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Abstract 

In this paper, a generalized Lagrange interpolation formula expressed in matrix form is developed to systematically expand a 

sampled function with enhanced flexibility and computational rigor. The proposed formulation employs appropriate coordinate 

functions that not only satisfy prescribed boundary conditions but also exploit the symmetry or anti-symmetry inherent in the 

function under consideration. When such conditions are absent, the coordinate functions naturally degenerate into polynomial 

bases, thereby reproducing the classical Lagrange interpolation as a special case. The expansion coefficients are efficiently 

obtained through the collocation method, ensuring numerical simplicity and stability. The matrix-based generalized Lagrange 

interpolation exhibits substantial versatility beyond traditional interpolation tasks. It can be readily applied to numerical 

differentiation and integration under both uniform and non-uniform sampling schemes. Moreover, the approach proves useful 

in solving ordinary differential equations with specified boundary constraints, as well as in problems involving root-finding 

and extremum detection of functions. Numerical experiments demonstrate the accuracy and robustness of the proposed 

method, revealing a marked reduction in the Runge phenomenon even when the number of sampling points is limited. The 

results further indicate that computational efficiency and precision improve progressively as the number of samples increases. 

Overall, the generalized interpolation framework developed herein provides a unified and reliable computational tool for 

interpolation, differentiation, integration, and boundary-value problems, thereby offering broad potential for applications in 

numerical analysis and scientific computing. 
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1. Introduction 

In the field of numerical analysis, interpolation methods are 

frequently employed for function approximation, numerical 

differentiation, and numerical integration. A wide variety of 

interpolation techniques are commonly used, including in-

terpolation formulas for non-uniform nodes [1], uniform node 

interpolation formulas [2], linear interpolation methods [3], 

the Lagrange's interpolation formula, and spline interpolation 

[4]. Most of these interpolation formulas impose strict re-

quirements on the number of sampling points and necessitate 

that the intervals between points be regular. A possible ap-

proach for performing numerical differentiation and integra-

tion with irregular intervals is the Lagrange's interpolation 
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formula. 

Lagrange's interpolation formula is a classical interpola-

tion method that constructs a polynomial to approximate the 

function values at a given set of data points. For a given set 

of 𝑛 samples at 𝑥1, 𝑥2, … , 𝑥𝑛, Lagrange's interpolation for-

mula is 

𝑦(𝑥) = ∑ [∏ (
𝑥−𝑥𝑗

𝑥𝑘−𝑥𝑗
) 𝑦𝑘

𝑛
𝑗=1
𝑗≠𝑘

]𝑛
𝑘=1 .          (1) 

Differentiating equation (1) with respect to 𝑥 once and 

twice gives the first-order and second-order derivatives: 

𝑦′(𝑥) = ∑
𝑑

𝑑𝑥
[∏ (

𝑥−𝑥𝑗

𝑥𝑘−𝑥𝑗
) 𝑦𝑘

𝑛
𝑗=1
𝑗≠𝑘

]𝑛
𝑘=1 ,  

𝑦′′(𝑥) = ∑
𝑑2

𝑑𝑥2
[∏ (

𝑥−𝑥𝑗

𝑥𝑘−𝑥𝑗
) 𝑦𝑘

𝑛
𝑗=1
𝑗≠𝑘

]𝑛
𝑘=1 .        (2) 

Integrating equation (1) with respect to 𝑥 from 𝑎 to 𝑏 

gives the definite integral: 

∫ 𝑦(𝑥)
𝑏

𝑎
𝑑𝑥 = ∑ ∫ [∏ (

𝑥−𝑥𝑗

𝑥𝑘−𝑥𝑗
) 𝑦𝑘

𝑛
𝑗=1
𝑗≠𝑘

]
𝑏

𝑎
𝑑𝑥𝑛

𝑘=1 .     (3) 

Lagrange's interpolation formula can perform differentia-

tion and integration when intervals are irregular, and it can 

accommodate an arbitrary number of sampling points. How-

ever, it is obvious that each process is very tedious and such 

an operation is seldom applied. 

To address this issue, Wang [5] proposed the Lagrange 

interpolation in the matrix form using the Vandermonde ma-

trix. Through practical examples, it was shown that this ma-

trix formulation not only retains the adaptability of the orig-

inal interpolation formula with respect to interval length and 

the number of sampling points, but also achieves higher 

computational efficiency and numerical accuracy in differen-

tiation, integration, and extremum determination. 

However, whether the interpolation formula takes the ma-

trix form or the polynomial form, the Runge phenomenon [6] 

inevitably occurs when approximating certain types of func-

tions on equidistant grids, rendering numerical results unre-

liable near the endpoints of the interpolation interval. The 

Runge phenomenon refers to the substantial oscillation and 

numerical instability exhibited by high-order polynomial 

interpolation functions near interval endpoints, especially 

when interpolating functions characterized by high-order 

derivatives or significant curvature. Furthermore, when 

equally spaced interpolation nodes are used, increasing the 

interpolation order exacerbates oscillations, resulting in sig-

nificant interpolation errors. 

The Runge phenomenon was first identified by the Ger-

man mathematician Carl Runge [6] in 1901. To illustrate, 

consider the following function: 

𝑦(𝑥) =
1

1+5𝑥+10𝑥2
,   − 1 ≤ 𝑥 ≤ 1.       (4) 

Select 𝑛 equally spaced sampling points over the interval 

−1 ≤ 𝑥 ≤ 1: 

𝑥𝑖 = −1 +
2𝑖

𝑛−1
,   𝑖 = 0, 1, 2, … , 𝑛 − 1.  

The results obtained using the classical Lagrange interpo-

lation are shown in Figure 1 for 𝑛 =5, 7, 9, and 11. It is 

clearly observed that there are large oscillations and diver-

gence, especially close to the boundaries of the interval, in 

the results of the classical Lagrange interpolation. As 𝑛 

increases, the oscillations and divergence do not improve but 

exacerbate. 

 
Figure 1. Illustration of the Runge phenomenon. 

To resolve the issue of Runge phenomenon, some methods 

have been successively proposed over the past decades 

[7-12]. The Tikhonov regularization method was proposed 

by Boyd [13], in which the polynomial approximation was 

constructed by minimizing a weighted sum of the interpola-

tion residual and a smoothness norm. Compared to conven-

tional equidistant interpolation, the pointwise error was re-

duced by up to a factor of approximately 20,000. Subse-

quently, various single-interval polynomial interpolation 

approaches [14-19], such as Tikhonov regularization, Fourier 

extension, and Gaussian radial basis functions methods, were 

comparatively analyzed [20]. These techniques typically 

control endpoint oscillations in high-order polynomial inter-

polations by incorporating regularization, improving node 

distribution, constructing over-determined systems, or utiliz-

ing smoother basis functions. Although numerical experi-

ments demonstrated their high approximation accuracy, these 

methods still faced theoretical and efficiency challenges due 

to limitations such as low computational efficiency and nu-

merical ill-conditioning. 

Instead of relying on polynomial interpolation to over-

come the Runge phenomenon, an immune genetic algo-

rithm-based optimal parameter searching method was pro-

posed by Lin and Sun [21]. This method searches for an op-

timal parameter sequence that minimizes an energy function, 

thereby constructing parametric curves that avoid Runge 
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oscillations. However, genetic algorithms generally suffer 

from parameter sensitivity, uncertainty in stochastic conver-

gence, high computational costs, and limited scalability, 

which restrict their applicability in practical engineering ap-

plications. 

The objective of this study is to eliminate Runge oscilla-

tions by proposing a generalized Lagrange interpolation 

formula in the matrix form. Within this framework, suitable 

coordinate functions are selected according to the character-

istics of the target function, enabling the interpolation for-

mula to possess similar properties, which leads to enhanced 

computational versatility, accuracy and efficiency, and sig-

nificantly improving convergence near the interval bounda-

ries. The proposed method is readily applicable to numerical 

computations in engineering practice. 

In Section 2, the generalized Lagrange interpolation is de-

scribed in detail, numerical methods for even and odd target 

functions, and the use of classical normal modes in free vi-

bration of beams as coordinate functions are provided. The 

proposed method effectively eliminates the Runge phenom-

enon and is equally applicable to numerical differentiation, 

integration, root-finding, and determining extrema. To vali-

date the effectiveness of the proposed method, six numerical 

examples are presented in Section 3 to demonstrate the ver-

satility, efficiency, and accuracy of the method. Some con-

clusions are drawn in Section 4. 

2. Formulation 

2.1. Generalized Lagrange Interpolation in the 

Matrix Form 

Let 𝑦(𝑥) be a single-valued smooth function of variable 
𝑥. If 𝜑𝑘(𝑥), 𝑘 =1, 2, ..., is a set of basis (coordinate) func-

tions suitable for 𝑦(𝑥), then 𝑦(𝑥) can be expanded in terms 

of the basis functions as 

𝑦(𝑥) = ∑ 𝑎𝑘𝜑𝑘(𝑥)
∞
𝑘=1 .            (5) 

In practice, only 𝑛 terms in the expansion are used, re-

sulting in an approximation of function 𝑦(𝑥): 

𝑦(𝑥) = ∑ 𝑎𝑘𝜑𝑘(𝑥)
∞
𝑘=1 = {𝜑1(𝑥)  𝜑2(𝑥) …  𝜑𝑛(𝑥)} {

𝑎1
𝑎2
⋮
𝑎𝑛

},  

(6) 

the 𝑛 coefficients 𝑎𝑘 ,  𝑘 =1, 2, ..., n, can be estimated 

from a set of 𝑛  samples, which are taken at 𝑛  distinct 

points 𝑥1 < 𝑥2 < ⋯ < 𝑥𝑛  to be obtain the corresponding 

values 𝑦1, 𝑦2, ..., 𝑦𝑛 of the function. This set of 𝑛 sam-

ples leads to a system of 𝑛 linear algebraic equations 

{

𝑦(𝑥1) = 𝑦1 = 𝑎1𝜑1(𝑥1) + 𝑎2𝜑2(𝑥1) + ⋯+ 𝑎𝑛𝜑𝑛(𝑥1).

𝑦(𝑥2) = 𝑦2 = 𝑎1𝜑1(𝑥2) + 𝑎2𝜑2(𝑥2) + ⋯+ 𝑎𝑛𝜑𝑛(𝑥2).
⋮

𝑦(𝑥𝑛) = 𝑦𝑛 = 𝑎1𝜑1(𝑥𝑛) + 𝑎2𝜑2(𝑥𝑛) + ⋯+ 𝑎𝑛𝜑𝑛(𝑥𝑛).

(7) 

Solving for the unknown coefficients 𝑎1, 𝑎2, … , 𝑎𝑛 , the 

expansion (6) can be written in the matrix form as 

𝑦(𝑥) = {𝜑1(𝑥)  𝜑2(𝑥) …  𝜑𝑛(𝑥)}𝑉𝑠
−1𝑦𝑠 ,      (8) 

𝑉𝑠 = [

𝜑1(𝑥1) 𝜑2(𝑥1)

𝜑1(𝑥2) 𝜑2(𝑥2)
… 𝜑𝑛(𝑥1)

… 𝜑𝑛(𝑥2)
⋮ ⋮

𝜑1(𝑥𝑛) 𝜑2(𝑥𝑛)
⋱ ⋮
… 𝜑𝑛(𝑥𝑛)

],  

𝑦𝑠 = {

𝑦1
𝑦2
⋮
𝑦𝑛

}.            (9) 

Equation (8) is the generalized Lagrange interpolation in 

the matrix in terms of the coordinate functions 𝜑1(𝑥),

𝜑2(𝑥), … , 𝜑𝑛(𝑥). The derivatives of 𝑦(𝑥) can be easily 

obtained by differentiating equation (8) with respect to 𝑥: 

𝑦′(𝑥) = {𝜑1
′ (𝑥)  𝜑2

′ (𝑥) …  𝜑𝑛
′ (𝑥)}𝑉𝑠

−1𝑦𝑠 ,     (10) 

𝑦′′(𝑥) = {𝜑1
′′(𝑥)  𝜑2

′′(𝑥) …  𝜑𝑛
′′(𝑥)}𝑉𝑠

−1𝑦𝑠 .     (11) 

The definite integral of 𝑦(𝑥) between 𝑎 and 𝑏 can also 

be easily obtained by integrating equation (8) from 𝑎 to 𝑏: 

∫ 𝑦(𝑥)𝑑𝑥
𝑏

𝑎

= {∫ 𝜑1(𝑥)𝑑𝑥
𝑏

𝑎

  ∫ 𝜑2(𝑥)𝑑𝑥
𝑏

𝑎

 …  ∫ 𝜑𝑛(𝑥)𝑑𝑥
𝑏

𝑎

}𝑽𝑠
−1𝒚𝑠, 

where 𝑉𝑠  denotes the generalized Vandermonde matrix. 

Depending on the characteristics of function 𝑦(𝑥), suitable 

coordinate functions 𝜑1(𝑥), 𝜑2(𝑥), … , 𝜑𝑛(𝑥) can be se-

lected so that the generalized Lagrange interpolation is more 

efficient and more accurate. Some cases are discussed in the 

following subsections. 

2.2. Classical Lagrange Interpolation in the 

Matrix Form 

In the absence of any prescribed conditions, 𝑦(𝑥) can be 

represented by a polynomial of degree 𝑛 − 1, i.e., the coor-

dinate functions 𝜑𝑘(𝑥) = 𝑥𝑘−1, 

𝑦(𝑥) = ∑ 𝑎𝑘𝑥
𝑘−1∞

𝑘=1 = {1  𝑥  𝑥2  …  𝑥𝑛−1} {

𝑎1
𝑎2
⋮
𝑎𝑛

}. (12) 
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For a sample of size 𝑛: (𝑥1, 𝑦1), (𝑥2, 𝑦2), … , (𝑥𝑛, 𝑦𝑛) , 

equation (12) can be written in the matrix form as 

𝑦(𝑥) = {1  𝑥  𝑥2  …  𝑥𝑛−1}𝑉𝑠
−1𝑦𝑠,       (13) 

𝑽𝑠 =

[
 
 
 
1 𝑥1
1 𝑥2

𝑥1
2 … 𝑥1

𝑛−1

𝑥2
2 … 𝑥2

𝑛−1

⋮ ⋮
1 𝑥𝑛

⋮ ⋱  ⋮     
𝑥𝑛
2 … 𝑥𝑛

𝑛−1 ]
 
 
 

,  

𝒚𝑠 = {

𝑦1
𝑦2
⋮
𝑦𝑛

}                 (14) 

Equation (13) is the classical Lagrange interpolation in 

matrix form, which applies to an asymmetric set of data 

points subject only to the condition of belonging to L2. A 

detailed study of Lagrange interpolation in the matrix form is 

presented by Wang et al. [5]. 

2.3. Even Target Functions 

When function 𝑦(𝑥) is an even function, i.e., 𝑦(−𝑥) =

𝑦(𝑥), polynomials of even powers can be employed as coor-

dinate functions, i.e., 𝜑𝑘(𝑥) = 𝑥
2(𝑘−1), to yield 

𝑦(𝑥) = {1  𝑥2  𝑥4  …  𝑥2(𝑛−1)}𝑉𝑠
−1𝑦𝑠,      (15) 

𝑉𝑠 =

[
 
 
 
 1 𝑥1

2

1 𝑥2
2

𝑥1
4 … 𝑥1

2(𝑛−1)

𝑥2
4 … 𝑥2

2(𝑛−1)

⋮ ⋮
1 𝑥𝑛

2

⋮ ⋱  ⋮     
𝑥𝑛
4 … 𝑥𝑛

2(𝑛−1)
]
 
 
 
 

,  

𝑦𝑠 = {

𝑦1
𝑦2
⋮
𝑦𝑛

}.                  (16) 

The corresponding first and second numerical derivatives, 

and the definite integral are given by 

𝑦′(𝑥) = {0  2𝑥  4𝑥3  …  (2𝑛 − 2)𝑥2𝑛−3}𝑉𝑠
−1𝑦𝑠,                            (17) 

𝑦′′(𝑥) = {0  2  12𝑥2  …  (2𝑛 − 2)(2𝑛 − 3)𝑥2𝑛−4}𝑉𝑠
−1𝑦𝑠,                         (18) 

∫ 𝑦(𝑥)𝑑𝑥
𝑏

𝑎
= {𝑏 − 𝑎   

𝑏3−𝑎3

3
  …  

𝑏2𝑛−1−𝑎2𝑛−1

2𝑛−1
} 𝑉𝑠

−1𝑦𝑠.                           (19) 

2.4. Odd Target Functions 

If function 𝑦(𝑥) is an odd function, i.e., 𝑦(−𝑥) = −𝑦(𝑥), 

polynomials of odd powers can be employed as coordinate 

functions, i.e., 𝜑𝑘(𝑥) = 𝑥2𝑘−1 . The generalized Lagrange 

interpolation and the corresponding derivatives and the defi-

nite integral are 

𝑦(𝑥) = {𝑥  𝑥3  𝑥5  …  𝑥2𝑛−1}𝑉𝑠
−1𝑦𝑠,      (20) 

𝑉𝑠 =

[
 
 
 
𝑥1 𝑥1

3

𝑥2 𝑥2
3

𝑥1
5 … 𝑥1

2𝑛−1

𝑥2
5 … 𝑥2

2𝑛−1

⋮ ⋮
𝑥𝑛 𝑥𝑛

3
⋮ ⋱  ⋮     
𝑥𝑛
5 … 𝑥𝑛

2𝑛−1 ]
 
 
 

,  

𝑦𝑠 = {

𝑦1
𝑦2
⋮
𝑦𝑛

},                   (21) 

𝑦′(𝑥) = {1  3𝑥2  5𝑥4  …  (2𝑛 − 1)𝑥2𝑛−2} 𝑉𝑠
−1𝑦𝑠,   

(22) 

𝑦′′(𝑥) = {0  6𝑥 …  (2𝑛 − 1)(2𝑛 − 2)𝑥2𝑛−3} 𝑉𝑠
−1𝑦𝑠, 

(23) 

∫ 𝑦(𝑥)𝑑𝑥
𝑏

𝑎
= {

𝑏2−𝑎2

2
   

𝑏4−𝑎4

4
  …  

𝑏2𝑛−𝑎2𝑛

2𝑛
} 𝑉𝑠

−1𝑦𝑠.   (24) 

 

2.5. Classical Normal Modes 

When 𝑦(𝑥) satisfies certain boundary conditions, such as 

the deflections of supported beams, the classical normal 

modes of a prismatic beam of length L can be employed as 

coordinate functions because they inherently satisfy the rel-

evant boundary conditions: 

1) Choose the free vibration modes of a simply supported 

beam to satisfy 𝜑𝑘(0) = 𝜑𝑘(𝐿) = 0  and 𝜑𝑘
′′(0) =

𝜑𝑘
′′(𝐿) = 0. 

2) Choose the free vibration modes of a clamped beam to 

satisfy 𝜑𝑘(0) = 𝜑𝑘(𝐿) = 0 and 𝜑𝑘
′ (0) = 𝜑𝑘

′ (𝐿) = 0. 

3) Choose the free vibration modes of a cantilever beam to 

satisfy 𝜑𝑘(0) = 𝜑𝑘
′ (0) = 0  and 𝜑𝑘

′′(𝐿) = 𝜑𝑘
′′′(𝐿) =

0. 

Additional boundary configurations can be handled anal-

ogously, and details of these classical normal modes are pro-

vided by Blevins [22]. An example using the free vibration 

modes of a clamped beam as coordinate functions is pre-

sented in Section 3.6. 

3. Numerical Examples 

In this section, six examples are presented to illustrate the 

versatility and superiority of the method of generalized La-
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grange interpolation in the matrix form. 

3.1. Example 1 - Even Functions 

Consider an even function 𝑦(𝑥) = cos𝜋𝑥 as the target 

function. Because uniformly spaced sampling points offer 

high efficiency and accuracy, five sampling points with reg-

ular intervals are listed in Table 1. The exact first-order de-

rivatives of 𝑦(𝑥) at 𝑥 =0.1, 0.2, 0.3, 0.4, 0.5 are given in 

Table 2, and the definite integral of the function over the 

interval [0, 0.5] is 

∫ cos
𝑏

𝑎
𝜋𝑥 𝑑𝑥 = 0.3193098862.  

These results are used to assess the efficiency and accura-

cy of the results obtained using the proposed method. 

Table 1. Five sampling points with regular intervals. 

𝑥  0.000 0.125 0.250 0.375 0.500 

𝑦  1.00000 0.92388 0.70711 0.38268 0.00000 

Table 2. Exact values of the first-order derivative. 

𝑥  0.1 0.2 0.3 0.4 0.5 

𝑦′  −0.97081 −1.84658 −2.54160 −2.98783 −3.14159 

3.1.1. Using the Classical Lagrange Interpolation 

By using the sampling points at 𝑥 =0, 0.125, 0.375, 0.5 

and applying equation (14), the corresponding Vandermonde 

matrix 𝑉𝑠 and the vector 𝑦𝑠 are 

𝑉𝑠 =

[
 
 
 
 
1 0.000 0.00000 0.00000 0.00000
1 0.125 0.01563 0.00195 0.00024
1 0.250 0.06250 0.01563 0.00391
1 0.375 0.14063 0.05273 0.01978
1 0.500 0.25000 0.12500 0.06250]

 
 
 
 

,  

𝑦𝑠 =

{
 
 

 
 
1.00000
0.92388
0.70711
0.38268
0.00000}

 
 

 
 

,   𝑉𝑠
−1𝑦𝑠 =

{
 
 

 
 
1.00000
0.00887
−5.07619
0.71837
2.79703 }

 
 

 
 

.  

Differentiating equation (13) with respect to 𝑥 , the 

first-order derivative can be determined 

𝑦′(𝑥) = {0  1  2𝑥  3𝑥2  4𝑥3} 𝑉𝑠
−1𝑦𝑠.  

The results of numerical differentiation using the classical 

Lagrange interpolation are compared with the exact values in 

Table 3. The relative error ranges from -0.37% to 0.29%, and 

it increases as the evaluation point approaches the domain 

boundary. Integrating equation (13) with 

respect to 𝑥, the definite integral is determined as 

𝐼 = ∫ cos
0.5

0
𝜋𝑥 𝑑𝑥 =

{0.5  
0.52

2
  

0.53

3
 
0.54

4
  

0.55

5
}  𝑉𝑠

−1𝑦𝑠 = 0.3183072014.  

The error between the numerical integral and the exact 

value is −0.00084%. 

Table 3. Numerical differentiation error of classical Lagrange in-

terpolation. 

𝑥  0.1 0.2 0.3 0.4 0.5 

Exact 

values 

−0.9708

1 

−1.8465

8 

−2.5416

0 

−2.9878

3 

−3.1415

9 

Numeri-

cal val-

ues 

−0.9736

3 

−1.8458

9 

−2.5408

0 

−2.9912

2 

−3.1300

2 

Error (%) 0.2905 −0.0374 −0.0315 0.1135 −0.3683 

3.1.2. Using the Generalized Lagrange Interpolation 

By using the sampling points at 𝑥= 0, 0.125, 0.25, 0.375, 

0.5 and applying equation (16), the corresponding Vander-

monde matrix 𝑉𝑠 and the vector 𝑦𝑠 are 

𝑉𝑠 =

[
 
 
 
 
1 0.00000 0.00000 0.000000 0.00000
1 0.01563 0.00024 3.81 × 10−6 5.96 × 10−8

1 0.06250 0.00391 0.000240 1.53 × 10−5

1 0.14063 0.01978 0.002780 0.00039
1 0.25000 0.06250 0.015625 0.00391 ]

 
 
 
 

,  

𝑦𝑠 =

{
 
 

 
 
1.00000
0.92388
0.70711
0.38268
0.00000}

 
 

 
 

,   𝑉𝑠
−1𝑦𝑠 =

{
 
 

 
 
1.00000
−4.93480
4.05863
−1.33360
0.22352 }

 
 

 
 

.  

Using equation (17), the first-order derivative can be de-

termined, and the numerical results of generalized Lagrange 

interpolation are compared with the corresponding exact 

values in Table 4. When the exact differentiation solution is 

provided to five decimal places, the proposed method pro-

duces results that match up to four to five decimal places. 

The definite integral is determined from equation (19) as 

𝐼 = ∫ cos
0.5

0
𝜋𝑥 𝑑𝑥 =

{0.5  
0.53

3
  

0.55

5
 
0.57

7
  

0.59

9
}  𝑉𝑠

−1𝑦𝑠 = 0.3183098600,  

with a relative error of −0.000008%. 
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Table 4. Numerical differentiation error of generalized Lagrange 

interpolation. 

𝒙  0.1 0.2 0.3 0.4 0.5 

Exact 

values 
−0.97081 −1.84658 −2.54160 −2.98783 −3.14159 

Numerical 

values 
−0.97081 −1.84658 −2.54160 −2.98784 −3.14156 

Error (%) 0 0 0 
3.35 ×

10−4  

−9.55 ×

10−4  

The values of relative error demonstrate that the general-

ized Lagrange interpolation delivers markedly higher accu-

racy for both differentiation and integration than the classical 

method. 

3.2. Example 2 - Odd Functions 

Consider the odd function 𝑦(𝑥) = tanh(𝑥). Six sampling 

points with regular intervals are listed in Table 5, and the 

exact first-order derivatives of 𝑦(𝑥) at 𝑥 =0.1, 0.3, 0.5, 0.7, 

0.9 are given in Table 6. The definite integral of the function 

over the interval [0,1] is 

∫ tanh(𝑥)
1

0
𝑑𝑥 = 0.4337808305.  

Table 5. Six sampling points with regular intervals. 

𝑥  0.0 0.2 0.4 0.6 0.8 1.0 

𝑦  1.00000 0.92388 0.70711 0.38268 0.00000 0.76159 

Table 6. Exact values of the first-order derivative. 

𝑥  0.1 0.3 0.5 0.7 0.9 

𝑦′  0.99007 0.91514 0.78645 0.63474 0.48692 

3.2.1. Using the Classical Lagrange Interpolation 

When the six sampling points at 𝑥= 0, 0.2, 0.4, 0.6, 0.8, 

1.0 are used, the corresponding Vandermonde matrix 𝑉𝑠 and 

the vector 𝑦𝑠 are 

𝑉𝑠 =

[
 
 
 
 
 
1 0.0 0.00 0.000 0.0000 0.00000
1 0.2 0.04 0.008 0.0016 0.00032
1 0.4 0.16 0.064 0.0256 0.01024
1 0.6 0.36 0.216 0.1296 0.07776
1 0.8 0.64 0.512 0.4096 0.32768
1 1.0 1.00 1.000 1.0000 1.00000]

 
 
 
 
 

,  

𝑦𝑠 =

{
 
 

 
 
0.00000
0.19738
0.37995
0.53705
0.66404
0.76159}

 
 

 
 

,   𝑉𝑠
−1𝑦𝑠 =

{
 
 

 
 
0.00000
0.99785
0.02484
−0.43657
0.19388
−0.01841}

 
 

 
 

.  

The numerical derivatives and integral are summarized in 

Table 7; it is seen that the relative error ranges from -0.05% 

to 0.04%. Similar to the case of even functions, the accuracy 

of numerical results deteriorates near the domain boundaries. 

The numerical integral is given by 

𝐼 = ∫ tanh(𝑥)
1

0
𝑑𝑥 = {1   

1

2
    

1

3
   

1

4
   

1

5
}  𝑉𝑠

−1𝑦𝑠 =

0.4337712577,  

and the relative error between numerical integral and the 

exact value is −0.0022%. 

Table 7. Numerical differentiation using the classical Lagrange 

interpolation. 

𝒙  0.1 0.3 0.5 0.7 0.9 

Exact 

values 
0.99007 0.91514 0.78645 0.63474 0.48692 

Numerical 

values 
0.99049 0.91507 0.78645 0.63478 0.48667 

Error (%) 0.0424 −0.0077 0 0.0063 −0.0513 

3.2.2. Using the Generalized Lagrange Interpolation 

When the generalized Lagrange interpolation for an odd 

target function is applied, the condition that 𝑦(0) = 0 is 

implicitly used.  As a results, only five sampling points at 

𝑥= 0.2, 0.4, 0.6, 0.8, 1.0 are used, and the corresponding 

Vandermonde matrix 𝑉𝑠 and the vector 𝑦𝑠 are 

𝑉𝑠 =

[
 
 
 
 
0.2 0.008 0.00032 1 × 10−5 5 × 10−7

0.4 0.064 0.01024 0.00164 0.00026
0.6 0.216 0.07776 0.02799 0.01008
0.8 0.512 0.32768 0.20972 0.13422
1.0 1.000 1.00000 1.00000 1.00000]

 
 
 
 

,  

𝑦𝑠 =

{
 
 

 
 
0.19738
0.37995
0.53705
0.66404
0.76159}

 
 

 
 

,   𝑉𝑠
−1𝑦𝑠 =

{
 
 

 
 
0.99999
−0.33311
0.13127
−0.04652
0.00997 }

 
 

 
 

.  

Using equation (22), the numerical derivatives are evalu-

ated, and the results are presented in Table 8, in which the 

relative errors range from -0.045% to 0.0032%. From equa-

tion (24), the numerical integral is 
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𝐼 = ∫ tanh(𝑥)
1

0
𝑑𝑥 = { 

1

2
   

1

4
   

1

6
   

1

8
   

1

10
}  𝑉𝑠

−1𝑦𝑠 =

0.4337782661,  

and the relative error is -0.0006%. These results demonstrate 

a clear advantage in accuracy of the generalized Lagrange 

interpolation over the classical Lagrange interpolation 

method. 

Table 8. Numerical differentiation using the generalized Lagrange 

interpolation. 

𝒙  0.1 0.3 0.5 0.7 0.9 

Exact 

values 
0.99007 0.91514 0.78645 0.63474 0.48692 

Numerical 

values 

0. 

99007 

0. 

91514 
0.78644 0.63476 0.48670 

Error (%) 0 0 
−1.27

× 10−5 
0.0032 -0.0452 

3.3. Example 3 - Root of a Function 

Consider the even function 𝑦(𝑥) = cos 𝑥 − 𝑥2. The exact 

root of 𝑦(𝑥) within the interval [0, 1] is 𝑥 =0.824132312, 

which serves as a reference for evaluating the efficiency and 

accuracy of the results obtained using the proposed method. 

The Taylor series expansion of the function 𝑦(𝑥) is 

𝑦(𝑥) = cos 𝑥 − 𝑥2 = 1 −
3

2
𝑥2 +

1

4!
𝑥4 + 𝜊 (

𝑥6

6!
). 

It shows that if a three-point generalized Lagrange inter-

polation for even function is used, the square of the estimat-

ed root is governed by a quadratic equation, the root of 

which is readily calculated. 

 

3.3.1. The First Iteration 

Sample the function at three points with regular intervals 

as listed in Table 9. 

Table 9. Sampling points for the first iteration. 

𝑥  0.75 0.875 1.0 

𝑦  0.169188869 -0.124628142 -0.459697694 

By using these three sampling points and applying equa-

tion (16), the corresponding Vandermonde matrix 𝑽𝑠 and 

the vector 𝒚𝑠 are 

𝑉𝑠 = [
1 0.562500 0.316406250
1 0.765625 0.586181641
1 1.000000 1.000000000

],  

𝑦𝑠 = {
0.169188869
−0.124628142
−0.459697694

},  𝑉𝑠
−1𝑦𝑠 = {

0.999426292
−1.497646627
0.038522640

}.  

The root of the function 𝑦(𝑥) is obtained by setting equa-

tion (15) equal to zero as follows: 

𝑦(𝑥) = {1  𝑥2  𝑥4}𝑽𝑠
−1𝒚𝑠 = 0.999426292 −

1.497646627𝑥2 + 0.03852264𝑥4 = 0,  

from which the root in the interval [0, 1] is 𝑥 =0.8241341. 

The relative error with respect to the exact root in the first 

iteration is 0.0002%. 

3.3.2. The Second Iteration 

To improve the accuracy, a new set of three sampling 

points is selected for this iteration as shown in Table 10. The 

root found in the first iteration is used as the centre point, 

and the interval of the sampling point can be reduced signif-

icantly as the root in the first iteration is already quite accu-

rate. 

Table 10. Sampling points for the second iteration. 

𝑥  0.814 0.824 0.834 

𝑦  0.023999776 0.000315174 -0.023637357 

The corresponding Vandermonde matrix 𝑉𝑠 and the vec-

tor 𝑦𝑠 are given by 

𝑉𝑠 = [
1 0.662596 0.439033459
1 0.678976 0.461008409
1 0.695556 0.483798149

], 

𝑦𝑠 = {
0.023999776
0.000315174
−0.023637357

},  𝑉𝑠
−1𝑦𝑠 = {

0.999581006
−1.498140511
0.038905190

}. 

The root of the function 𝑦(𝑥) is obtained by 

𝑦(𝑥) = {1  𝑥2  𝑥4}𝑉𝑠
−1𝑦𝑠 = 0.999581006 −

1.498140511𝑥2 + 0.038905190𝑥4 = 0,  

from which the corresponding root is determined as 

𝑥 =0.824132312, which is the same as the exact root. 

It is demonstrated that the proposed method can achieve a 

high-accuracy numerical solution with only two iterations. 

By employing this approach, one can avoid the shortcomings 

of 𝑦′ = 0 and a non-convergent loop that may occur in the 

Newton-Raphson formula. Moreover, at any stage of the 
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iteration, three new appropriate samples can be chosen to fit. 

3.4. Example 4 - Extrema of a Function 

Consider the odd function 𝑦(𝑥) = 10 sin 𝑥 − tan 𝑥. In the 

interval [0, 1.5], the maximum value 𝑦𝑚𝑎𝑥 =6.949224835 

occurs at 𝑥 =1.088111560. 

3.4.1. The First Iteration 

Sample the function at three points with regular intervals 

as listed in Table 11. 

Table 11. Sampling points for the first iteration. 

𝑥  1.0 1.1 1.2 

𝑦  6.857302123 6.947313944 6.748239238 

By using these three sampling points and applying equa-

tion (21), the corresponding Vandermonde matrix 𝑉𝑠  and 

the vector 𝑦𝑠 are 

𝑉𝑠 = [
1.0 1.000 1.00000
1.1 1.331 1.61051
1.2 1.728 2.48832

],  

𝑦𝑠 = {
6.857302123
6.947313944
6.748239238

},  𝑉𝑠
−1𝑦𝑠 = {

8.251664187
−0.415431956
−0.978930108

}.  

The critical point of function 𝑦(𝑥) is obtained by setting 

equation (22) equal to zero, as follows: 

𝑦′(𝑥) = {1  3𝑥2  5𝑥4}𝑉𝑠
−1𝑦𝑠 = 8.251664187 −

1.246295867𝑥2 − 4.894650541𝑥4 = 0,  

from which the root in the interval [0, 1.5] is 

𝑥 =1.085043282, and the corresponding extremum of 𝑦(𝑥) 

is given by 

𝑦(1.085043282) = 10 sin(1.085043282) −

tan(1.085043282) = 6.949100305.  

The relative error with respect to the exact extremum in 

the first iteration is −0.00179%. 

3.4.2. The Second Iteration 

To improve the accuracy, a new set of three sampling 

points is selected for this iteration as shown in Table 12. As 

in Example 3, the centre point is chosen as the root in the 

first iteration, and the interval of sampling is significantly 

reduced. 

Table 12. Sampling points for the second iteration. 

𝑥  1.080 1.085 1.090 

𝑦  6.948360731 6.949096775 6.949177322 

The corresponding Vandermonde matrix 𝑉𝑠 and the vec-

tor 𝑦𝑠 are given by 

𝑉𝑠 = [
1.080 1.259712000 1.469328077
1.085 1.277289125 1.503656690
1.090 1.295029000 1.538623955

],  

𝑦𝑠 = {
6.948360731
6.949096775
6.949177322

},  𝑉𝑠
−1𝑦𝑠 = {

8.381084461
−0.672249549
−0.855064082

}.  

The critical point of function 𝑦(𝑥) is obtained by 

𝑦′(𝑥) = {1  3𝑥2  5𝑥4}𝑉𝑠
−1𝑦𝑠 = 8.381084461 −

2.016748647𝑥2 − 4.275320409𝑥4 = 0,  

from which the root is determined as 𝑥 =1.088112745, and 

the corresponding local extremum of 𝑦(𝑥) is 

𝑦(1.088112745) = 10 sin(1.088112745) −

tan(1.088112745) = 6.949224834.  

which is the same as the exact extremum up to the eighth 

decimal place. Using equation (23), the value of the sec-

ond-order derivative at the critical point is 

𝑦′′(1.088112745) = −26.42 < 0,  

indicating that the local extremum 6.949224834 is a maxi-

mum. 

3.5. Example 5 - Functions Exhibiting Runge 

Phenomenon 

As discussed in Section 1, when interpolating certain 

functions in a finite interval using the classical Lagrange 

interpolation, there may be large oscillations and divergence 

close to the endpoints of the interpolation intervals, resulting 

in the so-called Runge phenomenon. 

The Runge phenomenon can be effectively eliminated by 

applied the generalized Lagrange interpolation with appro-

priate coordinate functions. Without loss of generality, con-

sider a function 𝑓(𝑧) with end points (𝑎, 𝛼) and (𝑏, 𝛽). 

By adding a linear function 𝑓(𝑧) as 

𝑦(𝑧) = 𝑓(𝑧) −
𝛽𝑎−𝛼𝑏

𝑎−𝑏
−

𝛼−𝛽

𝑎−𝑏
𝑧,          (25) 

the endpoints of function 𝑦(𝑧) can be transformed to (𝑎, 0) 

and (𝑏, 0). By a change of variable 𝑧 = 𝑎 + (𝑏 − 𝑎)𝑥, the 
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domain of function 𝑦(𝑥) becomes [0, 1]. 

Because function 𝑦(𝑥) satisfies the boundary conditions 

𝑦(0) = 0 and 𝑦(1) = 0, while 𝑦′(0) ≠ 0 and 𝑦′(1) ≠ 0, 

the shape functions of the free vibration of a simply sup-

ported beam of length 𝐿 = 1 can be employed as the coor-

dinate functions, which satisfy the required boundary condi-

tions and are given by 

𝜑𝑛(𝑥) = 𝑠𝑖𝑛(𝑛𝜋𝑥), 𝑛=1, 2, ....         (26) 

To illustrate, consider the function in equation (4), or 

𝑓(𝑧) =
1

1 + 5𝑧 + 10𝑧2
,   − 1 ≤ 𝑧 ≤ 1, 

with endpoints (-1, 1/6) and (1, 1/16). Using equation (25), 

function 

𝑦(𝑧) =
1

1 + 5𝑧 + 10𝑧2
−
11

96
+
5

96
𝑧,   − 1 ≤ 𝑧 ≤ 1, 

has endpoints (-1, 0) and (1, 0). Letting 𝑧 = −1 + 2𝑥, the 

transformed function 

𝑦(𝑥) =
1

6−30𝑥+40𝑥2
−

1

6
+

5

48
𝑥,   0 ≤ 𝑥 ≤ 1,    (27) 

has endpoints (0, 0) and (1, 0). 

3.5.1. Classical Lagrange Interpolation 

Sample the function 𝑦(𝑥)  in equation (25) using 𝑛 

equally spaced points within the interval 0 ≤ 𝑥 ≤ 1: 𝑥𝑖 =
𝑖

𝑛−1
, 𝑖=0, 1, 2, ..., 𝑛 − 1. For 𝑛=11, the corresponding Van-

dermonde matrix 𝑉𝑠 and the vector 𝑦𝑠 are given by 

𝑉𝑠 =

[
 
 
 
 
1 0 0 ⋯ 0
1 0.1 0.01 ⋯ 1 × 10−10

1 0.2 0.04 ⋯ 1 × 10−7

⋮ ⋮ ⋮ ⋱ ⋮
1 1 1 ⋯ 1 ]

 
 
 
 

11×11

,  

𝑦𝑠 =

{
 
 

 
 

0
0.13787
0.47917

⋮
0 }

 
 

 
 

11×1

,    𝑉𝑠
−1𝑦𝑠 =

{
 
 

 
 

0
−372.879
10182.083

⋮
4.543 × 105}

 
 

 
 

11×1

.  

For equation (13), the expression for the classical La-

grange interpolation is 

𝑦(𝑥) = {1 𝑥 𝑥2 ⋯ 𝑥10}  𝑉𝑠
−1𝑦𝑠 ,  

which is shown in Figure 2(a) as black dashed line. It is seen 

that the classical Lagrange interpolation exhibits the typical 

Runge phenomenon near the endpoints of the interval. 

3.5.2. Generalized Lagrange Interpolation 

The shape functions 𝜑𝑛(𝑥)  in equation (26) are em-

ployed as coordinate functions. Because the conditions 

𝑦(0) = 𝑦(1) = 0  are inherently satisfied, nine sampling 

points at 𝑥=0.1, 0.2, 0.3, ..., 0.9 are used. The corresponding 

Vandermonde matrix 𝑉𝑠 and the vector 𝑦𝑠 are 

𝑉𝑠 =

[
 
 
 
 
0.30902 0.58779 0.80902 ⋯ 0.30902
0.58779 0.95106 0.95106 ⋯ −0.58779
0.80902 0.95106 0.30902 ⋯ 0.80902

⋮ ⋮ ⋮ ⋱ ⋮
0.30902 −0.58779 0.80902 ⋯ 0.30902 ]

 
 
 
 

9×9

,  

𝑦𝑠 =

{
 
 

 
 
0.13787
0.47917
1.53125

⋮
0.01480}

 
 

 
 

9×1

,    𝑉𝑠
−1𝑦𝑠 =

{
 
 

 
 
0.00849
0.01364
0.01142

⋮
0.00024}

 
 

 
 

9×1

.  

Using equation (8), the expression for the generalized La-

grange interpolation is 

𝑦(𝑥) = {sin(𝜋𝑥) sin(2𝜋𝑥) ⋯ sin(9𝜋𝑥)}  𝑉𝑠
−1𝑦𝑠 ,  

which is shown in Figure 2(b) as blue dashed line. 

  
(a). Classical Lagrange interpolation.                       (b). Generalized Lagrange interpolation. 

Figure 2. Comparison between numerical and exact results. 
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It is observed that the generalized Lagrange interpolation 

method effectively eliminates the Runge phenomenon and 

demonstrates significantly higher approximation accuracy 

across the entire domain as compared to the classical La-

grange interpolation. As the number of sampling points in-

creases, the Runge phenomenon in the classical method be-

comes more pronounced, whereas the accuracy of the gener-

alized Lagrange interpolation is further improved. 

3.6. Example 6 - Deformation of a Beam on 

Elastic Foundation 

Consider a beam AB on elastic foundation, which is 

clamped at both ends, as shown in Figure 3. The beam is 

subjected to a concentrated load 𝐿, the width of the beam is 

𝑏, the moment of inertia is 𝐼, and the Young’s modulus is 𝐸. 

From Winkler’s assumption, 𝑘 = 𝑘0𝑏 , where 𝑘0  is the 

modulus of the foundation. 

 
Figure 3. Clamped-clamped beam on elastic foundation. 

By using Dirac delta function, the concentrated load can 

be expressed as 𝑤(𝑥) = 𝑊𝛿(𝑥 − 𝑎). The differential equa-

tion governing the deflection 𝑦(𝑥) is [23] 

𝑑4𝑦(𝑥)

𝑑𝑥4
+ 4𝛽4𝑦(𝑥) = 𝑊̂𝛿(𝑥 − 𝑎),       (28) 

4𝛽4 =
𝑘

𝐸𝐼
, 𝑊̂ =

𝑊

𝐸𝐼
. 

Because both ends of the beam are clamped, the boundary 

conditions are 

𝑦(0) = 𝑦(𝐿) = 𝑦′(0) = 𝑦′(𝐿) = 0.  

Applying the method of Laplace transform, it can be 

shown that the solution of differential equation (28) is 

𝑦(𝑥) = 𝑦′′(0)𝜙1(𝑥) + 𝑦
′′′(0)𝜙0(𝑥) + 𝑊̂𝜙0(𝑥 − 𝑎)𝐻(𝑥 − 𝑎)(29) 

in which 

𝜙0(𝑥) =
1

4𝛽3
(sin 𝛽𝑥 cosh𝛽𝑥 − cos 𝛽𝑥 sinh 𝛽𝑥),  

𝜙1(𝑥) =
1

2𝛽2
sin 𝛽𝑥 sinh 𝛽𝑥,  

𝜙2(𝑥) =
1

2𝛽
(sin 𝛽𝑥 cosh 𝛽𝑥 + cos𝛽𝑥 sinh 𝛽𝑥).  

From the boundary conditions 𝑦(𝐿) = 𝑦′(𝐿) = 0, 𝑦′′(0) 

and 𝑦′′′(0) can be determined as 

𝑦′′(0) =
𝛼0𝜙1(𝐿)−𝛼1𝜙0(𝐿)

𝜙1
2(𝐿)−𝜙0(𝐿)𝜙2(𝐿)

,  

𝑦′′′(0) =
𝛼1𝜙1(𝐿)−𝛼0𝜙2(𝐿)

𝜙1
2(𝐿)−𝜙0(𝐿)𝜙2(𝐿)

,  

where 

𝛼0 = −𝑊̂𝜙0(𝐿 − 𝑎), 𝛼1 = −𝑊̂𝜙1(𝐿 − 𝑎).  

In order to induce significant deflection in the beam for 

illustrative purposes, the following parameters are adopted: 

Young’s modulus 𝐸 =100Gpa, the width, thickness, and 

height of the beam are 𝑏=1m, ℎ=3m, 𝐿=20m, the modulus 

of the foundation k0=1.125×1011 N/m3, and the concentrat-

ed load 𝑊=22.5 GN. Thus, 𝑊̂ = 𝑊/𝐸𝐼= 0.1 and 𝛽 =

(𝑘/4𝐸𝐼)1/4=0.5946, in which the moment of inertia is cal-

culated as 𝐼 = 𝑏ℎ3/12. 

3.6.1. Numerical Beam Deflection by the Classical 

Lagrange Interpolation 

Eleven sample points are selected at 𝑥=0, 2, 4, 6, ..., 20. 

From the analytical deflection (29), the corresponding Van-

dermonde matrix 𝑉𝑠 and the vector 𝑦𝑠 are given by 

𝑉𝑠 =

[
 
 
 
 
1 0 0 ⋯ 0
1 2 4 ⋯ 1024
1 4 16 ⋯ 1048576
⋮ ⋮ ⋮ ⋱ ⋮
1 20 400 ⋯ 1.024 × 1013]

 
 
 
 

11×11

,  

𝑦𝑠 =

{
 
 

 
 

0
0.00835
0.04548

⋮
4 × 10−7}

 
 

 
 

11×1

,    𝑉𝑠
−1𝑦𝑠 =

{
 
 

 
 

0
0.19791
−0.27483

⋮
−4 × 10−10}

 
 

 
 

11×1

.  

According to equation (13), the expression for the beam 

deflection from Lagrange interpolation is 

𝑦(𝑥) = {1 𝑥 𝑥2 ⋯ 𝑥10}  𝑉𝑠
−1𝑦𝑠 ,  

which is shown in Figure 5 as black dashed line. 

3.6.2. Numerical Beam Deflection by the 

Generalized Lagrange Interpolation 

The shape functions of a supported beam are usually de-
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rived from the eigen-solutions of its free vibration. If the 

boundary characteristics of a supported beam, such as end 

displacements and rotations, are consistent with those of a 

more complex structural element, the shape functions of the 

beam can be employed as coordinate functions, so that the 

boundary conditions are satisfied intrinsically. 

For a beam of length 𝐿 with clamped-clamped boundary 

conditions, the 𝑛 modal shape function of free vibration is 

given by 

𝜑𝑛(𝜉) = 𝑐𝑜𝑠ℎ(𝜆𝑛𝜉) − 𝑐𝑜𝑠(𝜆𝑛𝜉)  

−
𝑐𝑜𝑠ℎ 𝜆𝑛−𝑐𝑜𝑠 𝜆𝑛

𝑠𝑖𝑛ℎ 𝜆𝑛−𝑠𝑖𝑛 𝜆𝑛
[𝑠𝑖𝑛ℎ(𝜆𝑛𝜉) − 𝑠𝑖𝑛(𝜆𝑛𝜉)],     (30) 

where 𝜉 = 𝑥/𝐿, and 𝜆𝑛 denotes the n th positive root of the 

characteristic equation 

cosh 𝜆 cos 𝜆 = 1. 

The characteristic roots of the first nine modes are listed in 

Table 13, and the corresponding beam shape-functions are 

shown in Figure 4. 

Table 13. Values of 𝜆. 

𝑛  1 2 3 4 5 

𝜆𝑛  4.7300 7.8532 10.9956 14.1372 17.2788 

𝑛  6 7 8 9  

𝜆𝑛  20.4204 23.5619 26.7035 29.8451  

 
Figure 4. Shape functions of the first nine beam modes. 

Selecting nine sampling points at 𝑥=2, 4, 6, 8, ..., 18 m, 

the corresponding Vandermonde matrix 𝑽𝑠 and the vector 

𝒚𝑠 are 

𝑉𝑠 =

[
 
 
 
 
0.18910 0.45574 0.77005 ⋯ 1.19469
0.61939 1.20675 1.50783 ⋯ −1.25752
1.09600 1.50550 0.86863 ⋯ 1.34513

⋮ ⋮ ⋮ ⋱ ⋮
0.18910 −0.45574 0.77005 ⋯ 0.98769 ]

 
 
 
 

9×9

,  

𝑦𝑠 =

{
 
 

 
 
0.00835
0.04548
0.04548

⋮
2.7 × 10−5}

 
 

 
 

9×1

,    𝑉𝑠
−1𝑦𝑠 =

{
 
 

 
 
0.00849
0.01364
0.01142

⋮
0.00024}

 
 

 
 

9×1

.  

By applying equation (8), the deflection 𝑦(𝑥) obtained 

using the generalized Lagrange interpolation is given by 

𝑦(𝑥) = {𝜑1(𝑥)  𝜑2(𝑥)  𝜑3(𝑥) …  𝜑9(𝑥)} 𝑉𝑠
−1𝑦𝑠,  

which is shown in Figure 5 as blue dashed line. 

 
Figure 5. Comparison between numerical and exact results. 

Figure 5 presents a comparison of beam deflections ob-

tained using the classical Lagrange interpolation, the gener-

alized Lagrange interpolation, and the exact theoretical solu-

tion. It can be observed that the classical Lagrange interpola-

tion yields accurate results only near the mid-span of the 

beam. Close to the boundaries, the accuracy of the interpola-

tion result deteriorates rapidly, leading to the Runge phe-

nomenon with significant discrepancies from the exact solu-

tion. 

In contrast, the generalized Lagrange interpolation 

demonstrates high accuracy across the entire beam, even 

with fewer sampling points. More accurate solutions are 

achieved for 𝑛 ≥7, with fitting performance further improv-

ing as 𝑛 increases. This is attributed to the fact that the 

boundary conditions are inherently embedded in the coordi-

nate functions, which markedly enhances convergence near 

the boundaries and effectively eliminates the Runge phe-

nomenon commonly observed with classical Lagrange poly-

nomials. 

The result of generalized Lagrange interpolation, when 

nineteen sampling points at 𝑥=1, 2, ..., 19 (m) are used, is 

shown in Figure 6. It is seen that the result agrees with the 

exact result extremely well, with almost no visual difference. 

It is noted that, for the classical Lagrange interpolation, 

two extra sampling points at 𝑥=0, 20 (m) are needed, and the 

Runge phenomenon is very severe, especially at the left end. 

The overall performance of the classical Lagrange interpola-

tion does not improve by using more sampling points due to 

the Runge phenomenon. 
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(a)                                      (b) 

Figure 6. Comparison between numerical and exact results (19 sampling points). 

4. Discussions and Conclusions 

It is evident that the classical Lagrange interpolation per-

forms comparably to Stirling's stencil for first derivatives, 

matches the central difference scheme for second derivatives, 

and outperforms Simpson's rule for definite integration. 

However, its performance deteriorates when applied to 

symmetric or antisymmetric target functions, and it becomes 

invalid when boundary conditions are imposed. Moreover, 

the classical Lagrange interpolation exhibits a strong Runge 

phenomenon in the application of Runge-type functions. 

In this study, a generalized Lagrange interpolation formula 

is proposed to improve the classical Lagrange interpolation, 

effectively overcoming the commonly observed Runge phe-

nomenon, and thereby extending its range of applicability. 

The general n-point formulation of the proposed method is 

presented in equation (8). 

According to the type of the target function, the general-

ized Lagrange interpolation formula selects appropriate co-

ordinate functions to ensure that the interpolation inherently 

possesses key properties of the target function. Specifically, 

for asymmetric, symmetric, and antisymmetric target func-

tions, consecutive-power, even-power, and odd-power poly-

nomials are employed, respectively. For Runge-type func-

tions or functions with prescribed boundary conditions, ad-

missible shape functions are adopted as coordinate functions. 

To illustrate the approach, six representative examples are 

presented: an even function, an odd function, root-finding of 

an even function, determining extrema of an odd function, a 

function exhibiting severe Runge phenomenon, and the de-

flection of a loaded beam on elastic foundation subject to 

prescribed boundary conditions. The use of appropriate co-

ordinate functions improves convergence and enhances the 

overall accuracy of the numerical results. 

Validation through numerical examples confirms that the 

proposed method effectively eliminates the Runge phenom-

enon and consistently outperforms the classical Lagrange 

interpolation in numerical differentiation, numerical integra-

tion, root-finding, and determining extrema tasks, demon-

strating its versatility in handling symmetric and antisym-

metric target functions. When applied to Runge-type func-

tions, the generalized approach yields higher accuracy and 

better numerical stability, particularly in regions near the 

boundaries where the classical interpolation tends to diverge. 

Notably, the generalized Lagrange interpolation maintains 

high levels of accuracy, efficiency, and stability, all of which 

are further enhanced as the number of sampling points in-

creases. 

To ensure numerical accuracy and stability in practical 

applications of generalized Lagrange interpolation, the fol-

lowing guidelines are recommended: 

When sampling points are evenly spaced, appropriate co-

ordinate functions should be selected based on the properties 

of the target function to avoid the Runge phenomenon. 

The magnitudes of sample values are to be comparable, 

and large discrepancies in scale should be avoided. 

Using an appropriate transformation, the domain and 

boundary conditions can be modified as illustrated in Exam-

ple 5, so that well-known coordinate functions can be applied 

to achieve more accurate and stable results. 

The existing methodologies to resolve Runge's phenome-

non primarily rely on the use of Chebyshev nodes or spline 

interpolation. In contrast, the proposed generalized Lagrange 

interpolation that uses collocation to determine the coeffi-

cients of expansion, similar to Galerkin's method of least 

square residues, offers a more robust, versatile, and simple 

alternative by employing admissible shape functions as co-

ordinate functions. Whether applied to numerical differentia-

tion, numerical definite integration, root-finding, determining 

extrema, or the solution of ordinary differential equations 

with imposed boundary conditions, this method consistently 

achieves high levels of accuracy, stability, and numerical 

efficiency. 
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