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Abstract 

This paper presents a theoretical analysis of the forces acting on a helical gear transmission with an elastic element. The research 

investigates the effects of elastic deformation on the load distribution within the gear system, focusing on the influence of the 

elastic component on axial, radial, and tangential forces. The study employs mathematical models that account for the complex 

interactions between the helical gears and the elastic element, aiming to optimize the force transmission and enhance the 

system’s efficiency. Key findings reveal that introducing an elastic element in the helical gear transmission can significantly 

reduce impact loads, leading to improved durability and operational lifespan of the system. Additionally, the research identifies 

optimal ranges for the stiffness coefficient of the elastic component, ensuring effective load amortization and minimizing the risk 

of excessive wear or failure. The proposed model provides a comprehensive understanding of how elastic deformation influences 

the performance of helical gear systems, particularly under varying loads and operational conditions. The results presented offer 

valuable insights for the design and optimization of gear mechanisms in engineering applications where durability and efficiency 

are critical. These findings contribute to the broader field of mechanical transmission systems, particularly in applications where 

gear longevity and reliability are essential. 
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1. Introduction 

In cylindrical gear transmissions, when a driving gear is 

subjected to a driving torque M1, the driven gear experiences 

a resisting torque. In general, the interaction between the gear 

teeth generates normal and frictional forces. However, in 

helical cylindrical gear transmissions, the resultant interaction 

force is inclined and consists of three components: axial force 

along the shaft, radial force perpendicular to the shaft, and 

tangential force responsible for rotation [1]. 

2. Experimental Procedures 

The schematic diagram of the acting forces is shown in 

Figure 1. In general, when the effect of elastic elements is not 

considered, the total force Fn acting on the helical tooth is 

divided into three components. [2, 3]:  
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Figure 1. Schematic representation of the forces acting on the heli-

cal tooth in the proposed helical cylindrical gear transmission with 

an elastic element. 

Tangential force, 

Ft =
2M1

d1
;                         (1) 

Axial force  

Fx = Ft ∙ tan β;                   (2) 

Radial force perpendicular to the shaft, 

Fr = Ft
′ ∙ tan αω = Ft ∙

tanαω

cos β
;           (3) 

Total force, 

Fn =
Ft
′

cos αω
=

Ft

cosαω∙cos β
              (4) 

Here, M1 is the driving torque in the helical gear, d1 is the 

pitch circle diameter of the driving helical gear, β is the helix 

angle of the teeth, and αω is the transmission angle. 

The proposed composite elastic element gears, when en-

gaged, partially absorb the force due to the deformation of the 

elastic element. Although the overall deformation occurs, the 

deformations in the direction of each force component par-

tially dampen these forces. Therefore, we determine the 

methods for calculating forces considering the deformation 

and amortization of the elastic element in each force direction. 

Figure 2 presents the deformation scheme of the elastic ele-

ment in the composite helical gear under the influence of the 

torsional moment M1 [11, 12]. 

 
Figure 2. Deformation scheme of the elastic element in the compo-

site helical gear under the influence of the torsional moment M1. 

According to the analysis of this scheme, under the influ-

ence of the torsional moment, the elastic element deforms by a 

value of ∆φ in the rotational direction of the gear. That is, part 

of the torsional moment is absorbed by the deformation. 

Therefore, the generated rotational force in the engagement 

process of the helical gear with an elastic element can be 

determined using the following expression [13]: 

Ft1 =
2

d1
∙ (M1 − Ca1 ∙ ∆φ1)           (5) 

here, Ca1 is the rotational stiffness coefficient of the elastic 

element, and ∆φ1 is the angular deformation of the elastic 

element. 

Similarly, during the operation of helical gears with elastic 

elements, the forces acting along the gear shafts cause their 

elastic elements to deform both axially and radially. 

 

Figure 3. Deformation schemes of the elastic element under the 

influence of axial (a) and radial (b) forces in helical gear engage-

ment. 
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During engagement, the flexible elements partially absorb 

the overall force due to their deformation, distributing it into 

axial and radial components. That is, the impact of the forces 

is partially reduced. 

Taking into account the given equations (3), (4), and (5), we 

can write the following: 

Axial force component, 

𝐹𝑥1 = (𝐹𝑡1 − 𝐶𝑎1 ∙ ∆𝜑1) ∙ tan 𝛽 − 𝐶𝑥1 ∙ ∆𝑋1      (6) 

radial force component perpendicular to the axis, 

𝐹𝑟1 = (𝐹𝑡1 − 𝐶𝑎1 ∙ ∆𝜑1) ∙
tan𝛼𝜔

cos𝛽
− 𝐶𝑟1 ∙ ∆𝑟1       (7) 

and the total acting force. 

𝐹𝑛1 =
2∙(𝑀1−𝐶𝑎1∙∆𝜑1)

𝑑1∙cos𝛼𝜔∙cos𝛽
               (8) 

here, Cx1 and Cr1 are the stiffness coefficients of the elastic 

element in the axial and radial directions, respectively, while 

∆X1 and ∆r1 represent the deformation values of the elastic 

element in the X1 and r1 directions [14, 15]. 

The given expressions (5), (6), (7), and (8) are derived for 

the helical gear with a flexible element in the driving trans-

mission. Correspondingly, for the driven gear, the following 

expressions are applicable: 

𝐹𝑡2 =
2

𝑑2
∙ (𝑀2 − 𝐶𝑎2 ∙ ∆𝜑2) ; 

𝐹𝑥2 = (𝐹𝑡2 − 𝐶𝑎2 ∙ ∆𝜑2) ∙ tan 𝛽 − 𝐶𝑥2 ∙ ∆𝑋2 ; 

𝐹𝑟2 = (𝐹𝑡2 − 𝐶𝑎2 ∙ ∆𝜑2) ∙
tan𝛼𝜔

cos𝛽
− 𝐶𝑟2 ∙ ∆𝑟2 ; 

𝐹𝑛2 =
2∙(𝑀2−𝐶𝑎2∙∆𝜑2)

𝑑2∙cos𝛼𝜔∙cos𝛽
                  (9) 

here, Ca2, Cx2, and Cr2 are the stiffness coefficients of the 

elastic element in the driven helical gear for different force 

directions; M2 and d2 represent the torsional moment and pitch 

circle diameter of the driven helical gear, respectively; and 

∆φ2, ∆X2, and ∆r2 correspond to the deformation values of the 

elastic element in the helical gear for torsional, axial, and 

radial directions [9, 10]. 

3. Materials and Methods  

It is well known that gear transmissions are widely used in 

technological machines. One of their main drawbacks is the 

wear and breakage of the teeth. The primary reason for this is 

the low number of paired teeth engaged at the same time. This 

phenomenon is expressed through the contact ratio coefficient. 

[7, 8]; 

𝜀𝛼 =
𝐿𝐴𝐵

𝑡
                    (10) 

here, LAB - line of action, t - pitch. 

Typically, the contact ratio coefficient should have a value 

of ℰα ≥ 1.0. In spur gear transmissions, ℰα can range between 

(1.0÷1.25). Due to this, the force acting on each tooth during 

meshing is relatively high. To increase ℰα and reduce the 

acting force, helical or herringbone gear transmissions are 

used. According to [9], in a helical gear transmission, the 

contact ratio coefficient is: 

𝜀𝛽 =
𝑏𝜔∙tan𝛽

𝑡𝜔
                   (11) 

here, bω- represents the gear width, and  

tω - denotes the line of action or axial pitch. 

For the recommended helical gear transmission with an 

elastic element, a formula has been derived to determine the 

transmission contact ratio coefficient, considering the defor-

mation of the elastic element: 

𝜀𝛼
′ = [1.88 − 3.2 ∙ (

1

𝑧1
+

1

𝑧2
)] ∙ 𝑐𝑜𝑠 𝛽 + ∆𝜀𝛼;    (12) 

here, Z1 and Z2 represent the number of teeth on the gears, 

while ∆εα is the coefficient accounting for the deformation of 

the elastic elements in the gears. The values 1.88 and 3.2 are 

derived from the geometric dimension limits of the gears, as 

stated in [4]. 

Considering the length of the contact line of the meshing 

teeth (11): 

𝑙𝑘 =
𝑏𝛼

cos 𝛽
∙ 𝜀𝛼                (13) 

Therefore, the bending stress calculation for helical gears 

with elastic elements is determined using the following rec-

ommended formula: 

Ϭ𝑒 = (𝐹𝑡1 ∙ 𝐾𝐹 ∙ cos 𝛽) ∙
𝐾𝐹𝛼∙𝐾𝐹𝛽∙𝐾𝐹𝑉

𝐾𝐶∙𝜀𝛼
′ ∙𝑚∙𝑏𝛼

≤ [Ϭ𝑒];    (14) 

here: KFα - axial contact ratio coefficient; KF - force varia-

tion coefficient; KFβ - inclination angle variation coefficient; 

KFV - velocity variation coefficient; KFα - coefficient repre-

senting the accuracy of the transmission; Kc - coefficient 

considering the elastic element; [Ϭe] - allowable bending 

stress. 

4. Results 

The obtained expressions (5), (6), and (7) were used to 

construct graphs showing the relationship between the varia-

tion laws of the forces generated during meshing and the 

changes in the stiffness coefficients of the elastic element in 

the corresponding direction, taking into account the numerical 

values of the parameters. [5]. 
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Figure 5 presents graphs illustrating the relationship be-

tween the torque generated during meshing in a helical gear 

transmission with an elastic element and the variation of the 

rotational stiffness of the elastic element. 

Based on the analysis of the constructed graphs, it is ob-

served that as the rotational stiffness of the elastic element 

increases from 2.45 × 10² Nm/rad to 5.0 × 10² Nm/rad, the 

meshing torque Ft decreases linearly. Specifically, when the 

gear diameter is d = 125 × 10⁻³ m, Ft decreases from 2.32 × 10 

N to 1.53 × 10 N. [6]. 

 
1- d=100 mm; 2- d=125 mm; 3- d=150 mm 

Figure 4. Graphs of the relationship between the torque generated 

during meshing in a helical gear transmission with an elastic ele-

ment and the variation of the rotational stiffness of the elastic ele-

ment. 

If the pitch circle diameters are d1 = 150 × 10⁻³ m, the 

meshing torque values decrease linearly from 1.74 × 10 N to 

1.25 × 10 N (Figure 5). 

Thus, to maintain a higher torque, it is advisable to select 

the rotational stiffness coefficient of the composite gear in the 

range of (300–350) Nm/rad. In this case, the resistance mo-

ments on the gear shafts and their rotational frequencies 

should be matched with appropriate Ca values. Specifically, 

for Mq = 100 Nm and na = 1500 rpm, it is recommended that  

Ca = (600–700) Nm/rad [7]. 

Figure 6 presents graphs illustrating the relationship be-

tween the variation of the axial force in the meshing of a 

helical gear with an elastic element and the linear stiffness 

coefficient of the elastic element in the radial direction. 

According to the analysis, as the axial stiffness coefficient 

of the elastic element increases from 1.25 × 104 N/m to 2.5 × 

104 N/m, the axial force Fx decreases linearly from 5.91 × 10 

N to 3.05 × 10 N when β = 10°. This occurs because an in-

crease in stiffness reduces deformation. 

Similarly, when the helix angle decreases to 9.0°, the axial 

force further decreases to 3.82 × 10 N. 

 
1-β=10˚; 2-β=7,0˚; 3-β=4,0˚ 

Figure 5. Graphs showing the dependence of the axial force varia-

tion in the meshing of a helical gear with an elastic element on the 

linear stiffness coefficient of the elastic element in the radial direc-

tion. 

To minimize the values of the axial forces between the 

gears as much as possible, it is recommended to select the 

axial stiffness coefficient of the rubber bushing in the range of 

(2.2–2.8) × 104 N/m. 

 
1-β=10˚; 2-β=7,0˚; 3-β=4,0˚ 

Figure 6. Graphs of the variation of the radial force generated 

during the meshing of teeth in a helical gear transmission depend-

ing on the stiffness coefficient of the compliant element in the same 

direction. 

Figure 6 Graphs showing the dependence of the variation of 

the radial force generated in the meshing of a helical gear with 

an elastic element on the stiffness coefficient of the elastic 

element in the same direction. 
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Analysis of the constructed graphs shows that when the 

stiffness coefficient of the elastic element in the direction 

perpendicular to the gear axis increases from 1.24 × 104 N/m 

to 2.5 × 104 N/m, and the helix angle is β = 10°, the radial 

force decreases linearly from 6.48 × 10 N to 4.18 × 10 N. 

However, when β = 4.0°, the Fa values decrease from 3.34 × 

10 N to 1.32 × 10 N. 

Thus, to reduce the reaction forces in the bearings of the 

gear shafts, it is advisable to select the stiffness coefficient of 

the damping rubber bushing in this direction within the range 

of (2.5–3.0) × 104 N/m. 

5. Conclusions 

It should be noted that in helical gears, when truncated 

conical rubber bushings are used as compliant elements, the 

forces are sufficiently damped due to their deformation in the 

corresponding directions. This increases the contact ratio. 

Additionally, considering the damping of forces, it becomes 

possible to reduce the permissible stress in bending and 

compression calculations during meshing by (7.0–9.0)%. As a 

result, the service life of the gear mechanism is extended. 

Abbreviations 

Ft Tangential Force 

Fx Axial Force 

Fr Radial Force 

Fn Total Force 

d1 Pitch Circle Diameter of the Driving Helical Gear 

β Helix Angle of the Teeth 

αω Transmission Angle 

Ca1 Rotational Stiffness Coefficient of the Elastic 

Element (for the Driving Gear) 

∆φ1 Angular Deformation of the Elastic Element (for the 

Driving Gear) 

Cx1 Stiffness Coefficient of the Elastic Element in the 

Axial Direction (for the Driving Gear) 

∆X1 Deformation Value of the Elastic Element in the X1 

Direction (for the Driving Gear) 

Cr1 Stiffness Coefficient of the Elastic Element in the 

Radial Direction (for the Driving Gear) 

∆r1 Deformation Value of the Elastic Element in the r1 

Direction (for the Driving Gear) 

Ft1 Tangential Force with Elastic Element (for the 

Driving Gear) 

Fx1 Axial Force with Elastic Element (for the Driving 

Gear) 

Fr1 Radial Force with Elastic Element (for the Driving 

Gear) 

Fn1 Total Force with Elastic Element (for the Driving 

Gear) 

M2 Torsional Moment for the Driven Gear 

d2 Pitch Circle Diameter of the Driven Helical Gear 

Ca2 Rotational Stiffness Coefficient of the Elastic 

Element (for the Driven Gear) 

∆φ2 Angular Deformation of the Elastic Element (for the 

Driven Gear) 

Cx2 Stiffness Coefficient of the Elastic Element in the 

Axial Direction (for the Driven Gear) 

∆X2 Deformation Value of the Elastic Element in the X2 

Direction (for the Driven Gear) 

Cr2 Stiffness Coefficient of the Elastic Element in the 

Radial Direction (for the Driven Gear) 

∆r2 Deformation Value of the Elastic Element in the r2 

Direction (for the Driven Gear) 

Ft2 Tangential Force with Elastic Element (for the 

Driven Gear) 

Fx2 Axial Force with Elastic Element (for the Driven 

Gear) 

Fr2 Radial Force with Elastic Element (for the Driven 

Gear) 

Fn2 Total Force With Elastic Element (for the Driven 

Gear) 

ℰα Contact Ratio Coefficient (for Spur Gears) 

ℰβ Contact Ratio Coefficient (for Helical Gears) 

bω Gear Width 

tω Line of Action or Axial Pitch 

ℰα' Transmission Contact Ratio Coefficient with Elastic 

Element 

Z1 Number of Teeth on the Driving Gear 

Z2 Number of Teeth on the Driven Gear 

∆εα Coefficient Accounting for the Deformation of the 

Elastic Elements 

lk Length of the Contact Line of Meshing Teeth 

Ϭe Bending Stress 

KF Force Variation Coefficient 

KFα Axial Contact Ratio Coefficient 

KFβ Inclination Angle Variation Coefficient 

KFV Velocity Variation Coefficient 

KC Coefficient Considering the Elastic Element 
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