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Abstract 

The Inertial Navigation System (INS) can provide position, velocity and attitude information with high accuracy with a short 

time period. In recent years, due to its small size, light weight, low consumption of electricity, and low cost, micro-

electromechanical systems (MEMS), IMUs (Inertial Measurement Units) have been increasingly popular in robotics, Unmanned 

Aircraft Vehicles (UAVs), and Unmanned Ground Vehicles (UGVs). MEMS IMUs combine a 3-axis accelerometer, 3-axis 

gyroscope, 3-axis magnetometer, thermometer, and other components into a single microchip; nevertheless, the accuracy of 

MEMS IMU is sometimes poor, especially, the accuracy of these information decreases rapidly with time. To accurately estimate 

the navigation information, it is necessary to characterize the error components of the sensors. In this paper, we present a method 

which can simultaneously increase the computational accuracy and computational speed of Allan variance (AVAR) method with 

combining the variable-time averaging method with the overlapping AVAR method, in order to take advantage of the 

improvement methods of AVAR proposed in the literature and overcome the shortcomings. We also present an efficient noise 

reduction method and verified the efficiency with parameters estimated using the AVAR method. We proved the effectiveness of 

this algorithm using the raw data of MPU9250 in the static position. The experimental result shows that the improved AVAR 

approach combining variable-time method and overlapping method is better than the others. 
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1. Introduction 

INS is an independent non-radiating and anti-jamming nav-

igation system which can provide position, velocity and atti-

tude information with high accuracy with a short time period. 

Unlike the other navigation system, INS don’t need large 

scale infrastructure pre-installed equipment, where installa-

tions of those equipment need lots of time and money, espe-

cially it has no assurance in the case of emergency. 

So INS is a non-reliance navigation system for artificially 

produced sources. 

However, INS is very fragile for random drift and the accu-

racy of these information decreases rapidly with time. For 

dead-reckoning purpose, the output of IMU must be numeri-

cally integrated to provide position, velocity and attitude in-

formation. 

Although the out of IMU is reliable for a long period of time, 

any random small errors are consequently integrated so that it 
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will accumulate and grow with respect to time. Especially in 

the low-cost MEMS IMU case, the accuracy of output will 

greatly decrease over time. Then INS cannot provide reliabil-

ity and accuracy. 

Errors of strapdown inertial navigation system can be di-

vided into two parts: a constant (or deterministic) part and a 

stochastic (or random) part. 

The deterministic part includes bias and scale factor and 

they can be determined by calibration so they can be removed 

from the calibration environment. 

The stochastic includes bias drift, axis misalignment, ran-

dom noise etc. These errors can be modeled in stochastic 

model and they will be included in the Kalman filter (KF) state 

vector. 

One method to remove these errors is to calibrate IMU pe-

riodically with other absolute position measurement. 

Thus, in most cases, INS should be integrated with other 

absolute position determination system to reduce navigation 

error for a long period of time. 

INS/GPS integrated system is a typical example where KF 

and its several variations have been implemented as the pri-

mary integration method [1, 12-16]. 

The first steps of KF implementation are the stochastic error 

modeling and the design of process noise covariance matrix Q 

in the prediction phase. 

So estimation and modeling of errors are essential for the 

performance of INS so that it is necessary to characterize er-

rors of IMU. 

With proper calibration and error characterization, position 

determination and navigation accuracy can be greatly im-

proved [2, 9, 10]. 

Considering the need for simplicity and real-time perfor-

mance, we provide in this study hardware and software design 

methodologies for thermostatic control of MEMS IMUs using 

a single peltier plate [11]. 

Random errors of IMU can be modeled by time-domain 

technology and frequency-domain technology. 

Each technology has several advantages and disadvantages 

[3]. 

The frequency-domain method of modeling noise using 

power spectral density (PSD) to estimate the transfer function 

is straightforward but difficult for non-system experts to un-

derstand. 

Correlative method has been used for analyzing sensor 

measurement in time-domain technology. 

But correlative method is very sensitive to model and it can 

get solution which has enough accuracy only with long term 

data. In time-domain discipline it has been discovered various 

variance but they are essentially similar to and different just 

from several signal processing method. 

AVAR method is very time-domain method comparing with 

other stochastic modeling method, it has widely used for char-

acterizing stochastic noise in MEMS sensors [3]. 

The AVAR method, proposed by David Allan in 1966 as a 

simple analysis of variance method, has been widely used to 

characterize the phase and frequency instabilities of precision 

oscillators. Although it has been developed for oscillator sys-

tem but it is a useful means to research random noise term 

time-domain characteristic of IMU data. 

In 1998, AVAR, a noise identification method for linear ac-

celerometer analysis, was introduced (IEEE Std 1293-1998). 

Especially for low-cost MEMS IMU, the experimental result 

shows that noise terms can be identified and characterized by 

AVAR method [4]. 

So this is a time-domain analysis technique originally de-

signed to characterize noise and stability in clock systems, 

which has also been used to characterize gyroscopes. 

AVAR is a method to represent the mean square random 

drift error as a function of mean time, which can be used to 

determine the characteristics of the underlying random pro-

cess that generates data noise [4]. 

The AVAR method is used to determine the characteristics 

of the underlying random process that generates noise. 

In other words, it can be used to characterize different types 

of error terms within the inertial sensor data by performing a 

constant operation over the entire data length. 

The AVAR method is proposed to take the variable-time av-

erage rather than the constant-time average to reduce the 

amount of computation in the time-averaging process [5]. 

However, since the development of the processor, this ad-

vantage of this method become no more than nothing. 

To improve the effectiveness of the AVAR method in char-

acterizing the error of inertial sensors, time averaging was 

taken as an overlapping to increase the accuracy, but no men-

tion was made about the noise reduction using the estimated 

parameters [6]. 

The time average is also taken as an overlapping shape to 

increase its accuracy and the estimated parameters are effec-

tively removed by wavelet filtering [7]. 

However, taking the time average as an overlapping type 

increases the accuracy as the average number of times in-

creases significantly, while the computational burden in-

creases. 

In order to take advantage of and overcome the shortcom-

ings of the improvement methods of Allan’s variance pro-

posed in the literature, we present the following problems. 

First, we present a method that can simultaneously increase 

the computational accuracy and computational speed of the 

AVAR method by combining the overlapping AVAR method 

and the variable-time averaging method. 

Secondly, based on the parameters estimated using the 

AVAR method, a method to effectively remove noise is pro-

posed. 

2. Combining the Overlapping AVAR 

Method with the Variable-time AVAR 

Method 

AVAR method and the overlapping AVAR method are based 
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on cluster analysis [8]. 

The data set is divided into clusters of defined length. 

Let us assume that the number of these continuous data 

points, i.e., each point N , has a sampling time 0t . 

When a group of consecutive n data points  2n N  is 

created, each group becomes a cluster as shown in Figure 1. 

The number of clusters is K N n . 

 
Figure 1. Data Structure Diagram in AVAR Guidance. 

The modified environment of the overlapping AVAR, which 

is shown in Figure 2. 

In this environment, clusters are overlapped with previous 

clusters in order to use the data set exhaustively. 

 

Figure 2. Data Structure Used for the Derivation of the Overlapping. 

Therefore, the analytical review to be performed is valid for 

both variances. 

There is a period T  associated with each cluster, which is 

equal to 0nt  0T nt . 

If the instantaneous output speed of the inertial sensor is 

given by ( )t , the group mean value can be calculated using 

the following equation as in [3]. 

   
1 k

k

t T

k
t

T t dt
T



               (1) 

where ( )k T  is the average output velocity of the group 

starting at the 
thk  data point, which has n data points. 

The average value of the next group can be obtained as fol-

lows: 

   
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             (2) 

The length k calculated from two neighboring clusters is 

(IEEE Std 952-1997): 
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   (3) 

where  denotes the ensemble mean. 

By choosing different cluster lengths or correlation times 

for each calculation of AVAR, we can obtain as a function of 

correlation time. 

In the log-log plot, this method can distinguish different 

parts of the errors by checking the gradient of variation of the 

error. 

This is typically plotted with T against the square root of 

AVAR. 

A different random process causes the gradient to occur. 

That is, each has an intrinsic gradient and usually appears 

at different positions in the curve, which makes it possible to 

distinguish in a straightforward way. 

This directly makes it possible for distinguish errors from 

several random process. This makes it possible to establish a 

relationship between AVAR and the two adjacent velocity 

noises PSD. 

This is a common method for representing spectral resolu-

tion of time series, which is a powerful tool for analyzing data 

from a random model. 

If the attribute values of the correlation time are chosen, in-

formation about the angular random walk, quantization noise, 

bias instability, etc. can be found. 

The relationship between PSD ( )S   and covariance 

( )K  can be expressed as [6]: 

   jS e K d  





            (4) 

AVAR can be defined in terms of the exit angle or velocity 

[3]: 

   
t

t t dt                  (5) 

The integral lower bound is not expressed here because 

only the angular or velocity differences are used in the defini-

tion. 

Angle or velocity measurements are performed at a discrete 

time given by 0 ( 1,2, , )T kt k N  . 

We simplify the notation to 0( )k kt  . 

The group mean can be written as 

  k n k
k T

T

  
              (6) 
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  2k n k n
next T

T

  
           (7) 

So, AVAR is same as follows. 
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The equivalence relation between Eq. (8) and can be ob-

tained as [6]: 

   
 

 

4
2

40

sin
4

fT
T S f df

fT








         (9) 

where  S f   is PSD in the process  T  , which is as-

sumed to be stationary at that time. 

Eq. (9) is the focus of the AVAR method. 

This equation can be used to calculate AVAR from velocity 

noise PSD. 

Any physically meaningful random process PSD can be 

substituted into an integral, and the expression 
2 ( )T  for 

AVAR as a function of the cluster length is established. 

On the contrary, since 
2 ( )T  is a measurable quantity, the 

log-log plot of ( )T   gives a direct representation of the 

types of random processes present in the inertial sensor data. 

The corresponding AVAR of a random process can be 

uniquely derived from its PSD [3]. 

Table 1. Some Representation from AVAR. 

Error sources AVAR description gradient 

Quantization error 
2

2

2

3
( ) zQ
T

T
   -1 

Angle (velocity) ran-

dom walk 

2
2 ( )

Q
T

T
   -0.5 

Bias instability 0.664B  0 

Rate random walk 
2

2 ( )
3

K T
T   0.5 

Rate Ramp noise 
2 2

2 ( ) `
2

R T
T   1 

Eq. (10) shows that the total variance of random process 

using AVAR. 

2 2 2 2 2 2 ...total Q RRW BI RRW RRN               (10) 

AVAR is a very effective method to separate the error com-

ponents at the gyro output according to their own slope in the 

log-log plot. 

Let’s consider about the accuracy of Allan’s variance 

method and variable-time Allan’s variance method. 

Finite number of clusters can generate any finite data set. 

AVAR of any noise term is estimated using the total number 

of clusters with a given length that can be created. 

On the contrary, for a given  , the estimation accuracy of 

AVAR depends on the number of independent clusters within 

the data set [4]. 

The accuracy in the estimation of AVAR  increases with 

the number of clusters. 

In general, we call the percentage error   of the calcula-

tion for the K  clusters, while computing    . 

 
 

100
%

2 1
error

K
 


           (11) 

The number of clusters K  is given by N n , where N  

is the length of the data set and is the number of points n

contained in the cluster. 

In the short (long) region  , the estimation error is small 

(large) because the number of independent clusters in this re-

gion is large (small). 

This equation can be used to design tests that observe the 

individual noise of a certain characteristic quantity with a 

given accuracy, as described in [4]. 

As mentioned above, the number of clusters in the Allan 

analysis of variance has a direct effect on the estimation accu-

racy. 

On the other hand, AVAR is a method of separating the error 

components at the gyro output according to their own slope in 

a log-log plot. 

The data density in this log-log plot is shown in the figure. 

Thus, the lower the number of data in the cluster in the pre-

vious part of the data sequence, the more accurate the data in 

the cluster in the latter part. 

Hence, variable-time Allan analysis has been proposed and 

the calculation speed can be increased by significantly reduc-

ing the number of clusters [5]. From the nature of the log-log 

plot, as the AVAR is distributed along the logarithmic scale, 

the number of data contained in the cluster should be increased 

geometrically. 

In other words, in the time domain, the size of the cluster 

must increase geometrically. 

1
, ,..., MAXi

MIN MIN r MIN rT T T T T 
        (12) 

Here, rT  is the equivalence value and MINT  is the size in 

the time domain represented by the cluster from the accuracy 

constraint. 
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For an estimation accuracy of 25% from Eq. (11), the min-

imum number of clusters is K = 9 if the number of data is n = 

3240,000. 

In this case, the maximum data score of the cluster is 

360,000, and the number of clusters under the lamp ratio is 

IMAX = 18. 

Let’s combine the overlapping AVAR method and the vari-

able-time AVAR method. 

The main idea of the overlapping AVAR method is to im-

prove the estimation accuracy by taking the overlapping mean, 

while in the variable-time AVAR method, it is essential to 

change the size of the cluster significantly as the density of the 

data increases in the log-log plot with time. 

The key to combining the idea of the overlapping AVAR 

method with the idea of the variable-time AVAR method is to 

increase the number of overlapping geometrically (the data 

structure diagram used in the variable-time overlapping AVAR 

method). For example, in proposal literature when minimum 

cluster number is K=9, it can only provide 25% estimation ac-

curacy but with overlapping method when data points are 

n=324000, it can provide 0.04%estimation accuracy from Eq. 

(10). 

In contrast in this paper calculation amount decrease 90000 

times than proposal overlapping method, i.e. it makes averag-

ing time long exponentially, calculation amount decreases ex-

ponentially when data points gets bigger. 

3. Denoising 

After estimating the type and parameters of noise present in 

the sensor, noise cancellation should be performed. 

In digital signal processing, there are several ways to reduce 

the noise present in the signal, typically discrete wavelet trans-

formation and median filtering. 

These two methods completely eliminate or effectively sup-

press the noise based on the parameters estimated by the 

AVAR method. 

Wavelet denoising is performed through a MATLAB wave-

let toolbox. 

The order of the wavelet transform can be determined by 

trial and error as follows. 

The basis of the wavelet toolbox is harr basis and symlet8 

basis, and the results of 4th, 8th and 12th order wavelet trans-

forms that only the high-frequency noise components are re-

moved in 4th and 8th order wavelet transforms and only the 

high-frequency and low-frequency components are effec-

tively reduced in the 12th order wavelet transforms. 

Figure 3. shows that the filtered result with several basis in 

case of various decomposition level. 

Therefore, using the noise parameters estimated by the 

AVAR method through the 12th-order wavelet transform with 

harr and symlet-8 basis, the noise can be effectively elimi-

nated or its influence is sufficiently small. 

Therefore, using the noise parameters estimated by the 

AVAR method through the 12th-order wavelet transform with 

harr and symlet-8 basis, the noise can be effectively elimi-

nated or its influence is sufficiently small. 

As mentioned above, the median filtering process is applied 

in the denoising step. 

Median filtering is a simple structured filtering method that 

substitutes a measurement with the mean values of neighbor-

ing measurements. 

Therefore, the resulting signal is directly related to the pa-

rameter N, whether N means. 

However, as mentioned in [8], as N increases, the computa-

tional burden increases and the result also decreases signifi-

cantly compared to wavelet filtering. 

Thus, when the median filtering and wavelet excitation are 

applied together, we can effectively suppress the noise of the 

field. 

 
(a) 

 
(b) 

a) use harr basis and b) use symlet-8. 

Figure 3. Wavelet Denosing. 
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4. Experiments Setup 

Experimental conditions: MPU9250 Inertial Sensor Num-

ber of Experiments: 3. 

Experimental times: 30min, 1 h, 1 h and 30 min. 

Sampling times: 10 ms, 4 ms and 10 ms. 

The IMU that was used in the experiment is MPU9250 IMU 

in which 3-axis accelerometer, 3-axis gyro are embedded. For 

the data acquisition, an experimental setup was held in a cus-

tomized desk at room temperature for several days. The ex-

perimental setup is involved: a modified IMU model 

MPU9250, a laptop model Dell XPS M1330 with operating 

systems Windows7 64bit-Ultimate, and a C++ driver to ex-

tract the data from the sensor. 

The modified IMU MPU9250 is a high-performance, min-

iature IMU using MEMS sensor technology. It combines a tri-

axial accelerometer, a tri-axial gyro, temperature sensors, and 

an on-board processor, running a sophisticated sensor fusion 

algorithm to provide static and dynamic orientation and iner-

tial measurements. 

The laptop is a 64-bits ASUS S301LP with CPU Intel Core 

i7-4500U at 1.8 GHz (4CPUs) ~2.4GHz with Data Bus Speed 

of 1300 MHz. 

MPU 9250 IMU has been setup in a duralumin box and in 

I2C mode collected the sensor data. 

The main processor is STM32F407. 

To remove the drift according to the temperature change we 

first designed a thermostat. 

Micro-controller processes the measurements from the 

IMU and sends the result to the host computer through USB-

232 converter. 

The host computer performs calibration using these meas-

urements. 

The sensor data is obtained in zero positions for 0min, 1 h, 

1 h and 30 min. Sampling period is 15ms and measuring range 

is set to 2g . 

5. Experiments and Results 

Following Figures 4, 5 shows that the result of data de-

noised with modified AVAR. 

In general, using AVAR of data we can get noise character-

istics and perform denosing process. 

But AVAR method needs high calculation amount in case of 

high accuracy or low accuracy with less calculation amount. 

Table 2. Estimation Result of Accelerometer Using AVAR After Den-

osing. 

Error source No-filter Median-filter Wavelet-filter 

BI 
x 0.310 0.333 0.014 

y 0.131 0.132 0.004 

Error source No-filter Median-filter Wavelet-filter 

z 0.336 0.329 0.020 

VRW 

x 0.002 0.002 0.002 

y 0.001 0.001 0.001 

z NaN NaN NaN 

Table 3. Estimation Result of Gyroscope Using AVAR After Denosing. 

Error source No-filter Median-filter Wavelet-filter 

BI 

x 16.046 17.061 0.369 

y 11.437 11.885 0.436 

z 9.544 9.667 0.315 

For overcoming this problem, we can use modified AVAR 

method. 

In Figures 4, 5, a) shows that AVAR of original data, b) 

shows result from median filtered data and c) shows result 

from wavelet denoised data. 

As you can see from Tables 2, 3 the suggested modified 

AVAR method accurately reflects the noise characteristics 

from denoised data as compared with original data, i.e. com-

bining time controllable method and overlapping method, the 

accuracy radically improved from 25% to 0.04% but also cal-

culation amount decreased 90000 times when N=3240000. 

 
(a) 
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(b) 

 
(c) 

Figure 4. AVAR of Accelerometers. 

a) from original data b) from median filtered data c) from wavelet 

denoised data. 

6. Conclusions 

In the paper we described the modified AVAR which can 

overcome calculation problem and accuracy problem simulta-

neously in MEMS accelerometer and gyroscope. 

Using this algorithm, we verified that noise term: bias in-

stability and velocity random walk effectively reduced with 

various filter in view of modified AVAR. 

This result shows that this modified AVAR method this pa-

per suggested accurately reflects the noise characteristics. 

 
a) 

 
b) 

 
c) 

Figure 5. AVAR of Accelerometers. 

a) from original data b) from median filtered data c) from wavelet 

denoised data. 
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We proved the effectiveness of this algorithm using the 

measurements of MPU 9250 IMU in the stationary position. 

This method can be used in various low-cost IMU. 

If the accelerometers, gyros errors are characterized using 

this approach, the computation accuracy and computation 

amount are greatly improved in navigation system. 

Abbreviations 

AVAR Allan Variance 

IMU Inertial Measurement Unit 

INS Inertial Navigation System 

MEMS Micro Electro Mechanical System 

PSD Power Spectral Density 

KF Kalman Filter 

UAV Unmanned Aircraft Vehicle 

UGV Unmanned Ground Vehicle 
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