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Abstract

In this paper, we studied the necessary conditions for seeking optimal trajectory, optimal control, optimal time and optimal
state. Then, we applied these qualitative properties to explore two numerical methods of a variable order fractional optimal
control problem until full free ends that the initial time, initial state, terminal time and terminal state are free simultaneously.
Based on the relations between variable order fractional calculus operators, i.e., the integral formulas by parts, the necessary
conditions of optimality of a variable order fractional optimal control problem until full free ends drove from the
Euler-Lagrange equation, applying Hamiltonian and variational principle. To develop the solution methods, we proposed the
“optimization first, then discretization” (OFTD) method and the “discretization first, then optimization” (DFTO) method. The
OFTD method is to solve the variable order fractional optimal control problem until full free ends by transforming the
Euler-Lagrange equation into a nonlinear system using the Grinwald-Letnikov definition and manipulating the transversal
conditions as an objective function of error quadratic minimization, i.e., a nonlinear programming type problem with equality
constraints. The DFTO method is to solve the problem by transforming the variable order fractional calculus into a classical
optimal control problem with integer order using the expansion formulas of the variable order fractional calculus operators.
Finally, we demonstrated the validity and accuracy of the proposed methods through various types of numerical test problems.
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1. Introduction

In the last decade, many scientists have studied the varia-  [5], automatic control [3], image processing [20] and signal
ble order (V-O) fractional calculus more and more actively  processing [4], and its efficiency and advantages have been
as it models phenomena more accurately than classical inte- ~ demonstrated scientifically.
ger and fractional calculus [14]. The V-O fractional calculus The early stage, Samko and Ross [12] proposed the idea of
have been applied in the fields of viscous elastic mechanics ~ V-O fractional calculus and Sierociuk, Malesza and Macias
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[13] clarified the derivation of V-O fractional derivative, its
interpretations by switching scheme and approximate com-
putation method by operational matrices. Moreover, the ex-
tension formulas to higher-order derivatives for V-O frac-
tional operators have been developed to enrich the properties
of V-O fractional calculus [1, 2, 9]. In particular, Tavares,
Almeida and Torres explained the correlation and numerical
methods between the Caputo V-O fractional calculus and its
variations [17]. Ortigueira and Valerio added new and con-
venient definitions to various variable-order fractional oper-
ators and enriched the expression of transfer function by lin-
ear dynamical system and V-O Mittag-Leffler function [10].
By the progressive studies for such V-O fractional calcu-
lus, it is interesting to show good results, with the expansion
of research into variational method, optimal control and au-
tomatic control with applications beyond the constant and
fractional order optimal control problem [11, 15]. The au-
thors of [18] studied the necessary conditions of optimality
and the computational method of generalized fractional vari-
ational problems with a combined Caputo higher order de-
rivative and a state time delay. In addition, they proposed the
methods for finding the minimum solution of the isoperimet-
ric problem with combined Caputo derivative of variable
fractional order and a new variational problem with ho-
lonomic constraints [19]. Heydari [6] derived the necessary
condition and numerical solution method of extreme by ex-
pressing state variable and control variable as Chebyshev
basis functions and transforming the original problem into
the nonlinear algebraic system for a type of variable order
fractional optimal control problem (V-OFOCP). The opera-
tional matrix method and Gauss- Legendre quadrature of the
V-0 fractional integral (V-OFI) are used in [8] and the
wavelet method is applied in [7] to approximate the
V-OFOCP to a system of algebraic equation for numerical
solutions. The optimal control problem (OCP) of a general
V-0 fractional delay model for product advertising effect is
resolved in [16]. Here, they modeled a V-OFOCP that max-
imizes the number of purchasers who buy a product, and

solved it numerically using a nonstandard difference method.
In addition, a few papers on the V-OFOCP described by a
partial differential equation introduced, making the V-O field
more interested.

In this paper, we propose the theoretical properties of op-
timality and numerical methods of a variable order fractional
optimal control problem until full free ends (FFE). Here, the
dynamic system is described as a binomial variable-order
fractional differential equation (V-OFDE). The rest of this
paper deals with the following sections: Sect. 2 reviews defi-
nition and numerical approximation schemes of V-OFDs and
proves their relations. The necessary optimality conditions
and numerical method of the V-OFOCP are resolved in Sect.
3. In Sect. 4, we demonstrate the validity and accuracy of our
theory and methods through some numerical experiments.
Finally, conclusion is drawn.

2. Preliminaries

In this section, we review basic definitions and properties
of variable order fractional derivative (V-OFDs) and their
approximation schemes that be used in this paper.

2.1. Definition

Prior to introducing definitions of the V-O operators, we
recall two special functions: Gamma and Psi functions. The

Gamma function is defined by T'(t) = rort‘l exp(-7)dr,t >0
0

and its fundamental property that will be used in this paper is
['(t+1)=tr(t). The Psi function defines as the derivative of the
logarithm of the Gamma function, i.e.
Y(t) =d(In(l(t)) / dt =T"(t)/ T(t).

Definition [10] Given a function x:[a, b]—R and a< CY([a,
b], [0, 1]), then for te[a, b],

1. The left Riemann-Liouville variable order fractional inte-
gral (V-OFls, type A and type B) of order a(t) are defined by

t

t
1 1
Ala(t) t) = Ia(t) t) = t— a(t)-1 d ’ Bla(t) t) = t— a(r)-1 dr.
A1EOX(M) = 4 179X —F(a(t»i( O x(@)dz, BIEOX() !F(Q(T»( 2“0 x(z)dr (1)
2. The right Riemann-Liouville V-OFIs (type A and type B) of order a(t) are defined by
1 ° o1
Ia(t) t) = —t a(t)-1 dr, Bla(t) t) = —t a(r)-1 dr.
JEOx() F(a(t))-!(r )" O x(@)dr, BIEOx() !—W(T»(r )*Ox(z)dr )
3. The left Riemann-Liouville V-OFDs (type A and type B) of order «(t) are defined by
1 d| d ¢ 1
DFOx(t) = ————— | (t-2) O x(c)d7,, EDFOx(t) == (| ———(t—7) *@x(r)d7).
DX = !( o) “Ox(r)dr,, 20FOx() dt(ve':l"(l—a(r))( 0 “Ox@da). @)

4. The right Riemann-Liouville V-OFDs (type A and type B) of order «(t) are defined by
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b d b
— | (-)*Ox(2)dz,, BDFOX() = -—

a(t) 1t d e
Dy U x(t) = T(—a(t) dt _t[( dt (-!. r'd-a(r))

(r —t) O x(z)d7).
5. The left Caputo V-OFDs (type A and type B) of order of(t) are defined by

(t—7) O x'(r)dr.

t
Cra®) oy 1 _-at) B.Cya(t) 1
D X(t)_l"(l—a(t))-e[ (t=n) " x(@dzr,, D) = I r(l—a(z)

6. The right Caputo V-OFDs (type A and type B) of order a(t) are defined by

b

O ) j (et “Ox(e)de, , BSDEO(t) = I

-1

a(z)
ra—a() (r—t) X' (r)dz.

7. The left Grinwald-Letnikov V-OFDs (type A and type B) of order a(t) are defined by

SDrOx(® = lim Z( D (“(t)j —kn) , BeDEOX() = lim Zr(]a(lk)h) [“( )J (t—kh).

a(t)
Nh t —ak h Nh t —ak

8. The right Grinwald-Letnikov V-OFDs (type A and type B) of order a(t) are defined by

Dy Ox@ = tim Z(al()t)L ()]X(t+kh) ey Ox(@ = lim Z(a(lk); (aékh)]X(Hkh)-
Nh b k=0 h Nh b tk h

order k by

2.2. Expansion Formulas of V-O Fractional

t
—(k_ _ \k-n-1
Operators and Relations Vi® =k n)I(T 3 x(@dr.

Here, we denote the approximation of V-O fractional op- Then,
. . . . g t
erators of a function as series of terms involving only inte DFOx(t) =S, (t)- S, () + E () +Epn (1)
ger-order derivatives and drive the relations between the ith
operators. wit

Theorem 2.1 [2] Fix neN and N >n+1, and let
x(-) e C"*([a,b],R). Define the (left) moment of x with the

n N
S, (t) = (t—a)™*® {Z Aa(®),k)t-a)* x )+ > Bat), k)(t-a)" "V, (t)} ,
k=0

k=n+1

oy N C(p—n+a(t) _
A(a(t),k) = rki1-a®) {l+ ng_k e —K)(p_n+ k)!l k=0,...,n,

i C(k—n+a(t) _
B(a(t) k) = oM@ a@k_mi KN

x(t)a(t) 1a, |INC-8) 1 _ a(t) ) (=)
SZ(t)_F(l— (t))( Y [1—0!(0 -a®)? n )Z( Jk”

395

(4)

®)

(6)

(7)

(®)
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k=n+1

(O a() L & —a()
Z(;{ j( Y Z p(k + p+1):|+1"(1—a(t)) (-2 In(t-2) 3 (k—n—l]

_1\k—-n-1 N+n+l/ t N
ol i)_n t-a)" V(- kzl(k _O{n(_)lj(—l)kn 1><Z; p(k Py (t- a)”kpvkw(t)} _
=N+ p=!

The error of the approximation , D x(t) = Sy (t) —S,(t) is given by E; y(t) + Ex(t), where Ey \(t) and E;(t) are bounded by

exp(n-a)’+n-aft) (t—a)"e®

[Eun 0] < Lna () T(n+1-a(t)(n-at)N"“O

L(©) x[a® ©)] ¢ -2)> O exp(@® ©) - (1)) 1
x [|In(t —a)| +—}

|E2,N (t)| < F(2—a ()N

With
L; (t) = max |x(J>(T)|, jefln+1}.
re[a,t]

Theorem 2.2 [2] FixneNand N >n+1, andlet x(-) e C"*([a,b], R). Define the (right) moment of x with the order k by

b
W, (t) = (k—n) J’ (b-7)*"x(r)dz.

Then,

Where

n N
S, = (b~ {Z Aa(®), )b - x 1)+ D Bla),k)b-1)"*W, (t)} ,
k=0

k=n+1

P G S N I(p-n+a(t) -
Ala(®).k) Tk +1-a(t) {:Hp_nﬂkF(a(t)—k)(p—n+k)!1 k=0,....n,
B(a(t), k) = ()" I (k=n+a() k=n+1,...,N,

I(—a(t)CQL+ a(t))(k —n)!
XAt o oraw  |INO-H 1 IR SIEIUN )
S =— (0= { In(b t);( N

rA-a(t)) 1-a(t) (1-alt)? -
a(t) (t) oty B N o)
%;[ k j( Y Z p(k + p+1)}r(1—a(t)) ®-0 ['”(b D2 {(n1
( 1)k nt n—k Nt —a(t) K—n-1 N 1 n—k—p
(b-t)""W, (1) - kgﬂ(k j( D Xzzl—p(k - (b-t) Wi, p @) |-

The error of the approximation Dy’ (t)x(t) = §)(t)+S,(t) is given by E; n(t) + Exn(t), where E; y(t) and E,(t) are bounded by

exp((n—a(t))2 +n—a(t))

«(b— n+l-a(t)
C(n+1—a(t)(n-a(t))N"*® (b-1) '

|E1,N (t)| < L ()

396
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- <Ll(t)x‘a(l)(t)‘(b—t)z_“(t)exp(az(t)—a(t)) o L
| 2'N()|_ l—w(z_a(t))lea(t) ><|:| n( - )|+ﬁ:l’

With
L;(t) = max |X(j)(r)|, jefln+1}.
rela,t]

It can derive the similar formulas by Theorems 2.1 and 2.2 for the left and right Riemann-Liouville V-OFls.
Theorem 2.3 [2] FixneNand N >n+1,andlet x() e C"*([a,b],R). Then,

n N
alf’(t)x(t)=(t—a)““){ZA(a(t),k)(t—a)kx(k)(t)+ > Ba(®),k)(t-a)"" "V, () |+ Ey ®),

k=0 k=n+1
where
N
Aa(t).k) = mx {1+ p:;_k o Of ((tg’__:)z;‘_(t;)+ of | K0,
Bla().k) = —— N N

Ca®))Cl-a®)(k-n) —
A bound for the error Ey (t) is as follows:

exp((n +a(t)?+n+ a(t))

«(t— n+l+a(t) )
C(n+1+ a(t))(n+ a(t))N"*O t-2)

|EN (t)| < Lpa(t)x

Theorem 2.4 [2] FixneNand N >n+1,let x() eC"*([a,b],R). Then,

k=0 k=n+1

n N
J5Ox® = b -)“© {ZA(a(t),k)(b—t)kx‘k><t)+ D Bla(®) k)b -t)" W, (t) |+ Ey (1),

where

N GO N L(p—n-a() _
A = o Tra) {H 2, TCa() K)(p_n+kt | <O

p=n+1-k

COTK=n—a®) oy
T'(a@))TC'l—a(t))(k—n)!
A bound for the error Ey(t) is given by

B(a(t),k) =

exp((n +a(t)®+n —a(t))
F(n +1+ a(t))(n + a(t)) N n+a(t)

[En (O] < Lya () (bt

Theorem 2.5 (Relation between the fractional integrals of type A and type B)
Let O<a(t)<l and f(-),g()eC([a,b],R). Then,

b b
o1V todt= [ t@-15 Vgt ©)

Proof By applying the Fubini’s theorem or Dirichelet’s formula and changing the independent variable of the integrand, we get

397
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ig(t)alﬂ‘)f(t)dt—Mg(t)f( )

b b
1
=£(!g(t>f(r) )

(t—72)*Odr)dt =

[(a(1)

(t-2)*Odtydr = If(r)”“)g(r)df—f O 590t

Theorem 2.6 (Relation between the fractional derivatives of type A and type B)
LetO<a(t)<1, if f(),() and B1*Ug() e AC([a,b],R) . Then,

b
J’ g(t)SDEO £ (t)dt = (1) 81X *Og 1) |+I f(t)-BDeOg(t)dt.

Proof By definitions, it follows that SDZ*® f (t) =

(10)

o d
N (t)af(t).

Applying theorem 2.7 and integration by parts for classical integer derivatives, we obtain

b

b b

a — d d a
JoSDr@t@dt=[o@ 1O o fdt= - O 1 Ogt=
a a

a

b b d
(OO0 |- [ 1O Comdt = 10 517 Vg0) |+ j - Dt
a
a

3. Necessary Conditions of Optimality
and Approximate Solution Methods of
V-Ofocp

3.1. Necessary Conditions of Optimality

In this section, we derive necessary optimality conditions
of a type of V-OFOCP with the dynamic system described as
a binomial V-OFDE in the sense of Caputo.

Let «eCY([0,),]0,1[) and L, f:[0,+0)xR?—>R be
two differentiable functions. Subject to the control system:

Myx(t) + M, DFOx(t) = £ (¢, x(1), u(t)) (11)
with (M3, M,) #(0,0) and the variables a, T, x(a), x(T)

with a<T<co, we consider the V-OFOCP until FFE of which
the cost functional is as the following:

T
J(x,u,a,T)= j L(t, x(t),u(t))dt + d(a, x(a),T,x(T)) > min (12)

{Mlﬂ(t) +M, B0 1) +

We assume that the state variable x is differentiable and
the control variable u is continuous.

Initial time a, final time T, initial state x(a) and final state
X(T) are unknown generally.

Theorem 3.1 If (x, u, &, T) is a minimizer of (12) under the
dynamic system (11), then there exist a function 1 for
which the (x,u,a,T), te[a,T] satisfies:
the Hamiltonian system

M, A - M, 5DFVA() = -2
(13)
Myi(t) + M, SDFOx() = 1
the stationary condition
OH (6, XV, A0 u(t) _ 14)

ou

and the transversality conditions, that is to say,
the transversality with respect to x

8cD(t,x(t),T,x(T))} o
ax t=a - ’

398
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[Mlxl(t) M, B ) - OPE X(a"’)‘()'t’ X(t))} -0, (15)
t=T

the transversality with respect to t

[H (t, %, £) — M, A(0) SDEOX(E) + Myx(t) BI04t — 22 X(ta)t'T' Xm)} -0,
t=a

[H(t X, U, 2) — M, A(0) SDEOX(t) + Mx(t) 10 4 g) + 2P X(a‘""t)’t’x(t))} 0. (16)
=T

Proof: we use Lagrange's indefinite multiplier method to adjoin the dynamic constraint to the cost functional. To start, we
define the Hamiltonian H by

H(t, x,u, 4) = L(t, x,u) + A1 (t, x,u),

Where ] is a Lagrange multiplier, so that, we can rewrite the original problem as minimum problem without a constraint
J(x,u,a,T,A) =IH —1[M1x+ M, SDF®x ]dt+q)(a, x(@),T,x(T)).

Now, we consider variations X+ 96X, U+du, a+oa, T +6T, A+4 .
As the first variation of J must vanish when evaluated along the minimizer, we get

0= j[ﬁ5x+—6u+%51 (MlX(t)+M2ng‘(‘)x(t))—l(t)(MﬁX(t)+M2th“(t)Sx(t))Jdt

+6T [H(t, XU, 2) — A)(MX(t) + M, th“(t)x(t)l:T —5a[H(t,x,u, ) — AMX(t) + M, th“(‘)x(t)l:a

L 00@,x(@).T,x(T)) o o0(a x@),T,x(T)) (x(a)sa+Sx(a))

oa OX
+6<D(a,x(2%,T,x(T))5T+66D(a,x(gi,T,x(T)) (X(T)ST +5x(T)).

Integral formulas by parts on integer and variable-order fractional operators (Theorem 2.6) give the relations

T T
Ii(t)Sx(t)dt - I SXO)AM)dt + Sx(T)A(T) - Sx(a)A(a),

J/‘L(t) Dt“(t)5x(t)dt—_[5x(t) DEOA0dt+5x(T)[ 213 “m/l(t)] —ox(@)[ 1t “‘%(t)]
Therefore, we deduce the following expression:

.
I [5x(66—H+ M, A(t) - M, tDT“(t)l(t)J+5u 2 +5,1(‘?; —MX(t) - M, ng‘(‘)x(t)ﬂ dt
a

—S5x(T) [Mlﬂ(t) M, Bl ) - SPEX@LT, Xm)} +6x(2) [Mlﬂ(t) M, B gy 4 SP@XE@)LT, Xm)}
=T t=a

ox ox
+6T[H(t,x,u,/1)—l(t)( X0+ M, SDEOXW) + acp(a’x(;'T'x(T»+a®(a'x(gi’T’Xm)X(t)}

t=T
—5a{H (%,0.2) - 20)-(Myi() + M, SO Ox() - 2@ HETAT)_ EXETXT) X(t)} .

t=a

Now, we define the new variables oX, = (X+oX)(a+da)—x(a), X =X+xX)(T +T)—x(T).
Because Sx(a),5x(T) are arbitrary, in particular, we can consider variation functions for which §x(a) =0,6x(T) =0. By

399
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Taylor’s theorem,
(x+5x)(a+5a) - (x+5x)(a) = (x+X)'(a)da+0(sa’) =[x(a) + 5%(a) | da+O(5a’)
= X(a)da+ox(a)da+0(sa?) = x(a)da+0(5a?),
(X+SX)(T +8T) = (X+X)(T) = (X + %) (T)ST +O(5T2) = [X(T)+5'x(T)]5r +0(5T?)
= X(T)ST +6X(T)ST +O(5T2) = X(T)ST +O(5T ).
and
Xy, = (X+oXx)(a+0sa)—(x+ox)(a) + (x+ox)(a) —x(a) = ox(a) + x(a)Sa+0(5a?)
X =(X+X)(T +T)—(X+IX)(T) + (X+X)(T) —X(T) = Sx(T) +X(T)ST +O(5T2)
Thus, 6x(a) =8x, —x(a)da+0(5a%), Sx(T)=06x —X(T)ST +O(S5T?).
Finally, we arrive at the following expression
oH

:
oH . . . oH
j {5x(a+ M, A(t)-M, °Ds (‘)i(t)j+5/1[a—/1— M x(t) - M, <D mX(t)j+5u E}dt

a

OX

od(a, x(a),T, x(T))}
8X t=a

(D] My + M, 10 20 - CXXET XD
T

+5X%, [Mlﬂ(t) +M, B0 1) +

+6T [H (t, X, U, 1) — M, A1) SDFOx(t) + Myx(t) B137¢® 4(t) +

od(a, x(a),T, x(T))}
ot t=T

—5a[H (t, %, £) — M, A(0) SDEOX() + Myx(t) BI04t — 2P & X(ZT’ X(T))}
t=a

+0(5a%)+0(5T?) =0.
From the condition of the theorem, the first variation of J Remark 1 If a(t)=1 and (M, M,)=(1, 0), then we can obtain
5J(a,T,x,u,)[5a,5T,5%,6uU,64]=0 holds, thus, for ar- the necessary optimality conditions for the classical OCP.

bitrary 0, 0T, 5%, 54, 8U and 9%, %, , three integrands and Remark 2 From the theorem 3.1, we can simply know that
four multipliers must be zero. Finally, the necessary condi- if T is fixed and x(T) is free, then the transversality condition

tions of optimality are derived and the theorem is proved. holds with

{le) M, 810 1)~ SO x(t))} o
t=T

and if x(T) is fixed and T is free, then the transversality condition holds with

[H (& X(), U(), A(0) ~ M) SDFOX() + M,x(t) $1T“ O a(t) +W} _o.
t=T

Furthermore, if the a, T, x(a) and x(T) are fixed simultaneously, then theorem 3.1 holds with no transversality conditions.

V-OFOCPs in the sense of Caputo or Riemann-Liouville.

32 Approxima‘tion Solution Methods Of In this Section, we consider the fO“OWing V-OFOCP in the
V-OFOCP sense of Riemann-Liouville (or Caputo) subject to the con-

trol system and the initial boundary condition
We answer V-OFOCP numerically in two ways. We solve

it by utilizing V-O fractional necessary conditions and then MyX(t) + M, . DEOx(t) = f (t, x(0),u(®) ,

applying approximation formulas of V-O operators (“opti-

mize first, then discretize” (OFTD)) or by transforming the or M;x(t) + M, SDFOx(t) = f (t, x(t), u(t), (17)
problem into a classical integer-order OCP and then deriving

the optimality necessary conditions of approximated inte- x(a) = X, (18)

ger-order OCP (“discretize first, then optimize” (DFTO)).
With the second method, we can solve various types of

400
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with (M, M,)#(0,0) and fixed real number x,, the cost First Method (OFTD)
functional is The optimality condition (13) is a system of variable-order

fractional nonlinear ordinary differential equations. There-
T fore, if we exchange V-O fractional operators by Grin-
J(X,u,T):IL(t,X(t),u(t))dt+d>(T,x(T))—>min .(19)  Wwald-Letnikov operators and take the fact that the order
function of the first terms in (17) is a(t) =1 into account,

we get the following finite difference equations.

M, C-DIx(t) + M, CEDOx(t) = a —F(t X(t), A(t), u(t))
M, BCDrA(t) - M, BGDFOA() = - —G(t (), A, u()

Here, we defined functions F( ), G() as follows:

F(t, (), A0, u(®) ==, G(t,x(), A1), u(t)) :_%

Then, the difference equation at each point t; of the uniform grid points a=ty<t,<t,<...<ty=T is transformed into the follow-
ing nonlinear system consisting of the backward difference and the forward difference:

Mli%x(tm —kh)+ Mzzm:a)lf‘(t)x(tm —kh) = F,, (t,), X(t, ), At ), u(t,, )

,kfom k=0 , m=0,12,---N.
M Zwﬁaa +kh)—M Zw,f‘(t)/l(t +kh) =G, (t., X(t, ), A(t, ), u(t,,))
k=0 k=0

Now, we use Podlubny’s matrix approach to get the following

@ Xo ag X | |Fo
" o a)(l) | " o, af(t) a,g(t) | % 5
R T R P D

Ao ] (e e\ (] -
o ool e ] o
ot | o] ey

alt kh
Where of© = (<1)<h-@) (ém)] | wf(t):(_l)kha(kh)(ali )j M=012 . N

Consequently, we get a system of nonlinear equation with ~ VV-OFDs and homogeneous or inhomogeneous initial condi-

2N+2 unknown variables tions, can solve to this method.
X =X\ X, s Xn» Aos Ara - Ay 1T, Which can solve by Second Method (DFTO)
Newton method or secant method. Using the theorem 2.1 (or Theorem 2.5) in Section 2, we

namic system with not only left V-OFDs but also right  classical OCP:
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.
J(x,u,T) = j L(t, x(t), u(t))dt + d(T, x(T)),

[M; + M, A (1), 2)(t — ) “O1x(t) = f (¢, (), u(t) + L('\i'i—% (t-a)-“OK,

N
—MZA(a(t),O)(t—a)-“ﬂx(t)—MZZB(a(t),k)(t—a)l-k‘““)vk ®)

k=2

Mea(t) . _\ia() 3 S ((—a(t)) (-2 1k S () k-2
+—r(1_a(t))(t a) {In(t a)zzl(k zJ (t—a) kv, (t)— Z &)

N
1-k—

p=1

V() = (k-D(t—a)2xt), k=2,--,2N+2,

x(a) = x,
V(@)=0k=22N+2’
Where
B 1 N C(p+1—a(t) ~
Ala(®).l) = Ik +1—a(t)) {“ p;k I(a(t) —k)(p-1+k) !} k=01,

_ r'(k-1+a(t) ~
Bla(l0 = FCa@raramyk - <= 2N

_Int-a 1 a(t)) (-1 a(t)
Kl_1—oz(t) [1-a®)]? nt )Z[ jk+l Z( J( )Z (k+p+1)

k=0
Now, it follows the classical procedure, by defining the Hamiltonian H by

_ . Moa(t) . ey, _valt) B
H = L(t, X(),u(t) + 4, {f(t,x,u){r(l_a(t»(t ) O K, ~M,A(a(t),0)(t -a) }x(t)

N . N+2
—MZZB(a(t),k)(t—a)lk“(t)Vk(t)+M(t—a)1“(t){ln(t—a)Z(_a(t)J [Gh n (t a)t v, (1)
K=

s C(l-af(t) s\ k=2) k-
N[0 (_1)k-2§:71 (t-a)" PV, () [} /IM; + M, Aa(t), 1)t —a) 0]
k=2 k-2 p= 1p(k p-1) e ' 2 |
2N+2
+ Z A (p=D)(t—a)Px(t) .
p=2

Let A=A, o) and X =(XVy, -+, Von,0) . Then, the necessary conditions of optimality are
{X _oH ,_oH oH _

v X au
In addition, the transversality conditions for T and x(T) are added. Thus, we can solve the variable order fractional optimal
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control problem by solving the classical optimal control problem, using the necessary conditions of optimality.

4. Numerical Examples and Results

Example 1 Consider the following V-OFOCP

min J(x,u) = j et (x(t) —t*)? + (1 +12)? {u(t) +tt —MJZ (21)
: r'G-af(t))
subject to the dynamic system
5D Ox(®) = x(®) +u(t) , (22)
and the boundary conditions
x(0)=0, x(1)=1. (23)

The exact solution that minimize the cost functional J is given by (x* (t),u*(t)) = (t4,24t4’““) /F(S—a(t))—t“) and the

minimum value of the cost functional is J°=0.
We work out this problem with N=3 for the following V-Os
a1(t)=0.75-0.25¢c0s(xt), a,(t)=0.85+0.15t°.
First method (OFTD): First, we define the Hamiltonian H by

24140

ot 4442 2y2 =
H = e (x(t) —t")% + 1+t%) (”“)” r(5-a(t)

2
J + A)(X(t) +u(t)) . (24)

According to the theorem 3.1, we obtain the following Hamiltonian system

4-a(t)
SDrOx(t) = x4 e A0
oA (G- a(t) 2(1+1t2) (25)
-8DFOAM) = —aa—': = -2e" (x(t) ~t*) - A(1) .
Using 7 and 8 of the definition and the initial condition, (25) yields the following 2N linear system
u 24t 4w Alt
> G Ox(ty k) = x(t) + o g ¢ Aln)
k=0 rG-a(ty)) 2(1+t,%)
, m=0,12,---N. (26)
N-m
VAt +kh) = 28" (X(ty) —ty ) + Altn)
k=0
Then, we denote it by Podlubny’s matrix approach
Xo Fo
a(t) :
(a)k )(N+1)><(N+1) (0)(N+1)X(N+l)
L 27
(0) (wa(t)) % G.O |
(D<) ‘ (N+1)x(N+1) (2N+2)x(2N+2) : :
/IN GN
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Where X(tm) = Xm» ﬂ'(tm) = )‘m' m=01---,N.

We solve (27) by using Matlab’s fsolve built-in function
and evaluate the numerical solutions with different step sizes.
The maximum absolute errors in the state variable
e (t)=|x(t)-x"(t)| and control variable e,(t)=|u(t)-u’(t)| are re-

ported in Table 1 and the behaviors of the numerical solu-
tions for state variable x(t) and control variable u(t) are
demonstrated in Figures 1 and 2.

Table 1. Maximum error obtained by first method with different orders and step sizes for example 1.

a1(t)=0.75-0.25cos(mt)

Step size (h)

ex(t) eu(t)
0.02 1.095413e-02 1.332969e-02
0.01 5.441278e-03 6.938590e-03
0.005 2.712173e-03 3.538104e-03

a,(t)=0.85+0.15t°

ex(t) eu(t)

1.135268e-02
5.638499¢-03
2.809468e-03

1.569175e-02
7.858686e-03
3.930923e-03

Second method (DFTO): Following the procedure discussed in Sect. 3.2, we obtain the following classical integer-order BVP

A0
2(1+1%)?

A +o(t)x(t) + [

; -2
Vo =(p-Dt"“x®), p=2,...,N

with the boundary conditions

x(0)=0
V,(0)=0, p=2...,N,

24t4-®
rG-a(t)

{x(l) =1

t“j¢(t)—(p(t) Aa(t), 0t *Ox(t)

N
—p(1)) Bla(®), Y- OV, (1)
k=2

N
Ay = =2 (x(1) -t*) — () 4 () + o) Al (1), Ot “O 1, (1) - (1) D (k-Dt* 24, (1)

k=2

Ap =Ba®), pt " Vo)1), p=2...N

2, =0, p=2,..,N,

Where o(t) =1/ (A(a(t), Dt *®) . The results reported in Table 2 and Figures 1 and 2.

Table 2. Absolute errors obtained by second method with N=3 and a(t) in some values of t for example 1.

a,(t)=0.75-0.25cos(mt)

-
et eu(t)

0.1 3.567367e-03 1.297942¢-02

05 8.736848¢-03 1.262192e-02

0.9 1.686719¢-02 1.371493¢e-03

404

a,(t)=0.85+0.15t°

ex(t) eu(t)

2.119784e-03 1.783134e-02

6.175192e-03 1.185386e-02

2.093246e-02 1.914894e-03
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o1(t)=0.75-0.25cos(nt)

a1(t)=0.75-0.25cos(nt)

120 3 ;
1 OFTD(h=0.005)| .. ... .. ...... ... OFTD(h=0.005)
exact 25 exact
0.8 DFTO(N=3) 5 DFTO(N=3)
06+
x 151
04+
1 L
0.2+
0 0.5 :
-0.2 I 0 i ;
0 0.2 04 0.6 0.8 0 0.2 0.4 0.6 0.8 1

Figure 1. Comparison between the exact optimal solution and numerical solutions with h=0.005(OFTD), N=3(DFTO) and a4(t) for example 1.

a2(t)=0.85+0.15t°

a2(t)=0.85+0.15¢°

12 - asie o 3 ...... Sie e e e A E s a el s e
. OFTD(h=0.005) OFTD(h=0.005)
exact 25 exact
08 DFTO(N=3) DFTO(N=3)
' 2
0.6
x £ SRS
0.4 ]
H 1 .
02 E
0 £ 08
0.2 i i i i i 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t

Figure 2. Comparison between the exact optimal solution and numerical solutions with h=0.005(OFTD), N=3(DFTO) and a,(t) for example 1.

Example 2 Consider the following V-OFOCP

I 15 ’
: _ _45/2\4 2 6 T 5/2—a(t)
nunJ(x,u)-£ (X() —t92)* + L+t )(uﬁ)+¢ G 2-a®) J dt |

subject to the dynamic system
SDEF®x(t) =3 (t) +u(t)

moreover, the boundary conditions x(0)=0, x(1)=1.

157 {5/2-a(®)
"8I (7/2-a(t)

tion is J°=0. We will solve this problem with N=3 for some different VV-Os which are

The exact solution is given by (x*(t),u*(t)) :[ts’2 —tGJ and the minimum value of the cost func-

a1(£)=0.5+0.25sin(t), a,(t)=0.5+0.25t2.

First method: Define Hamiltonian
157 ?
H = (x(t) —t%2)* + @+ 2)| u@) +1° ——NF527a() | | 31)(x2 (1) +u(t)) .
(x(t) )+ A+) u®) + 8r(712—a) + A (t) +u(t)

According to the theorem 3.1, we obtain the following Hamiltonian system
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SDFOx(t) = % =t (1) +

o oH
-0 =~

x(0)=0, x(1)=1.

=~

=0
-m

=2

k=0

m
Do Ox(ty —kh) =t X (t,) +

Mtslz—a(t) _tb __AY
80(7/2—a(t) 21+t%)

— = —4(x(t) - t¥2)3 — 2tA(t)x(t)
OX

157

5/2-a(ty) _ 6
8r(7/2-a(t,)) "

m

> @O Aty +kh) = 4(X(tn) - t,"?)? + 2t At )Xt

Aty

2(1+1,%)

, m

=0,12,---,N.

The absolute errors in the state variable e,(t) and control variable e,(t) are reported in Table 3 and the behaviors of the nu-
merical solutions for x(t) and u(t) are demonstrated in Figures 3 and 4.

Table 3. Maximum error obtained by first method with different orders and step sizes for example 2.

a,(t)= 0.5+0.25t2

ex(t)

2.909017e-02
1.482769¢-02
7.474894e-03

eu(t)

1.097773e-05
1.357548e-06
1.691460e-07

Table 4. Absolute errors obtained by second method with N=3 and o(t) in some values of t for example 2.

a(t)=0.5+0.25sin(t)
Step size (h)
ex(t) ey(t)
0.02 4.671456e-03 3.070821e-03
0.01 2.327704e-03 1.475230e-03
0.005 1.158586e-03 7.224332e-04
a,(t)=0.5+0.25sin(t)
T
ex(t) ey(t)
0.1 5.591295e-03 1.601909e-04
0.5 2.620952e-02 1.601974e-04
0.9 1.331096e-02 1.463594e-04
a1{t)=0.5+0.25sin(t)
1 OFTD{h=0.005) 1
exact
08 DFTO(N=3) 08

06}

04+

-0.2 :
0 02

04

0.6 0.8 1

a,(t)=0.5+0.25t>

ex(t)

4.633698e-03
2.333812e-02
8.058294e-03

eu(t)

2.318421e-04
5.533690e-04
1.050266e-03

o1{t)=0.5+0.25sin(t)

axact

OFTD(h=0.

DFTO(N=3)

005)

0.8 1

Figure 3. Comparison between the exact optimal solution and numerical solutions with h=0.005(OFTD), N=3(DFTO) and o4(t) for example 2.
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02(1)=0.5+0.25¢* 02()=0.5+0.25¢°
121 _ 121 :
1| OFTD(h=0.005) ; 1 OFTD(h=0.005) j //
exact exact d Fd
0.8/ ——— DFTO(N=3) 0.8r DFTO(N=3) . )
__ 06 _ 06r : :
§. = : é
/_./
------ 0.2 ——‘//
0 0_“—-.—.“.'7.-.....,..v.......
0.2 ; L : : -0.2 : - : !
[} 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t

Figure 4. Comparison between the exact optimal solution and numerical solutions with h=0.005(OFTD), N=3(DFTO) and a,(t) for example 2.

Second method: Following the procedure discussed in section 3.2, we obtain the following classical integer-order BVP

15z {5/2-a(t) _6

i) 2
x=——L2 L 3 Ltgp(t)x (t)+{8r(7/2—a(t))

201 Jco(t) — p(t) Ala(t), )t “Ox(t)
N
~ D Bla®, -t OV, (1)
k=2
V, =(p-DtP?x(t), p=2,..,N

N
Ay = =4(x(t) - t7) = 2t (@) X(1) + (O Al(t), Ot “O 4, (1) — (1) D (k ~Dt* 24, (1)

k=2
Jp® = B(a(®), PEP“Op®)4 (1), p=2,...N
with the boundary conditions subject to the dynamic system
x(0)=0 X)) =1 ety ,
> a(t _
V,(0)=0, p=2,..N, 40 =0, p=2...N, x(t) + gDFx(t) = u(t) +t°, (29)
Where o(t) =1/ (A(a(t), Dty moreover, the boundary conditions
The absolute errors in the state and control variables are
reported in Table 4 and the behaviors of the numerical solu- x(0)=0, x()=2/T'(3.5). (30)
tions for x(t) and u(t) are shown in Figures 3 and 4.
Example 3 [Comparison to 11, 15] Consider the following We will solve this problem with N=3 for the following V-O
V-OFOCP a(t)=(t+1)/4, 0<t <1 according to the second method.
. According to the procedure discussed in Section 3.2, we
min 3 (x,u) :I[tu(t)—(a(t)+2)x(t)]2 dt, (28) obtain the following BVP
0

=2 0, OO s i pa.00 O o0 —w(t)kEN; B(a(). (YA “Ov, 1)
V, =(p-DtPx(t), p=2...,N

=~ 22D, - g0 A, 00000 o (D24, ()

Ay ®) =Bla(®), pt " o) 4 1), p=2,..,N -

with the boundary conditions
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{mm:o

V,(0)=0, p=2,..,N 2,M=0, p=2,..,

x(1) = 2t>° /T(3.5)
N,

Where, ¢(t) =1/ (1+A(a(t),l)t17“(t)). The results re-

ported in Figure 5.
Let us consider the case when a(t)=1/2 or 1/4. In this case,
we can simply know that the exact solution is

(X(8),T(t)) = (2t"‘+2 IT(a+3), 2t* /r(a+2)) If a(H)=1/2,
the maximum error of state variable is 0.0172 (0.03105 in
. a(t)+2

N+2

+,(t)Int- Z

( a(t)j (k)_7 oV, (1) -

V, =(p-Dt"2x(t)

with the boundary conditions
{X(O) =0
V,(0)=0,
where

.
m*, 1
. 0,

x(1) = 2/T(3.5)
k=2..,2N+2, |2,0=0, k=2..,

*m® =1

“m® =1,

00 (OX(t) ~ "”0( 2O 0+ a0 + )1 +¢’o(t){—

[15]) and that of control variable is 0.0640 (0.2041 in [15]).
Also, if a(t)=1/4, those errors are 0.0062 and 0.0377 respec-
tively.

On the other hand, let us consider the case when the dy-
namic system involves Riemann-Liouville V-OFD instead of
Caputo V-OFD in (29). Then, the dynamic system is

X(t) + o DEFOx(t) = u(t) +t2.

In this case, we get the following BVP

N
D B(a(®). kit Oy, 1)

k=2

k2N 1
D2 S

~p(k

N+2

caz(t)z[ “]

2N+2
A== 222 040 - OAOA0 - >, (-
~p-a a(t)) (-)P- 2
I <‘>¢o(t)ﬂi(t)—5.NN+i_2p. o 0e 040Nt [p_ j 0
+ 9 (D, (DA (1) Z[ j( 1% 2;tl‘k", p=2,....2N+2
o I(k+1-1)

2N +2,

and ™m? denotes the minimum integer that is greater than m. The behaviors of the numerical solutions for x(t) and u(t) of these

both case problems are drawn in Figure 5.

0.7

a(ty=(t+1)/4
at)=1/2
s a(ty=1/4

06 ‘

0.5F

04

0.3+

0.2

0.1

16

a(t)=(t+1)/4
a(t)=1/2
memrmemnes a(t)y=1/4

1.4}

121

Figure 5. The graphs of the numerical solutions of state variable x(t) and control variable u(t) with N=3 for example 3.
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Example 4 Consider the following V-OFOCP with free
terminal time

.
min J(x,u) = J' [tu(t) — (@) + 2)x@) ] dt
0

subject to the dynamic system

x(t) + SDFOx(t) = u(t) +t2,
and boundary conditions x(0)=0, x(T)=1.

According to the theorem 3.1, we obtain the following
Hamiltonian system

X'(t) + %Dt“(t)x(t) = aH =x(t) (a(t)+2) 2o ﬂ(tz)
- t 2 (a3
20~ 8070a) -2 =2 22,

We can get the nonlinear system of equations (NSEs) ac-
cording to the first method.
As terminal time is free, we can consider transversality

1.2 _
1 alh)=1/2
alt)=(t+1)i4
08F | —— =05/(1+1)
06
1
04}
0.2t

0.8

0.2 0.4 0.6

condition as the following error equation
e(T) = H(T,x(T),u(T), A(T)) —M,A(M) DF Mx(T) =0. (32)

Calculation Algorithm is as follows:

Step 1 Set arbitrary T¢>0.

Step 2 Solve NSEs (31)~(32) exchanged T for T,.

Step 3 Estimate E(T,)=[e(T)]* and if E(T,)<e then stop
calculation, else determine T,—T,.; by using shooting
method type, chord or Newton method.

Step 4 Repeat step 2 and 3.

We have solved NSEs (31) and error equation e(T) (32) by
using fsolve and fminsearch built-in functions. To compare
with the result of [15], we solved the problem with a=1/2,
h=0.01 and then, its results are T=1.0901 and J=1.8351e-12.
when a(t)=(t+1)/4, 0<t<3 and a(t)=0.5/(1+t), 0ST<0 the
results are shown in Figure 6.

25 _
at)=1/2 e

2r alt)=(t+1)/4 e >

15k a(y=0.5/(1+1%) |~
,//
7

1k )

05}
/ -

0

0.5

0.2 04 0.6 0.8 1.2
t

Figure 6. The graphs of the numerical solutions of state variable x(t) and control variable u(t) for example 4 where terminal time is free.

Example 5 Consider the following V-OFOCP where both
terminal time and state are free

T
minJ(x,u,T,x(T)) = J-[tu(t) —(a(t) + 2)x(t)]2 dt + (x(T) —1)2
0

subject to the dynamic system

& (T, X(T)) = H(T, X(T),u(T), A(T)) - M,A(T) ¢DF Vx(T) +

E(T.X(T) =
& (T.X(T) = A(T) -

Calculation Algorithm is as follows:
Step 1 Set arbitrary T¢>0, X(Ty)=x>0.
Step 2 Solve NSEs (31) that added x(T,)=X.

Step 3 Estimate ||E(Tk,Xk)||2 and if ||E(Tk,Xk)||2 <g, then

stop calculation, else determine
(Ty, X)—(Tys1, Xk+1) by using shooting method type, chord
or Newton method.

oD(T,x(T))
Ox ’

409

x(t) + §DFOx(t) = u(t) +t2,
and the initial condition x(0)=0.

NSEs are composed of (31) in example 4, and the follow-
ing simultaneous equation for transversal conditions is ac-
cepted as additional condition

o(T, x(T))
ot

Step 4 Repeat steps 2 and 3.

Using this algorithm, we get the numerical results of
V-OFOCP where both terminal time and state are free as
shown in Figure 7.

Table 5 shows numerical results of examples 4 and 5 syn-
thetically.
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1.2 2
.| alty=1/2 =172
a(ty=(t+1)/4 150 aft)=(t+1)i4 R 8
0.8 a(ty=0.5/(1+) aft)=0.5/(1+2) /
1 5
04+
0.2F
02 ; ; ; ; ; ; ‘ j
0 0.2 0.4 0.6 0.8 1 12 14 186 14 16

Figure 7. The graphs of the numerical solutions of state variable x(t) and control variable u(t) for example 5 where both terminal time and

state are free.

Table 5. Numerical results of examples 4 and 5.

a(t) T x(T) J [IEl2 Color Position
1.0901 Fixed 1.8351e-12 4.6563e-17 blue Figure 6
a(t)=1/2
1.5302 1.0017 3.0229¢-06 0.0088 blue Figure 7
1.1103 Fixed 6.1594e-13 4.7458e-17 black Figure 6
a(t)=(t+1)/4
1.5509 1.0022 5.0506e-06 0.0112 black Figure 7
0.9384 Fixed 7.4178e-12 6.5834e-17 red Figure 6
=0.5/(1+ 2
(D=05/(1+t) 1.4410 0.9981 3.7756e-06 0.0100 red Figure 7

The V-OFOCP with FFE can resolve by the proposed
method also.

5. Conclusion

We have investigated the optimality conditions and the
numerical methods to solve V-OFOCP with the dynamic
system described as a binomial V-OFDE and full free ends.
We have worked out V-OFOCPs where both time and state
are free simultaneously at the initial and terminal points by
considering transversality conditions as error equations. The
proposed method is directly based on the approximation of
V-OFDs and able to solve numerically various types of
V-OFOCP involving Caputo V-OFDs or Riemann-Liouville
V-OFDs. We have provided some illustrative test problems

to show the efficiency and accuracy of the proposed methods.

These methods can apply to multi term V-OFOCPs and it

involves integer or fractional order problems as special cases.

The theoretical research, computational method, analog im-
plementation and application of V-O fractional automatic
control and optimal control in closed system are important as
open system and are now open.
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Abbreviations

V-0 Variable Order

V-OFOCP Variable Order Fractional Optimal Control
Problem

V-OFDE Variable Order Fractional Differential
Equation

V-OFD Variable Order Fractional Derivative

V-OFI Variable Order Fractional Integral

OCP Optimal Control Problem

OFTD Optimization First, Then Discretization

DFTO Discretization First, Then Optimization

FFE Full Free End

NSE Nonlinear System of Equation

BVP Boundary Value Problem
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