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Abstract: The SU(3) flavour symmetry for quarks and antiquarks has been demonstrated via the complexified octonion space,
where the six complex octonion operators are essentially identical to the SL(3,C) group generators. It has been developed an
extensive analysis of the quark flavour theory in the context of complex-octonion space by analyzing the connection between
octonions and the SU(3) group. Therefore, it is argued that the extended theory of quark flavors, which preserves the property of
non-commutativity, is the complexified variant of octonions. This theoretical model may be further extended to the SU(3) color
symmetry, which is regarded as an exact symmetry. In this work, to gain a complete understanding of quark color theory in the
framework of complex octonionic space, we have derived the relationship between octonions and the SU(3)c color group. It has
been studied that only eight possibilities of paired gluons are available to provide colorless states of hadrons in order to represent
theoretically the octonion glueballs. With the help of Feynman diagrams, we examined the octonionic interaction of color quarks
(such as quark-quark, quark anti-quark, and anti-quarks anti-quarks interactions). For the interactions, we have obtained the
complex octonion algebraic form of the interaction term, propagator, vertex factor, and color factor. Most importantly, we have
examined the conditions for valid and invalid interactions for the complex-octonion formalism.
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1. Introduction
In theoretical physics, division algebras are used to

represent physical phenomena via an isomorphism. At
present, there are four such algebraic mathematical models
[1] namely real number model, the complex number model,
the quaternionic model, and the octonion model. In
contrast, quaternions made up of complex numbers are not
commutative while octonions made up of quaternions are
both non-commutative and non-associative. Out of the four
normed division algebras, the largest is the octonions [1, 2].
Octonions exhibit interesting algebraic properties beyond their
non-commutativity and non-associativity, like not having a
multiplicative inverse for each nonzero element. A novel
method is applied to study the octonion algebra, also called
Cayley algebra [3], on a split basis, which discloses the
quark theory [4, 5]. In the same perspective, there has
long been conjecture that there is a relationship between

octonions and the Standard Model [6], which clarifies a lot
of the issues that come with the algebraic model of the
Standard Model. In mathematical physics, the SU(3) Lie
group can be described by the octonion algebra. Taking
into consideration the theory of octonion variables, Pushpa
et al. [7, 8] developed the correlations between different
isospin components and quark states to the case for the SU(3)
group. The octonionic structure of the exceptional groups
includes the SU(3) colour group. Quantum chromodynamics
(QCD) and quantum electrodynamics (QED) seem to share
a lot of similarities. The QED interaction is mediated by a
massless photon that corresponds to the single generator of
the U(1) local gauge symmetry, while the QCD interaction
is mediated by eight massless gluons that correspond to the
eight generators of the SU(3) local gauge symmetry. Three
conserved colour charges R, B, and G take the place of the
single charge found in QED. In the SU(3) colour space, these
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colour charges serve as a label for the orthogonal states [9].
Particles only couple to gluons when their colour charge is
non-zero. Because of this, the colourless leptons are immune
to the powerful force. There are three orthogonal colour
states for the quarks, which are charged particles. Chanyal
et al. [10, 11] proposed split octonions as a basis for the
field equations of hot and cold dark matter in their study
of the role of octonions in quark chromodynamics and the
dark matter field. The hyper-complex division algebras have
been used in the Dirac operator [12]. The octonion analysis
has also played an important role in the context of various
physical problems [13] of higher dimensional supersymmetry,
supergravity, superstrings, etc. Likewise, the octonions are
extensively studied for the description of color quarks and play
an important role in the unification of fundamental interactions
in terms of successful gauge theories. It is shown that the
three quaternion units explain the structure of Yang-Mill’s field
while the seven octonion units provide the consistent structure
of SU(3) color gauge symmetry of quantum chromodynamics.
The SU(3) colour symmetry is exact, in contrast to the
approximate SU(3) flavour symmetry, and QCD remains
invariant under unitary transformations in colour space. The
colour group SU(3) is isomorphic to octonion. We tried to
write a connection between octonion algebra and SU(3) colour
group generators in light of recent advances [14]. The SU(3)
colour symmetry group is based on three colours: R, B, and G.
There are eight additional gluons that could be swapped. As
a result, 648 different quark colour and gluon combinations
are possible to contribute to the process. Thankfully, a single
colour component can absorb the effect of adding up all
the colour and gluon combinations. The Feynman diagram
is used to illustrate how colour quark particles interact. A
thorough explanation of the strong interactions among quarks
is provided by QCD. The hyper-complex division algebras
have been applied by some authors [17-19], and [20, 21]
to predict many phenomenological physical theories in high-
energy physics. Recently, octonion spaces have been utilized
to examine several aspects of physical phenomena like Torques
and angular momenta of fluid elements in the octonion
spaces, Some spin textures relevant to magnetic moments in
the octonion spaces, and Conserved quantities of vectorial
magnitudes within the material media [22–24]. Additionally,
octonions are very effective in studying unbroken gauge
symmetry, supersymmetric quantum field theories, generalized
Pauli, and Yang-Mills-like field theory [25-28].

2. Octonion and SU(3)c Symmetry

The octonions constitute an 8-dimensional unital,
distributive algebra over R with basis eA (A = 1, 2, ....7) and
e0 is the multiplicative unit element. A hypercomplex normed
division algebra over real numbers, octonion has twice as many
dimensions as quaternions. This algebra is non-associative
[3]. An octonion variable may be expressed using eight real

integers as [29-31]

O =e0O0 + e1O1 + e2O2 + e3O3 + e4O4

+ e5O5 + e6O6 + e7O7, (1)

= e0O0+
[

A= 1]7
∑

eAOA,

These octonion basis elements satisfy some following
relations:

e0 = 1, e0eA = eAe0 = eA,

eAeB = −δABe0 + fABCec, (A,B,C = 1, 2, ....7)

[eA, eB ] = 2fABCec, [eA, eB ] = −2δABe0, (2)

where (A,B,C = 1, 2, ..., 7), and brackets [ ] indicated
the commutation relations, respectively, while δAB is the
standard Kronecker delta-Dirac symbol. For the following
permutations, the structure constant fABC is entirely
antisymmetric and take the value 1, i.e.fABC= +1 forABC=
(123), (471), (257), (165), (624), (543), (736). The norm of the
octonion algebra is expressed as

N(O) = OO = OO =
[

β= 0]7
∑
O2
βe0. (3)

The fano plane also allows one to display the algebraic
structure of octonions and their multiplications. The triangle’s
three sides, the incircle, and the three altitudes are the seven
quaternions subsets that are shown in Figure 1.

Figure 1. Fano plane.

Table 1. Octonion multiplication table.

e1 e2 e3 e4 e5 e6 e7

e1 −1 e3 −e2 e7 −e6 e5 −e4
e2 −e3 −1 e1 e6 e7 −e4 −e5
e3 e2 −e1 −1 −e5 e4 e7 −e6
e4 −e7 −e6 e5 −1 −e3 e2 e1

e5 e6 −e7 −e4 e3 −1 −e1 e2

e6 −e5 e4 −e7 −e2 e1 −1 e3

e7 e4 e5 e6 −e1 −e2 −e3 −1
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The Gell-Mann matrices are as follows:

λ1 =

 0 1 0
1 0 0
0 0 0

 , λ2 =

 0 −i 0
i 0 0
0 0 0

 , λ3 =

 1 0 0
0 −1 0
0 0 0

 , λ4 =

 0 0 1
0 0 0
1 0 0



λ5 =

 0 0 −i
0 0 0
i 0 0

 , λ6 =

 0 0 0
0 0 1
0 1 0

 , lambda7 =

 0 0 0
0 0 −i
0 i 0

 , λ8 =
1√
3

 1 0 0
0 1 0
0 0 −2

 . (4)

It satisfy some properties

(λA)† = λA, T r(λA) = 0, T r(λAλB) = 2δAB [λA, λB ] = 2iFABCλC , (∀A,B,C = 1, 2, ...8)

[λA, λB ] =
4

3
δABI + 2

∑
c

dABCλc,

eAeB = −δABe0 + fABCec, (A,B,C = 1, 2, ....7). (5)

The Gell-Mann matrices of SU(3) symmetry in terms of SU(3) Lie algebra and it consists of antihermitian traceless matrices.
Hence the consequence, the SU(3) group, G2 ∼ SU(3), is an automorphism of the octonion algebra.

3. Complex Octonion Reformulation of SU(3) Color Symmetry
The new elements will not necessarily be anti-hermitian when characterising the complexified SU(3) group, the complex

linear combinations of the SU(3) components, but they will be traceless, which is precisely the property of the Lie algebra of
SL(3, C). The basis of SL(3, C)−group i.e., E12, E23, E13, E21, E32, E31 will be equivalent of octonion operators in octonion
representation as [14, 16],

u12 = − i
2

(e1 + ie2), u45 = −i(e4 + ie5), u67 = i(e6 + ie7),

ū∗12 = − i
2

(e1 − ie2), ū∗45 = −i(e4 − ie5), ū∗67 = i(e6 − ie7). (6)

Where u12, ū
∗
12, u45, ū

∗
45, u67, ū

∗
67 are the complex octonion

shift operators. These are the complexified form of elements of
SU(3) Lie algebra. The two generators may be used as Cartan
generators (u3= −ie3

2 , u0 = 2
3e0). Let us write basic triplet

for color quarks [15].

| Φ〉 =

 ΦR
ΦB
ΦG

 ,
which transform as Φ −→ Φ

′
= UΦ, where U are unitary

matrices of unity determinant and the set of unitary matrices
as follows

U(ϑ) = e(− i
2σαuα) , (7)

where uα are the complex octonion valued matrices and ϑα
are the eight parameters of SU(3) group form the fundamental
representation. Here, α = 12, 45, 67 and the conjugates
of the octonionic shift operators have values of α =
12, 45, 67 while α = 0, 3 are non-shift operators. Colour
SU(3) refers to the eight conserved charges that make up
the QCD symmetry group. As is well known, quantum
field theory explains how charged particle interactions are
described by quantum electrodynamics (QED); in this theory,
coloured particle interactions are described by quantum
chromodynamics (QCD). We can write the relation between
λ−matrices with the complex-octonion operators as

λ1 = [u12 + ū∗12], λ4 = [u45 + ū∗45], λ6 = [u67 + ū∗67]

λ2 = −i[u12 − ū∗12], λ5 = −i[u45 − ū∗45], λ7 = −i[u67 − ū∗67]

λ3 = [u3], λ8 = [u0]. (8)
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The evaluation of a Feynman diagram, which shows a
particular decay or scattering process is done by using the
Feynman rules which help to calculate the matrix element.
The matrix element contains the dynamical information of
particles. Feynman rule for QCD are shown in Table 2.

Table 2. Table for QCD Feynman rules.

Description Graphical representation Factor

incoming quark Ciu
(s)
f (E, p)

outgoing quark Ciū
(s)
f (E, p)

incoming anti-quark Civ̄
(s)
f (E, p)

outgoing anti-quark Civ
(s)
f (E, p)

gluon propogator −i gµνδ
ab

(pi−pf )2

quark-gluon vertex −igs
uβ
2 γµ

where u(s)
f (E, p) and v(s)

f (E, p) are Dirac spinor in terms of
energy and momentum, s index = (1, 2) = (up, down).

4. Complex Octonionic Color Quark
Interactions

As we already know there is three distinct form (i.e., states)
of single quark (R,G, and B). The QCD color quark states are
represented in terms of color spinors as

|R〉 =

 1
0
0

 , |G〉 =

 0
1
0

 , |B〉 =

 0
0
1

 , (9)

and the anti-color quark states are given by

〈R | =
(

1 0 0
)
,

〈G | =
(

0 1 0
)
, (10)

〈B | =
(

0 0 1
)
.

these are also known as colored and anti-colored charges for
complex octonion based SU(3)c -symmetry, now, let us define
the eight octonionic gluons as

g1 :−→ u12 , g2 :−→ ū∗12 , g3 :−→ u45 , g4 :−→ ū∗45 , g5 :−→ u67 , g6 :−→ ū∗67 , g7 :−→ u0 , g8 :−→ u3 .

where {u12 , ū
∗
12 , u45 , ū

∗
45 , u67 , ū

∗
67 , u0 , u3} are the color octet operators resembles with gluons{

RḠ,GR̄,RB̄,BR̄,GB̄,BḠ,
1√
6

(
RR̄+GḠ− 2BB̄

)
,

1√
2

(
RR̄−GḠ

)}
.

These octonionic gluons are corresponding to field
associated with generator of SU(3) color symmetry. It is
noted that the complex octonion states u3 and u0 are colorless.
Since only eight gluons are coloured and the others are not,

hence, there are eight octonionic physical gluons that can be
exchanged. The matrix form of the eight octonionic gluons
with states is shown below.

u12 = |R〉 〈G | =

 0 1 0
0 0 0
0 0 0

 , ū∗12 = |G〉 〈R | =

 0 0 0
1 0 0
0 0 0

 u67 = |G〉 〈B | =

 0 0 1
0 0 0
0 0 0

 ,

ū∗67 = |B〉 〈G | =

 0 0 0
0 0 0
1 0 0

 , , u45 = |R〉 〈B | =

 0 0 0
0 0 1
0 0 0

 , ū∗45 = |B〉 〈R | =

 0 0 0
0 0 0
0 1 0

 ,

u3 = [|R〉 〈R | − |G〉 〈G | ] =
1

2

 1 0 0
0 −1 0
0 0 0

 ,

u0 =
1√
3

[|R〉 〈R | + |G〉 〈G | − 2 |B〉 〈B | ] =
1

3

 1 0 0
0 1 0
0 0 −2

 . (11)

In the complexified octonion field, these are alternatively
referred to as octonionic shift operators, which are used to
convert the color and anti-color charges. The local gauge
theory of color SU(3) group gives the theory of quantum
chromodynamics (QCD), which is close to Yang-Mills (non-
Abelian) gauge theory. We already discussed the fundamental

color triplet, whereas and the unitary transformation matrix
for color transformation. Now, we will see how complex
octonion QCD and color-quarks interactions in terms of
complex octonion color field. The locally gauge invariant
Lagrangian density for COQCD is written as [14].
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LOQCD = −1

4
Gµνa Gaµν + ΦR(iγµDµ −m)ΦR − gsΦRuαγµΦRG

α
µ + ΦB(iγµDµ −m)ΦB

− gsΦBuαγµΦBG
α
µ + ΦG(iγµDµ −m)ΦG − gsΦGuαγµΦGG

α
µ . (12)

Gαµ represents the complex octonion gluon, which is
indicated by the adjoint representation of gauge group of
SU(3) with α; γµ denotes the Dirac matrices or Gamma
matrices for µ = 1, 2, 3, 4. ΦR,ΦG,ΦB and ΦR,ΦG,ΦB
represents the complex octonion color and anticolor states.
It is noted that the complex octonion shift operators can be
used by replacing the Gell-Mann matrices when the QCD
Lagrangian density is written in complex octonion formalism.
In COQCD, the shift operators can be treated as gluons. The
term [−gsΦjuαγµΦjG

α
µ ] represents the interaction of quark

state with the gluons. While, [− 1
4G

µν
α Gαµν ] represents the

kinetic term for the eight massless gauge fields Gαµ . The Dirac
fields constitute eight complex-octonionic currents of gluons,
which can be written as

jµα = −1

2

(
gsΦjγ

µuαΦj
)
, (13)

Where jµα acts as the source of gluonic fields Gαµ , which is
analogous to the current in electromagnetic interaction acting
as the source of electric current. The complex octonion
covariant derivative can be written as [14]

(DOµ )α ' δα∂µ − i
∑
α

uαA
α
µ , (14)

The above complex octonion quantum chromodynamics
Lagrangian density is invariant under the gauge
transformations of SU(3) group.

5. Complex Octonion Based
Quark-gluon Interactions

In order to formulate the mathematical approaches of quark-
gluon interactions in terms of complex octonionic algebra,
we can write the interactions of color quarks with complex
octonion gluon as

u12|G〉=|R〉 , ū∗12 |R〉 = |G〉 ,
u45|B〉= |G〉 , ū∗45 |G〉 = |B〉 ,
u67 |B〉 = |R〉 , ū∗67 |R〉 = |B〉 ,
〈R |u12= 〈G | , 〈G | ū∗12 = 〈R | ,
〈G |u45 = 〈B | , 〈B | ū∗45 = 〈G | ,
〈R |u67= 〈B | , 〈B | ū∗67 = 〈R | . (15)

For example, we can see that the interaction of green color
quark (G) and red color quark (R) can be interacted with
complex octonion gluon (u12). The complex octonion based

interaction operators are used to convert the color quark states
into other color quark states by interacting with gluons. On
the other hand, the octonion Cartan generator (uc3, u

c
0) do not

change the state of color quark, which is given by

uc3 |R〉 =
1

2
|R〉 , uc0 |R〉 =

1

3
|R〉 ,

uc3 |G〉 = −1

2
|G〉 , uc0 |G〉 =

1

3
|G〉 ,

uc3 |B〉 = 0, uc0 |B〉 = −2

3
|B〉 ,

〈R |uc3 = −1

2
〈R | , 〈R |uc0 = −1

3
〈R | ,

〈G |uc3 =
1

2
〈G | , 〈G |uc0 = −1

3
〈G | ,

〈B |uc3 = 0, 〈B |uc0 =
2

3
〈B | . (16)

Here, we analyse that in the interaction between two red
color quarks, the mediated complex octonion gluon is (uc3).
Similarly, we can also analyse for the other interactions of
color quarks in (16). Now, we can tabulated the interacting
octonionic gluons facilitating all possible interactions between
the octonionic color and anti-color quarks states as given
in Table 3. We note that for some of these octonionic
interactions, there can be mediated more than one gluons that
can participate in the strong interaction, though only one of
them will participate at a time.

Table 3. Interactions of color and anti-color quarks in terms of octonionic form.

R G B R̄ Ḡ B̄

R u3, u0 u12 u67 u3, u0 u12 u67

G ū∗12 u3, u0 u45 ū∗12 u3, u0 u45

B ū∗67 ū∗45 u3, u0 ū∗67 ū∗45 u3, u0

R̄ u3, u0 u12 u67 u3, u0 ū∗12 u3, u0

Ḡ ū∗12 u3, u0 u45 u12 u3, u0 ū∗67

B̄ ū∗67 ū∗45 u3, u0 u67 u45 u3, u0

In the Table 3, we can see u12 is the mediator between the
interaction of red and green color quarks.

6. Interaction of Octonionic Color
Quarks in Generalised Form

The interaction of octonionic color quark can be represented
with the help of space-time diagram (Feynman diagram).
We can generalize them with the help of general Feynman
diagrams shown in Figures 2-3.
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Figure 2. Illustration of general interaction between two color quarks, and color quark and anti-color quark.

Figure 3. Illustration of general interaction between two anti-color quarks.

These Feynman diagrams are to be interpreted as follows:
Two color quark wavefunctions, which represents energy and
momentum, are propagating in space-time and interacting by
exchange a virtual octonionic gluon. In momentum space,
these Feynman diagrams have following amplitudes (i) cβΨβ ,
− igµν

(pi−pf )2 , (ii) and (iii)− 1
2 igsuαγ

µ, namely, the Dirac spinor,
the propagator term and the vertex. Here Ψβ is the Dirac spinor
(where β = i, j, k, l) that represents the particle interacting
with the gluon emitted or absorbed at each vertex. Now we
write the generalized matrix element for the different type of
interaction of color quarks as

−iM = 〈cjΨj |
{
−1

2
igsuαγ

µ

}
|ciΨi〉 −

igµν
(pi − pf )2

〈clΨl|
{
−1

2
igsuαγ

ν

}
|ckΨk〉 , (17)

The different color indices in equation (17) i.e. (i, j, k, l) =
R,G,B can determine for the complex octonion gluons
are relevant to the interaction. Hence, the generalized
octonion color factor is given by 1

4 [ 〈cj |uα |ci〉 〈cl |uα |ck〉 ]
, where, 〈cj |uα |ci〉 indicates the generalized color part for
(i, j, k, l = 1, 2, 3).

For i = j = k = l = R = G = B, i = j = k̄ = l̄
and ī = j̄ = k̄ = l̄ We can write the complex
octonionic mediator for the interaction of same color
quarks or antiquarks i.e. u3 and u0, while −igµν

(pi−pf )2 is
the propagator term, which is shown in Figure 2. Both
the mediator contributes same value color factor in these
type of interactions.

1. For i = l = 1 = R and k = j = 2 = G,
i = l = 2 = G and k = j = 1 = R. The complex
octonion mediator is given by u12 and ū∗12. The value of
color factor for this case is zero.

2. For i = l = 1 = R and k = j = 3 = B, i = l = 3 = B
and k = j = 1 = R. Here, the complex octonion
mediator is u67 and ū∗67.

3. For i = l = 2 = G and k = j = 3 = B, i = l = 3 = B
and k = j = 2 = G, i = k̄ = 3 = B and
l̄ = j = 2 = G.

Hence, the complex octonion mediator for these interactions
are same i.e. u45 and ū∗45. The complex octonion color factor
for different color quark interactions are summarized in the
Table 4.

Table 4. Table for color factor for different octonionic quarks (or anti-quarks) interactions.

QO
c ↔ QO

c 7−→ QO
c ↔ QO

c QO
c Q̄c

O 7−→ QO
c Q̄c

O Q̄c
OQ̄c

O 7−→ Q̄c
OQ̄c

O Color factor

A↔ A⇔ A↔ A A↔ A⇔ A↔ A A↔ A⇔ A↔ A 1
4

A↔ B ⇔ B ↔ A A↔ A⇔ B ↔ B A↔ B ⇔ B ↔ A 0

A↔ B ⇔ A↔ B A↔ B ⇔ A↔ B A↔ B ⇔ A↔ B 0
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Here, A ↔ A or B ↔ B show the same color quark
interaction while A ↔ B or B ↔ A show the two different
color quark interaction. The color charge is conserved at
each vertex, the red quark changes into green quark emmiting
complex octonion gluons and this gluons absorbed by green
quark changes into red quark inRG−GR interaction. Because
of SU(3) color symmetry, the value of complex octonion color
factor is same forRG−RG,GR−GR,GB−GB,BR−BR,
and BG − BG as RB − RB interaction as well as for
RG−GR,GR−RG,GB−BG,BR−RB, and BG−GB
is same as RB − BR interaction. Similarly, we can study
the octonion color quark-anti-quark and anti-quark-anti-quark
interaction. No color factor can involved for unexpected color-
interactions.

7. Conclusion

Complex octonion algebra is used to study a variety of
fields. We have shown the connection of Gell-Mann matrices
with complex octonion gluons. We have shown the possible
interactions of color-color, color-anticolor and anticolor-
anticolor quarks interactions with help of Feynman diagram
in complex octonionic formalism. All the interactions are
constructed in complex octonion space. We have concluded
that in complex octonion formalism, there may be more
than one possible mediator for interactions of color quarks,
which implies that they have more than one vertex factor.
Consequently, we have calculated the generalized matrix
elements for these interactions by multiplying the Dirac
spinor, vertex factor and the propagator term, also, calculated
the color factor. We have extended the reformulation of
QCD in complex octonion formalism. The Dirac color
spinor represented the state of color quarks, which interact
with the complex octonion gluon emitted or absorbed at
each vertex. Hence, we made use of the complex octonion
operator to convert the color quark states into another color
quark states by mediating with complex octonionic gluon.
Most importantly, we have discussed the conditions for valid
and invalid interactions for complex octonion formalism.
Complex octonion formalism of QCD or SU(3) colour group
directly established the one to one mapping between the non-
associativity and the theory of the strong interaction. These
interactions are crucial in the formation of hadrons and hence
we provided a firm reformulated theoretical framework in
complex octonion formalism. The SU(3) color group is a
part of the exceptional groups’ octonionic structure. The
SU(3) color symmetry for quarks and antiquarks has been
demonstrated via the complexified octonion space, where the
six complex-octonion operators are essentially identical to the
SL(3, C) group generators. In SU(3) group theory, octonion
plays a important role, because antisymmetric structure
constant and octonionic structure constant are isomorphic.
Quark theory’s octonion analysis will provide us with a novel
method in particle and theoretical physics.

Abbreviations
QCD Quantum Chromodynamics
QED Quantum Electrodynamics
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