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Abstract 

Emergence of novel infectious diseases and the resurgence of already known ones and its variants elicit significant concern in our 

contemporary world. Thus, it is very crucial to utilize all available resources to monitor and control their spread. Most of the 

epidemiological models developed to study and analyze the characteristics of diseases produced system of differential equations 

that are coupled in nature, which has become a challenge to researchers to find exact solutions. This work proposes an accurate 

three-step hybrid block method through optimization approach for solving mathematical models of continuous fever. The 

techniques of interpolation and collocation were applied to a power series polynomial for the derivation of the method using a 

three-parameter approximation of the hybrid points. The hybrid points were obtained by minimizing the local truncation error of 

the main method. The discrete schemes were produced as by-products of the continuous scheme and used to simultaneously 

solve mathematical models of continuous fever in block mode. The analysis of the basic properties of the method revealed that 

the schemes are self-starting, convergent, and A-stable. In addition, the analysis of the order of accuracy of the method showed 

that there is a gain of one order of accuracy in the main scheme where the optimization was carried out. Thereby, enhancing the 

accuracy of the whole method. The accuracy of the method was ascertained using three numerical examples. Comparison of the 

numerical results of the new method with those of the existing methods revealed that the newly developed method compares 

favorably with the existing hybrid block methods. Hence, the new method should be employed for the numerical solution of 

initial value problems of ordinary differential equations to obtain more accurate results. 
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1. Introduction 

Fever is a distinguishing characteristic of diseases from the 

ancient times. It is one of the prominent indicators of infec-

tions in human hosts. Fever often occurs in responses to in-

fection, inflammation, trauma, and it represents a complex 

adaptive response of the host to various immune challenges 

[1]. Clinically, fever is a regulated rise in body temperature 

above normal daily fluctuations together with an elevated 

thermoregulatory set point [1]. The International Union of 

Physiological Science Commission for Thermal Physiology 

defined fever as a state of elevated core temperature, which is 

often, but not necessarily, part of the defensive responses of 

multicellular organisms (host) to the invasion of live (mi-

cro-organism) or inanimate matter recognized as pathogenic 

or alien by the host [1]. The mean oral temperature for a 

middle aged healthy adult is 36.8 ± 0.4°C (98.2
o
F) and body 

temperature has a maximum morning (at 6.00am) of 37.2°C 

and maximum afternoon (at 4.00pm) temperature of 37.7°C. 

Thus, fever in healthy middle-aged adult may be defined as an 

early morning oral temperature of > 37.2°C (> 99
o
F) or a 

temperature of > 37.7°C (100
o
F) at any time during the day 

[1]. There are three major types of fever namely; continu-

ous/sustained fever, intermittent fever, and remittent fever. 

This article focuses on continuous fever. Continuous or sus-

tained fever is defined as fever that does not fluctuate more 

than about 1°C (1.5
o
F) during 24 hours, but at no time touches 

normal temperature. Continuous fevers are characteristics of 

Typhoid fever, Yellow fever, Dengue fever, Lassa fever, etc. 

The emergency of novel infectious diseases, and the re-

surgence of old ones and their variants call for serious concern 

in our world today. As such, it is imperative to engage every 

tool available to check their spread. Mathematical models 

have been greatly employed in public health sector, in recent 

decades, to investigate the proliferation and control of dis-

eases like Malaria fever, Typhoid fever, Lassa fever, etc. 

To better understand the dynamics of most of the infectious 

diseases, experimental procedures are often required which 

may be financially demanding and/or physically challenging 

[2]. Hence, the importance of mathematical models in prof-

fering solutions to real-life problems. These models often 

yield differential equations that are nonlinear, stiff or of frac-

tional order which may have no exact solutions. Hence, the 

need for the development of accurate numerical methods 

which will ensure that appropriate inferences are drawn from 

the models. 

The essence of this work is to investigate new advance and 

more accurate numerical methods for solving various math-

ematical models of continuous and intermittent fevers. The 

focus is on the general form of initial value problems (IVPs) 

of system of ODEs of the form 

𝑥′ = 𝑓(𝑡, 𝑥), 𝑥(𝑡0) =  𝑥0             (1) 

is considered, where, 𝑡   ,𝑡0,   -, 𝑓  ,𝑡0,   -   
      . It 

is assumed that equation (1) satisfies the conditions of the ex-

istence and uniqueness theorem for initial value problems [3]. 

Several methods, which include exact, approximate, and 

purely numerical, are employed to obtain solutions to epide-

miological models. Some of the approximate/semi-analytical 

methods include Differential transform method [4-8], Mul-

ti-step differential transform method [7, 9], Laplace adomian 

decomposition method [5, 10], Revised adomian decomposi-

tion method [9], Variational iteration method [11], Multi-step 

homotopy analysis method [12]. 

Furthermore, purely numerical methods such as collocation 

[13], interpolation [14], integration [15], and interpolation 

polynomials [16, 17], have been thoroughly investigated in 

academic literature to construct continuous linear multistep 

methods (LMMs) for the direct solution of initial value 

problems in ordinary differential equations (see [14, 18] and 

the literature therein). Most of the traditional methods such as 

Runge-Kutta [19], multi-step Adams family [3], and high-

er-order multi-derivative types [20] did not yield desirable 

results in solving stiff differential equations because a large 

amount of computational effort was required or conditional 

stability was obtained. This necessitated the adoption of im-

plicit block methods which possess the attribute of being 

self-starting, highly accurate, and absolutely stabile. One of 

such notable methods in this category are the hybrid block 

methods. Hybrid linear multi-step methods were introduced a 

few decades ago to overcome the first Dahlquist barrier on the 

step number and order of stable LMMs [14, 21]. 

The desire for improved accuracy of numerical methods 

has led to the development of new methods which are derived 

by minimization of the Local Truncation Errors (LTEs). Areo 

et al. proposed optimized hybrid block methods with high 

efficiency for the solution of first-order ODEs [14]. The der-

ivation employed the interpolation and collocation techniques 

using a three-parameter approximation. The hybrid points 

were obtained by minimizing the local truncation error of the 

main method. The obtained schemes were reformulated to 

reduce the number of function evaluations. In their study, 

Singla et al. introduced an optimized hybrid block approach 

with distinct characteristics for numerically integrating initial 

value problems of ordinary differential systems [21]. The 

method successfully overcomes the first Dahlquist barrier on 

Linear Multi-Step Methods (LMMs) by incorporating both 

block and hybrid characteristics. The method of interpolation 

and collocation was employed by utilizing an approximate 

polynomial representation of the theoretical solution of the 

problem. Three intermediate points were added within a sin-

gle block, with one point being fixed and the other two opti-

mized to minimize the errors in the primary formula and an 

additional formula. The resulting scheme had a fifth order 

accuracy and possessed the attribute of A-stability. The study 

conducted by Ramos proposed a two-step method that in-

volved the selection of two intermediate points through the 
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optimization of the LTEs [22]. However, the most optimal 

formulation was attained through the process of reformulating 

the method in a manner that decreases the frequency of in-

stances of the source term 𝑓. Ramos et al. employed an en-

hanced hybrid block technique in conjunction with a modified 

cubic B-spline method to solve non-linear partial differential 

equations [23]. No linearization was necessary in the ap-

proach, and the time step-size was optimized without com-

promising accuracy. Singla et al. devised a set of one-step 

hybrid block methods that incorporate two intra-step points 

[24]. These methods are designed to solve first-order initial 

value stiff differential systems. Within each family, there is an 

intra-step point that determines the sequence of the main 

technique, and a second point that governs the stability char-

acteristics of the method. The approaches were also formu-

lated as Runge-Kutta methods. Yakubu and Sibanda proposed 

a novel approach for solving first-order stiff initial value 

problems through the development of a one-step family of 

three optimized second-derivative hybrid block methods [25]. 

The optimization process was integrated into the derivation of 

the methods to achieve maximal accuracy. The analysis re-

vealed that the methods exhibit convergence and A-stability. 

Some other recent and notable contributions on optimized 

hybrid block method may be found in [26] and the literature 

therein. 

The new Three Step Optimized Hybrid Block Method 

(THSOHBM) proposed in this research incorporates three 

hybrid points with a three-parameter approximation. The 

interval of integration is allowed to determine the optimal 

hybrid points through the optimization of the principal term of 

the LTE of the main method. Previous researches have not 

considered up to five intra-step points with three unknown 

parameters in an optimization technique of this nature. 

This article is organized as follows: Derivation of the three 

step optimized hybrid block method is done in section 2, and 

analysis of the basic properties of the method is carried out in 

section 3. In section 4, numerical examples are solved to 

ascertain the performance of the new method, and discussion 

of the results is presented in section 5. 

2. Materials and Methods 

The theoretical solution 𝑥(𝑡) of equation (1) is approxi-

mated by the polynomial Q(t) of the form 

𝑄(𝑡) = ∑ 𝑏𝑗𝑡
𝑗𝑚

𝑗<0              (2) 

where 𝑏𝑗     are real unknown coefficients to be deter-

mined.   =  (𝐶    )     ,   and 𝐶 denote the number of 

interpolation and collocation points respectively. The first 

derivative of (2) is obtained 

𝑄′(𝑡) = ∑ 𝑗𝑏𝑗𝑡
𝑗;1𝑚

𝑗<0 ,                     (3) 

interpolating equation (2) at 𝑡  collocating equation (3) at 

𝑡 :𝑗 , 𝑗 =   ,  ,    ,  ,  ,  , where  ,  ,   are the hybrid points 

such that              . This yields a system of lin-

ear equations given in (4). 

(

 
 
 
 
 
 
 

 𝑡 𝑡 
2

   𝑡 
   𝑡 :𝑝

 

𝑡 
3 𝑡 

4 𝑡 
5

 𝑡 
2 4𝑡 

3 5𝑡 
4

 𝑡 :𝑝
2 4𝑡 :𝑝

3 5𝑡 :𝑝
4

 

𝑡 
6 𝑡 

6
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4 7𝑡 

4
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4 7𝑡 :𝑝

4

   𝑡 :1
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   𝑡 :2
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2 4𝑡 :1

3 5𝑡 :1
4

 𝑡 :𝑞
2 4𝑡 :𝑞

3 5𝑡 :𝑞
4

 𝑡 :2
2 4𝑡 :2

3 5𝑡 :2
4

 

6𝑡 :1
4 7𝑡 :1

4

6𝑡 :𝑞
4 7𝑡 :𝑞

4

6𝑡 :2
4 7𝑡 :2

4

  
  

 
   𝑡 :𝑟  𝑡 :𝑟

2 4𝑡 :𝑟
3

   𝑡 :3  𝑡 :3
2 4𝑡 :3

3  
5𝑡 :𝑟
4 6𝑡 :𝑟

4 7𝑡 :𝑟
4

5𝑡 :3
4 6𝑡 :3

4 7𝑡 :3
4 )

 
 
 
 
 
 
 

(

 
 
 
 
 
 

𝑏0
𝑏1
𝑏2
𝑏3
𝑏4
𝑏5
𝑏6
𝑏7)

 
 
 
 
 
 

=

(

 
 
 
 
 
 

𝑥 
𝑓 
𝑓 :𝑝
𝑓 :1
𝑓 :𝑞
𝑓 :2
𝑓 :𝑟
𝑓 :3)

 
 
 
 
 
 

              (4) 

Solving the system in (4) by Gaussian Elimination method to obtain the coefficients 𝑏𝑗 ’s, 𝑗 =   ,  ,    , 7 and putting back 

into equation (2) to obtain the implicit scheme of the form 

𝑥(𝑡)  =  𝛼0(𝑡)𝑥    ℎ(𝛽0(𝑡)𝑓    𝛽𝑝 (𝑡)𝑓 :𝑝   𝛽1 (𝑡)𝑓 :1    𝛽𝑞  (𝑡)𝑓 :𝑞   𝛽2 (𝑡)𝑓 :2   𝛽𝑟  (𝑡)𝑓 :𝑟   𝛽3 (𝑡)𝑓 :3    (5) 

where, 𝛼0(𝑡), and 𝛽𝑗(𝑡), 𝑗 =   ,  ,    ,  ,  ,   are continuous coefficients. 

Evaluating equation (5) at the points 𝑡 =  𝑡 :𝑝, 𝑡 :1, 𝑡 :𝑞 , 𝑡 :2, 𝑡 :𝑟 , 𝑡 :3 , yield the respective formulas for 

𝑥 :𝑝, 𝑥 :1, 𝑥 :𝑞 , 𝑥 :2, 𝑥 :𝑟 , 𝑥 :3. Expanding the main formula 𝑥(𝑡 :3) in the Taylor series around 𝑡  yield after some sim-

plification the following local truncation error. 

ℒ(𝑥(𝑡 :3); ℎ) =
1

156800
( 8    4 pq  4 pr    8  4 q    8    8   97)ℎ8𝑥(8)(𝑡 )  𝑂(ℎ

9)      (6) 

Setting the principal term of the LTE in (6) to zero yields the following equation in three unknowns: 

http://www.sciencepg.com/journal/ajmcm
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 8    4 pq  4 pr    8  4 q    8    8   97 =                        (7) 

There are infinite number of solutions for  ,  ,   since there are more unknowns than equations.   is optimized when   and   

are treated as free parameters yielding: 

q =
3(14pr;36p;36r:90)

2(14pr;21p;21r:54)
                                       (8) 

while the other two parameters are given as 

 =
1

14
(7  √ 5);   =

1

14
(7  √ 5)                                 (9) 

Substituting equation (8) into (9) yields  =
3

3
. Furthermore, substituting the values of  ,  ,   into the local truncation error 

formulae (6) gives 

ℒ(𝑥(𝑡 :3); ℎ) =
81

8780800
ℎ9𝑥(9)(𝑡 )  𝑂(ℎ

10)                            (10) 

Lastly, putting the values of the parameters  ,  ,   into the equations for 𝑥 :𝑝, 𝑥 :1, 𝑥 :𝑞 , 𝑥 :2, 𝑥 :𝑟 , 𝑥 :3, yield the fol-

lowing three-step optimized hybrid block method: 

𝑥 :𝑝 = 𝑥  
ℎ

7299040
(
8 7(5 9  5 √ 5)𝑓  ( 88  84     9 8√ 5)𝑓 :𝑝  ( 44     6 965 √ 5)𝑓 :1   648 √ 5𝑓 :𝑞

 ( 56  9  6 965 √ 5)𝑓 :2  ( 88  84        √ 5)𝑓 :𝑟   9(   57    5 √ 5)𝑓 :3
) ,

𝑥 :1 = 𝑥  
ℎ

61560
(   𝑓  ( 6 7     6√ 5)𝑓 :𝑝   9 9 𝑓 :1   9456𝑓 :𝑞  8 7 𝑓 :2  ( 6 7     6√ 5)𝑓 :𝑟    8 𝑓 :3),

𝑥 :𝑞 = 𝑥  
ℎ

3040
( 8𝑓  (784   47√ 5)𝑓 :𝑝   67 𝑓 :1   4 𝑓 :2  (784   47√ 5)𝑓 :𝑟   8𝑓 :3),

𝑥 :2 = 𝑥  
ℎ

7695
(57𝑓  ( 96   9 √ 5)𝑓 :𝑝  6 7 𝑓 :1   4  𝑓 :𝑞   457𝑓 :2  ( 96   9 √ 5)𝑓 :𝑟   5 𝑓 :3),

𝑥 :𝑟 = 𝑥  
ℎ

7299040
(
 8 7(5 √ 5  5 9)𝑓  ( 88  84     9 8√ 5)𝑓 :𝑝  ( 44     6 965 √ 5)𝑓 :1   648 √ 5𝑓 :𝑞

 ( 56  9  6 965 √ 5)𝑓 :2  ( 88  84     9 8√ 5)𝑓 :𝑟   9(  57    5 √ 5)𝑓 :3
) ,

𝑥 :3 = 𝑥  
ℎ

760
( 9𝑓   9 𝑓 :𝑝  7 9𝑓 :1  7 9𝑓 :2   9 𝑓 :𝑟   9𝑓 :3), }

 
 
 
 
 

 
 
 
 
 

    (11) 

3. Basic Properties of the THSOHBM 

This section examines the basic properties of the THSOHBM (11) namely; accuracy, consistency, zero-stability, convergence, 

linear stability, and A-stability are investigated. 

3.1. Order of Accuracy and Consistency 

Rewriting the THSOHBM (11) in the matrix difference form yields 

𝐴1𝑋 = 𝐴0𝑋 ;3  ℎ(𝐵0𝐹 ;3  𝐵1𝐹 ),                               (12) 

Where 𝐴0, 𝐴1, 𝐵0, and 𝐵1 are 6  6 matrices given by 

𝐴0 =

[
 
 
 
 
 
      
      
      
      
      
      ]

 
 
 
 
 

; 𝐴1 =

[
 
 
 
 
 
      
      
      
      
      
      ]

 
 
 
 
 

;  𝐵0 =

[
 
 
 
 
 
 
 
 
      

817(539:50√35)

7299040

     
323

61560

     
38

3040

     
57

7695

     
;817(50√35;539)

7299040

     
19

760 ]
 
 
 
 
 
 
 
 
 

         (13) 

http://www.sciencepg.com/journal/ajmcm


American Journal of Mathematical and Computer Modelling http://www.sciencepg.com/journal/ajmcm 

 

10 

𝐵1 =

[
 
 
 
 
 
 
 
 
 
 
1882384;130928√35

7299040

3441123;619650√35

7299040

36480√35

7299040

3560193;619650√35

7299040

1882384;130928√35

7299040

19(;13573:2150√35)

7299040

16072;3136√35

61560

39393

61560

19456

61560

8073

61560

16072;3136√35

61560

1083

61560

784:147√35

3040

2673

3040
 

243

3040

784;147√35

3040

38

3040

3920;784√35

7695

12744

7695

4864

7695

4914

7695

3920;784√35

7695

304

7695

1882384:130928√35

7299040

3441123:619650√35

7299040

;36480√35

7299040

3560193:619650√35

7299040

1882384:130928√35

7299040

19(;13573;2150√35)

7299040
392

760

729

760
 

729

760

392

760

19

760 ]
 
 
 
 
 
 
 
 
 
 

   (14) 

𝑋 = (𝑥 :𝑝, 𝑥 :1, 𝑥 :𝑞 , 𝑥 :2, 𝑥 :𝑟 , 𝑥 :3)
𝑇 , 𝑋 ;3 = (𝑥 ;3:𝑝, 𝑥 ;2, 𝑥 ;3:𝑞 , 𝑥 ;1, 𝑥 ;3:𝑟 , 𝑥 )

𝑇 , 𝐹 =

(𝑓 :𝑝, 𝑓 :1, 𝑓 :𝑞 , 𝑓 :2, 𝑓 :𝑟 , 𝑓 :3)
𝑇 , 𝐹 ;3 = (𝑓 ;3:𝑝, 𝑓 ;2, 𝑓 ;3:𝑞 , 𝑓 ;1, 𝑓 ;3:𝑟 , 𝑓 )

𝑇              (15) 

In line with [5, 27], for a sufficiently differentiable test function  (𝑡) in the interval , ,   -, let the difference operator 𝐷̅ be 

defined as 

𝐷̅(𝑥(t); ℎ) = ∑ [u(𝑡)(t  𝑗ℎ)  ℎv𝑗(𝑡) ′(t  𝑗ℎ)]𝑗 <𝜔 , 𝜔 =  ,  ,    ,  ,  ,         (16) 

Where,  𝑗 and  𝑗  are column vectors of the matrices 𝐴0 and 𝐴1, respectively. The Taylor series expansion about 𝑡 for 

𝑥(𝑡  𝑗ℎ) and 𝑥′(𝑡  𝑗ℎ) yield 

ℒ̅( (t); ℎ) = 𝑐0𝑥(t)  𝑐1ℎ𝑥
′(t)  𝑐2ℎ

2𝑥(2)(t)  ⋯ 𝑐𝜌ℎ
𝜌𝑥(𝜌)(t)  ⋯           (17) 

where 𝑐𝜌,  =  , , ,   are vectors obtained as 

𝑐0 = ∑  𝑗,
𝑚
𝑗<0   

𝑐1 = ∑ 𝑗 𝑗  ∑  𝑗
 
𝑗<0 ,𝑚

𝑗<1   

𝑐2 =
1

2!
∑ 𝑗2 𝑗   ∑ 𝑗 𝑗 ,

 
𝑗<1

𝑚
𝑗<1   

⋮  

𝑐𝜌 =
1

𝜌!
.∑ 𝑗𝜌 𝑗  

1

(𝜌;1)!
∑ 𝑗𝜌;1 𝑗 ,
 
𝑗<1

𝑚
𝑗<1 / , 𝜌 =  ,4,    

The LMM in equation (5) is said to be of order 𝜌 if 

𝐷̅(𝑥(t); ℎ) = O(ℎ𝜌:1), 𝑐0 = 𝑐1 = ⋯ = 𝑐𝜌 =  , 𝑐𝜌:1 ≠                        (18) 

Hence, 𝑐𝜌:1 is the error constant and 𝑐𝜌:1ℎ
𝜌:1𝑥(𝜌:1)(𝑡 ) is the principal local truncation error at the point 𝑡 . The com-

putation of the order and error constant shows that the order of the THSOHBM (11) is 𝜌 = (7,7,7,7,7,8)𝑇 with the corre-

sponding error constants 

𝑐𝑝:1 =
1269

172103680
,
;1

21168
,
;297

8028160
,
;1

21168
,

1269

172103680
,

81

8780800
                       (19) 

showing that the THSOHBM has at least seventh order ac-

curacy. 

Since    , then the block method THSOHBM (11) is 

consistent (see [19]). 

3.2. Zero-stability and Convergence 

The zero-stability pertains to the stability of the difference 

system in (12) in the limit as ℎ   . As ℎ   , (12) becomes 

𝐴1𝑋  𝐴0𝑋 ;3 =                 (20) 

The first characteristic polynomial  𝜌( )  =  𝑑𝑒𝑡 ( 𝐴1  

 𝐴0)  =   
5(     )  =   . Thus,  1 =  2 =  3 =  4 =  5 =

 ,  6 =  . Hence the block method (11) is zero-stable. 

Since the THSOHBM satisfy the properties of consistency 
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and zero-stability, then the method is convergent according to 

[5, 28]. 

3.3. Linear Stability 

Consider the linearized test problem 

𝑥′(𝑡)  =   𝑥(𝑡),  𝑒( )                   (21) 

Applying the proposed block method to the trial problem 

(19), we obtain the recurrence relation 

𝑋 =  𝐻(ℏ)𝑋 ;1, ℏ =   ℎ             (22) 

where the matrix 𝐻(ℏ)  is given by (𝐴1    𝐵0)
;1(𝐴0  

  𝐵0) . The stability property of this matrix’s eigenvalues, 

which governs how the numerical solution behaves, is the 

spectral radius, 𝐻(ℏ), which is used in the method to define 

the region of absolute stability S. The method is A-stable if 

𝑆 =  *ℏ   𝐶  |𝜌,𝐻(ℏ)-|     +               (23) 

After various computations and simplifications, it becomes 

evident that the dominant eigenvalue can be expressed as a 

rational function. 

𝜌,𝐻(ℏ)- =
27ℏ6:387ℏ5:2502ℏ4:9780ℏ3:24160ℏ2:35280ℏ:23520

27ℏ6;387ℏ5:2502ℏ4;9780ℏ3:24160ℏ2;35280ℏ:23520
 (24) 

which has a modulus of less than one in C− (see Figure 1). 

The plot of the order star in Figure 1 which reveal that there 

are no poles in the left-half complex plane (according to [28]) 

validates the result obtained from the region of absolute sta-

bility. Hence, the THSOHBM (11) is A-stable. 

 
Figure 1. Region of absolute stability of the THSOHBM. 

 
Figure 2. Order star of the THSOHBM. 

4. Results 

The accuracy of the THSOHBM is demonstrated by applying the method to solve three popular applied problems of the form 

(1). Comparison of the performance of the THSOHBM is made with method (3.2), and method (3.4) in [29]. The results are 
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presented Tables 1, 2, and  3. Afterwards, the THSOHBM is implemented to solve a real-life problem: the mathematical model 

of Typhoid fever. 

Example 1 

Consider the stiff nonlinear system of IVPs of ODEs also known as Kaps problem which has appeared in [18, 29]: 

[
x1
′ (𝑡)

x2
′ (𝑡)

] = *
     x1(𝑡)      𝑥2(𝑡)

2

x1(𝑡)  𝑥2(𝑡)(  𝑥2(𝑡))
+ , [
𝑥1( )

𝑥2( )
] = 0

 
 
1                      (25) 

The exact solution is 𝑥(𝑡) = s  𝑥. 

[
𝑥1(t)

𝑥2(t)
] = [

exp(  𝑡)
exp( 𝑡)

]  

The problem is solved in the interval , ,  -  for 

𝑡 = 5, 5 ,  5 ,  5 , ,5  . The computed values and errors 

for this example are shown in Table 1 while Figure 3 shows 

the solution plot. 

Example 2 

Given the linear stiff problem investigated by [18, 29]: 

[

x1
′ (𝑡)

x2
′ (𝑡)

x3
′ (𝑡)

] = [

   𝑥1    𝑥2
   𝑥1    𝑥2

  𝑥1

] , [

𝑥1( )
𝑥2( )

𝑥1( )
] = [

 
 
 
]      (26) 

with exact solution 

[

𝑥1(𝑡)
𝑥2(𝑡)

𝑥1(𝑡)
] = [

exp(   𝑡)(cos   𝑡  s    𝑡)
exp(   𝑡)(cos   𝑡  s    𝑡)

exp(   𝑡)
]  

The problem is solved in the interval , ,   -  for 

𝑡 = 5, 5 , 5 , 5 , 5  . The computed values and errors for 

this example are shown in Table 2 while Figure 4 shows the 

solution plot. 

Example 3 

Consider the first order stiff initial value problem has ap-

peared in [18]: 

[

x1
′ (𝑡)

x2
′ (𝑡)

x3
′ (𝑡)

] = [

   𝑥1   9𝑥2    𝑥1
 9𝑥1    𝑥2    𝑥1
4 𝑥1  4 𝑥2  4 𝑥1

] , [

𝑥1( )
𝑥2( )

𝑥1( )
] = [

 
 
 
]                           (27) 

The exact solution is 

[

𝑥1(𝑡)
𝑥2(𝑡)

𝑥1(𝑡)
] = [

1

2
(exp(  𝑡)  exp( 4 𝑡) (cos 4 𝑡  s  4 𝑡))

1

2
(exp(   𝑡)  exp( 4 𝑡) (cos 4 𝑡  s  4 𝑡))

exp( 4 𝑡) (cos 4 𝑡  s  4 𝑡)

].  

The problem is solved in the interval , , - for 𝑡 = 5, 5 ,  5 ,5  . The computed values and errors for this example are 

shown in Table 3 while Figure 5 shows the solution plot. 

Example 4 

We consider the mathematical model of typhoid fever with optimal control proposed by [30]: 

{
 
 
 
 
 
 

 
 
 
 
 
 

𝑑𝑉

𝑑𝑡
= 𝛼Λ  𝜈 𝜇2𝑆  .  

(1;𝑢1)𝜌𝜀𝐵𝐶

(𝑘:𝐵𝐶)
 𝜇/𝑉                     

𝑑𝑆

𝑑𝑡
= (  𝛼)Λ   𝑉  ΨT  .𝜈  

(1;𝑢1)𝜌𝐵𝐶

(𝑘:𝐵𝐶)
 𝜇/𝑆            

𝑑𝐸

𝑑𝑡
=
(1;𝑢1)𝜌𝐵𝐶

(𝑘:𝐵𝐶)
𝑆  

(1;𝑢1)𝜌𝜀𝐵𝐶

(𝑘:𝐵𝐶)
𝑉  ( 1Υ  (   1)Υ  μ)𝐸   

𝑑𝐼𝐴

𝑑𝑡
=  1ΥE  (νϕ1 3  (  ν)ϕ1 3  σ1  μ1  μ) 𝐴             

𝑑𝐼𝑆

𝑑𝑡
= (   1)Υ𝐸  (𝜔ϕ2 3  (  𝜔)ϕ2 3   2  𝜇0  𝜇) 𝑆      

𝑑𝑅𝑆

𝑑𝑡
= (  𝜈)ϕ1 3 𝐴  (  𝜔)ϕ2 3 𝑆  (𝜃 4  μ2  μ) 𝑆        

𝑑𝑇

𝑑𝑡
= 𝜈ϕ1 3 𝐴  𝜔)ϕ2 3 𝑆  𝜃 4 𝑆  (Ψ  𝜇)                    

𝑑𝐵𝐶

𝑑𝑡
=  1 𝐴   2 𝑆  𝛿 5𝐵𝐶                                       

                      (28) 

with initial conditions: 

{
𝑉( ) = 𝑉0   , 𝑆( ) = 𝑆0   , 𝐸( ) = 𝐸0   ,  𝐴 =  𝐴0   ,

 𝑆 =  𝑆0   ,  𝑆 =  𝑆0   ,  ( ) =  0   ,𝐵𝐶( ) = 𝐵𝐶0    
. 
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where, 𝑉(𝑡) is the number of vaccinated human in the pop-

ulation at time 𝑡, 𝑆(𝑡) is the number of susceptible humans 

in the population at time 𝑡, 𝐸(𝑡) Number of infectious hu-

man in latent period at time 𝑡 ,  𝐴(𝑡)  is the number of 

asymptomatic infectious human in the population at time 𝑡, 

 𝑆(𝑡) is the number of symptomatic infectious human in the 

population at time 𝑡,  𝑆(𝑡) is the number of human who are 

resistant to treatment at time 𝑡,  (𝑡) is the number of treated 

human(recovered) in the population at time 𝑡, and 𝐵𝐶(𝑡) is 

the total number of bacteria population at time 𝑡. Figures 6, 7, 

8, 9, 10, and 11 are the solution plots of exposed individual, 

asymptotic individual, symptomatic individual, resistant in-

dividual, bacteria population, and all variables respectively 

for the mathematical model of Typhoid fever. The red line 

represents the solution for implementing all control strategies 

( 1 ≠  ,  2 ≠  ,  3 ≠  ,  4 ≠  ,  5 ≠  ,), while the blue line 

represents the solution when no control strategy was imple-

mented  1 =  ,  2 =  ,  3 =  ,  4 =  ,  5 =  , 

 
Figure 3. Solution plot for example 1. 

 
Figure 4. Solution plot for Example 2. 

 
Figure 5. Solution plot for Example 3. 

 
Figure 6. Solution plots for exposed individual. 

 
Figure 7. Solution plot for asymptomatic individual. 
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Figure 8. Solution plot for symptomatic individual. 

 
Figure 9. Solution plot for resistant individual. 

 
Figure 10. Solution plot for bacteria population. 

 
Figure 11. Solution plot for all variables. 

Figures 6, 7, 8, 9, 10, and 11 are the solution plots of ex-

posed individual, asymptomatic individual, symptomatic 

individual, resistant individual, bacteria population, and all 

variables respectively for the mathematical model of Typhoid 

fever. 

5. Discussion 

Table 1 shows the comparison of absolute errors in 

THSOHBM and Method (3.4) in [29]. The first, second, 

third, fourth and fifth columns indicate number of iterations, 

dependent variable, exact solution, computed solution, error 

in Method (3.4), and error in THSOHBM respectively. The 

result indicates that even though the order of Method (3.4) (p 

=14) is twice that of the THSOHBM (p = 7), the error in the 

THSOHBM is approximately half of that in Method (3.4). 

This shows that the accuracy of THSOHBM is approximate-

ly twice that of Method (3.4). 

Table 2 shows the comparison of absolute errors in 

THSOHBM and Method (3.4) in [29]. The first, second, 

third, fourth and fifth columns indicate number of iterations, 

dependent variable, exact solution, computed solution, error 

in Method (3.4), and error in THSOHBM respectively. The 

results indicate that the THSOHBM compares favorably with 

Method (3.4). More specifically, it can be observed from the 

Table that the accuracy of the THSOHBM improves as the 

number of iteration increases thereby establishing the good 

performance of the method. 

Table 3 shows the comparison of absolute errors in 

THSOHBM and Method (3.2) in [29]. The first, second, 

third, fourth and fifth columns indicate number of iterations, 

dependent variable, exact solution, computed solution, error 

in Method (3.2), and error in THSOHBM respectively. The 

results indicate that the THSOHBM performs better than 

Method (3.2). More specifically, it can be observed from the 

Table that the accuracy of the THSOHBM improves as the 

number of iteration increases thereby establishing the good 
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performance of the new method. 

Table 1. Comparative analysis of absolute errors in the numerical integration of Example 1. 

t x Exact value Computed value 
Error in Method (3.4) [29] 

p=14 
Error in THSOHBM p=7 

5 𝑥1 4  48 54 55 9 6    ;18    79 59 776 5    ;7  5 8 586  694579      ;2  4 8   87 845655    ;4  

 𝑥2    6  5 6  4 86    ;9    57867474   7    ;8      59574 549568     ;2  8 5689 59 64 64    ;3  

50 𝑥1 4  48 54 55 9 7    ;18  4  5 5846 76 55    ;18  6 7 5876   685       ;3    84 68544 5945    ;8  

 𝑥2    6  5 6  4 86    ;9     6  5596        ;9    6 8 88 4  4955     ;2     7 89 6 9 765    ;8  

150 𝑥1 4  48 54 55 9 9    ;18  4  479 7478 9 6    ;18    4686     8 455     ;6    7   5487    4    ;11  

 𝑥2    6  5 6  4 86    ;9     6  5 6  7596    ;9  5  6 879    65       ;4       9  86 8569    ;11  

250 𝑥1 4  48 54 55 9     ;18  4  48 8554 5 4    ;18  8  6 6 7 49 5787     ;10  5   54 45  9658    ;13  

 𝑥2    6  5 6  4 87    ;9    6  5 6  4767    ;9  9 759747  9 4864     ;6    9 85   654 45    ;13  

500 𝑥1 4  48 54 55 9 7    ;18  4  484  66  869    ;18    6 6589 794 64      ;18    886579864  54    ;15  

 𝑥2    6  5 6  4 9    ;9     6  5 6  4 85    ;9  4  4  655 4 46       ;10     75957   48 6    ;15  

Table 2. Comparative analysis of absolute errors in the numerical integration of Example 2. 

t x x-exact x-computed Method (3.4) [29] p=14 THSOHBM 

5 𝑥1       7  7      
;5     495 9 78444    ;4  6 66   8 4775 94     ;16      8 469 56 55    ;4  

 𝑥2   6  85 977      ;5    9 44  7586 45    ;4    886579864  54      ;15    5  9  5    4     ;4  

 𝑥3  4 5 999 97     ;5  4 6 557 6   475    ;5  8 88 784 97    5     ;16  7 55786 5999  7    ;7  

50 𝑥1       7  7      ;5       7 8  6 6 7    ;5  7  55  75 8 4 66     ;15    4 77874  9 8     ;10  

 𝑥2   6  85 977      ;5   6  85 977 6796    ;5       446 49 5        ;15     75644 9 98 97    ;10  

 𝑥3  4 5 999 97     ;5  4 5 999 999554    ;5  9 99   7   6 64      ;16       578696 6767    ;13  

150 𝑥1       7  7      ;5       7  7  75 9    ;5    74 66  6988 7      ;15  4 56586 8 4879     ;14  

 𝑥2   6  85 977      ;5   6  85 977   8     ;5    78  957    4 6     ;15     6 59 4  96      ;13  

 𝑥3  4 5 999 97     ;5  4 5 999 976 6     ;5     894 6 4 9  4      ;15     9 6 88 9 7 76    ;16  

250 𝑥1       7  7      ;5       7  7 8       ;5    49 86  89 4  5     ;16      8866  9794     ;15  

 𝑥2   6  85 977      ;5   6  85 977 64  5    ;5  5 7 759789679  9     ;16    958449  679889    ;15   

 𝑥3  4 5 999 97     ;5  4 5 999 976 487    ;5     6 8 4  6 497      ;16    77 49 8  4 6 7    ;18 

500 𝑥1       7  7      ;5       7  7 8 89    ;5  7 6 854   8  9 8    ;18  8 4   6    86 8    ;18  

 𝑥2   6  85 977      ;5   6  85 977 679 8    ;5      8 4766  9474     ;18    46944695 95 6    ;17  

 𝑥3  4 5 999 97     ;5  4 5 999 976 48    ;5    598 959599 6 7     ;18    6466   4946  6    ;18  
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Table 3. Comparative analysis of absolute errors in the numerical integration of Example 3. 

t x x-exact x-computed Method (3.2) [29] p=10 THSOHBM p=7 

5 𝑥1 0.0676676416 0.0676676416 5 66 4668 55  79     ;5    568 4 69 98      ;7  

 𝑥2 0.0676676416 0.0676676416 5 66 875789 45 4     ;5    57     7979 9    ;7  

 𝑥3 5 99889 8 8      ;18    74797  64      ;5    6 778 5    5 4     ;5    97  765 6 5      ;6  

50 𝑥1 0.0676676416 0.0676676416 4  96 49  9 79 6     ;5    9  788 6 84777    ;14  

 𝑥2 0.0676676416 0.0676676416 4  9 47  899  6      ;5      497486 9  9    ;14  

 𝑥3 5 99889 8 8      ;18     7 4 56 586     ;20     5757 5  4         ;4      6   977459 8    ;14  

250 𝑥1 0.0676676416 0.0676676416   49 9 655449 9      ;7  4 468647674  6 6    ;15  

 𝑥2 0.0676676416 0.0676676416 9  4  7   67 8       ;8  4 6 74 555  944    ;15  

 𝑥3 5 99889 8 8      ;18  8    854 85     ;18    94 787 75 8479     ;7  8 85 5645 5 855    ;18  

500 𝑥1 0.0676676416 0.0676676416 9 478   9 65  77     ;8  8 88 784 97    5    ;15  

 𝑥2 0.0676676416 0.0676676416 9 47988  59664 4     ;8  8 88 784 97    5    ;15  

 𝑥3 5 99889 8 8      ;18  4 657 5   55     ;20     68 4    96 4      ;11  7  47  6446 6456    ;17  

 

6. Conclusions 

This work has presented an accurate three-step optimized 

hybrid block method for the solution of continuous fever. 

The method incorporated three hybrid points with a 

three-parameter approximation. The technique was designed 

such that the interval of integration determines the best 

hybrid points through the optimization of the principal term 

of the local truncation error of the main method. Conse-

quently, the accuracy of the resulting numerical scheme was 

greatly enhanced as demonstrated in the numerical results 

obtained when the method was implemented to solve some 

well-known initial value problems of ordinary differential 

equations. The scheme was then implemented to solve the 

mathematical model of Typhoid fever. It was also estab-

lished through an in-depth analysis that the method is con-

sistent, convergent, zero-stable and efficient for solving 

first-order ordinary differential equations. Hence, the newly 

developed method is highly recommended for the solution 

differential systems. 

Abbreviations 

THSOHBM Three Step Optimized Hybrid Block 

Method 

LTE Local Truncation Error 

IVPs Initial Value Problems 
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Appendix 

Table A1. Typhoid fever model parameters notation and values. 

Parameters Description Value 

𝛼Λ Recruitment rate into the vaccinated human compartment 467 human/day 

𝜇 Natural death rate of human 0.02347 

(  𝛼)Λ Recruitment rate into the susceptible human compartment 0.3 

𝜈 Vaccination wine rate 0.0009041 

  Vaccination rate 0.5 

𝜌 Rate of bacteria ingestion 0.9 

  Concentration of Salmonella bacteria in foods and waters 50,000 

𝜀 Modification parameter for 𝑉(𝑡) 0.35 

 1 Proportion of humans in latent that become asymptomatic infectious 0.3 

𝛾 Rate of progression to symptomatic and asymptomatic respectively 0.125 

 1 Rate of treatment of asymptomatic infectious humans 0.000315/day 

  Proportion of asymptomatic humans that become treated 9.041*E-04 

𝜇1 Disease-induced death rate of asymptomatic infectious humans 0.01/year 

 1 Rate of bacteria excretion from asymptomatic infectious humans 1 

 2 Rate of treatment of symptomatic infectious humans 0.0657/day 

𝜔 Proportion of symptomatic humans that become treated 6/year 

𝜇0 Disease-induced death rate of symptomatic infectious humans 0.012 

 2 Rate of bacteria excretion from symptomatic infectious humans 10 

𝜃 Rate of treatment of resistant humans 0.75 

𝜇2 Disease-induced death rate of resistant humans 0.01 

  Rate of treated humans that loosed immunity and become susceptible 0.05 

𝛿 Death rate of typhoid-causing bacteria 0.0645/day 

Source: [30] 
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