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Abstract 

Analytical expressions for the low-field mobility of the two dimensional electrons in mono layer graphene are obtained on base 

of quantum kinetic approach that is based on the one-particle density matrix and the model non-equilibrium distribution function 

in form of the shifted Fermi distribution. We consider the gated graphene with the Fermi level that is biased by applying an 

external voltage to the gate. In this case, the confining potential has the shape of a triangle well that can be written in terms of 

Airy functions. Screened acoustic, optic phonons and ionized impurities are considered as scattering mechanisms. Calculations 

show that in the semiconductors with Dirac spectrum of charge carriers mobility for scattering by acoustic phonons and ionized 

impurities does not depend on the electron effective mass. Both effective mass of electrons and scattering rate by non-polar optic 

phonons reach minimum for electron energy close to the Dirac point. A comparison of the temperature dependences of the 

calculated and experimental mobility data shows that in the temperature range under consideration, at T < 400 K mobility is 

determined by the scattering of electrons by ionized impurities. The acoustic and out-of-plane optical phonons (ZO phonons) 

determine the electron mobility at higher temperatures. Results of mobility calculations are compared with known experimental 

data. 
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1. Introduction 

A theoretical understanding of two-dimensional material 

such as monolayer graphene is critical to determining their 

future uses and unlocking their properties. The unique elec-

trical properties of graphene, such as high carrier mobility 
5 22 10 / seccm V  at room temperature offer significant 

advantages for applications ranging from fast electronics to 

touch screens and ultrasensitive photon detection [1, 2]. This 

mobility value can be strongly reduced by impurity and 

phonon scattering. Various theoretical approaches have been 

proposed to calculate the effect of impurities [1, 3] and 

acoustic phonons [3-6] on the carrier mobility in monolayer 

graphene. Among them are the relaxation time approximation 

(RTA) [3-7], numerical solution of the semi classical Boltz-

mann equation [8], Monte Carlo simulation [9-11]. 

Compared to analytical methods, the numerical solution 

process simulation is not always physically transparent and 

can be computationally intensive. The calculation results in 

this case are only valid within the range of the underlying 

data set. In the RTA the collision integral in the Boltzmann 
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transport equation is modelled by a simple form which con-

tains scalar relaxation time. For nanoscale transport the RTA 

give rise to some doubts for qualitative consideration of a 

wide circle of problems [12-14]. The problem of the mobility 

calculation in the RTA is to determine relaxation time for 

inelastic scattering process such as scattering by non-polar 

optic phonons. In the general case, the relaxation time for 

inelastic scattering cannot be introduced [15, 16]. 

In this article we derived analytic expressions for low field 

mobility monolayer graphene. Acoustic deformation potential, 

polar optical phonons and ionized impurities are adopted as 

scattering mechanisms. To calculate mobility we use the 

quantum kinetic approach that is based on the one-particle 

density matrix and the model non-equilibrium distribution 

function in form of the shifted Fermi distribution. The calcu-

lation results are compared with known experimental data. 

2. Basic Equations 

2.1. Dispersion Law 

The dispersion law for electrons in graphene can be written 

as [8, 17]. 

Fk
V k  ,                  (1) 

610FV  m/sec is the Fermi velocity,  ,x yk k k  is the 

wave vector,  is the reduced Plank constant. 

Below we consider gated graphene with the Fermi level 

that is biased by applying some external voltage to the gate. In 

this case, the confining potential has the shape of a triangle 

well that can be written in terms of Airy functions ( )Ai z  

[18]. 

 
3

0

1
cos

3

t
Ai z zt dt




 

   
 

 ,             (2) 

where z is the direction of quantum confinement. 

The energy Eigen values are 

 l E eff lL eE a   ,                  (3) 

Here  
1/3

2 2E effL meE  is characteristic length, Eeff is 

an effective surface field, e  is the electron charge, na  are 

zeros of the Airy functions that can be approximately given as 

[18]. 

2/3
3 1

, 1,2,...
2 4

la l l
  

     
  

           (4) 

l is the quantum number. 

If Fermi-level is shifted by applying of some bias voltage 

U  the effective mass of electrons near the Dirac point can be 

written as [8]. 

2 2

F

F F

eU
m

V V


  ,                    (5) 

than eff zE U L  and expression for EL  takes a form 

1/3
2

2

F z
E

F

V L
L



  
   
   

               (6) 

zL is the monolayer graphene thickness. 

In this case the areal charge carrier density ( 2)Dn  can be 

obtained by integration 

 

2
( 2)
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1
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2 exp 1
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l B lk

d kg
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k T  

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  


 
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g is the valley degeneracy, for graphene 2g  . 

Integration (7) with dispersion law (1) gives 

 
2

( 2)
1

1

2D B
l

F l

k T
n F

V







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 
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Here  rF  are the Fermi-Dirac integrals 

 
0

1

( 1) exp( ) 1

r

r

x dx
F

r x

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
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For high degeneration 1   

 
 

1

2

r

rF
r







 

                (11) 

2.2. Quantum Kinetic Approach to Mobility 

Calculations 

To compute the charged carrier mobility we will use the 

quantum kinetic approach [19-21] that is based on the one 

particle density matrix and the model non-equilibrium distri-

bution function in form of the shifted Fermi distribution. In this 

case the model non-equilibrium distribution function is a solu-

tion of the quantum kinetic equation linearized with respect to 
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the electric field. For further consideration it is convenient to 

introduce the kinetic tensor that ( 2)ˆ D  is the inverse mobility 

tensor  
1

( 2) ( 2)ˆ ˆD D 


  . For isotropic effective mass the 

kinetic tensor ( 2)D   degenerates into a scalar form. In the 

low-field limit the inverse mobility of carriers with dimen-

sionality 2D   has the following form [19]. 

 
     ( 2)( 2) 2 2 2 2 0 0

,4 ( 2)(2 ) sinh

DD
q qq k k q k k q kD

B q B

e d
q d q d k f f

n k T k T



       

 
        


    

           (12) 

0

k
f


is the Fermi equilibrium distribution function, Bk is the 

Boltzmann’s constant, T is temperature, 
( )2

,

D

q



  is the 

spectral correlator of scattering potential. 

We will assume that in scattering process a charged carrier 

makes transition from some initial state ( , )x yk k k  into the 

final state k k q  
   , thus q is the transferred momen-

tum, qk k q
  

  
   is the change in energy at collision. 

The upper sign in argument of the Dirac delta function in (12) 

is used for phonon emission and the lower sing is used for 

phonon absorption.  qk
 



  is the Heaviside step 

function that ensures a positive kinetic energy of electrons for 

scattering with emission of phonons (primarily for non-polar 

optic phonons). The scattering by acoustic phonons and ion-

ized impurities we will consider as elastic ( , 0q 

 ). 

2.2.1. Correlator for Scattering 2DEG by Acoustic 

and Non-polar Optic Phonons 

Correlators for 2DEG for scattering on acoustic phonons 

we obtain from correlator for 3DEG 
2 ( 3)

,
D

q   by the 

inverse Fourier transform. The correlators for 3DEG scatter-

ing on by acoustic and non-polar optic phonons [19-22] are 

 
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where   and D are the deformation potential coupling con-

stants, 0 DOE  is energy of non-polar optic phonon, 

and Ls are density of the crystal and velocity of the longitu-

dinal acoustic phonon, respectively. Acoustic phonon scat-

tering is treated within the elastic deformation potential ap-

proach in the long-wavelength acoustic-phonon limit. 

The inverse Fourier transform gives the correlator for the 

2DEG associated with the plane 0z   as follows: 

 
( 3) 22 ( 2) 2

,
,

1

2

D
D

q ll z z
q

F q dq


 
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







    .   (15) 

Here  ,x yq q q  and  , ,x y zq q q q  are the wave vectors 

for 2DEG and 3DEG, respectively. 

The fundamental difference between 2DEG and 3DEG is the 

overlap integral, which determines the effective extent of 

The inverse Fourier transform gives the correlator for the 

2DEG associated with the plane 0z   as follows: 

     
0

exp( )ll z z l lF q iq z z z dz 



   .     (16) 

Here  l z  and  l z  are the envelope functions in the 

confined direction 

( ) ( )
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 
2

( ) ( )

0
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 
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Finally we have 
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     
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Integration (15) gives the following expression for correlators 
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Here 
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 ( 2)
0,

D
RS q q


  is the screening factor and 11 0.417A  ,

12 0.158A  , 22 0.291A  , 23 0.135A  . 

   
2( 2) 2

0 0,
D

RS q q q q q


    ,         (23) 

0q is the inverse characteristic screening length. 

For carriers with Dirac like dispersion law (1) the inverse 

characteristic screening length can be found by differentiation 

[21]. 

 
 

22 ( 2)

0 2

42
ln 1 exp( )

D
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B F

e k Te n
q

k T V
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
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
  


.   (24) 

04 b    is the dielectric permittivity, 0 and b  are 

the vacuum and relative background dielectric constants, 

respectively. 

2.2.2. Impurity Scattering 

At scattering by ionized impurities the spectral correlator is 

given by [19]. 

 
     

3 ( 2)2
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, 02 2
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   ,                       (25) 

( 2)D
IN

 is areal density of scattering centres. 

In this case, the overlap integral can be written as [22]. 
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In the long wave approximation 0q   the overlap inte-

gral takes a form 

 ( )
( ) exp 2

I
ll EllA q q L     .       (27) 

2.3. Mobility of 2DEG with Dirac Spectrum 

2.3.1. Scattering by Acoustic Phonons 

For scattering by acoustic phonons integration (12) with 

correlator gives expression for inverse mobility in the fol-

lowing form 

 
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where 
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 
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In neglect screening 0 1x   expression for mobility can 

be written as 

 
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For non-degenerated electrons 1    

   1 3 1F F   .              (31) 

The temperature dependence of mobility (30) goes as 
( 2) 4D

Ac T    without screening effects. This dependence 

was obtained earlier [3, 7]. 

For strong degeneration 1   expression for mobility 

simplifies 
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In this case, mobility decreases with increasing electron 

density. 

2.3.2. Scattering by Non-polar Optic Phonons 

For scattering by non-polar optic phonons integration (12) 

with (21) gives 
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where 
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Here screening factor  , ,R DOS x x   
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DO DO Bx E k T is the normalized energy of the non-polar 

optic phonons. 

The higher mobility of electrons can be reached at low 

electron densities. In this case we can neglect by screening 

1DOx  ,  , , 1R DOS x x   and expression (34) is signifi-

cantly simplified. 

2.3.3. Impurity Scattering 

For scattering by ionized impurities the components of the 

kinetic tensor can be obtained by integration (12) with corre-

lator (25). 
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In neglect screening 
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For mixed scattering when electrons are scattered by 

acoustic ( 2)D
Ac  , non-polar optic ( 2)D

O
  phonons and 
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The mobility value can be found by summing over the 

quantum numbers of the reduced Fermi energy l (8) given 

by 

   

 

( 2) ( 2)

,( 2)

( 2)

D D
l mix l

l lD

D
l

l

n

n

  




 









.       (40) 

The summation is carried out until the mobility ceases to 

depend on the quantum numbers. 

3. Discussion 

In this section we compare results of our calculations with 

known experimental data of the low-field mobility in the 

single-layer graphene. In these calculations we used the fol-

lowing values of the material constants: the longitudinal 

sound velocity is 42 10s   m/sec [7, 23], single layer gra-

phene thickness 1zL nm [24] and mass density 7.6 

g/cm3 [9], relative dielectric constant 5.7b  [17]. The value 

of coupling constants for scattering by non-polar optic phonon 

in our calculations is adopted 1010 /OD eV cm . The cou-

pling constants for scattering by acoustic   and Non-Polar 

optic phonons energy DOE are considered as fitting parame-

ters. 

Experimental (circles) [25-28] and calculated (solid lines) 

temperature dependences of the resistivity and electron mo-

bility for different values of the energy of optical phonons in 

single-layer graphene are shown in Figures 1-3. The value of 

the acoustic coupling constant 14eV   used in calcula-

tions are in the range obtained previously [4, 7]. 

The phonon spectrum in single-layer graphene has been 

studied in detail [29-32]. The calculated phonon dispersion 

includes optical phonons with the two main modes: longitu-

dinal optical phonons (LO) and out-of-plane optical phonons 

(ZO) with energies approximately (meV) 200 and 100, re-

spectively. A comparison of the calculated and experimental 

temperature dependences of electron mobility in Figures 1-3 

shows that the energies of optical phonons are significantly 

lower than the known values for LO phonons and are close to 

the energies for ZO phonons. Thus, electron mobility at high 

temperatures T> 200K is limited by electron scattering on ZO 

phonons. 

Experimental and calculated temperature dependences of 

electron mobility in single-layer graphene are shown in Figure 

2. The contribution of different scattering mechanisms to the 

electron mobility is shown in the inset to Figure 2. At tem-

peratures T< 400K mobility is determined by the scattering of 

electrons on ionized impurities. At higher temperatures, 

scattering by optic and acoustic phonons predominates. In this 

case, the contribution of acoustic phonons is relatively small. 

 

Figure 1. Experimental (circles) [25] and calculated ( ( 2) 12 22 10D
IN cm   , 14eV  ) (solid lines) temperature dependences of resis-

tivity single-layer graphene are shown for different values of optic phonon energies DOE . 
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Figure 2. Experimental (circles) [26] and calculated ( 14 eV  , ( 2) 13 25.4 10D
IN cm   ) (solid lines) temperature dependences of 

mobility are shown for different values of the optic phonon energy DOE . The inset shows the contribution of different scattering mechanisms to 

temperature dependence of electron mobility. 

 

Figure 3. Experimental (circles) [27] and calculated ( 14 eV  ,

( 2) 14 21.4 10D
IN cm   ) (solid lines) temperature dependences 

of mobility are shown for different energies of Non-Polar optic 

phonons DOE . 

Experimental [27] and calculated dependences of mobility 

on electron density in single-layer graphene are shown in 

Figure 4. The sharp increase in electron mobility with electron 

density less 11 22 10 cm is striking. This increase is due to 

the peculiarity of electron scattering on non-polar optic pho-

nons. As it follows from (33) mobility for non-polar optic 

phonon scattering is proportional to EL which decreases with 

electron energy close to Dirac point where the electron effec-

tive mass 0m  [8]. Thus, at high temperatures and low 

electron densities, scattering by optical phonons decreases, 

and electron mobility is determined by acoustic phonon 

scattering. As follows from (28) and (36), the electron mobil-

ity for both scattering by acoustic phonons and ionized im-

purities does not depend on the effective electron mass. 

 
Figure 4. Experimental (circles) [28] and calculated (solid lines) 

dependences of mobility on electron density in single-layer graphene 

are shown at 300K for different values for different values of the optic 

phonon energy DOE . 
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4. Conclusion 

In summary, we have carried out a systematic theoretical 

study of the low-field mobility of the two dimensional elec-

tron gas in single layer graphene. Analytical expressions for 

mobility during scattering by acoustic, non-polar optical 

phonons and ionized impurities are obtained. A feature of the 

two-dimensional gas with the Dirac spectrum is that the mo-

bility of electrons for scattering by acoustic phonons and 

ionized impurities does not depend on the electron effective 

mass. The scattering by optic phonons reaches minimum for 

electron energy close to Dirac point. In the temperature range 

under consideration, at T < 400K mobility is determined by 

the scattering of electrons on ionized impurities. Acoustic and 

out-of-plane optical phonons (ZO phonons) determine the 

electron mobility at higher temperatures. The calculated 

temperature and carrier density dependences of electron mo-

bility in single layer grapheme under consideration are in 

agreement with known experimental data. 
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