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Abstract

This paper is devoted to the study of complexity of finding a special covering for a set, as well as to obtaining some important
applications of special decomposition. We formulate the problem of existence of a special covering as a decision problem. To
determine the complexity class in which this problem is located, we study the relationship between this problem and the Boolean
satisfiability problem, treating them as formal languages. We prove that these problems are polynomially equivalent, which
means that the problem of existence of a special covering for a set is an NP-complete problem. In this article we also introduce
a new concept ‘Replaceable Subsets’. The properties of such subsets are used to fill in the missing elements needed to obtain a
special set covering. It is proved that when searching for missing elements to fill a special covering, the order in which these
elements are considered does not matter. This result is of great importance in the search for satisfiability of Boolean functions.
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1. Introduction

In [13] the concept of a special decomposition of a set and
the concept of special covering for a set under such a decom-
position are introduced. These concepts have proven to be
flexible and easy to use. They can be used in the field of Bool-
ean functions to study important problems, including the sat-
isfiability problem.

In a general sense, the relationship between the complexity
classes of various decision problems [2, 4, 11, 12] still remains
open. However, with the formation of the concept of NP -com-
plete problem, many fundamental studies with significant re-
sults appear from time to time. In particular, various complex-
ity classes based on time and space complexity, as well as the
relations between them, are widely studied in [2, 3, 6, 15, 22].

A well-known theoretical study is Schaefer’s result [20],

where specific classes of Boolean formulas with certain re-
strictions are considered. If the formula belongs to one of
these classes, then it is decidable in polynomial time. In fact,
Schaefer’s dichotomy theorem shows that, depending on the
restrictions in a propositional formula, the problem either be-
longs to the class P or is NP-complete [2, 4]. Also, if P # NP,
then the formula is in P, if it satisfies certain conditions. In
fact, Schaefer considers only the complexity classes P and NP.

Later, Schaefer’s result was refined and extended [1]. It is
shown that there is also another classification when consider-
ing another approach, since there are different problems in P
with completely different complexity, which leads to the ex-
istence of different complexity classes. As for Schaefer’s clas-
sification, unfortunately, some problems arise in determining
whether a formula belongs to a given class. It is not always
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“easy” to check whether a given formula belongs to a given
class. A recognition criteria related to this problem is formu-
lated in [8]. In addition, the issues of approximation of a func-
tion to Schaefer’s classes by fixing some variables of the func-
tion are investigated in [17]. Also, an estimate of the complex-
ity of such an algorithm is obtained.

An important result was also obtained in [7]: it turns out
that a number of NP-complete problems remain NP-complete
even with a significant restriction on their scope.

We assume that if there exist conditions that completely de-
termine the complexity class of a problem, then the justifica-
tion of these conditions as applied to a specific problem will
most likely be of an algorithmic nature.

In this article we investigate the complexity of finding a
special covering for a set. By formulating this problem and the
Boolean satisfiability problem as formal languages [2], we
prove that these problems are polynomially reducible [4, 11,
12] to each other. This means that using the special decompo-
sitions, we obtain results for Boolean functions.

One of the important contributions of this article is con-
nected with exploring some of the challenges that arise when
searching for a special covering for a set, or equivalently,
when searching for satisfiability of a Boolean function.

These results we obtain by introducing new concept of ‘Re-
placeable Subsets’.

The essence of this concept is by means of permutation of
components of some ordered pairs of the special decomposi-
tion, collect all elements in some of the domains of the decom-
position. For each element, the corresponding ordered pairs
are considered separately.

We prove that when searching for missing elements to fill
a special covering for the set, the order in which these ele-
ments are considered does not matter.

In addition, another result was obtained concerning Bool-
ean functions. It is proven that any I-transformation of a spe-
cial decomposition of the set of clauses of a function partitions
this set into two satisfiable subsets. These results are of great
importance in the search for satisfiability of Boolean functions
represented in conjunctive normal form.

Another result that may have significant implications for
Boolean functions as well. We prove that any Boolean func-
tion represented in conjunctive normal form is satisfiable if
and only if it can be transformed, according to certain rules,
into a function in which every clause contains a negative lit-
eral or every clause contains positive literal. These clauses
have some similarity with Horn clauses [5, 9], but they are not
always the same.

Note also, that the terminology used in relation to the well-
known concepts of set theory corresponds to the terminology
in [10, 16, 19, 21].

2. Basic Concepts

Let's recall some definitions, terms and notations from [13],
that we will rely on. The sets we will consider are assumed to

40

be ordered unless otherwise stated.
Let the nonempty set S = {ey, e,,..., e, } be given. Let
also for some natural number n,

(M7, M3), (M3, M3)..... (Mg, My)

be n arbitrary ordered pairs of arbitrary subsets of the set S.
We use the notation d,S for an arbitrarily ordered set of
these ordered pairs:

dnS ={(M7, M{), (M3, M3).....(My, Mp)}.

The Boolean values «; and @;, for i € [1, n ], are used

to denote superscripts of subsets:
a =0if ¢; =1,and @; =1if a; =0.

The tuple of superscripts (a;,..., a,) of subsets is also
called a Boolean tuple.

Definition 2.1. The set d,,S will be called a special decom-
position of the set S, if

Vi €1, n] (M n M})=0,

vi €1, n](M) U M} # @),

3 UL, (MPuM) =s.

Definition 2.2. Let the set d,,S be a special decomposition
of the set S.

For any Boolean tuple (a;, a3,..., a,) the ordered set

Cns = {1\,110‘17 MZGZP_., M:l(n}

will be called a special covering for the set S under the spe-
cial decomposition d,,S, if
L, M =S
Note that for any i € [1, n] the subsets M and M}
cannot simultaneously belong to the special covering, but one

of them exactly belongs.
Let for some natural number n,

d,S={(M7, M})..... (My, Mp)}

be an ordered set of arbitrary ordered pairs of subsets of the
set S.

The permutation of the components of some ordered pairs
of the set d,,S, let them be

{(M5, M,
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) (MY, ME)}C d,S,
if the order of pairsin d,S does not change, will be called an
I-transformation of the set d,,S. The resulting set is denoted

as (iy,..., i )I(d,S) orsimply as 1(d,,S):

S) = (M, M) (M7, MEP,
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The ordered pairs included in this decomposition are de-
fined as follows:

M, M?") =(M?, M}), if the components of the i-th pair
are not displaced,

M, M?") = (M}, MP), if the components of the i-th pair
are displaced.

Obviously, the transition from the set 1(d,,S) to the set d,,S
is also an I-transformation.

Recall that, according to Lemma 1.3 in [13], for any special
decomposition of the set S, any I-transformation preserve the
possibility of being a special decomposition of the set S and
having a special covering for S under such a decomposition.

Thus, with the same pairs of subsets and for any Boolean
tuple (ay, a,,..., ay) in generally the special decomposition
looks like

dpS= (MY, MY, (M, MEM)}.

We will also use some terms introduced in [13] to distin-
guish the subsets included in ordered pairs of a special decom-
position according to the order of their location in these pairs.

The subsets M;,..., MZ are called the subsets of 0-do-
main,

The subsets M., Mp™ are called the subsets of 1-do-
main.

If the ordered pair (MY, M%) € d,S, then the subset
MS? belongs to the 0-domain and the subset M<* belongs to
the 1-domain. If the components of this ordered pair are per-
muted, then the subset Mf" becomes a subset of the 0-do-
main, and the subset M,* becomes a subset of the 1-domain.

In addition, forany a« € {0, 1}, we will use the following
notations:

—_|m
i=1

— | n
i=1

M M and M¥ M.

SMY ={M{*,.., My"} and sM® = {M{",..., M"}.

The set sM* will be called a set of a-components or a-
domain of the decomposition d,,S.

(i1,---, [x)SM?* is the set obtained by replacing the subsets
M., MEm with the subsets M., M2™, respectively, in
the set sM*.

(i1, ix)sM* will be called a set of a-components of the
ordered pairs of decomposition (iy,..., i;)l(d,S).

One of the main goals of the concept special decomposition
is to search for a special covering for a given set under a given
special decomposition.

With the introduction of the concept of a special decompo-
sition of a set, a problem naturally arises. We will call it a
problem of existence of a special covering for a set. Let’s for-
mulate it.

Given a special decomposition of a set. If there exists a spe-
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cial covering for this set under the given special decomposi-
tion?

Next, we will study the relationship between this problem
and the Boolean Satisfiability Problem.

3. Special Decompositions and Boolean
Functions as Formal Languages

Let f(x;,..., x,)beaBoolean function represented in con-
junctive normal form (CNF) [5, 19] with m clauses. It is as-
sumed that the clauses of the function are numbered 1,..., m,
so we will use the notation ¢; for the j-th clause of the func-

tion, j € [1, m]. Thatis,
FOten %) = Njza 6.

The clause ¢; of the literals xgl,..., x'¥ js considered

lk
with the following conditions:
cj=x{:1 V.. V xg(", where iy,.., i, KE[l, n], a €

{0,1}.

In addition, foranyi € [1, n], x? = %; and x! = x;.

For simplicity, we assume that no variable and its negation
are included in the same clause simultaneously. Obviously, it
does not limit the set of functions being considered.

The Boolean Satisfiability Problem or satCNF problem is
the problem of determining whether a given Boolean function
f(x4,..., x) represented in conjunctive normal form is satis-
fiable, that is, whether there exists a Boolean tuple (oy,...,0,,)
such that f(oy,...,0,,) =1.

Our goal is to show that the problem of finding a special
covering for a set given a special decomposition of this set is
an NP-complete problem [11]. To do this, we first form con-
crete formal languages [2, 11] over some alphabets. In general,
we will use the following alphabet:

Z :{Ol 11 xov xll *, 9 e, E}.

However, in some individual cases, for convenience, we
use the alphabets

2,={0,1, x% x,«}c £ and £,={0,1, x,5, e, e} C I.

The expressions will be represented as strings over these
alphabets.

The length of a string is considered to be the number of sym-
bols included in it [2].

The symbols 0, 1, x° x® will be used to form different
literals. The literals will be used with the following meaning:

x? = x°b(i)= % and x} = x'b(i) = x;.

We will use also the notation x{* meaning that a €{0,1}.
For simplicity we assume that b(i) is a binary expression
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of the number i. It will be called an index of the literal.

Obviously, the number of variables of the function will also
be the number of literals with pairwise different indices in-
cluded in the clauses of the function.

Similarly, the symbols e, 0, 1 will be used to form expres-
sions such as e; = eb(i), for designation elements of sets,
where b(i) is the binary expression of the number i.

However, when assigning literals and set elements, we will
often use subscripts.

The symbols "' and '=' are separating symbols. And ‘€’ is a
special symbol, which will mean the empty string correspond-
ing to the empty set.

Let’s for any natural numbers n and m define the lan-
guages CLAUSE(n) and CNF(n, m) over the alphabet

T, =101, x°, x,%} C %

For any Boolean tuple (ay,..., a):

CLAUSE (n) = {( x.%..x;* )/ {x(h, X ¥} is a set of
literals such that (k, §; € [1, n]) & (i, # i, ifr # D}.

It is important to note, that the language CLAUSE(n) does
not contain an empty string. Also, it does not contain a string
that includes any variable and its negation simultaneously.

We will say that the string

(xit x(2...x;F) corresponds to the set {x;"", x;%,..., x;*}

as well as we will say that the string is formed by the clause.

Let ¢;, for different indices denote different strings in-
cluded in the language CLAUSE(n). Then, we define the lan-
guage CNF(n, m) as follows:

CNF(n, m) = {{ ¢;, * ¢, *..
¢;, € CLAUSE(n)}.

Let's now consider the alphabet £, ={0, 1, *, s, e, €}. Us-
ing the symbols e, 0 and 1, we compose expressions over the
¥, to denote elements of an arbitrary set

X

*x ¢ )/ Vi € [l,m],

S = {ej,, €, €}

Since the empty subset plays an important role in the special
decomposition, we need a symbol for forming the strings cor-
responding to the pairs of subsets with an empty component.
That is, we will use some symbol to form strings correspond-
ing to the ordered pairs of subsets, such as (M, @) or (@, M)
for some nonempty subset M. Let ¢ € X be such a symbol.

Now for a natural number m we define the languages
SAB(m), SAB%(m) and PAIR(m) over the alphabet X, as
follows:

SUB(m) = {{e;, ¢j, ...
ifp # q).

SUB%(m) = {e} U SUB(m).

Note that the language SAB(m) does not contain an empty
string.

We say that the string M = (e;, e;, ... e;,) corresponds to
the set {M } = {e;,, ej,,..., €;,} orthe string M is formed by

ek € [1,m) &Gy, # Jg.

the set {M }.
For any set N, we denote by (N ) the string that is formed
by the set N. This means that for a set N of at most m ele-
ments (N) € SUB(m).
With such designation we define the language PAIR(m).
PAIR (m) = {{M = N) /(M € SUB®*(m)) & (N €
SUBEm) & (M} N{N}=0)&M U N = @)}

Note that for any strings M € SUB®*(m) and N €
SUB#(m), we consider the string (M = N ) to be an ordered
pair of strings M and N. Also, for any natural number m,

(M=) € PAIR(m) and (e = N) € PAIR(m)

onlywith{M} # ¢and{N} # 0.

For convenience, we will use subscripts and superscripts to
distinguish between the notation of the substrings included in
PAIR(m). That is, for some natural number i, we will use the
notation ( M# = MF) for the string (M = N )€ PAIR(m).
Then, for any natural numbers n and m, we define the lan-
guage d(n, m) over the alphabet Z,:

d(n, m) = {((MF = MF x...x M% = MZ )/ Vi € [1, n]
(M& = MZ) € PAIR(m), and m is the number of elements
with pairwise different indices in all subsets}.

The evidence for the following statements is obvious.

Proposition 3.1. For any natural numbers n and m, holds
the following:

1) if (x{... x{¥) € CLAUSE(n), and the set {x/’* ..., x}
is any permutation of the set of literals {xfil,..., x;‘{" ,
then also (x/*...., x/*) € CLAUSE(n),

2) if (¢, *... * ¢;,,) € CNF(n, m), and the set {¢,,,...,
¢, + Is any permutation of the set {c;,,..., ¢;,.}, then
(¢, *... x ¢,,) € CNF(n, m).

3) (cj,*... * ¢j, ) € CNF(n, m) if and only if the clauses
corresponding to the strings designated as c¢;,, ¢j, ...,
¢;,, forma certain function f, represented in CNF with
n variables and with m clauses.

4) if the string (e;, ... €;,) € SUB(m) and the set {e, ...,
ey, } is any permutation of the set {e; , ..., ¢; }, then
(e, ey) € SUB(mM).

5)if (M =N) € PAIR(m)then(N=M) € PAIR(m),

6) if (MZ = MZ *..x MZ = M%) € d(n, m) and the set
{(Mf, M?),..., (M, M{ )} is any permutation of the
set {(M&, M9),..., (M%, M%)} then

(M = ME *..x M = MZ) € d(n, m)

) (ME o ME *..* MZ = M%) € d(n, m) if and only if
the set S = UL, ({M?}u{MT}) consists of m ele-
ments and the ordered set of ordered pairs

{({MEY, {ME)),..., ({MZ}, {MZ})}, is a special decompo-
sition of the set S, where (M{*) corresponds to the set {M}
for i € [1, n].

Thus, strings of different languages have some basic prop-
erties of the corresponding sets.

Sometimes, if it does not lead to an ambiguity, we will use
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the notation M instead of {M} for the set corresponding to the
string (M ).

To estimate the complexity of recognizing these languages,
we turn to Turing machines using definitions in [2, 11, 14].
Note that we need to specify the input data for any language.
Actually, we have defined these languages for any natural
numbers, and the membership of strings to languages depends
on these numbers. So, for any language, we compare the cor-
responding parameters with these numbers. For any string w
we will use |w| to denote the number of symbols included in
it.

Proposition 3.2. For any natural number n and m, there
exist Turing machines T;, Teyr, Tsus: Tpajr and T, that
recognize the languages CLAUSE(n), CNF(n, m), SUB(m),
PAIR(m), and d(n, m), respectively, in polynomial time.

Proof. (i) Let w be astring over the alphabet X. We assume
that X is also an alphabet for each simulated Turing machine.
It is convenient and easy simulate a 4-tape Turing machines
with an input tape, two work tapes and an output tape [2].

Let’s describe the general workflow of T,. Receiving the
string w, T, does:

(i.1) checks if w starts with one of the symbols x° or x?,

(i.2) checks whether a binary code follows any occurrence
of the symbol x° or x!.

(i.3) checks if one of the characters x° or x?, or the spe-
cial symbol "end of string™, follows the binary code. Mean-
while, if T, encounters an "end of string™ symbol, it stops.

(i.4) checks whether the index of current literal is less than
or equal to n.

(i.5) checks, whether the index of the current literal differs
from the indices of other literals included in the string.

If any of the points (i.1) - (i.5) has a negative answer, T
rejects the string, otherwise it continues to work until it has
considered all pairs.

It is easy to see that with the described workflow, for any
natural number n, T, accepts only the strings belonging to
the language CLAUSE(n) and rejects all other strings.

Obviously, the total number of operations required to per-
form the points (i.1) - (i.3), does not exceed the number ¢ X
|w| for some constant c. Consider the points (i.4) and (i.5):

(i.4) to compare the literal indices with the number n, T,
records the number n on the first work tape, the index of the

current literal on the second work tape, and does the following:

1) if the index length is greater than the length of n’s record,
then T, rejects the string w,

2) if the length of index is less than the length of n’s record,
then T, records the next literal index on the second
work tape and continues working,

3) if the lengths are equal, T, runs over both records on
work tapes and compares corresponding binary digits
with the same orders in these records. If, in the same or-
der, 0 occurs on the first tape, and 1 on the second tape,
Te rejects the string w, otherwise continues working.

Thus, T, records each index on the second tape, compares

its length with the n’s length and compares its digits with n’s
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digits. So, it needs no more than ¢ X |w| operations for some
constant c.

(i.5) let the condition (i.1) - (i.4) be satisfied. This means
that the string w has the form

a a
wo= (Xt xikk)
and T, will check if the binary numbers i,,..., i, are pair-

wise distinct. It is easy to notice that
Wl = [ig] +.o + lige| + k.

For the point (i.5) T, considers all pairs of literal indices
looking for a pair of literals with the same indices: i; = i,.
So, T, sequentially records the pairs on work tapes, runs over
both records and compares corresponding binary digits in the
same orders in these records. If a pair of different digits occurs
in the current order or the lengths of records are different, T,
moves on to comparing other pairs of indices, otherwise it re-
jects the string w.

Obviously, T, requires no morethanc X min(|i], |i;[) op-
erations for some constant c, to compare the pair of indices i;
and i;.

It is also easy to prove that the total number of comparison
operations of all pairs of literal indices included in the string
w does not exceed the number ¢ X (Jw|)? for some con-
stant c.

(ii) Let’s now estimate the complexity of recognizing the
language CNF(n, m) for any natural numbers n and m. We
describe the general workflow of Turing machine Tey, that
accepts the string w, if w € CNF(n, m) and rejects it oth-
erwise. Receiving the string w, Toyr does:

(ii.1) checks if the number of occurrences of the symbol ‘%’
is equal to (m —1),

(ii.2) checks whether any occurrence of the character " "
the string is located between a binary digit and a literal.

(ii.3) checks whether any substring is one of the following
positions in the string w:

1) between the start and the symbol "*",

2) between two symbols "*",

3) between the symbol "x" and the symbol ‘end of string’,
and does not contain the symbol "x", is belongs to the
language CLAUSE(n).

If any of the points (ii.1) - (ii.3) has a negative answer,
Tenr rejects the string, otherwise it accepts the string w. It is
easy to see that with the described workflow, for any natural
number n and m, Tgyr accepts only the strings belonging
to the language CNF(n, m) and rejects all other strings.

Obviously, the total number of operations required to per-
form the points (ii.1) and (ii.2), does not exceed the number
¢ X |w]| for some constant c.

With regard to point (ii.3), if (ii.1) and (ii.2) are satisfied,
then w looks like

in
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w =Gy * Gy xeox G,

where ¢, cj,,..., ¢;~are clauses. According to point (i.5),
m

these clauses are recognized by Turing machines in no more

than

¢ X (Ig;,1* + Icj,|* +o. + |, 1P

operations for some constant c. On the other hand, it is ob-
vious that

(i, 12 + lej,1* +oot 16, 15 < (e, | + e, |+ +l,, D2

Therefore, it is easy to see, that the total number of opera-
tions required to accept or reject the string w, does not exceed
the number ¢ X (Jw])%.

(iii) The general operating principles of the Turing machine
Tsap are similar to those of the T,. To recognize the string of
the language SUB(m), Tsyp does the following:

(iii.1) checks whether the string w starts with the symbols
e,

(iii.2) checks whether a binary code follows any occurrence
of the symbol e.

(iii.2) checks whether the current binary code is followed
by the symbol e or the special symbol “end of string".

(iii.4) checks whether the number of occurrences of the
symbol e is less than or equal to m.

(iii.5) checks, whether the index of the current literal differs
from the indices of other literals included in the string.

If any of these points has a negative answer, Tg,p rejects
the string and accepts it otherwise.

Obviously, to accept or reject the string w, Tgyp needs no
more thanc X (Jw|)? operations.

(iv) The general operating principles of the Turing machine
Tpair-

To recognize the string w of the language PAIR(m),
Tpar does the following:

(iv.1) checks whether w consists of two substrings sepa-
rated by the symbol ‘=’

(iv.2) checks whether these substrings are included in the
language SUB%(m).

(iv.3) checks whether the intersection of these substrings is
empty.

(iv.4) checks whether one of the substrings differs from e.

Taking into account the previous reasoning, it can be argued
that the total number of operations required to accept or reject
astring w does not exceed the number ¢ X (|w|)2.

(v) Let’s now describe the general workflow of Turing ma-
chine T, that recognizes the string of language d(n, m) ina
polynomial time.

That is, receiving the string w, the Turing machine T, runs
over it and does:

(v.1) checks if the string w consists of n substrings sepa-
rated from each other by (n - 1) symbols x".

(v.2) checks whether each substring is included in PAIR(m).
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(v.3) checks whether the number of elements with pairwise
different indices in the string w is equal to m.

If any of those conditions is not satisfied, then the T, re-
jects the string.

To estimate the number of operations for point (v.1), It is
enough to check:

1) whether the number of occurrences of the symbol "' is

equal to (n - 1),
2)whether any occurrence of the symbol '«' is located be-
tween some binary code and the symbol e.

Obviously, the number of required operations does not
exceed the number ¢ X |w|.

Point (v.2): let |w;| be the number of symbols included in
the i-th substring. Then, to check if the i-th substring is in-
cluded in PAIR(m), T, needs to performc X (Jw;|)? oper-
ations. Since |w;| + [w,]| +... + |w,| < |w|, then to check if all
substrings are included in PAIR(m), T, needs to perform c
X (|w|)? operations.

Point (v.3): if (v.1) and (v.2) are satisfied, then the string w
contains elements with binary codes. Receiving the string w,
T, does the following:

1) records w on the first work tape, and marks an element

init. Let it be the element e;.

2) records e; on the second work tape.

T,; runs over the string w and sequentially compares all
non-marked elements in it with the element e;. All elements
in that have the same index as e; are marked.

Running through the entire string w, T, continues as fol-
lows:

1) records e; on the output tape,

2) looks for the next non-marked element in w and, find-

ing it, repeats the described operations.

If there are no unmarked elements left in w, then obviously
the output tape contains all elements with pairwise distinct in-
dices. So, T, compares their number with m.

Taking into account the arguments in (i.5), it can be argued
that the number of needed operations does not exceed the
number ¢ X |w|?.

Thus, strings of any of the described languages are recog-
nized in polynomial time with respect to the length of the input
string. V

4. Reducibility of Languages

Although there are different definitions of the concept of
polynomial reducibility [4, 11, 18], in general they all express
a similar relationship between different languages. In this sec-
tion we will study the reducibility of the Boolean satisfiability
problem to the problem of existence of a special covering for
a set and vice versa. We will use definitions from [2, 11].

Let we are given a Boolean function f(xy,..., x,) repre-
sented in conjunctive normal form with m clauses, and let S
= {e,, €3,..., ey} be any non-empty tuple of m elements.
Recall that we use the notation e; for instead of the string
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eb(j) of the alphabet Z,.

To each element of the set S, we associate a clause of the
function f(x;,..., x,) so that the element e; = eb(j) corre-
sponds to the j-th clause of the function in the sequential enu-
meration of the clauses. We will call eb(j) the number or the
code of the clause, and will identify it with its corresponding
clause. So, for brevity, we will denote the set of clauses of the
function f(xy,..., x,,) as S(f) = {ey,..., e} and use these el-
ements as clauses. So, the entry x;* € e; will mean the in-

clusion of the literal xf‘i in the clause corresponding to e;.
Also, the notation (e;) € CLAUSE(n), will mean that the
clause corresponding to e; belongs to the language
CLAUSE(n) and the string (e;) is formed by the clause e;. So,

we designate the following string by f,:

fan=(e x e, x..x ey ),

Obviously, f,, will be the string corresponding to the func-
tion f(xq,..., x,) in conjunctive normal form, and f(x,,...,
x,,) will be a function corresponding to the string f,. To de-
note the subsets of clauses will be used the capital letters cor-
responding to the function designation:

Forsomei € [1, n] we form the following sets:

F) ={ej / ¢, € S(f)and X; € ¢;}and

Fl ={e; / ¢ € S(f)and x; € ¢}

Obviously, F? € S(f)and F} < S(f).

Proposition 4.1. If for some natural numbers n and m,

fn € CNF(n, m), then

Vi € [1, n](F) = F}) € PAIR(m),

2) UL, (FP UFD) =S(f).

Proof. To proof of (i) it is enough to prove that forany i €
[1, n],

1) (F? ) € SUB%(m)and (F}) € SUB%(m),

2)F) N F} = 9,

3)F U Ff =+ 9,

The proof follows from definitions of languages SUB?(m),
PAIR(m) and CNF(n, m).

The proof of (ii) follows from the definitions of the sets
fM® and fME. V

Lemma 4.2. For any natural numbers n and m and for
any string f;, € CNF(n, m), there exists a Turing machine
that, receiving the string f,, outputs the string (FY = F} ...
*x F2 = F1) in polynomial time with respect to the length of
the string f,.

Proof. Let’s describe the general workflow of such a Turing
machine, with alphabet X.

Similar to Proposition 3.2, we will use a Turing machine
denoted by T;, with input tape, output tape and with two work
tapes [2]. The T,’s operation procedure consists of following
stages:

Receiving a string of clauses, T, records the codes of
clauses on the first work tape in the same order in which the
clauses are on the input tape.
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To form the current strings F{ and F} for i € [1, n],
T, uses the second work tape, successively recording the pairs
(i,0) and (i, 1) on it. We say that T; scans a code or a pair of
indices, meaning that it scans the symbols that form them.

After recording the numbers of clauses, T, starts working,
recording (1, 0) on the second work tape and € on output tape.

Each action of T; is determined by configuration of four
records on different tapes scanned at current moment. We de-
note it (H,, H,, Hs, H,) with the following meanings:

H, is current scanned record on input tape,

H, is current scanned record on first work tape,

H; is current scanned record of pair (i, 0) on the second
work tape, where i € [1, n],

H, is current scanned record on output tape.

The first configuration is ( x*, e;, (1, 0), &), x{* is the
first symbol of the string f,,, « € {0, 1}.

At the beginning of the work, T; scans these records on
the tapes.

To form F? and F}, T, performs actions depending on
configuration:
with configuration (¥x;, e;, (i, 0), &),

1) records e; instead of ¢, on the output tape,

2) scans the symbol e; on the output tape,

3) scans the symbol following of X; on the input tape,
with configuration (x;, e;, (i, 0), ey),

1) adds e; to the output tape and scans it,

2) scans the symbol following of x; on the input tape,
with configuration (x;, e;, (s, 0), €) or (X;, ej, (s, 0), ey),
where i # s,

scans the symbol following of x; on the input tape,
with configuration (x, e;, (i, 0), ey),

1) scans the symbol e;.; on the first work tape

2) scans the symbol following of the symbol 'x' on the input

tape,
with configuration (end of input string, e;, (i, 0), ey),
1) adds the symbol ‘=’ after e, on the output tape,
2) records the pair (i, 1) on the next place following the pair
(i, 0) and scans it,

3) - records the symbol ¢ after the symbol ‘= on the output

tape and scans it,

4) scans the first symbol on input tape,
with configuration (x;, e;, (s, 1), &) or (x;, e;, (s, 1), ey),

scans the symbol following of x{* on the input tape,
with configuration (end of input data, e;, (i, 1), e,)and for i
< n,

1) adds the symbol ‘x” on the next place following the e,

on output tape,

2) records the symbol & on the next place of ‘x” on the out-

put tape and scans it,

3) records the pair (i+1, 0) on the next place following the

pair (i, 1) on the second work tape and scans it,

scans the first symbol on input tape,
with (end of input data, e;, (n, 1), e), the Turing's machine
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T, stops.
It is easy to see that T; outputs the string

( FY = F! %..% FQ o F} ).

Also, the number of actions performed by T; to complete
the described procedure is polynomial with respect to the
length of input data of the string f,, denoted by |f,|. More
precisely, the number of mentioned operations does not ex-
ceed the number ¢ X |f,|? for certain constant c. V

Let's denote by T;(f,,) the string formed as a result of Ty's
work on input f;;:

Ty(fa) = (F ° F{ x..% Fy ° Fp).
Lemma 4.3. For any natural numbers n and m,
fn € CNF(n, m)ifandonlyif T,(f,) € d(n, m).

Proof. Obviously, if f, € CNF(n, m) then, according to
Proposition 4.1 i),

Ty(f) = (F ° Fi *..x Fy = F3) € d(n, m).

Now, suppose that T;(f,) € d(n, m). In this case for any
i € [1, n] the following holds:

1) F? N F! = @, thus, no clause is included in the sub-

sets F? and F} simultaneously.

2)F) u F! # ¢,thatis F? =+ @or F} =+ 0.

In fact, forany i € [1, n], we get the following:

1) there is no clause including the literals i; and x; sim-

ultaneously.

2) the literal x; is included in some clause or the literal x;

is included in some clause.

It means that the number of literals with pairwise different
indexes is equal to n.

In addition, each clause e; included in some set F{* can-
not be empty, since if ¢; € F{, then x* € e;. Therefore
fn € CNF(n, m). V

We denote by dS(f) the special decomposition of the set
of clauses of the function f:

dS(f) ={(F{, Fi)-.. (Fp, Fp)}-

If there is a special covering for S(f) in the decomposition
dS(f), we denote itas c,S(f) [13]:

e S(f) ={F;*, Fy2,.... Fan}.

For natural numbers n and m, we define the languages
SatCNF(n, m) and sC(n, m): satCNF(n, m) = {(f,,) / f is
in CNF with m clauses and f is a satisfiable function},
sC(n, m) = {(M? = M} .. x M2 = M) € d(n, m)/there
is atuple (ay,..., ;) suchthat

UM} = UL (M} U (M)}
Theorem 4.4. For any natural numbers n and m,
f € satCNF(n, m) ifand only if T,(f,) € sC(n, m).

Proof. Suppose that for some natural n and m, f, €
satCNF(n, m) and f(xq,..., x;,) is the function correspond-
ing to the string f,,. According to the definition, f(xy,..., x,)
is represented in conjunctive normal form with m clauses
and is a satisfiable function. That is, there is a Boolean tuple
(04,..., 0y)such, that f(oq,..., 0,) =1

We show, that the set {F;*, F32,..., F"} is a special cov-
ering for the set S(f).

By Proposition 4.1 and Lemma 4.3, it suffices to prove that

| Ffi = S(f). Let's show that any clause of the set S(f)
is included in some subset

F7t c {F{*, FJ2,.., Fo'}

Let there be a clause e; that is not included in any of these
subsets. This means that none of the literals x;,..., x;" is
included inthe clause e;, andthus e; isadisjunction of some
literals of the form x'7° ©. Since o; °* = Oforanyi € [1,
n], then for given assignment of variables e; =0, which con-
tradicts the assumption that f(o4,..., o,) =1. Therefore, any
clause is included in some subset Ffi that is included in the
set {F;*, Fo?,..., Fo"}, So this set is a special covering for

S(f),
Ly B = U {FDY U FDD.
Therefore,
Ti(f) =( F§ = FY % Ff = FZ ) € sC(n, m).

Now assume that for some natural numbers n and m,
Ti(fn) € sC(n, m). Thismeansthat T;(f,) € d(n, m)and
there are (cy,..., 0,) such that the set {F7*,..., F."} is a spe-
cial covering for the set S(f).

Recall that the literal xi“i is included in all clauses of the
subset F;. Therefore, if x;"* =1, then the value of all clauses
in F;", is equal to 1, that is:

forany i € [1, n]land j € [I, m], ifxlfxi =1and ¢ €

F?i,then e =1.

Therefore, if 0,=a;,..., 0,=a,, then f(oy,..., 0,)=1.

Comparing this with the results of Lemma 4.3, that is:

T,(f,) € d(n, m)ifand only if f, € CNF(n, m),

we obtain that f, € satCNF(n, m). V

Remark 4.4.1. According Proposition 3.2, the Turing ma-
chine T.yr recognizes the strings of language CNF(n, m) in
a polynomial time with respect to the length of string.

Let's for any natural numbers n and m, define the function
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Ji: L — Z* asfollows:

Jiw) = Teyp(w), ifw € CNF(n, m)and J;(w)= (& = €),
ifw € CNF(n, m).

Itis evident, that ], isa polynomial time computable func-
tion [2] with computable time not exceeded the number
c X |w|? for certain constant c.

Also, it is evident, that for any string w € X* and for
natural numbers n and m,

w € CNF(n,m) ifand only if J;(w) € d(n, m).

Recall, that (¢ = €) € X* and (¢ = €) €& d(n, m).

Theorem 4.5. For any natural numbers n and m,

satCNF(n, m) <, sC(n, m).

Proof. It is obvious that satCNF(n, m) € CNF(n, m) and
sC(n, m) € d(n, m).

By Lemma 4.2, the Turing machine T, generates the string
T, (f;,) in polynomial time for any string f, € CNF(n, m).
According to Theorem 4.4 and Remark 4.4.1, for any string
w, and for any natural numbers n and m,

fn € satCNF(n, m) if and only if J;(f,,) € sC(n, m).

Since ], is a polynomial time computable function, then
the language satCNF(n, m) is reduced polynomially to the
language sC(n, m). V

Now let’s show that the problem of the existence of a spe-
cial covering is polynomially reducible to the satCNF prob-
lem. Let {e;,..., e} beanonempty set of m elements com-
posed of the alphabet X, as above. Let also (dS) be a string
of the language d(n, m):

dSy=( M = M} *..x M2 = M} ) € d(n, m).

We form the string belonging to the language CNF(n, m),
based on the string (dS).

Let for any element e; € S, L(e;) be the set of literals
composed as follows:

Le)={x"I1(i € [Ln)&(a € {01} )& (¢ €
{M 1}

In addition, let I(e;) be the clause formed by literals of the
set L(e;) and let c(e;) be the string over the alphabet %,
which forms by the set L(e;):

cle)=( x* x2.
set L(e;).

We compose the string ( c(e;) * c(ey) *... x c(e,,) ) over
the alphabet X,, which corresponds to the Boolean function
in conjunctive normal form with m clauses, denoted by
9(ds) = A, 1(ey).

It is easy to see, that as a result of formation of all clauses
c(e;), the number of literals
in clauses with pairwise different indexes will be equal to n.
Therefore,

. x;i k), where any literal belongs to the
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( c(ey) * c(ey) *... x c(ey,) ) € CNF(n, m).

Lemma 4.6. If (dS) =( MY e M} ..« M2 = M} ) €
d(n, m), then the string

(c(er) x... % c(em))

is formed in polynomial time with respect to the length of the
string (ds’).

Proof. Similar to the proof of Lemma 4.2, we describe the
general workflow of a particular Turing machine, denoted by
T,, over the alphabet X, which time outputs the string

(cleg) * cleg) *... x clem) ),
when input the string
(M{ © M} %..x My = My ).

Let’s consider a Turing machine T,, with input tape, output
tape and two work tapes.

The general principles of T,’s operation are as follows:

To form the clause c(e;), it runs over the symbols of input

data and with finding the element e; included in M;xj, adds

the literal xfj to the literals forming the clause c(e;) on the

output tape.
At the first stage of work, T, records pairs of indexes (j,

a;) of all subsets M].aj on the first work tape in the same order

in which the subsets are on the input tape.

The second stage of work consists of forming the clauses
c(e) fori € [1, m].

In order to generate a clause corresponding to the element
e;, T, uses the second work tape, adding e; on it and scan-
ning e; during the formation procedure c(e;).

After recording the pairs (j, «;), T, starts work by record-
ing e, on the second work tape.

To determine each step of T, it is enough to consider the
configuration of three current scanned records on different
tapes, which we denote by (H,, H,, Hs,):

H, isthe scanned symbol on input tape,

H, is the scanned pair of indexes on the first work tape of
considering subset,

H; is the scanned element on the second work tape, that is,
the element e; if the clause c(e;) is forming.

The first configuration that will be considered to start work-
ing over the input data, is

(ex, (1, 0), &),

where ¢, is the first symbol of input data.

To form c(e;), the Turing's machine T, performs actions
depending on configuration:
with configurations (g, (j, @;), ;) or (e, (j, a;), e;), where

k + i
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scans the next symbol on input tape.
with configuration ( e;, (j, a;), e;),

1) adds the literal x]fz" on output tape,

2) scans the next symbol on input tape.
with configuration (s, (j, 0), e;),
1) scans the next symbol on input tape,
2) scans the pair (j, 1) on the first work tape.
with configuration (x, (j, 1), e;)
1) scans the next symbol on input tape,
2) scans the pair (j+1, 0) on the first work tape.
with configuration (end of input string, (j, 1), e;)and i < m,
1) adds * to the output tape,
2) adds the symbol e;,; to the second work tape and scans
it,
3) scans the first symbol of input tape,
4) scans the pair (1, 0) on the first tape,
5) starts to run over the input data again, to detect the ele-
ment e;,,.

with configuration (end of input string, (n, 1), e,,), T, stops.

Obviously, on the output tape we will obtain the string

(c(ey) * c(ey) *... * cley,)).

It is easy to see that the number of actions performed by T,
to complete the described procedure is polynomial with re-
spect to the length |dS| of the string (dS).

The number of mentioned actions does not exceed the num-
ber ¢ X |dS|%. V

Let's denote by T, (dS) the string formed as a result of T,'s
work on input (dS’):

T,(dS) = ( c(ey) * c(ey) *... x c(en) )

Obviously, T, forms the string T,(dS) based on the string

(dS) for any special decomposition dS ofthe set{e,,..., en}.

Theorem 4.7. For any natural numbers n and m,

(dS) € sC(n, m)ifandonlyif T,(dS) € satCNF(n, m).

Proof. Let (dS) € sC(n, m). This means that the total
number of elements with pairwise different indexes in all sub-
sets is equal to m. So, each of the elements ey,..., e,, isin-
cluded in some of subsets forming the string (dS’), and there
is a Boolean tuple (a;, a3,..., a,) such that

n ap —
i=1 Mi -

Uiz (M U MD).
This means that for any element e; € U™~ (M uM}),
there exists a subset
M].ajE (M, Mj*,..., My™} suchthat e; € M;zj
On the other hand, if e; € M].“j then x].aj € I(e;). Thus,
the number of forming clauses will be m, which means that
the number of strings corresponding to clauses also will be m.
Let's for simplicity denote by g,, = T,(dS), thatis g,, =

c(e) * c(ez) *... * c(em) )-
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Also, we denote by g the function corresponding to the
string g,,.

Since x; = a; implies x]fx" =1, then (0; = @;) &.. &
(0, = a,) implies

9(01,. 0) = g(dS)(oy,.. 07) =1

Therefore, T,(dS) = { c(e;) * c(ey) *... x c(e,) ) €
satCNF(n, m).

Now suppose, that T,(dS) € sat CNF(n, m). Thatis, g
is a satisfiable function, which means that for some Boolean
tuple (o4,..., 0,), g(04, 05,..., 0,) =1

According to Theorem 4.4,

gn € sat CNF(n, m)ifand only Ti(g,) € sC(n, m).

Since T;(gn) = (GY = G} ... G = GL), then for some
Boolean tuple o4,..., 6,, we obtain

=1 G?i = UL, (GPuGH.

This means that for any clause I(e;), there exists a subset
G](.yj such that

G oj
Gj’e {GJ*, G32,.., Gpr}rand l(e;) € Gj’.

Butthen e; € M].Gj , because of definition of G;.’f :

G;yj ={l(ey)/ l(ex) € S(g)and l(ey) contains xfj,( k
€ [I, mD}.

At the same time the clause [(e;) contains the literal xff
onlyif e; € M].Gj.

Since any element e; determines the composition of one

clause, and any clause is defined by one element, then it is
easy to prove that for any element e; there exists a subset

Mjgj € {M', Mj?,.., My"} such, that e; € MJ.Uj.

So, Ui, Mici = UL, (M u M),

Therefore, ( MY = M} *..x M2 = ML ) € sC(n, m).
\Y

Remark 4.7.1. According Proposition 3.2, the Turing ma-
chine T, recognizes the strings of language d(n, m) ina pol-
ynomial time with respect to the length of string. More pre-
cisely, this time is estimated as ¢ X |w|?, where w isanin-
put string.

Let's for natural numbers n and m, define the function J,:
X — X* asfollows:

J.(w)= Ty(w), if w € d(n,m) and J,(w)=( € = ¢ )if

w ¢ d(n, m).

Itis evident, that ], isa polynomial time computable func-
tion with computable time not exceeded the number
¢ X |wl|? for certain constant c.

It is also obvious that for any natural numbers n and m,
and for any string w € X7,
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w € d(n,m) ifand only if J,(w) € CNF(n, m).

Recall, that (¢ = €) € X* and (¢ = &) €& d(n, m).

Theorem 4.8. For any natural numbers n and m, sC(n, m)
<p SatCNF(n, m).

Proof. It is obvious that sC(n, m) < d(n, m) and
satCNF(n, m) € CNF(n, m).

According to Lemma 4.6, for any natural numbers n and
m, there is a Turing's machine T,, which for any string

(dSYy=( MY = M} *..x MJ » M} ) € d(n, m)
forms the string

T,(dS) = ( c(ey) » clez) *... x clen) )

in polynomial time with respect to the length of string (dS).
According to the Theorem 4.7 and Remark 4.7.1, for any
string w, and for any natural numbers n and m,

(dS) € sC(n, m)ifand onlyif J,(dS) € satCNF(n, m).

Therefore, sC(n, m) <, satCNF(n, m).

Since J, is a polynomial time computable function, then
the language sC(n, m) is polynomially reduced to the lan-
guage satCNF (n, m). V

Theorem 4.9. For any natural numbers n and m, the lan-
guage satCNF (n, m) and the language sC(n, m) are polyno-
mially equivalent.

Proof. Follows of Theorems 4.5 and 4.8.

Corollary 4.9.1 The problem of existence of a special cov-
ering isan NP-complete problem.

Proof. Follows from the Theorem 4.9. V

The theorem 4.9 gives us possibility to use the concept of
special decomposition when discuss the questions concerning
to satisfiability of a function. That is, instead of investigating
questions related to the satisfiability a given function in con-
junctive normal form, we can investigate corresponding ques-
tions related to the existent of a special covering for the set of
clauses under a special decomposition of this set.

5. Replaceability of Subsets

In this section, to study important properties of special de-
compositions, we introduce a new concept called replaceable
subsets.

Let S ={e;,..., e} be a nonempty set, and let for some
Boolean tuple (ay,..., ay),

M, M., MEr, ME™ be arbitrary subsets of the set S
such that the set

dpS = (M) M) (M™, My}

is a special decomposition of the set S.
Recall that in this case

sM® = {M& .., Mi"}and sM! = {M{,..., M2}
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Definition 5.1. If for some a € {0,1}, the set of a-compo-
nents of the special decomposition d, S covers the set S, then
it will be called a special sM®-covering for the set S.

According to Lemm 1.5 in [13], there exists a special cov-
ering for the set S under the decomposition d,S if and only
if for some a € {0,1} there exists an sM%-covering for the
set S under some special decomposition 1(d,,S). The search
for an sM°-covering in a decomposition d,S consists of
finding ordered pairs such that, by permuting their compo-
nents, the missing elements of the 0-domain are moved to the
0-domain.

Obviously, if the 0-domain of some special decomposition
covers the set S, then permutating the components of all or-
dered pairs of this decomposition, we obtain sM*-covering
under another special decomposition and vice versa. So, the
notation sM*-covering, will mean that « € {0, 1}.

Definition 5.2. Let d,,S be a special decomposition of a set
S such that M;* € sM° and the 0-domain of the decom-
position does not cover the set S.

1) We say that the subset M;"* is an immediate sM°-re-

placeable subset, if M° < (i)M°.

2) We say that M, is an sM°-replaceable subset if it is
an immediate sM°-replaceable or, if d,S contains or-
dered pairs (let i;,..., i, be their indices) such that
M° < (i, iy,..., i) M°.

3)We say that e € S is an sMP-reachable element if
there is an ordered pair (M,", Ml.ai) such that

(MY € sM°) & (e ¢ M°) & (e € M™), and M{ is
an sM°-replaceable subset. We will also say that the element
e isassociated with sM%-replaceability of the subset Mf‘i.

The essence of the concept of sM*-replaceability is to per-
form permutations of the components of some ordered pairs,
as a result of which the a-domain receives a new element
without losing its own elements. It is easy to see the M%*-re-
placement of a subset is an I-transformation of the given de-
composition. Therefore, according to the Lemma 1.5 in [13],
for any special decomposition, as a result of any replacement,
we obtain a new special decomposition.

Theorem 5.3. Let for some Boolean tuples (t4,..., T,,) and
(aq,..., ay),the set

S =L M M M)

be a special covering for the set S under the special decompo-
sition d,,S,

dnS: {(Mf"ll Mfl)""’ (Mgn’ Mgcn)}

Then, forany i € [1, n], the subset Mfi isan sMTi-re-
placeable subset.

Proof. Forany i € [1, n], if MY < (i) M™, then M
is an immediate sMTi-replaceable subset. Suppose that for
some i € [1, n], the subset Mf" contains elements that are
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not included in other subsets of the T;-domain. Since c,,S is
a special covering for the set S, then obviously, for any ele-

ment e € M;" there is a subset M;’ such that (M,” €
cnS) & (e € ij,-).

Suppose that for some y;,..., v, € {0, 1}, M., Ml.‘;"
are the subsets such that

[

S c,S) & (M

.
M My Ui M),

It is obvious that some of these subsets are included in the
T;-domain, since by assumption, ML.” is not immediate re-
placeable subset. Let them be the subsets Mj‘il,..., Mj‘jl. That
is,

M., MY © .8 & (M., MI}

N

sMY).

Let’s consider the case, when 1; = «;. For t; = &;, will be

a similar proof. In this case, the ordered pair (M;", Mf") €

d,S isthe sameas (M;, M;"). Butthen {M* ... MjBl’} c
sM;

Therefore, the subsets M].‘il,..., Mﬁl are moved to the T;-

domain by permutations of the components of the ordered
pairs

a g B1 p/B Br 5B
M MEY, (P M (P M.

If some of the subsets M].fil,..., M].‘j’ contain elements that
are not included in other subsets in the T;-domain, then by the
same reasoning as for the subset Mf”, we find the correspond-
ing ordered pairs and perform permutations of their compo-
nents.

Since as a result of all permutations new subsets included
in ¢,S move into the T;-domain, this domain will not lose
elements. Therefore, Mf t isan sMTi-replaceable subset. V

Corollary 5.3.1. Let a special decomposition d,,S of the
set S be given such that some element e € S is not in-
cluded in the a-domain of this decomposition, e & M*.

If e is not an sM*-reachable element, then there is no spe-
cial covering of the set S under the decomposition of d,,S.

Proof. Follows directly from Theorem 5.3.V

Corollary 5.3.2. If there exists a special covering for the set
S under the decomposition d,,S, thenforany i € [1, n]the
following is true:

the subset M} is sM°-replaceable or the subset M} is
sM*-replaceable.

Proof. Let for some Boolean tuple (a,, a,,..., ay), the set
c,S={M*,..., M;"} be aspecial covering for the set S. Ob-
viously, the conditions of Theorem 4.2 are satisfied. So,

for a; = 0, then the subset M} is an sM?-replaceable
subset,
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for a; =1,thenthe subset M} isansM°-replaceable subset.
\Y

In search of sM°-reachability of an element e € S such
that (e & M°) & (e € M), we look for ordered pairs that
ensure this reachability. At the same time, an important ques-
tion arises when studying the existence of a special covering
for a set.

Let {eg,..... e} = S \ M°. The elements ey, ..., eq,
can occur in different subsets in the 1-domain of the decom-
position d,S. So, to find a special covering for the set S, we
can perform a sequential search for sM°-reachability of each
element of the set {e,, ..., eq,}:

1) search for ordered pairs that will ensure the sM°-reacha-
bility of an element included in the set {e,,,..., €4} un-
der the decomposition d,, S, and, having found them,
permute their components. The result will be a new spe-
cial decomposition.

2) we perform the same procedure for some other element
ofthe set {e,, ..., eq,} under the new decomposition and
continue the similar procedure for all elements.

Let’s find out whether finding a special covering depends

on the order in which the missing elements are considered.

Definition 5.4. Let we are given a special decomposition
d,,S of the set S. For an ordered set {e; ,..., ¢;} < S, we de-
fine a decomposition denoted by dnSO(el-l,..., e;):

(i)if e, € M°, then d,S°Ce;) coincides with the de-
composition d,,S.

(i) if e, ¢ M°, then we consider the following two
cases:

(i.1) e;, isan sMO-reachable element under the decompo-
sition d,,S.

In this case, dnS"(eil) is defined as a decomposition ob-
tained by permuting the components of the ordered pairs that
ensure this reachability.

(ii.2) e;, is not an sM°-reachable element under the de-
composition d,,S.

In this case, we consider the resulting decomposition as an
empty set, d,,S°(e;,) =@.

(iii) let for some 1< k<|, d,5%e;,,..., e;) # @.

If the element e;, . isincluded inthe 0-domain of this de-
composition, then the decomposition d,S°(e;,,..., €t Ciyy)
coincides with the decomposition d,S%(e;, ,..., €;,)-

If e, isnotincluded in the a-domain of the decompo-
sition d,,S°(ey, .., e;, ), then we consider the following two
cases:

(iii.1) e;,,, isan sM°-reachable element under the decom-
position d,,S°(e;, ..., €;,).

In this case, d,S°(e;, ... e, ey,,,) is defined as a decom-
position that is obtained by permuting the components of or-
dered pairs that ensure this reachability.

(iii.2) e;,, isnotan sMP-reachable element under the de-
composition dnSO(eil,..., e;,)- In this case, we will consider
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the decomposition d,,S°(e;, ,..., € €j,,) asanempty set.
(iv) if for some 1 < k < I, d,5°(e;, ..., ;) = @, then
also, d,S%e;,..... e, ej,,)=0.
Theorem 5.5. Let the special decomposition d,S of the set
S be given such that

{eq, s €q} = S\ M.

(i) if there exists a special covering for the set S under the
special decomposition d,,S, and {e;,,..., e;} is an arbitrary
permutation of the elements of the set {e,, ,..., eq,}, then:

(a) dnSO(ejl,..., ejl) * @,

(b) the 0-domain of the decomposition dnSO(ejl,..., ej,)
is an sM°-covering for S.

(ii) if d,S°(e;, ... €;,) = @ for an arbitrary ordered set
{e, ... e, } consisting of some elements of the set
{eq, - eq,}, then there does not exist a special covering for
the set S under the decomposition d,,S.

Proof. (i) Let for some Boolean tuple (a4,..., a;), the set
S ={M;*,..., M,;"} be aspecial covering for the set S un-
der the decomposition d,, S. The condition S \ M° =
{eq, - €q,} implies that c,S # sM° and {e,,...., e} S

M. Therefore, for any eq; € {eq, €q,}, there is a sub-
set included in ¢, S, which contains the element €q;-

Let Mfll,..., Mfk", be subsets such that the elements of the

set {eq, .-, €q,} are located these subsets, where {ty,..., T,}
€ {a;,..., a,}. Inaddition,

M*

. [
lk

({Ml_fll,___, Ml)&(le,..., M'Tkk

14

€ ¢,9).

Let for some {t4,..., T} € {a1,..., a,}, all elements of
the set {e,, ..., eq,} be located in the subsets Mfll,..., MiTk", in
addition,

M*

Tk
M i

. [
lk

M M?) & (M[*...., € ).

It is easy to see that for any subset Mf_j € {MZI,..., Mfk"
J
the conditions of Theorem 5.3 are satisfied, which means that

the subset M:_j is sM° -replaceable. Without limiting the
]

generality of the reasoning, we can assume that e; € Mfll.
So, as a result of sM°-replacement of the subset M:’ we ob-
J

tain the special decomposition d,S%(e;,) #0.

Since the transition from the decomposition d,S to the de-
composition d,S°(e;,) isan I-transformation, then accord-
ing to Lemma 1.5 in [13], there exists a special covering for

S under the decomposition d,S°(e;, ). If the element e,
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has moved to the 0-domain as a result of an sM°-replace-
ment associated with the element e; , then according to Defi-
nition 5.4,

d,S%e;,) = d,S°(e;,e;,) and d,,S°(e;,, e;,) * 0.

If e;, has not moved to the 0-domain, then by the same
reasoning as in the case of the element e; , there exists a sub-
set M;* such, that (M* € c,S) & (e, € M)

By Theorem 5.3, the subset Mfss is sM° -replaceable.
Since the replacement is associated with the element e;,, then
performing the M*-replacement of the subset Mfss, we obtain:

1) d,,S°(ej, e,) #0,

2) d,S°(e;,, e;,) is aspecial decomposition,

3) there is a special covering for the set S under the de-

composition d,S°(e;,, e;,).

Repeating the similar procedure, no more than [ times, we
obtain:

1) d,S°ej, .- €,) #9,

2) dnSO(ejl,..., ej,) is a special decomposition,

3) there is a special covering for the set S under the de-

composition d,S°(e;, ..., €;).

It is obvious that when forming the decomposition
dnSO(ejl,..., e;,) all elements of the set {e; ,..., e;,} move
into its 0-domain. At the same time, the 0-domain of the cor-
responding decomposition does not lose elements at any stage.
Therefore, the 0-domain of the decomposition dnSO(eh,...,
ej,) isan sMP°-covering for the set S.

(i) Now let {e;, ..., e;, }, where k < [ bean ordered set
obtained by an arbitrary permutation of arbitrary elements of
the set {eg,,..., eq,}, suchthatthat d,S° (e;,...., e;,) =@.

Recall, that d,S°(ej, ..., e;,) = @ in the following cases:

(ii.1) dnSO(ejl) = @. This means, that under the decompo-
sition d,S there does not exist sM°-replaceable subset, asso-
ciated with e;, so, there does not exist a special covering for
S.

(ii.2) forsome element e; (1< 7 < k),

d,S%ej,... €,) * @ & d,S°(e;j,,.... €., €;,,,) =0.

This means that under the decomposition dnSO(eh,..., €,)
there does not exist an sM°-replaceable subset associated
with the element e; . . But then, by Corollary 4.2.1, there
cannot exist a special covering for the set S under the decom-
position d,S° (e, ..., e;,) . Since the decomposition
d,S°(ej, ..., e;,) is obtained as a result of an I-transfor-
mation of the decomposition d,,S, then by Lemma 1.5 in [13],
the decomposition d,,S does not allow a special covering for
the set S. V

6. Applications

Let S(f) = {ci,..., ¢} be the set of clauses the Boolean
function f(xy,..., x;), and let
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dnS(f)) = {(F7, Fi)..... (Fp, Fo)}

be special decomposition of the set S(f).

For a subset S;(f) & S(f) and S;(f) # @, we say that
S1(f) is a satisfiable subset if there exists a Boolean assign-
ment tuple (a4,..., a,), such that every clause included in
S:1(f) evaluates to 1 when assigning values «y,..., @, tovar-
iables xq,..., x,.

Theorem 6.1. Let (x4,..., x,) be a function represented in
conjunctive normal form with m clauses, and let d,,S(f) be
a special decomposition of the set S(f).

Then, as a result of any I-transformation of the decomposi-
tion d,S(f), the set of clauses S(f) is divided into two satis-
fiable subsets.

Proof. Let for some Boolean tuple (o4,..., 6,), the set

(110 TV S(F) = {(FFY, FY).oo, (B, FO)}

be an I-transformation of the decomposition d,S(f). Then,
Gq,..., 0, Will be as follows:

o; =0,if i & {r,..., 7} and o;

Consider an arbitrary subset in the 0-domain of this de-
composition F ¥ € {F;*,.., Fo"}
and the clauses included in it. By definition

Fok ={c; | ¢; € S(f)and ; contains the literal x.*, j
€ [1, m]}.

Obviously, if x, = o, then all clauses in the subset F,f"
will take the value 1. So, if x;= o4,..., x,= a,, then the set
of clauses included in the 0-domain of this decomposition will
be satisfiable.

It is easy to see that by the same reasoning as for the 0-
domain, (G4,..., G,) will be the satisfying tuple for the 1-do-
main. Obviously, if Sy(f)and S;(f) denote the sets of clauses
included in the 0-domain and 1-domain, respectively, then
S(f) = S(f) U Si(f).V

Remark 6.2. Recall that any Boolean function in conjunc-
tive normal form generates a special decomposition of the set
of its clauses, and any special decomposition of a set generates
a Boolean function represented in conjunctive normal form.
In sec. 6 in [13] is shown that by permuting the components
of an ordered pair, new function is generated.

Let d,S(f) be a special decomposition generated by the
function f(xy,..., x,,). Consider an ordered pair (F?, F}) €
d,,S(f), assuming that

F) ={ci ¢, Yand Fl ={c,s ¢}

By the definition of these subsets,

1) the literal X%; is included in all clauses of the set
{cll,..., clp},

2) the literal x; is included in all clauses of the set {c;, ,...,
ch}.

3) the literals X; and x; are not included in any other
clauses.

When permuting the components of the ordered pair (F?,

=Lif i € {r,., 1}.
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F}), we obtain the special decomposition (i)I(d,S(f)), in
which the i-th ordered pair has the form (F}, F?). The re-
maining ordered pairs coincide with the corresponding or-
dered pairs of d,S(f).

O1(dnS(f)) = {(F?, Fi).oooo (FL, F)oes (F, FR)-

We form a function denoted as (i)h!(x,,..., x,) in accord-
ance with Section 3 based on the special decomposition
(DHI(d,,S(f)). Recall that if

dnS ={(M7, Mi)..... (M, Mq)}

is a special decomposition of a set S = {ey,..., e,,}, then for
any element e; € {ey,..., en}, the clause c(e;) will formed

by the following set of literals, {x;" / ¢; € M;"}. Respec-
tively,

(D! ey x0) = NjZr€(€)).

The ordered sets d,S(f)) and (i)I(d,S(f)) differ only in
the i-th ordered pair. That is,

FY ={c s ¢y, } is located in the 1-domain,

Fi ={cj, - ¢j,}islocated inthe 0-domain, of the result-
ing decomposition.

Let’s denote by c¢;,.., ¢, the clauses of the function
h!(xy,..., x,). Thatis,

S(hY)y ={cq,-s Ch}

Since h!(x;,.., x,) is generated by the decomposition
HOHI(d,,S(f)), then:
1)forany ¢, € {cj ..., G, }. the corresponding new
clause ¢; will contain the literal = x;
2)forany ¢, € {c; c,p}, the corresponding new
clause ¢; will contain the literal x;.
Let d,S(h')={(H?, H}),..., (HS, HL)} denotes the special
decomposition (i)I(d,S(f)). According to the formation pro-
cedure of the function h!(x,,..., x,,), we obtain:

1) the literal  X; is included in any of the clauses included
in HY,

2) the literal x; is included in any of the clauses included
in H.

At the same time, the clauses of the function (i)h!(xy,...,
X,), not included in the subsets HY or H}, coincide with the
corresponding clauses of the function f(x,..., x,). Thus, the
function h!(xy,..., x,) is obtained by replacing the literal X;
with the literal x; and the literal x; with the literal X; in
all clauses of the function f(x,..., x;) containing these liter-
als.

We will say that the function (i)h!(x;,..., x,,) is obtained
by inverting the literals of the variable x;in the function

f(rseees Xn).
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Similarly, the expression (iy,..., ix)h!(xq,..., x,) will mean
the function generated by the decomposition ( i; ,...,
i)1(d,S(f)), for any iy,..., i € [1, n].

Theorem 6.3. A function f(x,,..., x;,) represented in con-
junctive normal form is satisfiable if and only if the function
(i1, G)R!(xq,..., xy,) is satisfiable.

Proof. Let d,S(f)) = {(FY, F}),..., (FS, F1)} be a special
decomposition of the set S(f). Consider the special decom-
position (iy,..., ix)I(d,S(f)). By definition,

(igseess BH(AnS()) = {(FYY, FT N, (BT, FiM)),

(o; =0,if i & {iy,..., igx}and o; =L, if i € {iy,..., ii}).

Suppose that the f(x,,..., x,) is a satisfiable function, that
is, there exists a Boolean tuple (a;,..., ;) suchthat f(ay,...,
a,) = 1. Using the arguments of Remark 6.2 regarding the in-
version of literals, it is easy to see that the function {i,,...,
i }h!(xq,..., x,) will be satisfiable by the assignment tuple
(By,-.-,Bn) if we define this tuple as follows:

Bi = a;,if i€ {iy,..., i} and B; = &, if { € {i1,.., ig}-

That is, {i1,..., ix}h!(B1s..-Bn) = 1.

Obviously, the opposite is also true.

If {is,..., ix}h!'(B1,....8,) = 1 for some Boolean assignment
tuple (B;,...,8,) then there is a tuple (a;,..., ay) such that
flay,..., ay)=1.V

Definition 6.4. A conjunctive normal form of a Boolean
function will be called a Proportional Conjunctive Normal
Form, if each clause contains at least one negative literal or if
each clause contains at least one positive literal.

Theorem 6.5. A Boolean function f(x;,..., x,) represented
in conjunctive normal form is satisfiable if and only if it can
be transformed into a function in Proportional conjunctive
normal form using literal inversions.

Proof. Let the ordered set d,,S(f)) = {(F{, F}),..., (F3, F.)}
be a special decomposition of the set of clauses S(f) of the
function f(xq,..., x3).

One part of the theorem is obvious. Suppose that the func-
tion is transformed into a function represented in Proportional
conjunctive normal form using literal inversions. Let it be the
function h!(x,,..., x,,). It is easy to notice, that a function in
proportional conjunctive normal form is satisfiable, so by the
Theorem 6.3, the function f(x,,..., x,,) is satisfiable.

The opposite: Let f(x,,..., x,) be a satisfiable function.
Then, there is a Boolean tuple (oy,..., 0,) such that f(oy,...,
o,,) = 1. Hence, according to Theorem 4.9, there is a special
covering for the set S(f) under the decomposition d,,S(f).
Let it be the set c,S = {F;*,..., Fa"}.

1) If the set ¢,S is an sM%-covering for the set S(f),
then all clauses are found in the a-domain of the corre-
sponding decomposition, so by the arguments of Remark
6.2, all they contain a negative literal, if =0, or all they
contain a positive literal, if a=1.

2) Assume that ¢, ,..., ¢q, are clauses of the function f
such that for some a« € {0,1},

{Cqprs Cai} = SO\ MO,
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Since there is a special covering for the set S(f) then by
Theorem 4.4, {c,, ..., ¢q,} is a reachable set. Suppose that
{(F?., FL)...., (FY,, F})}is the set of replacement steps of the
decomposition d,S(f) that ensure the sM%-reachability of
all elements {c,,,..., ¢q,}. After the permutation the compo-
nents of all these ordered pairs we obtain the special decom-
position (iy,..., ix)I(d,S(f))). Obviously, as a result, all
clauses of the set S(f) will be in the a-domain of the result-
ing decomposition.

Consider the function (iy,..., ix)h!(xy,..., x,) generated by
the special decomposition.

(iyrr U S(F)))-

Since all clauses of this function are included in the a-do-
main of the decomposition.

(i10 G)I(dnS()),

then all they contain a negative literal, if « = 0, or all they
contain a positive literal, if a =1.

This means that, the function (iy,..., ix)h!(xq,..., x,)isrep-
resented in proportional conjunctive normal form. At the other
hand, the function (iy,..., ix)h!(xq,..., x;,) is obtained by in-
verting the literals of the variable x; ,..., x;, in the function
f(xll"'l xn)'

Thus, if f(x4,..., x) isasatisfiable function, then it can be
transformed into a function represented in proportional con-
junctive normal form using literal inversions. V

7. Instead of an Afterword

The importance of the result of Theorem 5.5 is that for any
a € {0, 1}, having a set of elements {e,,,..., €4} not in-
cluded in the a-domain of the given decomposition, we can
search for the sM“-reachability of each of these elements,
considering them in any order.

The importance of the result of Theorem 6.5 is that the the-
orem describes one of the necessary natures of the class of
satisfiable Boolean functions. That is:

The function is included in this set if and only if it can be
transformed into a function in Proportional conjunctive nor-
mal form using literal inversions.

At the same time, some important questions associated with
these results remain open: How to find ordered pairs that en-
sure the reachability of a given element, or how conclude that
such ordered pairs do not exist. Also, how find the required
literals for further inversion.

These questions will certainly determine the direction of re-
search in the next article.
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Abbreviations

CNF
satCNF

Conjunctive Normal Form
Satisfiability of Conjunctive Normal Form
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