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Abstract 

It measures the risk that a system or company fails to maintain its elf over time. In this article, we provide an approximation of the 

probability of ruin at the infinite horizon whose inter-arrivals of claims follow the Hawks process and the amount of claims 

follows the Weibull distribution, with independence between these two processes. Using the Finite Volume Method is a 

numerical approach for solving partial differential equations. It consists of dividing the computational domain into discrete 

volumes and applying local approximations to obtain a global solution. This method can be used to estimate complex 

probabilities., a stochastic model with variable memory, it is possible to capture the temporal dependence of events. This allows 

us to analyze situations where the past directly influences the probability of occurrence of future events. This approximation is 

done using the finite volume method, which is a numerical approach for solving partial differential equations. It consists of 

dividing the computational domain into discrete volumes and applying local approximations to obtain a global solution. This 

method can be used to estimate complex probabilities. This is the case in our work; which consists of solving a second-order 

integro-differential equation, two cases of which are considered on the Weibull parameter η: if η=1, then the distribution of claim 

amounts is exponential. On the other hand, if η≥2, then the results lead us to a system of linear equations for which we use the 

finite volume method to obtain a numerical solution. 
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1. Introduction 

In insurance, failure theory aims to mathematically analyze 

random fluctuations in insurance company calculations. 

The Weibull distribution is a probability distribution 

widely used in reliability and statistical analysis due to its 

ability to model a variety of behaviors related to system 

failure times. Its flexibility lies in its parameters, which allow 

the shape and scale to be adapted to describe different prac-

tical situations. 

Approximating complex phenomena, such as the ultimate 

failure probability, using the finite volume method is a pow-

erful approach in numerical analysis. By subdividing a do-

main into finite elements, this method allows complex equa-
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tions to be solved approximately and efficiently. 

When we discuss stochastic processes with variable 

memory, such as the Hawkes process, we are dealing with 

dynamic systems where past events influence future proba-

bilities. This framework is particularly relevant for the study 

of ultimate failure, allowing us to capture temporal depend-

encies and interactions between events. 

This topic combines statistical techniques, numerical 

methods, and stochastic models to analyze and predict critical 

events in diverse contexts, ranging from insurance to complex 

systems. 

The risk model of particular interest here is the probability 

of failure at an infinite horizon. In this article, we seek to 

determine a finite volume approximation of the ultimate 

failure probability of the risk model considered in the study of 

. This risk model uses the Hawkes process as the law of [1]

inter-arrivals of claims, except that here we will use the 

Weibull distribution as the law of claims amounts which we 

define in section (2 . We will carry out this work using the )

numerical methods described in the study of -7[3 ]  Among .

these methods, we find the finite volume method which will 

allow us to solve the second-order integral-differential equa-

tion that we will derive from the following inte-

gral-differential equation: 

𝜕

𝜕𝑢
𝜑(𝑢) =

𝛿

𝑐
𝜑(𝑢) +

𝜆𝛾

2𝜋𝑐
[𝑒

𝛿

𝑐
𝑢
∫ 𝑒−

𝛿

𝑐
𝑦+∞

0
𝜙(𝑦 − 𝑢)𝜎(𝑦)𝑑 −

∫ 𝜙(𝑦 − 𝑢)𝜎(𝑦)𝑑𝑦
𝑢

0
− (1 +

𝛼𝜆(2𝛽−𝛼)

(𝛽−𝛼)²
)]   (1) 

with 

𝜙(𝑦 − 𝑢) =
−𝛼𝜆(2𝛽−𝛼)×2×(−(1/𝑐))(((𝑦−𝑢)/𝑐))

[(𝛽−𝛼)²+(((𝑦−𝑢)/𝑐))²]²
  

And 

𝜎(𝑦) = ∫ 𝜈(𝑦 − 𝑥)
𝑦

0
𝑒−𝛾𝑥𝑑𝑥 + ∫ 𝑤(𝑦, 𝑥 − 𝑦)

+∞

𝑦
𝑒−𝛾𝑥𝑑𝑥  

one of the results given in the study of . In order to carry out [1]

our work successfully, we also draw inspiration from the work 

done in the study of -14 . Then we will give the results [8 ]

obtained in the context of this article, in particular the result of 

the numerical resolution in the case 𝜂 = 1 and that of 𝜂 ≥ 2. 

We will certainly end with a conclusion in which we will 

give the limits and advantages of this approach to finite 

volumes and also perspectives. 

2. Preliminaries 

The reserve model R(t) that we use in this article is: 

𝑅(𝑡) = 𝑢 + 𝑐𝑡 − ∑ 𝑋𝑖
𝑁(𝑡)
𝑖=1

           (2) 

In this reserve model, N(t) is a counting process with var-

iable memory which represents the number of claims at time 

𝑡 > 0. The inter-arrivals follow a Hawkes process in the study 

of . Whose ruin time 𝜏 is defined by: [2]

𝜏 = 𝑖𝑛𝑓{𝑡 ≥ 0; 𝑅(𝑡) < 0} 

The ultimate probability of ruin is therefore defined by: 

𝜑(𝑢) = 𝑃(𝜏 < ∞|𝑅(0) = 𝑢) 

𝜑(𝑢) is the solution to the equation (1) with 

lim
𝑢→+∞

𝜑(𝑢) ⁡= 0 

The Laplace transform of 𝜑 using the equation (1) is de-

fined as follows: 

𝐿𝜑(𝑠) =
[(𝑐𝜙(0)+𝐻𝜙(𝑧)+(𝐻/𝛽))(𝑠²+𝛽𝑠)−𝐴𝑠−𝐴𝛽−𝐾𝑠²][𝛾+𝑠]

𝑐𝑠²(𝑠+𝛽)[(𝑄+1)𝑠+𝛾]
     (3) 

with A, H, K and Q constants defined by: 

𝐴 =
𝜆𝛾

2𝜋
(1 +

𝛼𝝀(2𝛽−𝛼)

(𝛽−𝛼)2
) ; ⁡𝐻 =

𝜆2𝑐2𝛾𝛼(2𝛽−𝛼)

2𝜋
  

𝐾 =
𝜆²𝑐𝛾²𝛼(2𝛽−𝛼)

2𝜋(𝛽−𝛼)
; 𝑄 =

𝜆²𝑐²𝛾𝛼(2𝛽−𝛼)

2𝜋(𝛽−𝛼)
  

For more details (in the study of ). [1]

We also wish to recall that the sequences of variables 

(𝑋𝑖)⁡𝑖≥1  represent the amounts of claims which are inde-

pendent and identically distributed according to the Weibull 

law. The Weibull distribution is a continuous random variable 

that is often used to analyze lifetime data, failure time model, 

and access reliability in the study of . This distribution [15]

was first introduced by Wallodi Weibull in 1951 and has been 

widely used in reliability engineering, survival analysis, and 

other fields. It is often applied in insurance companies to 

model loss distribution due to its flexibility. The probability 

density function 𝑓𝑋 of the Weibull random variable is: 

𝑓𝑋(𝑥, 𝛾, 𝜂) = 𝜂𝛾(𝛾𝑥)
𝜂−1𝑒−(𝛾𝑥)

𝜂
         (4) 

with 𝜂 > 0  and 𝛾 > 0  the parameters. When 𝜂 = 1 , the 

Weibull distribution becomes an exponential distribution with 

parameter 𝛾 and probability density 𝑓𝑋 defined by: 

𝑓𝑋(𝑥, 𝛾, 𝜂) = 𝛾𝑒
−𝛾𝑥              (5) 

In the following, we will discuss the probability of ruin at 

the infinite horizon according to the Weibull distribution is 

divided according to the parameter η. When the parameter 

𝜂 = 1, the probability of ruin can be determined analytically 

using the Laplace transform method (3). However, when 

𝜂 ≥ 2, the Laplace transform method can no longer be used 

because of a step that requires the calculation of an improper 
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integral that cannot be solved analytically. To overcome this 

challenge (case 𝜂 ≥ 2 ), we will use the finite difference 

method to solve the equation. 

3. Results 

In this section, we first treat the case 𝜂 = 1 and secondly 

the case 𝜂 ≥ 2 using the finite volume method. 

3.1. Case η=1 

Theorem 3.1: The probability of ruin at the infinite horizon 

𝜑(𝑢) is defined as follows for all 𝑢 ≥ 0: 

𝑀𝜑 = 𝑋                  (6) 

with 

𝑀 =

(

 
 
 
 

1 0 0
𝑐−𝛿

𝛥𝑢

𝛿−2𝑐

𝛥𝑢
+ 𝛿

𝑐

𝛥𝑢

0 ⋱ ⋱

… 0 0
0 … 0
⋱ ⋱ ⋮

⋮ ⋱ ⋱
0 … ⁡0
0 … …

⋱ ⋱ 0
𝑐−𝛿

𝛥𝑢

𝛿−2𝑐

𝛥𝑢
+ 𝛿

𝑐

𝛥𝑢

… … 1)

 
 
 
 

  

𝜑 =

(

 
 
 
 
 

𝜑(𝑢₀)
𝜑(𝑢₁)
𝜑(𝑢₂)
⋮

𝜑(𝑢𝑖)⁡
⋮

𝜑(𝑢𝑁−1)

𝜑(𝑢𝑁) )

 
 
 
 
 

  

𝑋 =

(

 
 
 
 
 
 

(
𝛽𝜃1−𝜃2

𝑐(𝑅+𝛽)
) 𝑒−𝛽𝑢 + (

𝑅𝜃1−𝜃2

𝑐(𝑅+𝛽)
) 𝑒𝑅𝑢

𝑔(𝑢1)

𝑔(𝑢2)
⋮

𝑔(𝑢𝑖)
⋮

𝑔(𝑢𝑁−1)

𝑔(𝑢𝑁) )

 
 
 
 
 
 

  

𝑔(𝑢𝑖) = (
𝛼𝜆2(2𝛽−𝛼)((

1

𝑐2
))[1+4(

𝑢𝑖
𝑐
)
2
]𝑢𝑖

2𝜋(𝑢𝑖+𝛽)[(𝛽−𝛼)
2+(

𝑢𝑖
𝑐
)
2
]
3 )(1 − 𝑒

−(
𝛿𝑢𝑖
𝑐
)
)  

Lemma 3.1: The probability of ruin at the infinite hori-

zon 𝜑(𝑢)  satisfies the following integro-differential 

equation: 

𝑐
𝜕²

𝜕𝑢²
𝜑(𝑢) − 𝛿

𝜕

𝜕𝑢
𝜑(𝑢) + 𝛿𝜑(𝑢) =

𝜆𝛾

2𝜋
[∫ 𝜓(𝑢 − 𝑦)𝜎(𝑦)𝑑𝑦
𝑢

0
− ∫ 𝜙(𝑢 − 𝑦)𝜎(𝑦)𝑑𝑦

𝑢

0
]    (7) 

With 

𝜓(𝑢 − 𝑦) = 𝑒−𝛿(
𝑢−𝑦
𝑐 ) 𝜕

𝜕𝑢
𝜙(𝑦 − 𝑢) 

and 

𝜕

𝜕𝑢
𝜙(𝑦 − 𝑢) =

−2𝛼𝜆(2𝛽−𝛼)((
1

𝑐2
))[1+4(

𝑢𝑖
𝑐
)
2
]

[(𝛽−𝛼)2+(
𝑢𝑖
𝑐
)
2
]
3   

Proof. 

Using the equation (3) with 

𝜎(𝑦) = ∫ 𝜈(𝑦 − 𝑥)
𝑦

0
𝑒−𝛾𝑥𝑑𝑥 + ∫ 𝑤(𝑦, 𝑥 − 𝑦)

+∞

𝑦
𝑒−𝛾𝑥𝑑𝑥  

Confer in the study of . We now determine the second [1]

derivative of 𝜑(𝑢). Using the equation (1) 

𝜕2

𝜕𝑢2
𝜑(𝑢) =

𝛿

𝑐

𝜕

𝜕𝑢
𝜑(𝑢) +

𝜆𝛾

2𝜋
[
𝜕

𝜕𝑢
(∫ 𝑒−𝛿(

𝑢−𝑦

𝑐
)𝜙(𝑦 −

+∞

𝑢

𝑢)𝜎(𝑦)𝑑𝑦 − ∫ 𝜙(𝑢 − 𝑦)𝜎(𝑦)𝑑𝑦
𝑢

0
)]  

=
𝛿

𝑐

𝜕

𝜕𝑢
𝜑(𝑢) +

𝜆𝛾

2𝜋
[
𝜕

𝜕𝑢
(∫ 𝑒−𝛿(

𝑢−𝑦

𝑐
)𝜙(𝑦 − 𝑢)𝜎(𝑦)𝑑𝑦

+∞

𝑢
) −

𝑒−𝛿×0𝜙(0) − ∫
𝜕

𝜕𝑢
(𝜙(𝑢 − 𝑦)𝜎(𝑦))𝑑𝑦 + 𝜙(0)

𝑢

0
]  

=
𝛿

𝑐

𝜕

𝜕𝑢
𝜑(𝑢) −

𝛿

𝑐
𝜑(𝑢) +

𝜆𝛾

2𝜋
+ [∫ 𝑒−𝛿(

𝑢−𝑦

𝑐
) 𝜕

𝜕𝑢
𝜙(𝑦 −

+∞

0

𝑢)𝜎(𝑦)𝑑𝑦 − ∫
𝜕

𝜕𝑢
(𝜙(𝑢 − 𝑦)𝜎(𝑦))𝑑𝑦

𝑢

0
]  

So this gives us: 

𝑐
𝜕2

𝜕𝑢2
𝜑(𝑢) − 𝛿

𝜕

𝜕𝑢
𝜑(𝑢) + 𝛿𝜑(𝑢) =

⁡
𝜆𝛾

2𝜋
[∫ 𝑒−𝛿(

𝑢−𝑦

𝑐
) 𝜕

𝜕𝑢
𝜙(𝑦 − 𝑢)𝜎(𝑦)𝑑𝑦

+∞

0
− ∫

𝜕

𝜕𝑢
(𝜙(𝑢 −

𝑢

0

𝑦)𝜎(𝑦))𝑑𝑦]  

We work at the infinite horizon so 0 ≤ ⁡𝑢 < +∞ and by 

setting: 

𝜓(𝑢 − 𝑦) = 𝑒−𝛿(
𝑢−𝑦

𝑐
) 𝜕

𝜕𝑢
𝜙(𝑦 − 𝑢).  

we get: 

𝑐
𝜕2

𝜕𝑢2
𝜑(𝑢) − 𝛿

𝜕

𝜕𝑢
𝜑(𝑢) + 𝛿𝜑(𝑢) = ⁡

𝜆𝛾

2𝜋
[∫ 𝜓(𝑢 −
𝑢

0

𝑦)𝜎(𝑦)𝑑𝑦 − ∫ 𝜙(𝑢 − 𝑦)𝜎(𝑦)𝑑𝑦
𝑢

0
]  

Due to the complexity of the analytical solution of the 

equation (7) in the case where ϕ(u) is the probability of ruin at 

the infinite horizon, we propose a numerical approach for the 

solution. The finite volume method allows the solution of the 

equation (7) (approximation), this is given by the following 
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lemma: 

Lemma 3.2: Pour 0 ≤ ⁡u < +∞ et i allant de 1 à N − 1 

nous For 0 ≤ ⁡u < +∞ and i ranging from 1 to 𝑁 − 1 we: 

[
𝑐−𝛿

𝛥𝑢
] 𝜑(𝑢𝑖+1) + [

𝛿−2𝑐

𝛥𝑢
+ 𝛿]𝜑(𝑢𝑖) + [

𝑐

𝛥𝑢
] 𝜑(𝑢𝑖−1) =  

𝜆𝛾𝑢𝑖

4𝜋
[𝜓(𝑢𝑖)𝜎(0) + 𝜓(0)𝜎(𝑢𝑖) −

𝜕

𝜕𝑢𝑖
𝜒(𝑢𝑖)𝜎(0) −

𝜕

𝜕𝑢
𝜒(0)𝜎(𝑢𝑖)]         (8) 

Proof. 

Here we use the finite volume method to prove the equation 

(8). Let the partition of the interval 𝑢 ∈ [0; 𝐿] be defined as 

follows: 

𝑢₀ = 0 < 𝑢₁ < 𝑢₂ < ⋯ < 𝑢𝑁 = 𝐿  

with L the size and Δu =
𝐿

𝑁
 the step or discretization such that 

𝑢𝑖 = 𝑖𝛥𝑢, 𝑛 = 0; ⁡1;⋯ ;𝑁. The first and second derivatives of 

the equation (7) can be approximated by the first and second 

order finite volume method, this gives us: 

𝜕

𝜕𝑢
𝜑(𝑢) ≈

𝜑𝐸(𝑢)−𝜑𝑃(𝑢)

𝛥𝑢
             (9) 

𝜕²

𝜕𝑢²
𝜑(𝑢) ≈

𝜑𝐸(𝑢)−𝜑𝑃(𝑢)

𝛥𝑢
−
𝜑𝑃(𝑢)−𝜑𝑊(𝑢)

𝛥𝑢
=
𝜑𝐸(𝑢)−2𝜑𝑃(𝑢)+𝜑𝑊(𝑢)

𝛥𝑢
 (10) 

Let’s ask 𝜑𝑃(𝑢) = 𝜑(𝑢𝑖), 𝜑𝐸(𝑢) = 𝜑(𝑢𝑖+1) and 

𝜑𝑊(𝑢) = 𝜑(𝑢𝑖−1), the equalities (9) and (10) are trans-

formed into: 

𝜕

𝜕𝑢
𝜑(𝑢𝑖) ≈

𝜑(𝑢𝑖+1)−𝜑(𝑢𝑖)

𝛥𝑢
            (11) 

𝜕²

𝜕𝑢²
𝜑(𝑢𝑖) ≈

𝜑(𝑢𝑖+1)−2𝜑(𝑢𝑖)+𝜑(𝑢𝑖−1)

𝛥𝑢
        (12) 

The set of points 𝑀𝑖(𝑢𝑖𝜑(𝑢𝑖), ) are solutions of the equa-

tion (8). They describe the trajectory of the solutions given by 

Figures 1 and 2. Also using the trapezoid method, we obtain 

the approximations of the integrals of the second member of 

the equation (7) which gives: 

∫ 𝜓(𝑢𝑖 − 𝑦)𝜎(𝑦)𝑑𝑦
𝑢𝑖
0

≈
𝑢𝑖

2
[𝜓(𝑢𝑖)𝜎(0) + 𝜓(0)𝜎(𝑢𝑖)] (13) 

∫
𝜕

𝜕𝑢𝑖
𝜙(𝑢𝑖 − 𝑦)𝜎(𝑦)𝑑𝑦

𝑢𝑖
0

≈

𝑢𝑖

2
[
𝜕

𝜕𝑢𝑖
𝜙(𝑢𝑖)𝜎(0) +

𝜕

𝜕𝑢𝑖
𝜙(0)𝜎(𝑢𝑖)]      (14) 

The equations (7), (11), (12), (13) and (14) gives the equa-

tion (8) for i ranging from 1 to 𝑁 − 1. 

Now we have the necessary elements for the proof of the 

theorem. 

Proof of Theorem 3.1: 

The equation (3) which represents the Laplace transform of 

𝜑(𝑢) allows us to obtain the following expression (for more 

details in the study of ): [1]

𝜑(𝑢) =
𝛽𝜃1−𝜃2

𝑐(𝑅+𝛽)
𝑒−𝛽𝑢 +

𝑅𝜃1+𝜃2

𝑐(𝑅+𝛽)
𝑒𝑅𝑢       (15) 

With 

𝑅 =
−𝛾

𝑄+1
< 0  

The equation (15) implies that: 

lim𝑢→+∞𝜑(𝑢) = 0            (16) 

Using equalities of Lemma 3.1, we obtain the following 

equations: 

𝜓(𝑢𝑖) = 𝑒
−𝛿(

𝑢𝑖
𝑐
) 𝜕

𝜕𝑢
𝜙(𝑢𝑖)          (17) 

𝜕

𝜕𝑢
𝜙(𝑢𝑖) =

−2𝛼𝜆(2𝛽−𝛼)((
1

𝑐2
))[1+4(

𝑢𝑖
𝑐
)
2
]

[(𝛽−𝛼)2+(
𝑢𝑖
𝑐
)
2
]
3      (18) 

and 

𝜎(0) =
1

𝛾(𝑢𝑖+𝛽)
             (19) 

The equations (8), (17), (18) and (19) lead to: 

[
𝑐−𝛿

𝛥𝑢
] 𝜑(𝑢𝑖+1) + [

𝛿−2𝑐

𝛥𝑢
+ 𝛿]𝜑(𝑢𝑖) + [

𝑐

𝛥𝑢
] 𝜑(𝑢𝑖−1) = 𝑔(𝑢𝑖) (20) 

With 

𝑔(𝑢𝑖) =
𝛼𝜆²(2𝛽−𝛼)(

1

𝑐²
)[1+4(

𝑢𝑖
𝑐
)²]𝑢𝑖

2𝜋(𝑢𝑖+𝛽)[(𝛽−𝛼)
2+(

𝑢𝑖
𝑐
)²]
3 (1 − 𝑒

−
𝛿𝑢𝑖
𝑐 )    (21) 

From the equations (15), (16) and (20), we have the fol-

lowing system of linear equations: 

𝑀𝜑 = 𝑋  

With 

𝑀 = (𝑚𝑖𝑗)1≤𝑖;𝑗≤𝑁+1  

defined by: 

𝑚1;1 = 𝑚𝑁+1;𝑁+1 = 1  

For i ranging from 2 to N, we have: 

𝑚𝑖;𝑖−1 =
𝑐−𝛿

𝛥𝑢
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𝑚𝑖;𝑖 =
𝛿−2𝑐

𝛥𝑢
+ 𝛿  

and 

𝑚𝑖;𝑖+1 =
𝑐

𝛥𝑢
  

For the remaining even index pairs (𝑖; 𝑗), we have: 

𝑚𝑖𝑗 = 0  

All of its elements allowed us to define the matrix M by 

Theorem 3.1. 

Application: 

Here we use MATLAB software to solve the system of 

linear equations Mφ = X  in the case⁡η = 1  using the pa-

rameters β = 0.7, α = 0.5, λ = 0.2, γ = 0.3, π = 3.14, δ =

0⁡and⁡c = 10. The⁡result of this simulation is given by Figure 

1, its results show that the exact values of 𝜑 are substantially 

equal to the numerical (approximate) values of 𝜑. Figure 1 

also gives an overview of the curve corresponding to both the 

exact solution and the numerical solution of the ultimate ruin 

probability with the set of points 𝑀𝑖(𝑢𝑖 , 𝜑⁡(𝑢𝑖) describing the 

trajectory of the solutions. As the reserve u increases, the 

exact and approximate solutions coincide and approach 0. 

 
Figure 1. Curves of exact and approximate solutions to the ultimate 

ruin probability (n=1). 

3.2. Case η≥2 

For this hypothesis η ≥ 2, we work more precisely with 

𝜂 = 2 by restoring the expression of the second-order in-

tegro-differential equation, as well as the system of linear 

equations 𝑀𝜑 = 𝑍 using the finite volume method. Except 

that here the column vector X defined in the equation (6) changes 

into another column vector Z, on the other hand the tridiagonal 

matrix M does not change. For η = 2⁡the density function of the 

amounts of claims (Weibull distribution) is defined by: 

𝑓𝑋(𝑥) = 2𝛾²𝑥𝑒
−(𝛾𝑥)²            (22) 

whose distribution function is defined as the sequence: 

𝐹𝑋(𝑥) = 1 − 𝑒
−(𝛾𝑥)²            (23) 

Furthermore, the Laplace transform of the equation (22) is: 

𝐿𝑓(𝑠) = ∫ 2𝛾²𝑥𝑒−((𝛾𝑥)
2+𝑠𝑥)𝑑𝑥

+∞

0
       (24) 

Since the equation (24) cannot be solved analytically, we 

cannot obtain an expression for the Laplace transform 𝐿𝜑 of 

the ruin probability as well as its analytical expression φ(u). 

For all these reasons, a numerical method is chosen using a 

similar reasoning to the case 𝜂 = 1, the calculations of which 

we detail below: 

φ(u) = 𝔼[𝑒−𝛿𝜏𝑤(𝑅(𝜏), |𝑅(𝜏)|)𝟙{𝜏<∞}|𝑅(0) = 𝑢]  

φ(u) =

∫ ∫ 𝑒−𝛿𝑡
𝑢+𝑐𝑡

0

∞

0
𝜈(𝑢 + 𝑐𝑡 − 𝑥)𝑑𝐹(𝑥, 𝑡) + ∫ ∫ 𝑒−𝛿𝑡𝑤(𝑢 +

∞

𝑢+𝑐𝑡

∞

0

𝑐𝑡, 𝑥 − 𝑢 − 𝑐𝑡)𝑑𝐹(𝑥, 𝑡)  

φ(u) = ∫ ∫ 𝑒−𝛿𝑡
𝑢+𝑐𝑡

0

∞

0
𝜈(𝑢 + 𝑐𝑡 − 𝑥)𝑓𝑋(𝑥)𝑓𝑤(𝑡)𝑑𝑥𝑑𝑡 +

∫ ∫ 𝑒−𝛿𝑡𝑤(𝑢 + 𝑐𝑡, 𝑥 − 𝑢 − 𝑐𝑡)𝑓𝑋(𝑥)𝑓𝑤(𝑡)𝑑𝑥𝑑𝑡
∞

𝑢+𝑐𝑡

∞

0
  

𝑓𝑤(𝑡) =
𝜆

2𝜋
[1 +

𝛼𝜆(2𝛽−𝛼)

(𝛽−𝛼)²+𝑡²
]  

φ(u) =
𝜆

2𝜋
∫ 𝑒−𝛿𝑡 [1 +

𝛼𝜆(2𝛽−𝛼)

(𝛽−𝛼)²+𝑡²
] 𝜎(𝑢 + 𝑐𝑡)𝑑𝑡

∞

0
  

with 

𝜎(𝑦) = ∫ 𝜈(𝑦 − 𝑥)
𝑦

0
𝑒−𝛾𝑥𝑑𝑥 + ∫ 𝑤(𝑦, 𝑥 − 𝑦)

+∞

𝑦
𝑒−𝛾𝑥𝑑𝑥  

Let's ask 𝑦 = 𝑢 + 𝑐𝑡, then 𝑡 =
𝑦−𝑢

𝑐
 this implies 𝑑𝑡 =

1

𝑐
𝑑𝑦. if 

𝑡 = 0, then 𝑦 = 𝑢 and if 𝑡 = +∞, then 𝑦 = +∞, which gives: 

φ(u) =
𝜆

2𝜋𝑐
∫ 𝑒−𝛿(

𝑦−𝑢

𝑐
) [1 +

𝛼𝜆(2𝛽−𝛼)

(𝛽−𝛼)²+(
𝑦−𝑢

𝑐
)²
] 𝜎(𝑦)𝑑𝑦

∞

𝑢
  

The first derivative of φ(u) with respect to u gives: 

𝜕

𝜕𝑢
𝜑(𝑢) =

𝛿

𝑐
𝜑(𝑢) +

𝜆𝛾

2𝜋𝑐
[𝑒

𝛿

𝑐
𝑢
∫ 𝑒−

𝛿

𝑐
𝑦𝜙(𝑦 − 𝑢)𝜎(𝑦)𝑑𝑦

∞

0
−

∫ 𝜙(𝑦 − 𝑢)𝜎(𝑦)𝑑𝑦
𝑢

0
− (1 +

𝛼𝜆(2𝛽−𝛼)

(𝛽−𝛼)²+(
𝑦−𝑢

𝑐
)²
)]  

With 

𝜙(𝑦 − 𝑢) =
𝛼𝜆(2𝛽−𝛼)×2×(

𝑦−𝑢

𝑐²
)

[(𝛽−𝛼)²+(
𝑦−𝑢

𝑐
)²]²
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which implies 

𝜕2

𝜕𝑢2
𝜑(𝑢) =

𝛿

𝑐

𝜕

𝜕𝑢
𝜑(𝑢) −

𝛿

𝑐
𝜑(𝑢) +

𝜆𝛾

2𝜋𝑐
[∫ 𝑒−𝛿(

𝑢−𝑦

𝑐
)𝑦 𝜕

𝜕𝑢
𝜙(𝑦 −

+∞

0

𝑢)𝜎(𝑦)𝑑𝑦 − ∫
𝜕

𝜕𝑢
𝜙(𝑢 − 𝑦)𝜎(𝑦)𝑑𝑦

𝑢

0
]  

by posing 

𝜓(𝑢 − 𝑦) = 𝑒−𝛿(
𝑢−𝑦

𝑐
)𝑦 𝜕

𝜕𝑢
𝜙(𝑦 − 𝑢)  

and the fact that 0 ≤ ⁡𝑢 < +∞, we get: 

𝑐
𝜕2

𝜕𝑢2
𝜑(𝑢) − 𝛿

𝜕

𝜕𝑢
𝜑(𝑢) + 𝛿𝜑(𝑢) =

𝜆𝛾

2𝜋𝑐
[∫ 𝜓(𝑢 −
+∞

0

𝑦)𝜎(𝑦)𝑑𝑦 − ∫
𝜕

𝜕𝑢
𝜙(𝑢 − 𝑦)𝜎(𝑦)𝑑𝑦

𝑢

0
]  

Using the preceding reasoning, we have: 

[
𝑐−𝛿

𝛥𝑢
] 𝜑(𝑢𝑖+1) + [

𝛿−2𝑐

𝛥𝑢
+ 𝛿]𝜑(𝑢𝑖) + [

𝑐

𝛥𝑢
] 𝜑(𝑢𝑖−1) =

𝜆𝛾𝑢𝑖

4𝜋
[𝜓(𝑢𝑖)𝜎(0) + 𝜓(0)𝜎(𝑢𝑖) −

𝜕

𝜕𝑢𝑖
𝜙(𝑢𝑖)𝜎(0) −

𝜕

𝜕𝑢𝑖
𝜙(0)𝜎(𝑢𝑖)]  

Since 

𝜓(𝑢𝑖) = 𝑒
−𝛿(

𝑢𝑖
𝑐
)𝑦 𝜕

𝜕𝑢
𝜙(𝑢𝑖)  

Then 

𝜓(0) =
𝜕

𝜕𝑢
𝜙(0)  

which also gives us: 

[
𝑐−𝛿

𝛥𝑢
] 𝜑(𝑢𝑖+1) + [

𝛿−2𝑐

𝛥𝑢
+ 𝛿]𝜑(𝑢𝑖) + [

𝑐

𝛥𝑢
] 𝜑(𝑢𝑖−1) =

𝜆𝛾𝑢𝑖
𝜕

𝜕𝑢
𝜙(𝑢𝑖)𝜎(0)

4𝜋
(1 − 𝑒−𝛿(

𝑢𝑖
𝑐
))  

With 

𝜕

𝜕𝑢
𝜙(𝑢𝑖) =

−2𝛼𝜆(2𝛽−𝛼)(
1

𝑐²
)[1+4(

𝑢𝑖
𝑐
)²]

[(𝛽−𝛼)2+(
𝑢𝑖
𝑐
)²]
3   

and 

𝜎(0) =
1

𝛾
(1 − 𝐹𝑋(𝑢𝑖))  

We finally obtain: 

[
𝑐−𝛿

𝛥𝑢
] 𝜑(𝑢𝑖+1) + [

𝛿−2𝑐

𝛥𝑢
+ 𝛿]𝜑(𝑢𝑖) + [

𝑐

𝛥𝑢
] 𝜑(𝑢𝑖−1) = ℎ(𝑢𝑖)  

With 

ℎ(𝑢𝑖) =
−2𝛼𝜆²(2𝛽−𝛼)(

1

𝑐²
)[1+4(

𝑢𝑖
𝑐
)²][1−𝐹𝑋(𝑢𝑖)]𝑢𝑖

2𝜋[(𝛽−𝛼)2+(
𝑢𝑖
𝑐
)²]
3 (1 − 𝑒−𝛿(

𝑢𝑖
𝑐
))  

and 

𝐹𝑋(𝑢𝑖) = 1 − 𝑒
−(𝛾𝑢𝑖)²  

Using the same approach as before, we obtain a system of 

linear equations of the form 𝑀𝜑 = 𝑍 . As for the column 

vector Z, it is different from the previous column vector X 

because this time 𝜂 = 2, and is defined by: 

𝑍 =

(

 
 
 
 
 

ℎ(𝑢₁)
ℎ(𝑢₂)
ℎ(𝑢₃)
⋮

ℎ(𝑢𝑖)
⋮

ℎ(𝑢𝑁−1)
ℎ(𝑢𝑁) )

 
 
 
 
 

  

Application: 

For this simulation, we fix the values of the parameters 

𝜂 = 2, 𝛽 = 0.7, 𝛼 = 0.5, 𝜆 = 0.2, 𝛾 = 0.3, 𝜋 = 3.14, 𝛿 = 0  

and 𝑐 = 10; then we vary the value of the reserve u in a 

crossing manner to observe the behavior of the probability of 

ruin at the infinite horizon. The results of this simulation are 

found in Table 1. 

Table 1. Table of ultimate ruin probability for n=2. 

𝒖 𝝋(𝒖) 

0 0.0600 

10 0.0358 

20 0.0183 

30 0.0108 

40 0.0056 

50 0.0028 

60 0.0015 

70 0.0005 

80 0.0003 

Figure 2 gives a simulation of the approximate solution of 

the ultimate failure probability for 𝜂 = 2. It is clearly visible 

(Figure 2) that an increase in u leads to a decrease in the 

failure probability ϕ. When the initial reserve varies and tends 

towards plus infinity, the failure probability (𝜑(𝑢)) tends 
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towards 0, it is interesting to know that the values of ϕ(u) are 

between 0 and 1. 

 
Figure 2. Curves of approximate solutions to the ultimate ruin 

probability for n=2. 

4. Conclusions 

Numerical analysis methods allowed us to transform the 

equation (7) into (8) without resorting to the solvability con-

ditions of the integral encountered during the Laplace trans-

form performed, especially the case 𝜂 ≥ 2 in the study of 

. In this paper, we presented the main results of the theory [1]

of ruin: exact expressions, approximations of the ultimate 

ruin probability when the inter-arrivals of claims follow the 

Hawkes process and the amount of claims is of the Weibull 

distribution. The search for approximations for the ruin 

probability in risk models was one of the main points in this 

work. On the other hand, numerical methods, such as finite 

difference methods, are increasingly important and produce 

excellent results for the case of approximation of ruin proba-

bility. Nevertheless, the Weibull distribution used as distri-

bution of the amount of claims is still of interest. In the case 

𝜂 = 1, we obtained an exact solution and an approximate solu-

tion, this approximation seems to be in agreement with the exact 

solution. Figure 1, but on the other hand when 𝜂 ≥ 2 we obtain 

an approximate solution Figure 1 to the complexity of the prob-

ability density of the amount of claims (Weibull distribution). 

On the other hand, numerical methods, such as finite volume 

methods are increasingly important and produce excellent 

results for the case of approximation of probability of ruin. 

Nevertheless, the Weibull distribution used as distribution of 

the amount of claims is still of interest, but the most inter-

esting thing is that the numerical solutions are between 0 and 

1, because this effectively shows that it is a probability. 
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