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Abstract: The study of the homological functor has been carried out in particular cases of abelian categories, notably in the
category of left A-modules (resp. right A-modules) and Categories of graded A-modules where A is a ring. We call category
of complexes of an abelian category <7 the category denoted by Comp(.2/) whose objects are the complexe sequence of &7
and morphisms are the chain maps of .27. In this paper, we consider the functor H, define by the composition of functors
H,, o Homcomp(#7)(X, —), where Homcomp(#7)(X, —) is define by Comp(e#) — Comp(Ab), the functor H,, is define by
Comp(Ab) — Ab and X is a projective object of &7. In this article, we study how the homological functor H,, define by
Comp(&/) — Ab where 7 is an abelian category and n is an integer in Z transforms a short exact sequence into a long exact
sequence. The main results of this paper are: the construction of the connecting morphism ¢,, associated to the covariant functor
H,,, and show that H,, transforms all short exact sequence of morphisms in Comp(/) into a long exact sequence of morphisms
in Ab, where X is an projectif object in ./ and 7 is an abelian category.

Keywords: Abelian Category, Homological Functor, Category of Abelian Groups

Yong Huang [15]. Thus, the paper is structured as follows:
In Section 2.1, entitled Preliminaries, we define the basic
concepts in an arbitrary abelian category.

1. Introduction

The main objective of this paper is to study the exactness of

the homological functor in an arbitrary abelian category .27 by
developing certain concepts in homological algebra. We are
inspired by the homological functor H,, : Comp(A-Mod) —
AD in the category of left A-modules A-Mod (resp. right
A-modules Mod-A) and complexes of left A-modules
Comp(A-Mod) (resp. complexes of right A-modules
Comp(Mod-A)). Some authors have already worked on
additive categories, abelian categories and the homological
functor: Pierre Gabriel [1], Charles A Weibel [2], Peter J Freyd
[3], Joseph J Rotman [4], [5], Aurelien Djamen and Antoine
Touze [6], Arij Benkhadra [7], Alex Heller [8], Carol Peercy
Walker [9], Manfred Hartl and Bruno Loiseau [10], Deren
Luo [11], Lidia Angeleri Hugel [12], Sebastian Posur [13],
Aurelien Djament and Antoine Touze [14], Xi Tang and Zhao

In Section 3, we show that:

Let

g

(0) —= (V,a) —— (2,8)

(T 0) (0)

be a short exact sequence of morphisms in Comp(.%/), where
&/ is an abelian category. Then:

1. The morphism called the connecting morphism is defined
by Vn € Z

b Hy((T,0)) Hor (Y, @)
— s Bra(gni (knga)))
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2. The sequence

e A ((Ya) 2 g (2 8
Hu((T,0)) —2% s (Y, ) 0 (2B 2

~ Pn+1
Hp1 (T,0)) =

is a long exact sequence of morphisms of abelian groups.
That is, for all n € Z:

Im(H,(f)) = ker(Hn(g))
Im(Hy(g)) = ker(¢,)
Im(¢n) = ker(Hpi1(f))
2. Preliminaries

Definition 2.1. [Abelian Category]

An abelian category is a category ./ that satisfies the

following conditions:

1. the category 7 has a zero object;

2. for every pair of objects X and Y in ./, the
set Homy (X,Y) is endowed with an abelian group
structure, with composition law written additively
((Homg (X,Y), +) is an abelian group);

3. composition in .o/ is bilinear with respect to these

additions;

every finite family of objects in .7 admits a coproduct;
every morphism in .« has a kernel and a cokernel,
every monomorphism in <7 is the kernel of its cokernel;
. every epimorphism in < is the cokernel of its kernel.
Deﬁnmon 2.2 (Left Exact Sequence in 7).

Let (S) be:

N oo e

0sxLy4z

a short sequence of morphisms in 27. Then (.5) is said to be
left exact if:
1. go f =ex,z, where ex, z is the zero morphism of the abelian
group Hom . (X, Z).
2. The kernel of f, N(f) = (0,e0,x), where eg,x : 0 — X is
the zero morphism of the abelian group Hom (0, X).
3. The cokernel of h, coN(h) = (0, ex,0), where ex,0 : K — 0
is the zero morphism of the abelian group Hom ., (K, 0).

4. h is the morphism satisfying ¢ o h = f and Ker(g) = (K, ).
K
4
h o .
s J/
Ve
0 x—toy 2.7

Definition 2.3 (Right Exact Sequence in 7). Let (S): X EN
Y % Z — 0 be a short sequence of morphisms in .2/. Then
we say that () is right exact if:

1. go f = ex,z, where ex z is the zero morphism of the

abelian group Hom (X, Z).

2. coN(g) = (0,ezy,), where ez : Z — 0 is the zero
morphism of the abelian group Hom/(Z, 0).

3. coN(h) = (0,ex0), where ex o : K — 0 is the zero
morphism of the abelian group Hom,, (K, 0).

4. h is the morphism satisfying : o h = f and Ker(g) =

(K, 7).

K

4
h s l
V2 7
Ve
x“ oy 2.7 0
Definition 2.4 (Exact Sequence in .27).
Let (S) be:
0-xLy%z0

a short sequence of morphisms in <. We say that (.5) is exact
if it is exact on the left and on the right, that is:
1. go f = ex,z, where ex z is the zero morphism of the
abelian group Hom (X, 7).
2. coN(g) = (0,ez,0), where ez : Z — 0 is the zero
morphism of the abelian group Hom/(Z, 0).
3. coN(h) = (0,ek), where ex o : K — 0 is the zero
morphism of the abelian group Hom (K, 0).
4. h is the morphism satisfying i o h = f and Ker(g) =

(K1)
K
7
h , l .
v K3
Ve
0 Xtoy 2.z 0
Remark 2.1. 0 denotes the zero object of the category o7

Definition 2.5 (Comp(&/)).
We call the category of complexes of an abelian category .o
the category denoted by Comp(.</), defined as follows:
1. The objects are the complex sequences of <7 .
A complex sequence of o7 is a sequence of morphisms
of & (e : Xp, — Xpna1)nez, denoted (X, a), such
that
apy1oa, =0=¢ex, x,,, VN E€Z,
where ex, x, ., is the zero morphism of the abelian
group Hom o (X, Xig2).
2. The arrows (morphisms) are the chain maps of <f .
Let (X,a) = (apn @ X5y = Xpgi1)nez and (Y, 5) =
(Bn : Y — Yui1)nez be two complex sequences of
/. A chain map of & (f, : X, — Y, )nez is the
chain map denoted f : (X, a) — (Y, 3) such that
fn+1oan:6nofn Vn € Z.
Proposition 2.1.
Let <7 be an abelian category. Then Comp(./) is an abelian
category.

Proof.See page 319 of [5].
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Definition 2.6 (Right Exact Sequence in Comp(./))
Let

3. Homological Functor of Degree n:

(8): (Y,a) = H, : Comp(</) — Ab

Lz.8) % (T7) —0)
be a short sequence of morphisms in Comp(.</), where </ is

an abelian category. We say that (.9) is right exact if, for every Consider H, =
integer n € Z, the sequence

Homcomp (27 ) (X, —) :

H,, o Homcomp(<)(X,—), where

: Comp(«/) — Comp(Ab) and H.
Yn .f’VL

Comp(Ab) — Ab, and X is a projective object of &/ so that
gn the functor H,, is exact.
Zn In 0 Theorem and Definition 3.1.
is a short right exact sequence of morphisms in .27 Let
Definition 2.7 (Left Exact Sequence in Comp(%/)) I 9
Let 0) ——= (Y, 0) ——(Z,5) (T.0) (0)
(8): (0) — (Y.a) = (Z,8) % (T.)

be a short exact sequence of morphisms in Comp(%), where
be a short sequence of morphisms in Comp(.<7), where </ is

: &/ is an abelian category. Then:
an abelian category. We say that (.S) is left exact if, for every
integer n € Z, the sequence

1. the connecting morphism is defined by Vn € Z

$n: Ha((T,0) — Ha (Y, o))
Fn In knt1 — ;:Jr%( n+1(gn+1(kn+l)))§
0 Y, Z, T,
" " see (figure I).
is a short left exact sequence of morphisms in .. 2. the sequence
Definition 2.8 (Exact Sequence in Comp(.)) ) - »
Let i (v 0) L (2, B
() (0) — (Vi) = (Z,8) 2 (T.7) — (0) P
Ho(T,6) =% Hoa (Y, 0))
be a short sequence of morphisms in Comp(.«7), where <7 is an
abelian category. We say that (.5) is exact if, for every integer
n € 7, the sequence Hpqa( bn
! Aor(2.8)) X B (7,00
0 Y, fn Z, gn T,

is a short exact sequence of morphisms in .27
Definition 2.9 (Homological Functor H,).
Let A be aring and Comp(A-Mod) the category of complex
sequences of morphisms of A-Mod. We call homological
functor of degree n € Z the covariant functor defined by

is a long exact sequence of abelian group morphisms
That is:

(I:f (f)) = Ker(H,(g))
VneZ: Im(H,(g)) = Ker(¢n)

Im(¢,) = Ker(Hyi1(f))-
H,, : Comp(A-Mod) — Ab

Proof.
(i)
such that: . . |
1. for every complex sequence (X, «) c We sh.ow that the connecting morphism ¢y, is well-defined.
Ob(Comp(A-Mod)), we have We have:
Hp (X, 0) = Ker(api)/Tm(ay, ) ot Ha(T0) — _ Hun((Y,0))
kn-i—l — f*
2. for every complex chain f : (X, «) — (Y, 3) in A-Mod,
we have:

+2 ( 1 (9;+1 (knt1)))
First, we show that ¢,, is a correspondence

Let knJrl = g:;jri(knJrl) € HomC()mp(d) (X Zn+1)
Forall n € Z, we have:

Hu(f) : Hn((X, @) — Hn((Y, 5))
Zn — fn(zn).

Example 2.1.

H, Comp(Ab) Comp(Z — Mod)

We show that (3, , | (kn+1) € Im(fy;, ). From the diagram
— Ab  pejow (page 6) we have:

which is a particular case of the homological functor H,

Comp(A-Mod) — Ab Vn € Z.

ﬁn+1(kn+l) S Hoanmp(tQi) (X Zn+2)

In42°Bpi1 =0511009,11 YnEZL



American Journal of Applied Mathematics 2025; 13(6): 412-418 415

Hence, for alln € Z:

Int2(Bryi(kn1)) = 0n1(gn1(bn1))
= 0n11(05(kn)),
since 3k, € Hom comp(ary (X, Tn)
05 (k) = gns1(knt1))
=0= CHOm a7y (X, T ) Hom oy (o) (X5 Trt2)

because 0;, 1 0 0, = 0.

Also,
Int2(Brs1(kni1)) =0 = CHOm oy (or) (X, T ) HOM o (a7 (X Ty 1)
= Bni1(kn+1) € Ker(gny2) = Im(fr12)
= Bns1(knt1) € Im(frgo).

Since
f'rtJrQ : HomCOmp(d) (Xa Yn+2) — HomC()mp(d) (Xa Zn+2)’
we have:

Fava(Brpa(bnia)) = fia(Brya (903 (Fnsa)) is well-
defined.

Next, we show that the correspondence ¢,, is well-defined.
It is enough to show that for all n € Z, the choice of ¢,, does
not depend on k1, i.e., ¢n(knt1) = hny1

Let kn1 = giii(kn), Ky = giii(khy) €

H, ((T,0)) such that k11 = ki
We show that ¢ (kny1) = én(ky ).

Set:

Gn(kng1) = hnyr and ¢ (k1) = h), .

We show that hy, 1 = W—H

We have:
kny1 — ko € Im(f;,)) and so there exists j,y1 €
Hom comp(ar) (X, Yny1) such that

.f:;-i-l (.jn-‘rl) = kn-i-l - :H—l'

Then:

f;-s-l(jn—s-l) = knt1 — kq/1+1
= B;H(f;-s-l(jn—&-l)) = 5:L+1(kn+1 - k;l-‘rl)
= ;+2(04;+1(jn+1))
(since By, 10 fn1 = fay200541)
= a1 (ny1) = f;;%(ﬁ:+l(l€n+1 - k;erl))
_ px—1( % x—1( o%* /
- n+2(ﬂn+1(kn+1)) - fn+2(ﬂn+1(kn+l))

= hpt1 — h/n+1 € Im(a:wrl)

= hn+1 — h/n—i-l =0 = hn+1 = hln+1
= ¢n(kn+1) = ¢n(k41+1)

Hence, ¢, is well-defined.
(ii.)

Recall that Homgy (X, —) : &/ — Ab is a covariant,
additive, left exact functor, and it is exact if and only if X is
a projective object of < .

(ii.1) Let’s show that Tm(H,,(f)) = ker(H,(g))
We have:

!

a short exact sequence of morphisms in Comp(<f/), so
we have the following diagrams:

(0): - 0 0 0

1 il il 1

Qnilq-

Y,a):- — Y, 2B Y, SV — -
\Lf ,Lf‘t l,fn—.l .Lfri+2
(Z.B) 1+ — Zn 25 s ™5 Zin — -
i,g lgll ig!a—l L9n+2
(T,0): - — Ty 25 Thy 25 Thag — -+

1 l } 1
(0):--- 0 0 . 0

(ii.1.a) Let’s show that Im(H,(f)) C ker(H,(g)).
Let h,, € Im(H,,(f)). For all n € Z, we have:

i

Hence, Tm(H,,(f)) C Ker(H,(g)).
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(0)ab o = OHomeomp (o (X.0.) — OHomeom (o (X.0) = OHomeg ) (X,0,,) — -
¢ T
HOIIICDlep( Qf)( )(Y a) e T HOInComp(,mf) (X1 Yn) — HOH]Comp(‘d) (X Y?H-l) 5 HDIHComp(.@') (X! Y;l+2) —

9x¢ Q:Ll( 9?L+1¢ . 9:;+2\L

By Bn
HOHIComp(‘Qf)(X: _)(Z: B) e T HOIHCDmp(.&?) (Xa Zn) - HOHlCmnp(m’)(Xa Zn-H.) ;;'1 HOInComp(‘Qf} (X‘ Z71+2) -

f*¢ f¢ .- I W i “i

HOInGomp(‘W) (X’ —)(T, 9) e T HOInComp(,mf) (Xa T, ) —= HOH]Comp(ef) (X Tn+1) S HOInC‘omp( o) (X T'n+2)

‘" J : |

(O)Ab : 0110"1rmup ) (X,0.) 0110mmmp ) (X,007) OHDmc somp( ) (X:04r)

Figure 1. Commutative diagram of induced homomorphisms in Comp (7).

(ii.1.b) Next, we show that Ker(H,(g)) C Im(H,,(f)). have B, 1(h),_1) = 0z, (1.5)-
Thus:

Let h, € Ker(ﬁn(g)) - ﬁn(Z,ﬂ) -
Ker(B)/Im(3%_,). Then: = fulln) + 051 (5.5 = Fn(ln) € Tm(H,(f))

hn € Ker(Hn(g)) Hence, Ker(H,(g)) C Im(H,,(f)). 3
= gn(hn) =0€ Ho(T,0) (ii.1.a) and (ii.1.b) imply that: Im(H,(f)) =

Ker(H,(g)). )
(ii.2) Let’s show that Im(H,,(g)) = Ker(¢y,).

= Fkn—1 € Hom(X, Tn—1) : gn(hn) = On-1(kn-1)  (ii.2.2) Show that Im(H,(g)) C Ker(¢y,).
= Jkn_1 € Hom(X,Tn-1) : gn(hn) = On—1(kn_1). Let hpt1 € Im(H,(g)). Then for all n € Z:

hns1 € Im(Hy(g))

= 3I%nJrl € ]EI (Z B) n( )(]%n+1) = Bn+1
= gnt1(kng1) = hng1 € Hy(T,0).

= gn(hn) € Im(6;,_4)

Since g _ is an epimorphism:
3h!,_, € Hom(X, Z,_1) such that

g:, hl = gn— hn o
il 1= 1 Y By definition of ¢,, we have:

= kn—1~
Thus: On(hnt1) = On(gns1(kns1))
= far %( 190y 1(hn+1)))
B — B2 (],_y) € Hom(X, Z,) e
€ Hy1(Y, o) = Ker(aj, ) /Im(c,)
and
where
gn(hn = Br-1(hn-1)) = gn(hn) — gn(Br-1(hn-1)) hny1 € Hom(X,Tn41), wpy1 € Hom(X, Z,41)
= gn(hn) = 05— 1(gn_1(hn_1)) such that gn1(wni1) = fngs, Posr(Wnin) €
. o e N Hom(X, Z,2).
= g:z(hn) - ngl(kn—l)
(since gp_1(hpy_1) = kn—1) In+1(knt1) = gnr1(Wng1) = Ao
= gn(hn) — gn(hn) and thus
=0= €X, Ty, - - -
kni1 € Hy(Z, B) = Ker(By4.1)/Im(5;,)
That is, i, — Bi(W, 1) € Kerlgs) = Im(f}). "
Therefore: We have:

34, € Hom(X,Y,) such that f;(¢,) = fn(fn)
= hn — ﬁn71(h%_1).
- ) )
Moreover, Bn,l(h;_l) € Hn(Z,3) = Brs1(kng1) =0
Ker(8;,)/Im(8;, _ 1)
and since 55_1(h),_1) = Bn-1(hl,_1) € Im(B}_;), we

Br*z+1(kn+1) = Bﬂ+l(kn+1) =0= €EX Znio
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Hence,

/B:Yr‘rl (kn+1)

and therefore there exists z, € Homeomp(w)(X, Zn)
such that

= Bn+1(kn+1) € Im(/B:L)

= Bnt1(knt1).

Thus:

FraBria(knsn)) = fria(Ba(zn)) = an(frgi(2a)
That is:

fn_-&Q(ﬁn-&-l(kn-i-l)) fn+2<6n(2n))

an(frty(20) € Im(a).

which implies

friaBryi(kni1) =0 € Hypa (Y, ).
Thus
Pnlhntr1) = f:;jr%(ﬂ;ﬂ(knﬂ)) =0 ¢ gn+1(Y, @)
which shows that h,, 1 € Ker(¢y,).
Hence

Im(H, (g )) C Ker(¢n).

(ii.2.b) Show that Ker(¢,,) C ( 2(9))-
Let ky 11 € Ker(¢,) C H,(T,0). Then for all n € Z:

¢n(En+1) =0¢ Hn+1(Ya a)

kni1 € Ker(¢,) =

Let wy,4+1 € Hom(X, Z,,41) such that:

g:+1(wn+1) = gn+1(wn+1) = knt1

The connecting morphism gives:

On(kns1) = F5(Bi g1 (wni1)) =0
which implies:
Fyn+1 € Hom(X, Y,+1) such that
Brs1(Wnt1) = Bry1(wnt1)
= fr+2(@nt1(Yn+1))

= f;+2(an+1 (yn+1)) .

Consider:

w;z-q—l = Wn+1 — frt1(Ynt+1) € Hom(X, Z,,11)
Then:

’ ! ! ’
g:+1(wn+1) = gn+1(wn+1)v /B:L+1(wn+1) = Bn+1(wn+1)

SO:

Gnt1(Whi1) = gn1(Wng1 — fry1(yni1))
= gnt+1(Wn+1) = gnt1(frt1(Yn+1))

= knt+1 since gny1 0 fny1 =0

= ﬂn+1(wn+1 - fn+1(yn+1))

= Bat1(Wnt1) = Brt1(frt1(Yn+1))

= fn+2(an+1(yn+1)) - Bn+1(fn+1(yn+1))
=0 since Bnt1 0 fny1 =

Bry1(whi1)

fn+2 O On+1
Thus:

ka1 = gns1(w)4y) € Im(H(g))

Hence Ker(¢,,) C Im(H,(g)).

(ii.2.a) and (ii.2.b) imply that: Ker(¢,,) = Im(H,(g)).
(ii.3) Show that Im(¢,,) = Ker(H,,+1(f)).
(ii.3.a) Show that Im(¢,,) C Ker(H,;1(f)).

Let%, 1 € Im(¢y,). Then foralln € Z:

Ypir €Im(n) = i1 € Ho(T,0) : dpn(Eni1) =Tpyy

By definition of the connecting morphism ¢,,:

Ontn1) = fri2(Bri1(9ni1(tas))) € Huna (Y, @)

Since g;, 1 is an epimorphism:
Vint1 € Hom(X, Th41),
J2n41 € Hom(X, Zy41) = gnyq(2ng1) =ttt

Moreover:

* * % *
9n+1 o gn+1 - gn+2 © 6n+1

Thus:
9n+1(9n+1(zn+1)) = 9n+2(5n+1(2n+1))
= gn+2(far2(Yns1)) = 0.

ie.,

Brii1(zn+1) € Ker(gy,40) = Im(fy40)

Hence, there exists y,+1 € Hom(X,Y,,4+2) such that

f;+2(yn+l) = Bny1(2nt1)-
Set tnt1 = Gnt1(znt1), with 2,41
Then ¢, (t,1+1) = Ynt1, which implies

Hyp1(f) (Fnr)

= g;}rl (tn+1)-

= fur2(yns1) =0
Hence 77,,,, € Ker(/ Hyia(f
So Im(¢,,) C Ker( (Hni1(f)

)
)-
(ii.3.b) Show that Ker(H,,1(f)) C

Im(@,).
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Let 741 € Ker(Hy,41(f)). Then:

Hyi1 () 1) = fas2(ns1) =0
= fn+2(yn+1) S Im(ﬂn+1),

Hence 3Jz,41 € Hom(X, Z,+1) such that
f:+2(yn+1) = Bn+1(Zn+1)-
Set tpy1 = gni1(znt1) With zpy1 = g3 (fnta).

Then t,,41 € ﬁn(T, #) and

n (tn+1) = Yn+1

Hence ¥, 11 € Im(¢y,), ie., Ker(Hp11(f)) C Im(oy,).

(ii.3.a) and (ii.3.b) imply that: Ker(H,1+1(f)) = Im(¢,).
Therefore,(ii.1), (ii.2), and (ii.3) imply that the sequence

T HTl(f)
_—

e Ho((Y, ) o)

H,.((Z,8)) —— Ha((T,0))

P I:1n+1(f)1:1 Hpi1(9) ~

—— Hp i1 ((Y, @) — Hni1((Z,8)) — Hn1 (T 0))

Prt1

is a long exact sequence of abelian group morphisms.

4. Conclusion

In this work the connecting morphism is well defined for

VneZ On - ﬁn((Tv 0) — I:I"_,_l((Y, a))

ki1 2 (B (9n7i (k1))
and the sequence
= Hn(f) = Hp(g) =~
= Hu((Y,@)) = H,((Z, 8)) ——> H.((T,6))

b Hp41(f)~
—

Hyp1(9) ~
— L (Y, ) A

Hn+1((Z7ﬁ)) B TL+1((T7 9))

bn+1

is a long exact sequence of abelian group morphisms.
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