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Abstract 

Friction is a ubiquitous physical phenomenon in nature and daily life. The demand for energy conservation and green 

development in industrial development has led to increasing attention being paid to tribology research. Despite significant 

achievements in tribology, many friction problems remain unsolved, particularly the lack of a unified friction theory applicable 

to all friction issues. The fundamental conditions for occurrence of friction are contact and relative motion between two surfaces, 

so the advancement of contact theories has significantly contributed to the development of tribology. Not only the models of 

contact theory across different scales in the past development of tribology were reviewed in this paper, also the assumptions and 

applicability limitations of each model were summarized and compared. The limitations of theoretical calculations of friction-

contact research have been concerned. Now the study of contact mechanics and tribology is facing new opportunities for further 

progress under the era of the emergence of the big data and artificial intelligence based on sufficient data and computing power. 

The preliminary prospect on the research of tribology has been carried out. A novel research strategy that combines artificial 

intelligence, experimentation, and contact theory was proposed to investigate the contact problem in tribology field. This strategy 

may also be online collaborative research between different research groups all over the world. 
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1. Introduction 

Friction is an omnipresent phenomenon in human society 

and daily life, serving as a fundamental basis for human sur-

vival and development. Since ancient times, friction has 

played a crucial role in various activities, from early humans 

generating fire by rubbing wood to the transportation of mas-

sive stones for pyramid construction in ancient Egypt (see Fig-

ure 1). As civilization progressed, friction has been continu-

ously re-examined and effectively utilized. Most people can 

intuitively recognize the significance of friction: without it, 

humans could not walk, vehicles could not move, airplanes 

could not take off, and objects could not be firmly grasped [1, 

2]. However, while friction can be a source of mechanical 

functionality, it is also a major contributor to energy dissipa-

tion. Statistics indicate that nearly one-third of the energy con-

sumed in modern society is ultimately used to overcome vari-

ous forms of friction, and approximately 80% of mechanical 

component failures are attributed to friction-induced wear [3]. 

Friction can be both beneficial and detrimental, underscoring 
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the necessity of a deeper understanding and strategic applica-

tion of tribological principles [4]. By employing systematic 

and scientific design approaches, friction could be utilized 

more efficiently and sustainably, thereby enhancing perfor-

mance and reducing energy loss. 

 
Figure 1. (a) Drilling wood for fire by Suiren; (b) Transportation of giant stone statues by the ancient Egyptian; (c) Friction analysis of bicycle. 

How does friction occur? Friction arises under two funda-

mental conditions: contact and relative motion [5]. Tribology, 

as a scientific and technical discipline, investigates the princi-

ples governing the generation, variation, and evolution of in-

teractions at interfaces in relative motion, along with their 

practical applications [6]. As contact theories have advanced, 

our understanding of the fundamental mechanisms behind 

friction has been continuously refined. The strong couple be-

tween frictional behavior and contact mechanics highlights 

the crucial role of contact theory in deciphering friction mech-

anisms. The development of contact theories thus holds sig-

nificant implications for the deeper exploration and applica-

tion of tribology. 

2. Classical Friction-Contact Research 

2.1. Asperity Interlock Theory 

The earliest quantitative study of friction dates back to 1493, 

when Leonardo da Vinci [7] conducted friction experiments 

using a self-designed tribological apparatus (Figure 2(a)). He 

systematically measured friction forces on both horizontal and 

inclined surfaces and investigated the influence of contact area 

on friction. Additionally, he examined friction forces on hori-

zontal planes using pulleys and analyzed frictional torques in 

rollers and half-bearings. Da Vinci proposed that the magni-

tude of friction varies with the material properties of objects, 

introducing the concept of the friction coefficient for the first 

time. Through extensive experiments, he formulated the fun-

damental principle that friction force is proportional to the 

normal load. Additionally, he noted that for objects of the 

same mass, friction is independent of the contact area. 

The French scientist Amontons conducted extensive exper-

iments using a self-designed friction apparatus (see Figure 

2(b)), further confirming da Vinci’s conclusions [1, 8]. Since 

the surfaces he studied were not perfectly smooth, he proposed 

that friction arises from one surface’s asperities sliding over 

another’s, requiring work to overcome resistance, or from the 

bending and fracturing of asperities. Amontons introduced the 

asperity interlocking theory, which aligns closely with modern 

under-standings of rough surface contact and asperity defor-

mation in tribology. 

Coulomb [8], another notable scientist in the study of fric-

tion, systematically investigated the effects of various factors 

on friction using a self-designed apparatus (see Figure 2(c)), 

including material properties, surface lubrication, contact area, 

and applied load. Coulomb distinguished between static fric-

tion and sliding friction and formulated the fundamental laws 

of friction: 

1) Friction force is proportional to the normal pressure act-

ing on the contact surface. 

2) Friction force is independent of the nominal contact area. 

3) Sliding friction force is independent of sliding velocity. 

4) The maximum static friction force is greater than the 

sliding friction force. 

Coulomb’s friction laws further clarified the effects of con-

tact area and sliding velocity on friction. Given the two fun-

damental conditions for friction—contact and normal load—

his work emphasized the strong coupling between friction and 

contact mechanics. 
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Figure 2. (a) Quantitative friction measurement instrument by Leonardo da Vinci; (b) Amontons’ friction experimental setup; (c) Coulomb’s 

experimental setup for slide friction; (d) Desagulies’s experi-mental setup. 

2.2. Molecular Adhesion Theory 

In contrast, the British scientist Desaguliers [6], in his book 

Course of Experimental Philosophy, challenged the asperity 

interlocking theory through his lead sphere separation experi-

ment. He proposed that friction originates from intermolecular 

forces between surfaces, suggesting that smoother surfaces 

should exhibit higher friction based on his experiments by 

homemade setup (see Figure 2(d)), an idea later found to cor-

respond to adhesion effects in friction [9, 10]. 

Through the experimental studies of friction phenomena 

and the formulation of friction laws by Leonardo da Vinci, 

Amontons, Coulomb, Desaguliers, and others, it has become 

clear that friction and contact are strongly coupled. Based on 

the issues in contact mechanics, two theories can be distin-

guished: one is the asperity theory, which is based on the de-

formation and fracturing of micro-asperities, and the other is 

the molecular theory, which is based on the molecular forces 

between the contact surfaces. These two theories laid the foun-

dation for the development of modern contact mechanics. 

3. Single Asperity Contact 

3.1. Hertz Contact 

Following the asperity theory of friction, the contact analy-

sis of a single asperity can be simplified into an infinitesimal 

sphere-on-flat contact model. In 1881, Hertz [11] proposed the 

first contact model, which assumes that the contact surfaces 

are smooth, continuous, and frictionless, simplifying the prob-

lem into a quadratic surface contact. Additional assumptions 

include small deformations in the contact area, meaning the 

asperities behave as elastic bodies, isotropic material proper-

ties, and negligible adhesion forces within the contact region. 

These assumptions indicate that the Hertz contact model pro-

vides a fundamental explanation for the asperity-based theory 

of friction. Based on Hertz’s model, the relationships among 

load (P), contact radius (a), contact displacement (δ), and pres-

sure distribution can be derived as follows: 

* 34
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R
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1 3
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In this model, E* represents the composite elastic modulus, 

, and R is the equiva-

lent radius of curvature of the surfaces . 

The Hertz pressure distribution within the contact circle fol-

lows the formula: 

 

Where r represents the distance from any point inside the 

contact circle to the center of the contact area. In addition to 

the pressure distribution, there is also shear stress, with the 

maximum shear stress occurring at a depth of 0.48a from the 

surface, and its value is 0.31p0. 

3.2. JKR Contact 

The real contact situation in the contact area is quite com-

plex, especially when the atomic or molecular distances be-

tween the contact surfaces are extremely small, even to the 

point of electronic cloud overlap, which results in strong re-

pulsive forces. Currently, the Lennard-Jones potential func-

tion is commonly used to approximate these interactions (see 

Table 1) [12, 13]. Since the Hertz contact theory does not take 

* 2 2
1 1 2 21/ 3 / 4[(1 ) / (1 ) / ]E E E    

1 21/ 1/ 1 /R R R 

2 1/2
0[1 ( / ) ]p p r a 
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the contribution of adhesion forces into account, particularly 

at the micro-nano scale where scale effects are especially pro-

nounced, the Hertz model becomes inadequate. 

Typically, adhesion forces are considered as a combination 

of electrostatic forces, van der Waals forces, capillary forces, 

and chemical forces. In 1971, Johnson, Kendall, and Robert 

[14] proposed the JKR contact model, which takes the contri-

bution of adhesion forces into account. This model assumes 

that the adhesion force acts within the contact area and is ap-

plicable to contacts with relatively low hardness, larger adhe-

sion forces, and larger tip radii. 

3
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Where  , W12 

is the adhesion work between the two surfaces, and the maxi-

mum adhesion force is . 

3.3. DMT Contact 

In 1975, Derjaguin, Muller, and Toporov [15] theoretically 

derived the relationship between contact radius, load, and dis-

placement, known as the DMT model. This model assumes 

that the adhesive force exists at the periphery of the contact 

area and is applicable to hard contact situations with weak ad-

hesion and small tip radii. The JKR and DMT models share 

the same assumptions: the deformation is linearly elastic, the 

contact size is relatively small compared to the tip radius, and 

the contact shape is symmetrical when there is no lateral force. 

 3 *
123 2 4a R P RW E             (8) 

2 /a R                     (9) 

122adF RW                 (10) 

3.4. MD Contact 

In 1992, Maugist and Muller [16], along with others, uni-

fied the JKR and DMT models and provided a dimensionless 

normalization formula. By comparing the different degrees of 

approximation of inter-molecular interaction potentials in var-

ious models (see Table 1), Johnson and Greenwood classified 

the applicable range of each model (see Figure 3) [17]. Car-

pick [18] and others proposed a general equation to fit the con-

tact area and friction force as a function of load. 

Table 1. Comparison of Hertz, JKR, DMT and MD models. 

Model Assumptions Limitations Normalized equation 

Hertz Neglect of surface force 
Not applicable to small load 

under surface force 

3
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JKR 
Short-range surface force 

act with contact area 

Surface forces present, load 

may be underestimated, ap-

plicable to large λ 
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DMT 
Long-range surface forces 

act outside contact area 

Finite contact geometry 

may reduce contact area, 

applicable to small λ 

3
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Model Assumptions Limitations Normalized equation 

MD 
Surface forces act in all re-

gions 

Only mathematical parame-

ter solutions, suitable for all 

λ 

 
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     
  
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  

  

 

Real contact None None 12 6
LJV Ar Br    

*In the table  
1/3
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0 122 / 16 9W E R    ,  0 12 0 01.03 / , 0.2 ~ 1W D D nm    , the parameters include the equivalence radius 

1 21 1 1R R R  , the equivalent elastic modulus    * 2 2
1 1 2 21/ 3 / 4 1 1E E E     

 
, contact radius 

3 2 */A a R E  , nor-

mal force F F R  , and indentation depth 
3 2 2 *2/h h R E  . The formula for real contact is described by an empirical potential 

energy function [19]. 

 
Figure 3. Adhesion map. 

The above mainly provides a review of the establishment, 

assumptions, and applicable scope of the single asperity con-

tact model. While it holds significant practical value for ex-

periments using atomic force microscope probes, it is not ap-

plicable to the contact of multi asperities. It is evident that both 

Hertzian and non-Hertzian models, such as JKR and DMT, 

offer significant contributions to understanding the fundamen-

tal mechanisms of friction and contact. Hertz's model has 

shown its applicability in the context of small elastic defor-

mations, but it does not fully address the effects of adhesion, 

especially at the microscale and nanoscale, where surface 

forces become more significant. The extension of these mod-

els by incorporating adhesive forces (as in JKR and DMT 

models) has demonstrated their importance in understanding 

contact mechanics. 

4. Multi Asperity Contact 

4.1. GW Contact 

Due to the presence of surface roughness, it is difficult to 

ensure that the actual con-tact area between two surfaces 

equals the nominal contact area. The actual contact area is 

formed by the contact of multi asperities. Assume a simple 

model of a rough surface is composed of an array of single 

asperities with a value of N, with each rough surface having 

the same curvature radius and height. The total force P acting 

on the surface is equivalent to the sum of the forces on the 

same asperities, and the total real contact area is the sum of 
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the individual contact areas. The force on each asperity could 

be calculated using Hertz contact theory, and thus the follow-

ing relationship holds: 

* 1/2 3/24 3iP E R               (11) 

iA R                  (12) 

* 3/2

3/2

4

3

iNE A
P

R
 

             (13) 

The simple model of rough surfaces described above repre-

sents contact under special conditions. In elastic deformation, 

the real contact area is proportional to the two-thirds power of 

the load, which contradicts experimental results and friction 

laws. For actual surfaces, the roughness is random. Greenwood 

and Williamson proposed the simplest method for modeling ir-

regular surfaces, known as the GW model [1, 20, 21]. The GW 

model makes the following assumptions: all asperities on the 

surface have the same curvature radius and spherical tops; the 

height of the asperities is random; the distribution of the peak 

heights follows a Gaussian distribution. Based on these assump-

tions, a mathematical statistical model could be employed to de-

scribe the surface roughness. 

The height distribution of asperities is: 

 

2

2

1/2

2
2

1

2

z
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l

 
  
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        (14) 

where l is the root-mean-square (RMS) of the height distribu-

tion, and it represents the surface roughness. 

The above completes the contact between the elastic body 

and the rigid plane for statistical roughness. Next, we need to 

consider interaction of the elastic bodies during the contact 

process. Assuming the elastic interaction between asperities, 

all asperities with height  are in contact with the rigid 

plane. The indentation depth for an asperity with height z is 

. According to Hertz's theory, for a single contact, 

the relationship is . The contact area of single asper-

ity is: 

 2
0A a dR z h R             (15) 

The force on single asperity is: 

 
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By summing (integrating) over all the contacting asperities, 

the total number, total contact area, and total normal contact 

force FN can be obtained. Integrating over the height from 

0z h  to infinity: 

 
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0
h

N N p z dz


               (17) 
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0 0
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0
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N 0 0

4

3h
F N p z E R z h dz



        (19) 

The above are the main formulas of the GM contact model, 

and the details of the derivation are not repeated here. For 

more information, refer to relevant papers and books [22, 23]. 

The GM contact model only considers elastic deformation; 

however, plastic deformation may occur in real condition, and 

a plasticity index is usually introduced for calculations. 

4.2 Persson Contact 

Since the GW contact theory does not account for the adhe-

sive effects of multi asperities, Persson, based on the GW con-

tact theory, proposed the Persson contact theory, which con-

siders the effects of adhesion and the scale dependence of the 

contact area [24]. The concept of Persson contact is similar to 

the GW contact theory, but the statistical description of rough-

ness and the elastic contact theory used in Persson's model dif-

fer from those in the GW theory. Persson employs a power 

spectral density to describe surface roughness: 

 
 

    q r 2

2

1
r 0

2

iC q h h e d r


        (20) 

The random rough surface height function is given by: 

   r , r ,z h x y  , where q is the wave vector. 

Persson contact theory is based on continuous linear elas-

ticity theory, and the relationship between the real contact area 

and pressure is: 

  2/3

*
0

A P P

A E

 
 
 

              (21)

 

Where the A0 is the Nominal contact area. 

The statistical characteristics of surface roughness were con-

sidered in the Persson contact theory, which is more representa-

tive of actual surfaces. It can address contact problems from mi-

cro to macro scales and provides an in-depth theoretical frame-

work for friction, adhesion, and contact behavior. However, the 

theoretical calculations are relatively complex, and the specific 

derivation process can be found in other works [25-27]. 

Whether it is the GW model or the Persson model, both fun-

damentally involve first statistically characterizing surface 

roughness, then solving the problem by combining elastic 

contact theory. By progressively incorporating factors like ad-

hesion and velocity into the study of contact behavior, they 

0z h

0d z h 

2a dR

http://www.sciencepg.com/journal/ajma


American Journal of Mechanics and Applications http://www.sciencepg.com/journal/ajma 

 

7 

solve clearly defined mathematical problems in continuum 

mechanics, each offering practical significance. 

The GW model, developed by Greenwood and Williamson, 

has been particularly useful in characterizing random rough 

surfaces, and the introduction of the Persson model has pro-

vided a more comprehensive understanding of contact behav-

ior, considering surface roughness and adhesion at multi 

scales. Additionally, the statistical nature of rough surfaces 

has been quantified through the power spectral density func-

tion in the Persson model, providing a more precise frame-

work for analyzing real-world contact problems. These devel-

opments have led to a better understanding of how friction, 

adhesion, and contact area evolve in real world materials and 

contact conditions, especially in the presence of both elastic 

and plastic deformations. 

5. Conclusions and Future Prospects 

This review has summarized key advancements in the the-

oretical understanding of contact mechanics and friction. 

From the Hertz contact model to more modern approaches, 

including the JKR, DMT, GW, and Persson models, it is clear 

that the development of contact theories has made significant 

strides toward bridging the gap between idealized models and 

real-world applications. However, challenges remain, particu-

larly in the areas of scaling effects, adhesive interactions, and 

the transition from elastic to plastic deformation in contact 

mechanics. 

The contact theories mentioned above are all based on elas-

toplastic mechanics, while inelastic materials (rubber) are 

widely used in engineering. Research on the contact, defor-

mation, and aging of rubber seals in engineering lubrication is 

also noteworthy. For contact theories related to rubber contact, 

please refer to Meng's relevant works [28-30]. 

However, challenges remain, particularly in the areas of 

scaling effects, adhesive interactions, and the transition from 

elastic to plastic deformation in contact mechanics. With the 

continuous advancement of computer technology, rapid de-

velopment of data collection and storage, supercomputers, and 

more, artificial intelligence (AI) has rapidly penetrated vari-

ous industries [31]. Its essence mainly involves statis-tics, 

computation, recognition, and comparison [32, 33]. In contact 

theory, the portion that involves statistical modeling and solu-

tions might be deeply integrated with AI to obtain optimal so-

lutions that are closer to the actual contact state. A collabora-

tion between AI, experimentation and contact theory could 

provide a strategy (see Figure 4) for future challenges to the 

tribology community. 

 
Figure 4. Process diagram for contact analysis of two rough surfaces. 
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Figure 4 shows a flowchart of solving contact problems by 

combining modern characterization techniques and AI. Since the 

initial data on roughness in the GW and Persson theories are sen-

sitive, using the actual roughness of the two contacting surfaces 

to obtain statistical functions is closer to real conditions. The fig-

ure illustrates the use of an atomic force microscope (AFM) to 

measure the surface morphology of the two contacting surfaces 

and obtain their roughness parameters. Images (a-c) show the 

morphology, height of profile line, and 3D schematic of the sub-

strate sur-face sample [34], while (d-g) show the morphology, 

height, and 3D schematic of the spherical probe's crown [35]. The 

statistical calculation portion can leverage AI’s powerful compu-

tational capabilities to assist in modeling and solving. When con-

sidering the effects of adhesion, displacement, and load, the ad-

hesion force data obtained from AFM measurements are incor-

porated into the solution process, striving to optimize the solution 

by incorporating more real data, outputting the contact area, pres-

sure distribution, and deformation under the specific experi-

mental conditions. 
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