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Abstract: This paper investigates a construction algorithm for two specific families of quasi-cyclic codes defined over a
finite commutative chain ring. First, by employing the Generalized Discrete Fourier Transform, we develop an efficient and
systematic algorithm for constructing the generator matrix of repeated-root quasi-cyclic codes under specific structural constraints
on the code length and the underlying ring. The proposed method avoids the need for exhaustive enumeration of constituent
subcodes and instead operates directly on their generator matrices, leading to improved computational performance. Building
on this result, using the Discrete Fourier Transform, we further specialize the proposed framework to derive an algorithm for
obtaining the generator matrix of a particular class of simple-root quasi-cyclic codes over a restricted and well-defined category
of rings. This specialization demonstrates the performance of the proposed approach and highlights its applicability to different
quasi-cyclic code structures in a unified algebraic setting. The proposed construction methods offer significant improvements in
computational efficiency when compared to existing approaches that rely on code construction techniques based on constituent
subcodes. To evaluate the practical benefits of the proposed algorithms, we present a detailed performance comparison in terms
of encoding time per iteration and memory consumption. The comparative results, illustrated through histograms, clearly indicate
that the proposed methods achieve faster encoding, lower memory usage, highlighting their superior performance compared to
conventional construction techniques as the code length increases.
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1. Introduction

Quasi-cyclic (QC) codes generalize cyclic codes and
constitute an important and broad class of error-correcting
codes that have been extensively studied in the literature [1—
7]. Owing to their rich algebraic structure, QC codes are of
significant interest both from a theoretical perspective and for
practical applications.

The study of algebraic properties of linear codes over
rings, particularly finite chain rings, has attracted considerable
attention. This interest stems not only from their intrinsic
theoretical significance but also from the fact that codes
over rings provide valuable insights into the study of linear
codes over finite fields. There are two main reasons for
this connection. First, any finite field can be viewed as a

special case of a finite chain ring. Second, several works have
demonstrated that codes over rings can be mapped to optimal
or near-optimal codes over finite fields via suitable Gray maps
[8, 9.

Motivated by these observations, we investigate in this
paper the structure of a certain class of QC codes over finite
commutative chain rings, denoted by R. The ring R possesses
a unique maximal ideal, generated by a fixed element . The
residue field of R modulo its maximal ideal (7) is denoted by
F, = R/{y) and q is defined as the characteristic of the ring
R.

A linear code of length n over R is defined as an R-
submodule of R™. The notions of cyclic and QC codes over
rings extend naturally from their counterparts over finite fields.
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A code is said to be cyclic if it is invariant under cyclic shifts
of its codewords. A code is called quasi-cyclic if it is invariant
under cyclic shifts of blocks of equal length ¢. Consequently,
the length n of a QC code is a multiple of its index ¢, and we
define the co-index of the code as m := n/¢ [10].

QC codes can be broadly classified into two main categories.
When the co-index m is coprime to the characteristic of the
underlying ring, the code belongs to the class of simple-root
QC codes. In contrast, when the co-index is divisible by the
characteristic of the ring, the code is referred to as a repeated-
root QC code.

The algebraic structures of both simple-root and repeated-
root QC codes have been extensively investigated by Ling et
al., with results reported in a sequence of influential works
[10-12]. These seminal contributions laid the foundation
for further research on QC codes and introduced broader
families known as quasi-twisted (QT) codes. QT codes
have been shown to be closely related to QC codes from an
algebraic standpoint and, under certain conditions, provide a
useful framework for simplifying the structure and analysis of
repeated-root QC codes [5, 13, 14].

San Ling and Patrick Sole were among the first to study
simple-root quasi-cyclic (QC) codes over finite fields by
interpreting them as linear codes over an intermediate ring.
Using the Discrete Fourier Transform (DFT), this ring can be
decomposed into a direct product of coprime component rings,
which enables the construction of QC codes from shorter-
length constituent codes [10]. This framework was later
extended to QC codes over finite chain rings and to repeated-
root QC codes over finite fields [11]. A further generalization
to repeated-root QC codes over rings was subsequently
developed by employing the Generalized Discrete Fourier
Transform (GDFT) [12].

The central idea underlying this series of works is
the development of construction algorithms that generate
QC codewords from the codewords of their constituent
codes. However, as the length of a QC code increases,
the computational complexity of such codeword-based
construction algorithms grows rapidly. Motivated by this
limitation, subsequent research sought to generalize and refine
these approaches in order to reduce construction complexity,
which also led to the discovery of several record-breaking
codes in terms of minimum distance [6].

Building upon these prior studies, the present work
advances the existing methodology by proposing algorithms
that directly construct the generator matrices of QC codes
from the generator matrices of their component codes. By
avoiding explicit codeword generation, the proposed approach
significantly improves computational efficiency and enables
the construction process to be carried out entirely at the level
of generator matrices.

This work investigates two types of QC codes over a finite
chain ring R with characteristic ¢ and proposes generator
matrix construction algorithms for each. The two classes of
codes are described as follows:

1. Repeated-root QC codes: These are QC codes whose
generator polynomials have roots with multiplicity

greater than one. We consider codes of length n = ¢m,
where m is an even integer written as m = 2m/, and
m’ is an odd number. We assume that ¢ = 2¢, and the
condition ord,, (2') = m’ — 1 is held.

2. Simple-root QC codes: These are QC codes whose
generator polynomials have only simple roots (i.e.,
multiplicity one). Their length is also n = ¢m, and we
assume that ord,,(q) = m — 1.

The remainder of this paper is organized as follows. In
Section 2, we introduce fundamental concepts and notations.
Section 3 provides a detailed investigation into repeated-root
QC codes and presents a generator matrix for a specific
class of these codes. Section 4 focuses on simple-root
QC codes and describes an algorithm for constructing their
generator matrices. In Section 5, we evaluate the efficiency
of our proposed algorithms in comparison with traditional
approaches, analyzing encoding time per iteration and memory
usage. Finally, Section 6 concludes the paper with a summary
of our findings.

2. Preliminary Concepts

Throughout this paper, let R be a finite commutative chain
ring with identity, where +y is a fixed generator of its maximal
ideal. The residue field of R, denoted by F, is given by
F = R/(v), with |F| = ¢, where ¢ is a power of a prime
number.

The natural ring homomorphism™is defined as

R —TF=R/{~), Va € R,

which can be extended to a ring homomorphism from R[z] to
[F[x] as follows:

Vf = apr® € R[z], where a, € R, f =Y apa".

A monic polynomial f € R[z] is termed monic basic
irreducible (primitive) over R if f is an irreducible (primitive)
polynomial over F.

If f(x) is a monic basic irreducible polynomial of degree m
over R, the quotient ring R := R[x]/(f(x)) is known as the
m-th Galois extension ring of R. The ring R is itself a finite
chain ring with maximal ideal (7). If ¢ is a root of f(z), then
R = R[(], and R forms a free module of rank m over R with
the basis {1,(, ..., (™ 1},

The following well-known result characterizes finite
commutative chain rings [15].

Proposition 2.1. Let R be a finite commutative chain ring
with maximal ideal M = (v) and residue field F = R/(7).
Then, for some prime p and positive integers k and ¢ (where
k > t), the orders of R and F are given by |R| = p* and
[F| = p', respectively. In other words, the characteristic of
both R and I is a power of p.

A fundamental result in this context is Hensel’s lemma,
which ensures that the factorization of a polynomial over F
can be lifted to R under suitable conditions.

Lemma 2.1 ([15]).Let f be a polynomial over R,
and assume that its factorization modulo (7y) factors as
f = gi192---g,, where g1,9s,...,g, are pairwise coprime

ara+(y),



American Journal of Information Science and Technology 2026; 10(1): 15-24 17

polynomials over F. Then, there exist pairwise coprime
polynomials fy, fa, ..., f, over R such that

f=hf2fr

A linear code of length n over R is an R-submodule of R™.
A generator matrix G of C' is a matrix whose rows form a
minimal set of generators for C'. Since C' is not necessarily a
free R-module, the rows of G’ may not be linearly independent
over R.

A linear code C' over R is called cyclic if, for every
codeword ¢ = (cp,c1,...,¢n—1) € C, the cyclic shift
(¢n—1,C0,---,Cn_2) also belongs to C. Extending this idea
leads to quasi-cyclic (QC) codes.

Definition 2.1. A linear code C' of length n = ¢m over R is
called an /-QC code if, for each codeword

and f;=g¢;, Vi=12,...,n

c= (0007001,-~

C10,C11, - -

-5, C0,0—1,
-y C1,0—1,
.

Cm—1,0,Cm—1,1, -+ Cm—1,4-1) € C,

the vector

(CTVL—1,07 Cm—1,15--+-,Cm—14—-1,
€00, Co15---5C0,6—1,

Cey
Cm—2,05Cm—2,15--+, Cm—Q,E—l)

is also an element of C. Here, ¢ is referred to as the index of
C, and m is its co-index.

In the study of San Ling and Patrick Sole, the authors
established that a QC code of length n = ¢m over aring R can

[
kel -submodule of ()" (10, 111
This perspective is known as the conventional row circulant

definition of QC codes.

be regarded as an

3. Repeated-root Framework

In this section, we consider a special case in which the
characteristic of the finite chain ring R shares a common factor
with the co-index of the code. Specifically, we present a
generator matrix construction for a repeated-root QC code of
length n = ¢m over a finite chain ring R with characteristic
equal to a power of 2, namely 2¢. The co-index is assumed to
be even and of the form m = 2m’, where m’ is an odd integer.
Moreover, we impose the condition ord,,/(2%) = m’ — 1.

The previous study established a trace formula for repeated-
root QC codes over rings [12]. The authors utilize the
Generalized Discrete Fourier Transform (GDFT) to express a
QC code as a direct sum of its element codes.

Algorithm 1 outlines a procedure for constructing a
repeated-root QC code of length n = ¢m over a finite chain

ring R with characteristic p*, where m = p®m’ where m/ is
coprime to p [12].

Algorithm 1 Construction of a repeated-root QC code [12]

1: procedure REPEATED-ROOTQCCODE(/, m, R, p®, m')
2: Factorize ™ — 1 over R as follows

2 =1 =aP" 1=
where f;’s are distinct basic irreducible polynomials over
R;

fori=1 to rdo
R; < Rlz]/(fi)"":
Let C; be a code of length ¢ over R;;
Let Z; denote the cyclotomic coset of Z/m'Z

corresponding to f; and fix z; € Z;;

A

7: for z; € C; do

8 T = X 0+ur;1+-- -+upa_1xi7pa_1,where
the vectors z; ,’s are in (R[z]/(fi(x)))%

9: end for

10: end for

11: Let ¢ be a primitive m/’-th root of unity in some Galois

extension of R;
12: fori =0 to p®*—1do
13: forj =0 to m'—1do

1 rl g )
o = 2 (4) -1
g=0

X Z Tr,, (xzw,g C(gfifpaj)zﬁ .
w=1

(D

14: return c; jpa;
15: end for
16: end for

17: end procedure

In Eq. (1), the summations over w extend across
representatives of cyclotomic cosets, and T'r signifies the
trace operation from the respective rings I?; down to R. For
a comprehensive discussion on the trace formula, interested
readers may consult the related reference [12].

Theorem 3.1. [12] Consider the code

C = {(cg, -

which is generated using Algorithm 1. This code forms a QC
code of length ¢m and index ¢ over R. Conversely, any QC
code of length ¢m and index ¢ over R can be derived through
this construction.

Algorithm 1 employs the trace representation to map
codewords of the constituent codes to the corresponding
codewords of the resulting QC code. However, as the number
of constituent codes increases, particularly for codes with large
length and dimension, the computational complexity of this
approach grows rapidly.

To overcome this limitation, we extend Algorithm 1 by
operating directly on the generator matrices of the component

yem—1) | Vz; € Ci},
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codes rather than on individual codewords. This modification
leads to a substantial reduction in computational complexity,
especially when dealing with high-dimensional or long
component codes. Such scenarios frequently arise in both
theoretical and practical settings, where the construction of
optimal QC codes with large minimum distance and long
length n is of primary interest. Moreover, the proposed
algorithm outputs the generator matrix of the resulting QC
code instead of enumerating its codewords, yielding a more
compact and computationally efficient representation.

The proposed algorithm constructs QC codes of length n =
¢m, where m = 2m/ and m’ is an odd integer, over a finite
chain ring R with characteristic 2¢. We further assume that
ord,, (2t) = m’—1. Under these assumptions, the polynomial
™ — 1 decomposes into distinct irreducible factors over R as
follows:

m 1= me

1= (z—1)2f(2)

We then define Ry = Rz]/(z —1)?
Rlal/(f(x))2.

It is established that when g(x) is an irreducible polynomial,
the residue ring R[z]/(g(x))?" can be expressed as follows

[12],
R[x]/(g(x))?"

and Ry =

Rlz]/(g(x ))+uR[ /

(9(z)) +---+
u? ‘1R[x]/( (z)), w” =0.

From this, we obtain the following isomorphisms:

Ry = R[z]/(z — 1)® = R[z] + uR[z], u? =0,

Ry = R[z]/(f(x))* = R[x]/(f(x)) + uR[x]/(f(x))
~R+uR, u®=0.

Let C; and C be linear codes of length ¢ over Ry and Rs
with generator matrices G; and G, correspondingly. Any
codeword x1 € C4 and x5 € C5 can be written as:

r1 = T10 + uk11,

Tg = X0 + UT21,

where 219, 711 € R and 249, 21 € RY. Since each z; € C;
is a linear combination of the rows of GG1, we have 1 = v(G1,
where v is a vector over R;. Decomposing v as v = v1 + uvs,
where v and vs are vectors over R, leads to:

xr1 = ’UGl
= (v1 + uv2)Gy

—( w) (D
1) aG,
= (v1 v2)G).
Since G is a matrix over R, we can express it as:
G| =Gl +uGy, )

where G/, and G/, are matrices over R.

A Novel Approach to Constructing Certain Classes of Quasi-Cyclic Codes

Similarly, any codeword x2 € Cs can be represented as:

Ty = Z/GQ
G
= (1/1 VQ) (’U,(;QQ)
= 12)G)

VQ)(GIQO + U’G/21)7

where v = v + uvs is a vector over Ry, with v; and v5 being
vectors over R.

For a codeword c¢; generated by the matrix GY
we have:

L @=0,1),

— U
¢ =wGy

where w is a vector over R. Since R is a free module of rank
deg(f) over R, any vector w € R can be expressed as:

’
-2
+ wm’—QCm

where ( is a root of f(x) in a suitable Galois extension of R,
and w;’s are vectors over R. Consequently, we obtain:

w=wy+wi(+---

¢ = (Wo + Wil + - + W —oC™ )G 2,

Gy,
(G,
Z((UO w1 Wm’72) .
oy,
= (wo w1 Wm’—2) /2/,1‘7

where G ; is a matrix over R. For simplicity, we denote G
as GY,. Tt follows that:

"o

i = G0+ G 1 (4 + Gy - 2Cm 2 03)

where each G7, 4 0<5< m’ — 2) is a matrix over R.

By applying the trace formula as in Eq. 1 and expressing any
codeword as the linear combination of the rows of its generator
matrix, we present procedure 1, which outlines the step-by-
step construction of the generator matrix G for a repeated-root
QC code over a finite chain ring under the mentioned specified

conditions [6].

Generator Matrix Construction Procedure 1

Step 1: Preprocessing of component generator matrices

Let G; and G denote the generator matrices of the
component codes.  Using the decompositions given in
Equations (2) and (3), we first determine the auxiliary matrices

/11'? i € {071}7

and

bij 1€{0,1}, 0<j<m -1

These matrices correspond to the simple-root and repeated-
root components that will be combined to form the generator
matrix of the QC code.

Step 2: Definition of an aggregate matrix
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To simplify subsequent expressions, we define the matrix

03

1 m' -2
1
=0 j=0

24,5°

This matrix aggregates all repeated-root contributions
except the boundary terms. For notational convenience and
to avoid special index cases, we further define

1" _ " —
91,-1 =0 and Gy, 1 =0.

Step 3: Construction of the first block row

The first block row of the generator matrix G depends only
on the matrices G/, and G;. Foreach k = 0,1,...,m' — 1,
we define

/ ! !
Goor = Gig + G11, Go2k+1 = G171

This alternating structure reflects the contribution of the
simple-root component across the quasi-cyclic blocks.

Step 4: Construction of the second block row (even indices)

Next, we construct part of the second block row using even
block indices. For k = 0,1, ..., (m’ —1)/2, we set

o 1" 1"
Grok =6 — (Gy o + G4y 051) »
and
- "
Grmiyak = 6 — Gy op_1-

These expressions subtract the appropriate repeated-root
contributions to preserve the QC structure.
Step 5: Construction of the second block row (odd indices)

Similarly, for odd block indices k¥ = 0,1,...,(m’ — 3)/2,
we define
g172k+1 =6 - /2/1,2ka
and

1 1!
Grmigors1 = 6 — ( 20,2k+1 T G21,2k) .

Together with Step 4, this completes the construction of the
second block row.

Step 6: Assembly of the generator matrix

Finally, the generator matrix of the repeated-root QC code
is obtained by assembling the block matrices as

G- <goo Go1 Go2 go,m1> ‘
Gi,m—1

Gio G911 G2
Example 3.1 provides a numerical application of Procedure
1.
Example 3.1.Let R = TF,. So that the factorization of
2% — 1 € Fy[z] into irreducible factors is

28 —1=(x -1 +2+1)%

According to Procedure 1, we set

Ry :FQ[SU]/(QT - 1)2 = Fy + ulFy, u? = 0,

R2 :]FQ[JS]/(CC2 +$+1)2 gF4+’UJF4, U2 = 0.

Let ¢ be aroot of (22 + z + 1) in F4. We assume that C4
and C are linear codes of the same length 2 over Fy + ulF
and F, + uF,, with generator matrices G; = (1 1+ u) and
Gy = (1 ¢+ u), respectively. According to Equations (2)
and (3), we have

1 144\ (1 1 0 1\ ,
(o 0= (0 o) e (1) =i uen

(i CJCU) = <é g) +u <(1) é) = Ghy + uGYh,

G

G

w\
I

1 ¢ 10 0 1
w0 o | _foo],  foo
207 ¢ 14¢ 01 11

0 0 0 0 0 0

= /2/0,0+C /2/0,1

0 1 0 1 0 0
, (1 ¢ 10 0 1
2= g ¢ 0o ol TS0 1

¢ 14¢ 0 1 11

=Gy 0+ (G
1 0
11 11

_ "o
6_22 2 |1 1
1=0 j=0 10

Regarding Procedure 1, the following matrix G is a
generator matrix of a binary QC code of length 12 and index
2.

1001 10011001
111111111111
G_OOOOIOOllOOl
“fr 10110110110
1001 10O01O0O0O0O0
101101101101

4. Simple-root QC codes

Throughout this section, we assume that R is a finite chain
ring with characteristic g. We explore quasi-cyclic (QC) codes
of length n = ¢m over R where the code co-index is coprime
to ¢ and ord,,,(q) = m — 1.

We begin by revisiting Algorithm 2, which outlines a
method for constructing simple-root QC codes over a finite
chain ring [11].
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Algorithm 2 Construction of a simple-root QC code [11]

1: procedure SIMPLE-ROOTQCCODE(/, m, R)
2: Write ™ — 1 = fifo--- f, where f;’s, 1 < i < r,
are basic irreducible factors over R;

3: fori =1 to rdo

4; R; + %;

5: Let U; denote the cyclotomic coset of Z,,
corresponding to R;, and fix an element u; € U;;

6: Let C; be a code of length ¢ over R;;

7: end for

8: Let ¢ be a primitive m-th root of unity in some Galois

extension of R;
9: Let x; € Cy;
10: forg=0 to m—1do

Cg 1= XT:TTRi/R (%‘Cigui) “4)

i=1
12: return cg;

13: end for

14: end procedure

In Equation (4), let E' be a Galois extension of the finite
chain ring R, and let x € E. The trace of x from E down to
R, denoted by Trg /g (), is defined as:

Trg/p(z) =2+ 29+ LA SRR
where e is the extension degree of F over R.

If = is a vector over E, then its trace is computed
component-wise; that is, the trace of the vector is the vector
formed by applying the scalar trace function to each of its
entries.

The following Theorem, derived from Algorithm 2,
provides a structural characterization of quasi-cyclic codes
with simple roots over finite chain rings.

Theorem 4.1. [11] Let C' be the code defined as
C={(cosc1y---sem-1) | x; € Ciforalll <i<r},
where the C; are the component codes specified in
Algorithm 2. Then C' forms an ¢-quasi-cyclic (QC) code of

length ¢m over the ring R.

Conversely, any /-QC code of length n = ¢m over R can be
constructed via this procedure.

We now investigate a special instance of Theorem 4.1,
where the order of ¢ modulo m satisfies ord,,(¢) = m —
1. Under this condition, the polynomial =™ — 1 splits into
distinct irreducible factors over the field Fy[z]. Employing
Hensel’s lemma, this factorization can be lifted to the ring
R[x], yielding

xmflz(zfl)(1+z+x2+...+xm*1)
= (z - 1)f(=). 5)

Define Ry := R[z]/{x — 1) & R and Ry := R[z]/{f(z)).
It is known that R, forms a free R-module of rank deg(f) =
m — 1, with a basis {1,(,¢?,...,{™ 2}, where ( is a

root of f(x) in an appropriate Galois extension ring of R.
Consequently, any element x € Ry admits the expansion

=x0+21C+ 22+ -+ Tp_oC™ 2, (©6)

with coefficients z; € R.

Let C; and C5 be linear codes of length ¢ over R; and
R, respectively, equipped with generator matrices G1 and Go.
Any codeword ¢ € (', may be expressed as

c = uGs,

where u is a row vector over Rp. Using the expansion in
Equation (6), write

u=ug+ur{ +u2l® + -+ Up_o(™ 2,

with u; vectors over R. This yields:

c = uGs
= (g + u1C + + + Up—2(""?)Go
Go
(G2 )
= (Uo Uy - Um—z) . = (Uo uy -+ um—Q)GQ-
<—m—2G2

Each entry of G can be expressed via the expansion (6),
giving
GYy =Gy + Gy (4 + Gl2,m—2<m72’ @)
where G5 ; are matrices over R. Hence,
c=(ugus -+ Um—2) (G + G+ + Gh,p o™ 7).

Now, applying the trace-based construction from
Equation (4), the g-th component of a codeword is given by

2
o= Trp,r (2:(79")
=1
=21+ (22079) + (2209 4+ (229, (8)

where x; ranges over codewords in C;, fori = 1, 2.
According to Equation (6), a codeword xo € C5 can be
expanded as

To = T20 + To1C +  + Tom—2(™ 2,
with 2o ; € R*. Substituting into Equation (8), we get:

q q™
Co=21+x2+T5+ -+ Ty

m—2 /m—2 ok
=x1 + Z <ZC” )xz,j
0

j= k=0

m—2
=z1 + (m — 1Dz — Z 2,5,
=1
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using the fact that ¢ is a root of f(z), hence 1 + { + --- +
Cqm72 _ O
In general, for 0 < g < m — 2, one obtains:

Cg=x1— T — -+ (Mm—1)x25—-—Tom2. (9

For g = m — 1, we derive:

2

emo1 = o1 + (220) + (220)7 + - + (220)7

=T1 —T20 — 21 — " — T2m—2-

(10)

We now seek a generator matrix G for the QC code
constructed through this method. Based on Equations (9)
and (10), we have:

cg =061 —vGyy — -+ (m = NGy, — - = VGh o,
0<g<m-—2.
and
Cm—1 = VG — VG/zo - VG,21 - VG/2,m—27

where v, v are vectors over R.
This leads to Procedure 2 for constructing a generator matrix
G of a certain category of simpe-root QC codes.

Generator Matrix Construction Procedure 2

Step 1: Extension of the second component code

Let G; and G5 be the generator matrices of the component
codes. Using the extension defined in Equation (7), we first
determine the matrices

hiy  0<i<m-—2.

These matrices capture the contribution of the second
component code to each quasi-cyclic block.

Step 2: Construction of the first block row

The first block row of the generator matrix consists of
identical blocks. Specifically, for all block indices k& =
0,1,...,m — 1, we define

Gox = G1.

This uniform structure reflects the repetition of the first
component code across all cyclic positions.

Step 3: Construction of the second block row

The second block row is formed using linear combinations
of the matrices G’22 Fork=0,1,...,m — 2, we define

m—2
Gip=(m—1)Ghy— > Gh.

j=0

Gk

The last block in the second row is defined separately as

m—2
!/
gl,nL—l - - E GQ,]‘-
Jj=0

These expressions ensure that the resulting generator matrix
satisfies the structural constraints of the simple-root QC code.

Step 4: Assembly of the generator matrix

Finally, the generator matrix of the simple-root QC code is
obtained by assembling the block matrices as

_ %0 Go1 Yoz
Gio Gi1 G2

gO,m—l

G
gl,mfl

As a consequence of the preceding analysis, we arrive at the
following theorem.

We now illustrate apply Procedure 2 through Example 4.1
to construct a generator matrix for a quasi-cyclic (QC) code of
length 10 and index 2 over the finite chain ring R = Fo + ulFy
with 4?2 = 0. This construction is based on the generator
matrices of two linear codes of length 2 defined over R and
over its Galois extension ring R = Fy¢ + ulF 14, where u? = 0.

Example 4.1. Let R = Fy + ulFy with u2 = 0. Then R
is a finite chain ring with maximal ideal (u) and residue field

We consider QC codes of length 10 and index 2 over R.
Since #° — 1 factors over R as

2?—1=(z—1)(1+z+2>+2°+2"
:(Iil)f(x)a

we define two rings:
1. Ry =R[z]/{(x—1) =R

2. Ry = Rz]/(f(x))

Let ¢ be a root of f(z) in some Galois extension of R.
Let C; and C5 be linear codes of length 2 over R; and R,
respectively, with the following generator matrices:

Gi=(1 u), Ga=(1+u+u® (1+u)?).

Then, by Procedure 2, the following matrix G generates a
QC code of length 10 and index 2 over R:

1 u 1 u 1 u 1 w 1 u
u w 1 u 1 0 1+ u w 1 u
G=|uv 14« " 14w uw 14w u 0 0 1+u
u 14+ u 0] 14+ u u 14+ uw 0 1+ u 0 0
1 0 14w 14w 1 14w w 14+u 1 14w

5. Numerical Comparisons

It is worth noting that codes over chain rings can offer
valuable insights into the structure and performance of codes
over finite fields. In particular, when R = TF,, the
setting naturally reduces to codes over fields. Consequently,
Procedures 1 and 2 can be applied to repeated-root and simple-
root binary QC codes, i.e., QC codes over Fs.

In this section, we present numerical results that compare
the performance of our proposed algorithms with existing
methods. Specifically, we focus on repeated-root and simple-
root binary QC codes and evaluate performance in terms
of encoding time per iteration and memory consumption.
The comparison is visualized using histograms to highlight
the efficiency and improvements achieved by our proposed
approaches in this paper.
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We conduct two sets of comparisons to demonstrate the
efficiency of the proposed algorithms for both repeated-root
and simple-root classes of codes. First, as illustrated in
Figure. 1, we compare the proposed algorithms with existing
methods from the literature in terms of memory usage (MB)
and encoding time (ms) as the code length increases. The
results clearly indicate that the proposed algorithms exhibit
superior performance, particularly for larger code lengths.

To further validate these findings, we present additional
results showing that the proposed algorithms remain effective
not only as the code length increases but also when variations
in the code dimension are taken into account too. This
analysis leads to the three-dimensional histograms shown in
Figure. 2. For this scenario, we provide both bar plots
and the corresponding surface plots. The surface plots are
obtained by connecting discrete data points, thereby offering
a continuous visualization of the performance trends of the

proposed algorithms for both repeated-root and simple-root
cases.

For each interval represented in the histograms, we
computed the average encoding time and memory usage over
a set of code co-indices m that satisfy the assumptions of our
proposed algorithms. Specifically, for the code length range
of 200 to 400, we selected values of m within the range 100
to 200 such that ord,,(2) = m — 1, which guarantees the
irreducibility of the polynomial 1+z+- - -+2™~! over Fy. The
selected values of m in this interval are: 101, 107, 131, 139,
149, 163, 173, 179, 181, and 197. For each of these values,
the corresponding code dimension was determined using our
algorithms, and both encoding time and memory usage were
recorded. The histogram plots then display the average of these
values over the selected set. A similar approach was applied to
all other code length intervals shown in the histograms.
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Figure 1. Two-dimensional Comparison diagrams.
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Figure 2. Three-dimansional Comparison diagrams.

6. Conclusion

In this paper, we investigated both repeated-root and simple-
root quasi-cyclic (QC) codes. By exploiting the generalized
discrete Fourier transform (GDFT), along with its special
case, the discrete Fourier transform (DFT), we derived explicit
generator matrix construction methods for specific classes of
QC codes.

The main advantage of the proposed approach lies in its
reduced computational complexity compared to conventional
construction methods. Traditional techniques typically take
the codewords of the component (constituent) codes as input
and produce the codewords of the resulting QC code as
output. As the code length, dimension, or the number of

constituent codes increases, the computational complexity of
these methods grows rapidly.

In contrast, our approach operates directly on the generator

matrices of the constituent codes rather than on individual
codewords. Moreover, instead of enumerating the codewords
of the QC code, the proposed algorithms output its
generator matrix. This matrix-based framework leads to
a more compact representation and significantly improves
computational efficiency, particularly for QC codes with large
length and dimension.

To validate the effectiveness of the proposed methods, we
presented numerical results comparing encoding time and
memory usage for several classes of QC codes. The results
clearly demonstrate the superior performance of the proposed
algorithms over existing methods reported in the literature.
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Abbreviations

QC Quasi-Cyclic

QT Quasi-Twisted

DFT Discrete Fourier Transform

GDFT  Generalized Discrete Fourier Transform
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