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Abstract: The purpose of this paper is to consider a stochastic differential equation guiding X a continuous d-dimensional
diffusion process, the coefficients of which depending on the pair (X, M), where M is the running supremum of the first
component X!. As an application of our work, we could think of a firm the activity of which is characterized by a set of
processes (X', ---, X?). But one of them, for instance X, could be linked to an alarm. Such a (d + 1)— dimensional process
(X, M) could present a crucial interest in this case where M could be an alarm. Indeed, the possibility of an alarm at time ¢
namely the event {Is < ¢ : X! > w} is identical to the event {M; > u} when the specific (and dangerous) threshold u is
exceeded. This means that the law of M is closely linked to the law of the hitting time when X' reaches such a dangerous level
u. Here is proved that, for all positive real number ¢, the law of the (d 4 1)-dimensional random vector (X, M;) admits a density
with respect to the Lebesgue measure. The solution of such a stochastic differential equation is built using a recursion method.
The existence of the density of the law of (X, M) is based on Malliavin calculus. This density is solution of a partial differential
equation in a weak sense. Moreover, such a recursive construction will allow to build simulated solutions. So finally such a tool
could allow us to build an alarm system to detect the hitting time when the alarm could occur.
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dimensional case we got the regularity of this density [7]. Such
results are used in [6] where this density is proved to be a weak
solution of a partial differential equation. Here is an extension

1. Introduction

Here we look for general (but continuous) cases where
this density exists. In d—dimensional case, the law of the
(d + 1)-random vector (M, X;) is absolutely continuous,
where M, := sup,., X!. In Nakatsu [19], under more general

assumptions than ours, the law of any pairs (X}, Mtj ),1 <
1,7 < d is proved to be absolutely continuous. In the one-

d

of Téo Balauze’s second year of Master’s degree report [3] to
space of dimension d > 1.

The model is as following: let a filtered probability space
(Q, (Fr = o(Wy, u <t))i>0,P) where W := (W, u > 0)
is a d-dimensional Brownian motion.

Let X be a d-dimensional diffusion process solution to

dX; = B(Xe, My)dt + > A(Xy, My)dW], Xo =€ R%, t >0, (1)

i=1
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where we denote M; := sup,., X}, B: R¢xR — R? and
Ai: RIXR - R, i = 1,--- ,d, are bounded so belonging to
Ikeda-Watanabe’ spaces, cf. infra Theorem 2.1:

Definition 1.1 Let A" be the set of functions RT x Q¢ —
R? @ R" measurable Borelian on B(R*) x B(Q29) to B(R? @
R"™) where Q = C'(RT, R?).
Moreover Vi > 0, B(t,.) and A(¢
Borelian.

In case of A, B not bounded but with bounded and
continuous differential, we produce the existence of the law
of the pair V; = (X¢, supy; X1) € RI+L,

The main result is set in the first section. Then some useful
Balauze’s tools are extended to dimension d > 1 using the
definition of the process V' recursively in Section 3. The third
section put some Malliavin calculus tools. Finally, the main
result is established recursively in Section 5. An Appendix is
postponed after the conclusion.

,.) with a fixed ¢ are

2. The Law of V; is Absolutely
Continuous

Here we quote Ikeda-Watanabe’ existence Theorem found
in [15] page 169:

Theorem 2.1 Suppose that A € A%" and B € A%! are
bounded and continuous. Then for an initial law of X p with
compact support, there exists a solution (X, W) of Equation
(1) s.t. the law of X is p.

Here, the definition of solution can be found in [15] page

161.

Actually we apply this Ikeda-Watanabe’ theorem
to alt,w) = Alwy,sup,qwl) and B(tw) =
B(wy, sup,<; w?) in case of A, B bounded.

Anyway if A, B are not bounded but satisfy other
assumptions we go to prove that for any ¢ > 0, the joint law of
Vi := (X, M) admits a density with respect to the Lebesgue
measure. For this purpose, we use a recursion scheme for
the law of X then “Malliavin calculus” (specifically Nualart’s
results [21]) for the law of the current maximum M.

Let us denote Cj(R?) the set of the functions i
times differentiable not necessarily bounded with bounded
derivatives. Our main result is:

Theorem 2.2 We assume that A and B satisfy

Ae CHRM! RY)and B € CHRULRY). ()

Then the joint law of V; = (X, M;) admits a density with
respect to the Lebesgue measure for all £ > 0.

The next subsection extends Balauze’s definitions and
results.

3. Extension of Balauze [3] Section 3 to
ad > 1 Dimension Space
We here extend Balauze’s results to dimension d, the proofs

seem to be generally extendable. Let T € R \ {0}, the first
step is his recursive definition:

X) =M = x5 € R,

t
ng+1:a:0+/0 B(X!', M) ds+ZA (X, MW, 0<t<T, 3)

M = sup{ X}t s <t}

Under hypotheses on B and A, Balauze’s Proposition 3.1
proof is valuable in dimension d > 1, more or less the proof
is identical, replacing |.| by norms in R¢: ||.||, with some more
multiplicative constants. Thus we quote a little bit generalised
to d dimension Balauze’s result what we apply to the first

component X " and its running maximum M" :
Proposition 3.1 Let A and B satisfy

Ae CHRY! RY)and B € CLHRHRY). (@)

We consider the sequence defined above in (3):

t
X;+1:xo+/ B(X™, M) ds+ZA (X", M™M)dW!, 0<t<T, (5)
0

then Vp > 2, there exists a constant ¢(p, T, 2, A, B) such that

vt € [0,T], Vn € N, Elsup [ X]||"] < c(p, T, z0, A, B).
s<t

Proof: (i) Starting the recurrence X0 = xo, M0 = z} : This process takes its values in R%*!, is adapted, continuous, and

satisfies:

Blsup{||XZ[]P], s < t}] = [|lzo|” < C.
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(ii) Assume that the required property is satisfied up to order n. By Definition (3) (X!, M™*1) is an adapted continuous
process in R4, We bound the p-norm

s s d
[ xeHP < 3t [HCU(JHP‘F II/0 B(Xyy, My )dull” + ||/0 ZAi(X37M3)dWi||”1 '

We now deal with the supremum in time:

d

) A@ n, 3 Z
/O > A(X, M)W,

=1

s p
sup |71 <37 aal -+ sup ([ 1BOEE M)+ s
s<t s<t 0

s<t

|

The second term above is increasing with respect to s, so

Sup(/ I1B(X, M) ||du)? = / |B(X;, M) ||du)?.
0

s<t

Since we assume B € C}, B is Lipschitz and denoting K5 := sup ||V B]| :

I1BX, M) < [|B(X, M) = B(zo, zo)l| + |B(0, o)l
< Kp(IX3 — @oll + [M; — ag)) + [ B (o, x0) .

Otherwise M} — x§ = sup, <, (X)) — z§, so

My — | < sup [(X1)] — ag| < sup | X7 — wol|.

v<u v<u

With respect to multiplicative constants
t
||B (X, M) ||du)? < (C+/ sup || X — zoldu)? < Oy + CoT'sup | X2||P € L.
0 v<u s<t

(iii) We now deal with the third term El 1 fo (X, M™)dW which is a continuous local martingale so with Burkholder-
Davis-Gundy’s inequality

T .
sup||§ / J(X7, M™MAWE[P] < CppapE | ( / AR AT(XT M) du)P/?
0

s<t i—1

As it is done for the term concerning B, since AfAf are too Lipschitz, we manage with AfA? to bound this term with a
similar bound (Einstein convention is used):

Esup |3 / (X M)AWEP) < O+ CyT sup | X717 € L.
s<t

s<t i—1

Finally, there exists a constant C(p, T, z¢, A, B) such that

E [<sup ||X;L||d>p} < C(p, T, 20, A, B). ©)

s<t

Similarly, Balauze’s Theorem 3.2, is extended to d dimension, in case p = 2:
Theorem 3.1 Assume B and A € C}(R%*1) and let the stochastic differential equation

d
dX, = B(Xy, My)dt + > Ai(Xy, My)dW, Xo=2€R?, 0<t<T, (7)
i=1
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then

I. the Picard’s scheme (3) converges almost surely and uniformly in L2(£2, 7, P) to the process X, a d-dimensional diffusion
process,

II. this process X is a solution to the stochastic differential equation (7), where M is the supremum of X' and the limit of
M = sup,, (X™)}.

III. this process is unique up to indistinguishability and satisfies

3C (20, T, B, A), E( sup ||Xt||2> < C(z0,T, B, A). ®)
te(0,T]

L. According to (3) with n and n + 1 and using the standard bound (Z i an)P < EPT 1(2221 aP) in case p = 2:

t
IXp - X2 = \ [ e - B g
d 2
A M) — AKX M)
=1
t 2
§2H / (B(XP, M) — B(XP1 M yds|| + ©)
0

2
(XL M) — Ay (X M)W

(i) The first term in (9) is bounded using standard bound in L? and Lipschitz function B:

t
H / B(XZ, M) = BOX™", M2 )ds|2 < T / |BOXE, M7 — BOX2", MP)|Pds
0

t
< oK} / (X7 = X224 M2 — M 2)ds
0

A useful short lemma:
Lemma 3.1 Let a real sequence of functions in time (a,, ), then

-1 1
|supay —supay™ | <suplay —ay” .
t t t

It allows to bound | M7 — M2~ < sup,.< [(X') — (X))~ < sup,, | X7 — X*~!| and this first term is bounded as
follows

t
H/ B(XI, M) B(X;"_l,M:‘l)dsHQgélTK%/ sup || X" — X% ds. (10)
0

’I" S

(i1) Concerning the second term in (9), it is the norm of a continuous martingale, using Burkholder-Davis-Gundy’s inequality,
yields

2
H(XT, M) = Ay (X M)W

t
< Coepa Y [ B4 M) - A2 M) P) ds

As for the first term, using Lipschitz property of A;,

A (X, M) = A (X1 M ™H[1* < 4K sup || X7 — X712,
r<s
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With respect to a multiplicative constant, yields

||/

J(XD M) —

A (X7 METh))aw |

(iii) As a conclusion, using expectation of (10) and bound (11) there exists a constant D > 0 such that

T
E {sup Peaa XM <D [ Elsup X7 - Xy s
t<T 0 r<s

(iv) Let us denote g, (t) = E[sup, -, || X}"

By iteration yields

(v) We now look at the first term in this series: ¢ (¢
Efsup,<; | X} — 2||?] recalling

r

¢
<C [ Bl |y - X7 ds (an
0 r<s
(12)
— X~1|?]. So the above bound can be written as
T
3a() <D [ ga()is.
0
(13)
tn
gn+1( ) (DK) ’I’L’
(DKf)”

d
B(xo, xo)ds + Z Ai(xo, m0)dW|?]

i=1

g1(t) = E[sup ||

r<t 0

Remark that fot B(xg,x0)ds + fg Z?:l Ai(zg, 20)dW! =
tB(xo,x0) + Y_; Ai(z0,0)W;. Using Doob inequality we
bound E[sup, . [|W,[|?] < 4ds,

91(t) < 2t|| B(xo, zol|* + 2| A[*4dt < Kt

with a constant K. Solving the iteration (13)

k

IIZSEP X3 = X all e < )l SupHX”“ X all e,

i=0
where the generic term || sup < [|[ X2 — XL 4] 2 =
gn+i($) is a convergent series. So the sequence (X) is
uniformly convergent in L?(Q, R?).
(vii)) We now turn to almost sure convergence.
yields the integrable random variable

From (14)

X = Z sup ||Xn+z Xn+z 1 ||d

Os<

is almost surely finite. Let N such that Vw ¢ N, Ve, 3l(w)
such that

(oo}

Y sup X w) — XP(W)lla <e
i=i(w) °=T

and y/ In+1(t

test, look at

. According to d’ Alembert’s ratio

L DKt
im YD i —0<1
n—oo [(DK)ntn n+1

n!

t

so the series y/(DK)"L: is convergent. One deduces the

convergence of the positive series y/gn+1(t).
(vi) Finally, we look at the convergence in L?(€2, F,P) of
the sequence (X™):

k
(14)

ZOS*

Letp,q > l(w),

sup [|X2 (@) =X ()lla < Y sup [IXI (@) = XT (@)]la < &
s<T T

n>l(w) s%

so the sequence (X,(w) is uniformly convergent in
C([0,T),R%) and admits a limit X € C([0,7],R¢) which
states the almost sure convergence of (X™).

Lemma 3.2 The sequence (M;]") goes to M; = sup,<; X
almost surely and in L2.

Proof: We use the following bound:

[ M = M| < Sgpl(Xl)?*(Xl)rl < sup X7 =X [l (15)

which proves the almost sure convergence. Then, going to the
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L2-norm: Using now (14), we deduce the uniform convergence in L?
) ) Lo ) of the sequence (M).
|M — M|* < Sllip [(X0)7 = (X)” < Slip X = Xellz: II. The Lipschitz so uniform continuity of A, B proves

that this limit X (together with M; = sup,., X!) satisfy the
(16) L ) . sst s
stochastic differential equation (7):

||Xt—x0—/ B(X,, M, ds—/ ZA (Xg, My)dWi|4 <

t
1X, — Xt | / (B(X..M,) — B(X", M"))ds|4 + | / (A(X., M) — ACXT, M)W, |

Using Lipschitz property of B, and (15)

t t
II/ (B(Xs, Ms) — B(X, M{))ds|a SQKB/ sup [ X;* — X, [|ads.
0 0

T S

Using then the L2-norm of second term, Lipschitz property of A and (15):

“

We gather these bounds :

/t(A(Xs, M,) — A(X™, M™))dW,

’I” S

t
> < 2K?4/ sup | X" — X,.||3ds.
d 0

2
HXt—xo—/ B(X,, M, ds—/ ZA (Xg, My)dW?

d

2 t
+6K31E/ sup | X" — X,.||3ds.
0

7" S

t
B (1% - X 2) + 12638 ([ sup X2 X, s
0 r<s
By the previous computations, each of these terms converge to 0 as n goes to +o0 so the stochastic differential equation (7)
is satisfied.

III. Uniqueness of the solution of (7).
The bound (8) is a direct consequence of the same bound satisfied for any n (6) and p = 2.
We now suppose there exists two solutions (X, M) and (X, M)) and we copy paste the proof part I:

t
X =%l = | [ (Bx.n) - BT ds+z (X0, My) = A4((K,, 31,)aw 2

2

2
Ai(Xg, M) — A (X, My))dW?

Concerning the first term, we reproduce the proof of (10) replacing the pair X™, X" ! by the pair X, X:

t t
H/ (B(X,, M) — B(X,, M,)ds|? < 4TK,23/ sup || X, — X,||ds. (17)
0 0 r<s
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Similarly, we copy paste (11):

t d
E l”/o Z(Ai(X87M9) _Ai(XSaMG))dW§“2

Globally, we sum both bounds:

t
< C/ Efsup || X, — X, ||*]ds. (18)
0 r<s

T T
E[sup | X; — X;]|?] < 8TK%/ supE[|| X, — X,.|]] + 20/ E[sup | X, — X,.||]ds.
t<T 0 r<s 0 r<s

Gronwall lemma gives the conclusion: X,. — X, = 0 almost surely on [0, 7] x €.

4. Short Malliavin Calculus Summary

The material of this subsection can be found in Section 1.2
of Nualart [21]. Let H = L2([0,T],R%) endowed with the
usual scalar product (., .)p and the associated norm ||. || For
all (h,h) € H? :

W(h) = /0 oty

is a centered Gaussian variable with variance equal to ||h[Z.
If (h, h)g = 0 then the random variables W (%) and W (h) are
independent.
Let S denote the class of smooth random variables F
defined as following:
F=f(W(h),..,

W (hn)) 19

where n € N, hy, ..., h,, € Hand f belongs to Cj,(R™).
Definition 4.1 The Malliavin derivative of a smooth variable
F defined in (19) is the H valued random variable given by

The following is Nualart Proposition 1.2.1 page 26 in [21]:

Proposition 4.1 The operator D is closable from L? () into
LP(Q,H) for any p > 1.

For any p > 1, let us denote D'*? the domain of the operator
D in L?(§)), meaning that D7 is the closure of the class of

T T
D(/ usds) = / D(us)ds; Vt €
0 0

Proof in Appendix.
5. Law Density of (X', M[*) Obtained
Recursively
I. The initial pair (X?, M?) = (¢, z0) goes to

X} =20+ B(xo,z0)t + A(xo, 20)W; € R

smooth random variables S with respect to the norm
1
IFllp = (EIFP)+ EJDFIED

Malliavin calculus is a powerful tool to prove the absolute
continuity of random variables law. For instance, Nualart’s
Propositions 2.1.10 and 2.1.11 [21] are the tools to deduce the
absolute continuity of M™ law from this of (X™)* law:

Proposition 4.2 Let X}, t € [0, T}, continuous, satisfying
(i) E(sup, (X})?) < o0.

(i) V¢, X}! € D12,

(iii) D. X} admits a continuous version,
() Elsup, | DX} %] < oc,

then M; = sup,, X! € D12

Moreover suppose that
() | DX}l # 0 on the set {t : X} = M}.

Then the law of M is absolutely continuous.

Moreover, looking at the proof of this proposition, yields

IDM: 7 < sup IDX; I3 (20)
Lemma 4.1 (Prop 4.19 Balauze or Prop 1.3.8 page 43

Nualart [21]) Let w a continuous and adapted process taking

its value in RY s.t.

() E(sup,ejo,7y llusl?) < +o0,

(i) for any s € [0, T], us € D2,

(iii) for any ¢ € [0, T, the process Dy (u.) is continuous and

adapted,

(i) supyepo 7y [E (supseqry [D(us)]2)] < +oo.
Then [ u,ds € D"? and

[OvTL Dy (0(u) = ugs + 6(Dy(u)).

which is a vectorial Gaussian random variable N (zo +
B(xg, x0)t, Aflt), the law of it is absolutely continuous.
Moreover the density of the law of the pair (W;, M) in R4+
where M is the running maximum of W is well known:
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p(z,m;t) =

2(2m — xt) 2m —z! 1 . Z?: (x%)?
o exp(———; )(\/ﬁ) GXP(*ist )-

We now suppose that the law of (X]*, M}") is absolutely continuous and denote its density g, (z, m,t)
Consider a function f € C%(R?) and Ito formula using Definition (3), ¢ > 0

t
PO = flao)+ [ SR B M2)ds + SO0 ALK M)W +
D2 F(X ) AA(XE, MZ)(XE, M)

N

21
where, for simplicity and now on, we omit the sums using Einstein convention. We integrate under probability P the above
equality noting that the second term is a martingale (recall that here the support of function f is compact so the integrand is
bounded):

E[f(XnJrl)] f((EO)—i—E|: taafl(Xn+1)Bz(Xn Mn d8:| + E|:/ D2 Xn+1 AA(Xn Mn)d

Then, according to the recursive definition (5) of the process X" 1, its law conditionally to (X7, M™) is a Gaussian law
denoted as p,,11(.| X7, M2)

B = st [as [ [ [ S m)| B mgn o

¢
_1_1/ ds/ / [ Dif(y)pnﬂ(yx,m)dy} AA(z,m)gn (s, z, m)dzdm (22)
2 0 R Jzl<m [JRd

Since we use a function f € C?(IR?) with compact support we can use Fubini Theorem and commute the order of integrations

9 ,
/ / [ a{(y)pnﬂ(yl%mdy} B (x,m)gn (s, z, m)dzdm =
Rd Jzi<m LJRd OY

We now operate an integration by parts

R 8y [/Rd/ <mp"+1( ylz,m)B' (@, m)gn(s, x m)dajdm} dy =

_/Rd f(y)é)?ﬁ UR /mlgmpnﬂ(yn,m)Bz‘(m,m)gﬂ(s,x,m)dmdm} dy.

Similarly, concerning the second term in (22), we operate two integrations by parts

// [ D;f(y)pn+1(y|x7m)dy AA(z,m)gn (s, z, m)dzdm =
Rd Jxl<m LJR4

{ Rd fw)D; [/ / <mpn+1 (ylz, m) AA(z,m)gn (s, m)] dxdm] dy.

Using the fact that f is with compact support, derivation and integration can commute so yields the law of X" is absolutely
continuous and admits a density h,, 1 by integration for m > ! as following

t 9 )
oaent) =8Gan) = [ [ ] (oo, m) B g s, m) ]
0 Rd Jzi<m OY

(23)
U / Dpaa(ylw, m) AA(z, m)ga(s, m)dmdm]
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that actually is a partial differential equation in a weak sense.

II. Absolute continuity of the law of M™*!: To use
Proposition 4.2 we have to prove five points recursively:

1. (a) E(sup,(X})?) < oo.

2. (b)Vt, X} € DV2,

3. (¢) D,th admits a continuous version,

4. (d) Efsup, | DX} %] < oo,

5. (e) | DX}l u # 0 on the set {t : X} = M}
and the conclusion will be the absolute continuity of the law of
Mn-',—l

1. A first step is to prove the five points for n = 0 :
since X7 is the constant o € RY, it satisfies DX is null
so obviously the points (a) to (d) are satisfied. We now look
at th = 9 + fot B(l‘o,xo)ds + fg Z?:l Ai(ﬁﬁo,l‘o)de,

t
D,[/ B(X" M™) ds+/
0

D, XM =

0

+Z/ (0, A (X1, M™).Dp X" + 0y AYX™, M™) D, M™)dW?.

Thus Vt, actually X;**! € D'? meaning point (b).

(c) By recursion assumption, V¢ € [0,7], the process
(Dy(X™), Dy(M™)) is continuous and F-adapted. According
to (24), D;(X™*1) is continuous and F-adapted.

Using now Nualart Proposition 2.1.10 [21] to prove that

DA < [ 2AVB DA s + 3 14O M)t

meaning X} = ¢ + B(xo, o)t + Zle Ai(wo, m0) WY, so
DL(X}) = Ai(wo, o)L 4(5).

so (e) is satisfied forn = 1.

2. We now suppose that these five points are satisfied up to
order n € N.

(a) It is a consequence of Balauze’s Proposition 3.1 which is
above extended to d-dimension in Proposition 3.1.

(b) Remark that X™ continuous and F—adapted implies that
M™ is too. So (3) shows that (X1, M"+1) is continuous and
F-adapted. Moreover, by recursion (Dy(X"™), D,(M™)) is
continuous and F-adapted: using Nualart prop 1.2.3. page 28
extended to integrals, the Malliavin derivative of (3) satisfies
the following, using Section 4, Lemma 4.1 (and Nualart Prop
1.3.8 page 43 (1.57)), Malliavin derivative of Equation (3):

Ay (X, M)A ]

/[a B(X",M™).D, X" + 0,, B(X", M) D, M"] ds—i—ZA (X", MM

(24)

M"™+1 ¢ DY2: assumptions of this proposition are (a) and
(b), so Mt € D12,

(d) Look at (24): since VB and V A are bounded and using
page 109 Nualart, || D;M||3; < sup,, [|[DX!||% G.e. (20))
yields: -

d
(25

i=1

|| / 0, AL (X, MI)D, (X" + O AL (X7, M) D, M)W | 1.

Firstly remark that the second term Zi:l | AL(X™, M™)|| i does not depend on ¢.
Then using the boundness of the gradients V B the first term is bounded as

t t
/ 2V BY|| D, (X™)] | s < 2K / sup | D, (X™)} | s,
0 0 s<t

Finally VA bounded, |D:M|% <
provide the following bound of the third term:

< sup,o, | DX

(cf.(20)), and Burkholder-Davis-Gundy (for m =

1/2) inequality

t
E [u [ @Az o, x; +amAz-<X:,M;>DTM:>dW5||H] <
0

t
2164Crapsys (B[ sup |, (X" ]
0 s=<

(e) Let s < t such that X1"*! = M*!. Using the same
lines as the proof of Proposition 2.1.11 [21], we prove that
almost surely {s : X! = M;} c {s: DM, = DX!};
so on the set {s : X! = M;} we have DM; = DX} ; if

2

there exists s such that |[DX}||z = 0 we would have also
|DM||g = 0, so DM, = 0, and using Nualart p.25 Lemma
1.2.1 (1.30) : for any u € the domain of §, E[M;6(u)] =
E[[ usDsM,ds], so M; would be 0 which is a contradiction
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and finally || D(X™)}|| gz # 0 on the set {s : (X™)! = M} come back to the recursive equation (21) and let n go to infinity
II1. So, recursively, the process (X", M™) law is absolutely ~ with f € C%:

continuous. We denote g¢,(t,.,.) the density of its law.

Actually X" — X uniformly in L? and almost surely. We

taf

f(Xy) :f(xo)Jr/O 8xi(Xs)Bi(Xs7Ms)ds+ of

0 8$i

(X)Ai (X, M)dW (26)

t
+%/ AA(X,, M,)D?f(X,)ds.
0

Let a bounded function f. Since f(X;') — f(X;) almost  null Malliavin derivative. But on this set M = X} = E(X}),
surely and uniformly in L? and Lebesgue dominated theorem  meaning the first component of process X could be a constant
denoting hy, (t,x) = [, gn(t,z,m)dm): on this set. But this is a contradiction with the definition
- of process X solution of stochastic differential equation (26)
n which includes a Brownian part
B[f(XP)] = [ f@)ha(t,2)de — E[f(X,)] P

Rd+1

t
1_ 1 1 1 i
Thus the law of X is absolutely continuous: indeed let a Xp =g +/0 B (X, My)ds + A (X, Mg)dW¢.

Borel set A C R with null Lebesgue measure:
This could not be a constant and |[DX}||z # 0 which

P{X € A} = 1171111]?{)(" € At =0, proves that the law of M is absolutely continuous using
Proposition (4.2) (v).
which means that the law of X is absolutely continuous; IV. Then, the law of (X) is absolutely continuous, so using

(26) and some integration by parts, denoting (., ¢) the density
Concerning the law of the running maximum M we now use  of the law of X, the density ¢ of (X, M) is solution to the
Proposition (4.2) (v): suppose that on the set {t : X} = M}, following:
t €[0,7), |DX}||z = 0. So actually X} = E(X}) in case of

h(z,t) = / g(s,x,m)dm (27)
zl<m

. )

(B’ 1 ~

= 0z, +/ / {— ( g) (s,z,m) + Di[AAg]] (s,z,m)dsdm,
0 m>zl ox? 2

so , in a weak sense since the regularity of g is not proved:

t i
gt z,m) = 04 41 (z,m) +/ [ 5'(63 .g) (s,x,m) + ;ch[A/Ig](s,x,m)} ds, m > x'. (28)
) 0 xl

6. Conclusion 0009-0007-1662-7608 (Pontier Monique)

We emphasize here that such results on the law of the
pair (M, X') could be used when we are interested in barrier
options, since the law of time activation (or extinction) is
strongly related to that of the couple (M, X). Moreover, for
concrete applications, the tools built in [13, 14] would be used.

Finally, the recursive construction could be useful for
simulations processes, up to detect the events when a barrier
could be reached.
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Appendix

Here the proof of Lemma 4.1 =Prop 4.19 Balauze extended to d-dimension:
Let u a continuous and adapted process taking its value in R% such that:

(i) B(supseqo,r [lus]|?) < +o0,

(ii) for any s € [0, T],u, € DY2,

(iii) for any t € [0, T, the process Dy(u.) is continuous and adapted,

(iv) supyepo 7 [ (subscpery [ De(us)[12) | < +oc.

Then fOT ugsds € DV2 and
T T
D(/ usds) = / D(ug)ds ; ¥Vt € [0,T], D¢(6(u) = ug + 6(De(w)).
0 0
Proof: 1. We consider the Riemann sums S}, = % Z?zl ujr /- SoVk
9 k

T
E[[|Sk]?) < ?Ckz lwjrl® < T?°CrE

j=1

sup us||2] ) (29)
s€[0,T

. . . T
Since the process w is continuous, Sy goes a.s. to fo usds. We now look at

T ) TF T ) 1 F T )
15 = [ sl = 15 Y= [ wdslP = 51 Y [ e —was? <
j=1 j=1

1, (7 T o (7
O [ = wastP < 503 [ e — P <
j=1 j=1

T T
Ty [ s fulPds =Dy s
j=17/0 re(0.T) r€(0,T)

This bound is integrable using Assumption (i). So dominated convergence Lebesgue Theorem yields that Sy, goes to fOT Uusds
in L2(Q) :
T

T
lim E[||Sk —/ usds||?] = E[ lim || Sy, —/ usds||*] =0
k—o00 0 k—oco 0

2. Using Assumption (ii), us so S € D% and D(Sy) = T Z_];:l D(ujry), look at

T k
B (1D ron) =B (| |15 3 Delugrlias
j=1

< C(k,T) sup E[ sup ||Ds(u,)|?] < o0 (30)
0<s<T s<r<T

using Assumption (iv) above.
3. Nualart’s Lemma 1.2.3. page 28 proves that foT usds € D2,
4. By linearity, D;(Sy) = £ 2521 Dyujr /i, and with Assumption (iii), k& going to infinity, almost surely:

Du(S) — /OT Di(us)ds, Vt € [0,T).

In L2,

T 1 & T
1250 = [ Dutwisl = 5515 [ (Dulugaye) = Ditw sl < CkT) sup 1 Du(u)|
j=1 =r=
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By integration on [0, T'] and using Assumption (iv)

T T T
E (/0 1D+ (Sk) */O Dt(us)dSth> <Ok TE (/0 tggnglDt(ur)llzdt) <

TC(k,T)sup E[ sup || Dy(u,)||?] < co.
t t<r<T

Dominated convergence Theorem yields

T T T T
lim B (/ 1D4(Sk) —/ Dt(us)ds||2dt> _E (/ lim || Ds(Sk) _/ Dt(us)ds||2dt> —0
k—o0 0 0 0 k—o0 0

meaning that ) — [ Ug)ds. e operator D is continuous in so Sy — ugds implies 1) — usds
ing that D(S - D(uy)ds. The operator D L? 50 Sy, —+ [ usds implies D(Sy) — D([ usd

and
D(/OT Usds) = /OT D(us)ds.

Assumptions (i) and (ii) imply that u € D*2(L2([0, T]).
‘We now look at

t€0,T] t<s

T T
E </0 ||Dt(us)ds||2ds> :/0 E (HDt(uS)||2) ds <T sup FE (Sup|Dt(us)||2> < 00

according to Assumption (iv).

Assumption (iii) gives that the process D;(u. ) is adapted. So using Nualart (1.30) page 24, Vt € [0, T, D,(u.) € Domain(J)
and 6(Dy(w)) = [ Dy(us)dBs.

We bound this martingale using Burkholder-Davis-Gundy inequality:

T T T T
E(/O II/t Dy(u,)dB,| dt) g/o CBDgE(/t 1D (us) | 2ds)dt

<T?Cgpe sup E( sup | Dy(us)|*) < oc.
tef0,7] t<s<T

Process w is adapted, we use Nualart Prop 1.3.8. page 43 (1.57) or Lemma 4.1:

so is ended the proof of the lemma.
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