 

H1, 

m 

1, 

t*сm2/

m4 

vs2, 

cm/s 

H2, 

m 

2, 

t*cm2/m
4 

vs1/vs2 

Derived from the formula 

(16), in seconds 
Derived by the formula (27) 

   ,    ,    , 1 2 3 

1. 400 10 0.2 600 20 0.22 0.67 0.207 0.073 0.047 1.891 -0.522 0.483 

2. 250 10 0.2 600 20 0.22 0.42 0.232 0.107 0.056 1.865 -0.873 0.861 

3. 200 10 0.2 400 20 0.22 0.50 0.380 0.151 0.080 1.723 -0.701 0.714 

4. 150 10 0.2 300 20 0.2 0.50 0.458 0.190 0.100 1.842 -0.787 0.498 

5. 150 15 0.2 250 15 0.22 0.60 0.657 0.191 0.127 2.095 -1.000 0.704 

6. 125 15 0.2 200 15 0.2 0.63 0.925 0.308 0.154 1.903 -0.488 0.486 

7. 100 5 0.18 600 25 0.22 0.17 0.246 0.145 0.069 1.256 -1.104 0.867 

8. 600 25 0.22 100 5 0.18 6.00 0.740 0.107 0.079 6.329 -0.126 0.330 

9. 530 13 0.22 600 17 0.22 0.88 0.203 0.071 0.042 2.250 -0.612 0.465 

10. 620 14 0.22 700 16 0.22 0.89 0.174 0.061 0.036 2.406 -0.631 0.510 

11. 340 18 0.2 400 12 0.2 0.85 0.245 0.098 0.063 3.491 -1.105 0.346 

12. 450 14 0.22 550 16 0.22 0.82 0.336 0.074 0.054 1.789 -0.672 0.346 

13. 280 16.5 0.2 350 13.5 0.22 0.80 0.365 0.132 0.078 2.729 -0.813 0.688 

14. 150 15 0.2 200 15 0.22 0.75 0.667 0.222 0.138 2.442 -0.816 0.623 

15. 208 20 0.2 150 12 0.2 1.39 0.785 0.228 0.143 3.282 -0.587 0.443 

16. 200 4.8 0.1626 300 30.7 0.1775 0.67 0.469 0.160 0.100 1.241 -0.604 0.437 

17. 400 20 0.22 125 10 0.18 3.20 0.438 0.162 0.103 5.371 -0.115 0.416 

18. 530 13 0.22 280 17 0.22 1.89 0.164 0.047 0.026 2.461 -0.347 0.085 

Table 2. Continued. 

Equivalent homogeneous beddings 

No. 
vs1, 

cm/s 
H1, m 

1, 

t*cm2/m4 

vs2, 

cm/

s 

H2, m 

2, 

t*cm2/m
4 

Derived by the formulas (28), (29), (30) 

  , 

cm/s 
   , s    , s    , s 1 2 3 

1. 400 10 0.2 600 20 0.22 514 0.233 0.078 0.047 1.274 -0.425 0.255 
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Equivalent homogeneous beddings 

No. 
vs1, 

cm/s 
H1, m 

1, 

t*cm2/m4 

vs2, 

cm/

s 

H2, m 

2, 

t*cm2/m
4 

Derived by the formulas (28), (29), (30) 

  , 

cm/s 
   , s    , s    , s 1 2 3 

2. 250 10 0.2 600 20 0.22 409 0.293 0.098 0.059 1.274 -0.425 0.255 

3. 200 10 0.2 400 20 0.22 300 0.400 0.133 0.080 1.274 -0.425 0.255 

4. 150 10 0.2 300 20 0.2 225 0.533 0.178 0.107 1.274 -0.425 0.255 

5. 150 15 0.2 250 15 0.22 187 0.640 0.213 0.128 1.274 -0.425 0.255 

6. 125 15 0.2 200 15 0.2 153 0.780 0.260 0.156 1.274 -0.425 0.255 

7. 100 5 0.18 600 25 0.22 327 0.367 0.122 0.073 1.274 -0.425 0.255 

8. 600 25 0.22 100 5 0.18 327 0.367 0.122 0.073 1.274 -0.425 0.255 

9. 530 13 0.22 600 17 0.22 567 0.211 0.070 0.042 1.274 -0.425 0.255 

10. 620 14 0.22 700 16 0.22 660 0.182 0.061 0.036 1.274 -0.425 0.255 

11. 340 18 0.2 400 12 0.2 361 0.332 0.111 0.066 1.274 -0.425 0.255 

12. 450 14 0.22 550 16 0.22 498 0.241 0.080 0.048 1.274 -0.425 0.255 

13. 280 16.5 0.2 350 13.5 0.22 307 0.390 0.130 0.078 1.274 -0.425 0.255 

14. 150 15 0.2 200 15 0.22 171 0.700 0.233 0.140 1.274 -0.425 0.255 

15. 208 20 0.2 150 12 0.2 181 0.705 0.235 0.141 1.274 -0.425 0.255 

16. 200 4.8 0.1626 300 30.7 0.1775 281 0.505 0.168 0.101 1.274 -0.425 0.255 

Note: Variants 7 and 8 are excluded because the physical and mechanical properties of their layers significantly differ from each other, and 

averaging is not applicable. 

 
Figure 3. Diagrams of the considered heterogeneous foundation eddings2. 
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Table 3. Comparative characteristics of the oscillation periods and modes for heterogeneous and equivalent homogeneous foundation bed-

dings. 

No. 

Two-layer heterogeneous foundation bed-

dings 

Equivalent single-layer ho-

mogeneous beddings 
Comparative ratios of the parameters 

   , s
3 1 2 3 

  
  

 
  
  

    , s ̅1 ̅2 ̅3 
   
   

 
   
   

 
   
   

 
  

  
 

  

  
 

  

  
 

1 0.207 1.890 -0.522 0.483 3.62 3.92 0.233 1.274 -0.424 0.254 1.127 1.07 0.99 1.483 1.230 1.894 

2 0.232 1.865 -0.873 0.861 2.14 2.17 0.293 1.274 -0.424 0.254 1.266 0.92 1.04 1.464 2.056 3.380 

3 0.380 1.723 -0.701 0.714 2.46 2.41 0.400 1.274 -0.424 0.254 1.053 0.88 1.00 1.352 1.650 2.802 

4 0.458 1.842 -0.787 0.498 2.34 3.70 0.533 1.274 -0.424 0.254 1.164 0.94 1.07 1.446 1.853 1.954 

5 0.657 2.095 -1.000 0.704 2.10 2.98 0.640 1.274 -0.424 0.254 0.974 1.12 1.01 1.645 2.355 2.762 

6 0.925 1.903 -0.488 0.486 3.90 3.91 0.780 1.274 -0.424 0.254 0.843 0.84 1.01 1.494 1.150 1.909 

7 0.246 1.256 -1.104 0.867 1.14 1.45 0.367 1.274 -0.424 0.254 1.492 0.85 1.07 0.986 2.600 3.402 

8 0.740 6.329 -0.126 0.330 50.1 19.15 0.367 1.274 -0.424 0.254 0.495 1.15 0.92 4.968 0.298 1.297 

9 0.203 2.250 -0.612 0.465 3.67 4.84 0.211 1.274 -0.424 0.254 1.042 0.99 1.01 1.766 1.442 1.823 

10 0.174 2.406 -0.631 0.510 3.81 4.72 0.182 1.274 -0.424 0.254 1.044 0.99 1.01 1.889 1.487 2.000 

11 0.245 3.491 -1.105 0.346 3.16 10.09 0.332 1.274 -0.424 0.254 1.354 1.13 1.05 2.740 2.602 1.358 

12 0.336 1.789 -0.672 0.346 2.66 5.17 0.241 1.274 -0.424 0.254 0.718 1.08 0.90 1.404 1.583 1.357 

13 0.365 2.729 -0.813 0.688 3.36 3.96 0.390 1.274 -0.424 0.254 1.069 0.99 1.00 2.142 1.915 2.702 

14 0.667 2.442 -0.816 0.623 2.99 3.92 0.700 1.274 -0.424 0.254 1.050 1.05 1.02 1.917 1.921 2.445 

15 0.785 3.282 -0.587 0.443 5.59 7.41 0.705 1.274 -0.424 0.254 0.898 1.03 0.98 2.576 1.382 1.739 

16 0.469 1.241 -0.604 0.437 2.05 2.84 0.505 1.274 -0.424 0.254 1.076 1.05 1.01 0.974 1.423 1.716 

Average value excludes Nos. 7 and 84 3.1 4.4     1.05 1.01 1.01 1.74 1.72 2.13 

 

Sv  and densities  , which are determined by the fol-

lowing formulas [6]: 

1 2 1 1 2 2

1 2 1 2

1 2

,S

s s

H H H H
v

H H H H

v v

 


 
 




       (28) 

Values of the equivalent homogeneous foundation bedding 

first period are determined by the following formula: 

 1 2
0

4

s

H H
Т

v


               (29) 

whereas values of the next periods 0iТ  (i=1,2,3…) and co-

efficients i (i=1,2,3…) are assumed by the formulas for a 

homogeneous foundation bedding [9]: 

01
0

2 1
i

Т
Т

i




, i=1,2,3…, 
 

1
14

2 1

i

i
i







 


, i=1,2,3…. (30) 

Figure 4 presents the first three natural oscillation modes of 

heterogeneous beddings based on formulas (16), (17) and 

respective equivalent homogeneous beddings for all variants 

of heterogeneous beddings. 

Table 4 presents the final results of calculations according 

to formulas (25) for peak ground displacements and acceler-

ations under M=7.0, =15 km, and ground vibration decre-

ment      0      for all five modes of oscillation, 

which corresponds to 4.77% of critical attenuation         . 

Based on the vibration decrement formula   [7], the fol-

lowing ratios between          are set: 

100 2 %
% ,

2 100

n
n





 
               (31) 
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As seen in the table, when replacing heterogeneous bedding 

with an equivalent homogeneous one, the best approximation 

for ground accelerations 𝑢0𝑚𝑎𝑥
      𝑢0𝑚𝑎𝑥

 
 occurs when the 

accelerograms of the equivalent heterogeneous bedding are 

calculated factoring in five modes of oscillation, while for the 

heterogeneous bedding, with three modes. 

Figure 4 shows superposition of the first three oscillation 

modes for heterogeneous (a)) and equivalent homogeneous 

(b)) foundation beddings. As it is apparent, unlike with ho-

mogeneous bedding, for the heterogeneous one, individual 

oscillation modes peak occurrences differ in time, but this 

does not result in significant increases. 

The results presented in Table 4 also show that for a hetero-

geneous bedding, the values of 𝑢      𝑢 
  are significantly 

greater than the values of 𝑢      𝑢 
 
 for a homogeneous bed-

ding. This outcome is related to the ratios of the coefficients 

  (   , ,    ) in the main formula (25) for predicted values 

of heterogeneous bedding seismograms and accelerograms, to 

the similar coefficients  ̄ (   , ,    ) for the homogeneous 

bedding, as given in Table 3. As seen in the table, the average 

values of    ̄ ⁄ for the first, second, and third oscillation modes 

reach approximately 1.74, 1.72, and 2.13, respectively. Fur-

thermore, Table 3 shows that the average ratios of the first peri-

ods  0  and  0  are about 1.05, while the ratios  0  to  0 , 

and  0  to  0  are approximately 1.01; these values also are 

part of the main prediction formula (25). This indicates that the 

values of seismograms and accelerograms calculated for a het-

erogeneous foundation using the main formula (25) will be pri-

marily influenced by the coefficients i  and i , rather than 

by the values of  0  and  0 , which are also part of the main 

formula (25). Seismograms and accelerograms for the 16 vari-

ants (Figure 3) are shown in Figure 5. 
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Figure 4. The first three natural oscillation modes of two-layer and equivalent homogeneous beddings, according to the diagrams of Figure 3. 

As shown in Figure 3, the degree of foundation bedding 

heterogeneity depends mainly on differences in shear wave 

velocity 𝑣  between the first and second layers. For two-layer 

heterogeneous bedding cases where 𝑣   𝑣  , the increase 

in acceleration values (accelerograms) in the first layer (at the 

Earth’s surface, z=0) is similar to the problem with a structure 

vibrating with two degrees of freedom, an effect previously 

noted by Biot [14] and termed the “whip effect.” In these 

cases, the wave propagating from the lower to the upper layer 

can be viewed as energy flow moving from the heavier (stiffer) 

part of the whip to the lighter (more flexible) part, causing 

energy accumulation in the small mass of the upper flexible 

layer and resulting in large accelerations. For two heteroge-

neous beddings (8), (16) where 𝑣   𝑣  , this is akin to the 

seismic response of buildings supported by special seismic 

isolators, where the building as a whole undergoes large dis-

placements (rather than deformations) with minimal floor 

drifts. 
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Table 4. Peak values of synthetic seismograms and accelerograms for 16 heterogeneous beddings and equivalent homogeneous beddings 

based on the formula (25). 

No. 

Heterogeneous beddings Equivalent homogeneous bedding 
Ratios of heterogeneous 

bedding actual displace-

ments and accelerations 

with consideration of 

three oscillations modes 

relative to the equivalent 

with five oscillations 

modes 

First 

oscilla-

tion 

mode 

period 

   , s 

Actual values of 

displacements and 

accelerations with 

consideration of 

three oscillations 

modes according to 

the formula (25) 

Average 

values of 

the first 

oscilla-

tion mode 

period 

   , sec 

Equivalent values of 

displacements and 

accelerations with 

consideration of 

three oscillations 

modes 

Equivalent values of 

displacements and 

accelerations with 

consideration of five 

oscillations modes 

      ( )

, cm 

     
  ( ), 

cm/s2 

      ( )

, cm 

     
 

( ), 

cm/s2 

     ( )

, cm 

     
 

( ), 

cm/s2 

     ( )

     ( )
 

     
 ( )

     
 

( )
 

1 0.207 0.75 1482 0.233 0.58 965 0.591 1374 1.27 1.08 

2 0.232 0.88 1714 0.293 0.73 768 0.745 1077 1.18 1.59 

3 0.380 1.35 1008 0.400 1.00 572 1.021 833 1.32 1.21 

4 0.458 1.70 737 0.533 1.34 428 1.361 617 1.25 1.19 

5 0.657 2.79 782 0.640 1.61 357 1.634 520 1.71 1.50 

6 0.925 3.35 370 0.780 1.96 292 1.991 421 1.68 0.88 

7 0.246 0.63 1173 0.367 0.92 623 0.937 901 0.67 1.30 

8 0.740 8.24 794 0.367 0.92 623 0.937 901 8.79 0.88 

9 0.203 0.89 1799 0.211 0.53 1057 0.535 1460 1.66 1.23 

10 0.174 0.80 1959 0.182 0.44 1085 0.444 1266 1.80 1.55 

11 0.245 1.62 1796 0.332 0.83 682 0.846 970 1.91 1.85 

12 0.336 1.08 1049 0.241 0.60 950 0.615 1383 1.76 0.76 

13 0.365 1.95 1309 0.390 0.97 579 0.990 829 1.97 1.58 

14 0.667 3.23 699 0.700 1.76 325 1.786 467 1.81 1.50 

15 0.785 4.77 592 0.705 1.77 321 1.797 462 2.65 1.28 

16 0.469 1.09 619 0.505 1.26 445 1.283 635 0.85 0.97 

17 0.438 0.356 299        

18 0.167 0.726 1451        

Average value without Nos. 7 and 8 1.63 1.3 
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Figure 5. Superposition of acceleration values for the first three oscillation modes (at ground surface) according to the formula (25), at M=7.0, 

=15 km, 1=2=3=0.3: for individual oscillation modes (first i=1, second i=2, and third i=3), and their sum (i=1+2+3)): a. for No. 1 

variant of heterogeneous foundation bedding with  0            ,          b. for the equivalent homogeneous bedding with average 

value  0           ,  ̄       (b). 
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Figure 6. Synthetic seismograms  1 0,u t  and accelerograms  1 0,u t  on the surface of the earth, according to formula (25), for 16 het-

erogeneous bases at M=7.0, =15 km, 1=2=3=0.3. 

http://www.sciencepg.com/journal/earth


Earth Sciences http://www.sciencepg.com/journal/earth 

 

257 

 

Figure 7 presents a comprehensive overview of the de-

pendencies of displacement and acceleration values at the 

ground surface on the mechanical structures of heterogeneous 

and homogeneous beddings, on the ratio 1 2s sv v , and on the 

values of the first mode oscillation period  0  for heteroge-

neous beddings. Figure 8 supplements Figure 7 by showing 

how displacement and acceleration values at the ground sur-

face vary with the increasing ratio of shear wave velocities 

1 2s sv v . As evident from Figure 7 and Table 4, for all foun-

dations considered, the accelerations and displacements (ex-

cept for the displacement value of the variant 16) calculated 

considering the first three oscillation modes for heterogeneous 

foundation beddings significantly exceed the corresponding 

values for equivalent homogeneous beddings. 

 

 

Figure 7. a. Peak values of accelerations  1 0,u t  (cm/s2) and 

displacements  1 0,u t (cm) for the 16 variants (Figure 3.) of actual 

two-layer heterogeneous foundation beddings, and, b. equivalent 

single-layer homogeneous foundation beddings, depending on the 

ratio 1 2s sv v ,  0 ,  0  and No. of foundation (considering three 

oscillation modes at M=7.0, =15 km, 1=2=3=0.3). 

This appears to be a very important factor distinguishing 

heterogeneous foundation beddings from their equivalent 

homogeneous counterparts. 

Note that, despite the fact that the periods  0  for options 8 

and 15 are almost the same (0.74 s and 0.78 s), the shift for 

option 8 is 8.24/4.77=1.73 times greater than for 15. At the 

same time, the data in Table 4 show that when calculating for 

equivalent homogeneous beddings with consideration of five 

oscillation modes, the average ratio of accelerations for het-

erogeneous and homogeneous beddings converges signifi-

cantly. The data from Figures 7 and 8 indicate recurring pat-

terns between soil displacements and accelerations: where 

displacements are large, accelerations are small, and con-

versely, when displacements are small, accelerations are 

large. This phenomenon has been repeatedly noted by Richter 

[15]. 

 

 
Figure 8. Peak values of a) ground displacements 𝑢 ( , 𝑡)(cm) and 

b) accelerations 𝑢 
 ( , 𝑡)  (cm/sec2) for 16 variants of beddings 

(excluding the heterogeneous beddings of variants No. 7 and 8 and 

including additional heterogeneous beddings of variants No. 17 and 

18, based on Table 4) depending on the ratio 1 2s sv v . 

In our case, for heterogeneous foundations (8), (16), ground 

displacements at the surface reached 8.24 cm and 4.77 cm, 

respectively, indicating that foundation beddings experienc-

ing such displacements are likely unsuitable for construction, 

as no rock would withstand these large movements. 

Using the derived formulas (25) and the 0,i iT  values 

presented in Tables 2 and 3, it is possible to predict not only 

the displacement and acceleration values at the Earth’s sur-

face (z=0)    1max 1max0, , 0, ,u t u t  but also corresponding 

values at any depth within the first and second layers of the 

heterogeneous foundation bedding. To do this, the following 
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two equations must be applied, which are similar to formula 

(25): 
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(32) 

where the values of the functions    1 2, , ,i iU z t U z t  are 

determined by formulas (17). 

According to continuity conditions (13), the displacement 

of the first layer  1iU z  at the 1z H level and the 

displacement  2iU z of the second layer at the interface 

between the layers 1z H  must be equal. As can be seen 

from (32), the quantities 

       1 1 2 2, , , , , , , ,u z t u z t u z t u z t  differ from each other 

only by the functions    1 2, and i iU z U z  in formula (17). 

On the ground's surface, the function  1iU z at (z=0) is equal 

to: 

 1
0

2
cos 1i

i sl

z
U z

T v


  ,          (33) 

Which is equal to unity for all vibration modes (i=1, 2, 3,...) 

and plays no role in summing the series or their final sum. On 

the interface between two layers, the function,  2iU z after 

entering the values 1 2 1 1 2, , ,i i z H H H H      in it, takes 

the form: 

   

1

0 1 1
2 1 1 2

2 0 2 0 1

0 2

2
cos

22
sin cos

2
sin

i s
i

i s i s

i s

H

T v H
U z H H H

H T v T v

T v






     (34) 

Thus, as expected, the functions    1 2,i iU z U z  

coincide when 1z H . However, unlike  1 0iU , the 

function  2 1iU H  can play a role both in the values of 

individual terms of the series and in the final sum. 

This does not occur because, as shown by the above results, 

the ratios of the periods of in homogeneous and heterogenu-

ous bases are immaterial (Table 3), and the following equality 

holds (for homogeneous bases  0 01 2 1iT T i  ): 

 1 1 1

0 1 01 1 01 1

2 2 2
cos cos 2 1 cos

i s s s

H H H
i

T v T v T v

  
   ,      (35) 

And therefore: 

       2 1 1 2 1 1, 0, , , 0,k ku H t u t u H t u t    ,   (36) 

where: 

1

01 1

2
cosk

s

H

T v


  .               (37) 

Table 5 shows the values of the coefficients k  

   1max 1max0, , 0, ,u t u t calculated using the data in Table 2 

(Table 4 and Figure 6), and the values 

   2max 1 2max 1,u H u H  according to formula (36). 

Table 5. Values 1

01 1

2
cosk

s

H

T v


   (k-number Figure 3) of displacements and accelerations on the surface of the boundary of two layers. 

No. (Fig-

ure 3) 

Coefficient 

values    

On the surface of the earth At the division of two layers 

      , cm      
 , cm/sec2       , cm      

 , cm/sec2 

1 0.73 0.75 1482 0.54 1075 

2 0.47 0.88 1714 0.41 803 

3 0.68 1.35 1008 0.91 683| 

4 0.61 1.7 737 1.04 449 

5 0.58 2.79 782 1.61 451 
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No. (Fig-

ure 3) 

Coefficient 

values    

On the surface of the earth At the division of two layers 

      , cm      
 , cm/sec2       , cm      

 , cm/sec2 

6 0.69 3.35 370 2.30 253 

7 0.29 0.63 1173 0.18 340 

8 0.94 8.24 794 7.73 744 

9 0.73 0.89 1799 0.65 1305 

10 0.69 0.8 1959 0.55 1343 

11 0.21 1.62 1796 0.34 381 

12 0.84 1.08 1049 0.90 876 

13 0.53 1.95 1309 1.03 691 

14 0.59 3.23 699 1.90 411 

15 0.72 4.77 592 3.43 425 

16 0.95 1.09 619 1.03 587 

 

The highest values for accelerations  1 0,u t  obtained at 

occurred, respectively, at ratios of 1 2s sv v : 0.89, 0.88 and 

0.42, 0.67, and the highest values of displacements  1 0,u t

were obtained at 1 2s sv v : 0.63, 0.75 and 1.39, 6.0. 

The key finding of all mentioned studies is that when pre-

dicting seismogram and accelerogram values at the Earth's 

surface for heterogeneous foundation beddings, calculations 

using formula (25) must be performed considering no fewer 

than five oscillation modes, both for heterogeneous beddings 

and their equivalent homogeneous counterparts. 

3. Conclusion 

A method to predict seismograms and accelerograms for 

heterogeneous foundation beddings with known physical and 

mechanical characteristics of the bedrock layers, depending 

on the earthquake magnitude M≥6.0 and a given site’s certain 

distance from the earthquake’s rupture  (km). For 16 typical 

two-layer beddings in soils of various seismic categories, 

seismograms and accelerograms were obtained for M=7.0 and 

distance from rupture line =15 km. A method is suggested to 

replace heterogeneous foundation beddings with equivalent 

homogeneous ones and quantitative estimates of such re-

placements are derived. It is shown that the fundamental 

oscillation mode period  0  of the actual heterogeneous 

bedding changes (both increases and decreases) by 1.05 times 

on average, whereas the periods of second and third oscilla-

tion mode change only slightly (by 1.01 times) compared to 

the periods of the second and third oscillation modes of the 

heterogeneous bedding. It has to be noted that with such re-

placements there could be an increase in ground accelerations 

up to 1.6 times. Calculations for the equivalent homogeneous 

bedding which consider five oscillation modes instead of 

three, show ground acceleration decreases up to 1.3 times. It 

has been found out that heterogeneity of the foundation bed-

ding, in fact, leads to increased acceleration and displacement 

values at the ground surface due to a significant change in the 

natural modes of dynamic deformation of the medium (the 

function  kiU z  and coefficients  ) compared to the ho-

mogeneous beddings. 
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1 Values highlighted in green are the additional velocities of soil particles’ oscil-

lation 𝑣 (𝑀,  ) for ultimate values    , which are not present in the main table 

[7]. 

2 Beddings 15 and 16 (unlike the other 14 beddings) are real beddings (Gukasyan, 

Armenia and El Centro, USA) on which accelerograms of real earthquakes were 

recorded on December 7, 1988 and May 18, 1940. 

3 Values of periods  0 ,  0 , and  0 ,  0 , are in the Table 2. 

4 The ratio δ1/δi for any homogeneous bedding equals to 
 

1
14

2 1

i

i







, i=1, 2, 

3… 
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