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Abstract: We present an explicit one-parameter family of elliptic curves defined over Q(t) possessing at least four independent
rational points, where the fourth point is defined over a quadratic extension. By specializing at tg = —842/35, we compute the
Néron-Tate height pairing matrix of these points numerically using SageMath, establishing their linear independence and hence
the curve’s rank of at least 4. This construction builds upon interpolation techniques and explicit extension field definitions,
contributing a concrete example in the study of high rank elliptic curve families.
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1. Introduction

The theory of elliptic curves, a cornerstone of arithmetic
geometry, is defined by the profound challenges it presents.
Central to this field is the rank of an elliptic curve, an integer
that quantifies the number of generators of its rational points.

The existence of this structure was established by the
Mordell-Weil Theorem [1], a fundamental result proven
by Mordell in 1922 and generalized by Weil [2]. Its
effective determination, however, remains a notoriously
difficult problem, closely linked to the famous Birch and
Swinnerton-Dyer conjecture (1960s) [3, 4]. The search for
high-rank in the history of computational number theory, with
notable contributions from Mestre [5], Elkies [6, 13], Dujella
[71, and [12]. The problem of constructing explicit parametric
families of elliptic curves with high Mordell-Weil rank over
function fields such as Q(¢) is classical and remains active (see
[8-11]).

In the context of elliptic curves, quadratic extensions of the
base field Q often arise naturally and play a crucial role in
revealing hidden arithmetic properties. A quadratic extension
K = Q(v/d), where d € Q is not a perfect square, enlarges
the field of definition, potentially uncovering rational points
and symmetries on the curve invisible over Q. From an

arithmetic perspective, such extensions are fundamental for
several reasons:

1. They allow the Mordell-Weil group E(K) to be strictly
larger than E(Q), with new points defined over K.

2. Quadratic extensions are intimately connected to
complex multiplication and modularity phenomena,
relating elliptic curves to deep results in class field
theory.

3. The behavior of ranks under quadratic extensions is
linked to variations in the root number and Selmer
groups, key ingredients in the Birch and Swinnerton-
Dyer conjecture.

4. Computational methods such as 2-descent leverage
quadratic extensions to provide refined rank and Tate-
Shafarevich group information. Therefore, studying
points Py(t) defined over quadratic extensions enriches
the arithmetic complexity and offers crucial insight
beyond the base field, making these extensions
indispensable in the comprehensive study of elliptic
curves.

This paper presents a constructive method for generating

curves and the high rank results obtained through it.
Interpolation methods and quadratic extensions have been
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successfully combined to push known rank records in families,
but explicit constructions with rank at least 4 remain
challenging. We continue in this tradition and provide:
1. Three rational points Py (t), Py(t), P3(t) defined over
Q(¢) constructed via polynomial interpolation.
2. A fourth point Py(t) = (x4(t),y4(t)) defined over the
quadratic extension Q(#)[y4] satisfying y4(t)* = A(t),
where A(t) = 24(t)® — (1 + 2t)%z4(t).

2. Main Result

2.1. Preliminaries

We detail here the step-by-step approach used to construct
explicitly rational points on a parametric family of elliptic
curves.

1. Extensive numerical exploration. Given a family E(t)
of elliptic curves depending on a rational parameter t, we
compute numerous numerical examples by specializing ¢ to
various rational values ¢y. This process consists in calculating
ranks and, where possible, generators of the Mordell-Weil
group for each specialized curve E,.

2. Rational fraction ansatz. Based on these observations, we
formulate the hypothesis (ansatz) that each coordinate function
2;(t), y;(t) of the points can be expressed as rational functions,
i.e., ratios of polynomials with rational coefficients:

l‘i(t), yl(t) (S Q(t)

3. Collection of sufficiently many samples. To determine
these rational functions explicitly, we gather enough numerical
samples (specializations). The goal is to have enough data
points to solve the corresponding system of equations over
Q(t) for the unknown polynomial coefficients.

4. Solving and verification via specialization. We solve the
system symbolically to find exact expressions for x;(¢) and
y;(t). These explicit points are verified by specialization:

consistency with numerical values,
verification they lie on the curve equation,
checking points are non-torsion,
verifying independence from previously found points
via height pairing.

5. Practical remarks and pitfalls.
issues such as:

1. the need for a large and good quality dataset,

2. handling fields extensions (e.g., quadratic extensions for

some points),

3. avoiding degenerate specialization values,

4. ensuring numerical stability before symbolic solving,

5. carefully checking independence results.

6. SageMath pipeline. All steps are implemented in a
SageMath pipeline automating:

1. numerical specialization and rank computation,
polynomial interpolation (Lagrange formula),
symbolic solving for rational functions,
construction of parametric points,
specialization-based verification and height matrix
calculations.

This pipeline allows iterative construction from low to
higher rank points.

Sl

We observe practical

A

2.2. Main Theorem

Thus we give the main result as follow.
Theorem 2.1. The family of elliptic curves

By y? =23 — (14 2t)%,

defined for ¢t € Q, admits four independent points P;(t),i =
1,2,3,4, where P4(t) lies in a quadratic extension of Q(t).
Specializing at {c = —842/35, the specialized curve E,
has Mordell-Weil rank at least 4 confirmed by the positive
definiteness of the Néron-Tate height pairing matrix of the
{P;(to)} evaluated numerically.

Proof. Definition of Points P (t), P2(t), P5(t) from Polynomial Interpolation via SageMath [14].
First Step: Revelation of the first point by specialization Rank 1. We get explicitly:

816656857168014 t2

322999797904691 t — 17839641325524153367

z1(t) = 19315329899959415
Py(t) =

1210154 224 2
yl(t) — 6670 01547603 9 t

7726131959983766

38630659799918830

5644102626315322433639t __ 22390055296420393168722607

16934025656578704265

518181185091308350509

10363623701826167010180

Second Step: Revelation of the second point by specialization Rank 2. This gives the rank 2 point:

158385705179667203

xQ(t) — 224948504017598526f2 __440961096140020005f _ 2265270094455215197449
Pa(t) =

y2(t) — 1773998195582501042065127t2 _

158385705179667203

158385705179667203

28025285528230748793799435685 ; _ 6908785446411711327083618110327

30630265607619560274532

28118583827794756332020376

14059291913897378166010188

Third Step: Revelation of the third point by specialization Rank 3. This gives the rank 3 point:

89063394798659145232015828091

1452587603829411701466870036860687

23(t) = 049543760401078245782553283 42
3\Y) = 37984850169973470875583813880
Ps(t) =

91163640407936330101401153312

1367454606119044951521017299680

yg(t) — 2419914303387162719274007572828831293t2 __ 260917305952589395580865929979328903625 4 _ 2493630418980669522108761096052685265600171

256128836295997652215168310754780704

3073546035551971826582019729057368448

27661914319967746439238177561516316032

These points arise from polynomial interpolation, ensuring that they lie on the curve E(t).
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Definition of the Point Py(t) on a Quadratic Extension. The xz-coordinate x4 (t) is defined by:

_ 2165695 , 180827

1827173

1) =
() = 5031730

t— .
677044 1015566

The y-coordinate y4(t) lies in the quadratic extension defined by:

_ 10157618126708077375 ¢  848121094151411675 5  28415166187569701995 ,  43929205586871895

t)? =
ya(?) 8379429381722731968 931047709080303552 2793143127240910656 310349236360101184
239764702925628383009 , = 1133575238726529377  4215629557692653129
1396571563620455328 232761927270075888 1047428672715341496°
Specialization at to = —842/35. The specialized elliptic ~ proportion of curves having ranks 0 or 1 [16, 17].
curve is: The presence of rank 3 and 4 specializations within

2719201
E_gyoyzs:y° =a° — 295

Using Magma [15], one obtains numerically:

6204
Pi(to) = (716’7ﬁ> ;

1096772 25765506
Pg(to)*< 21175 166375 )

140068 16804474
Ps(to) = -
3(t0) ( 1575 ' 23625 )

4352 541008
PMO)_(T’ 35 )
Height Matrix and Independence. The Néron-Tate

height pairing matrix H = ((P|F;))1<i,j<a4 is computed
numerically in SageMath at ¢y:

7.5468  5.2537  1.0286 —1.7688
o~ 5.25637  11.3962  0.9227 2.7803
1.0286  0.9227  7.4806  —4.8728
—1.7688 2.7803 —4.8728 7.1883

This matrix is symmetric and positive definite, with a
determinant det(H) ~ 699.333 > 0, confirming that the
points P; (o) are linearly independent.

3. Discussion on Rank Distribution

The numerical experiments on the specialization ranks of
the elliptic curve family

By =23 — (14 2t)%

yielded the following distribution on a random sample of 100
rational values:
1. Rank 0: 52%

2. Rank 1: 46%

3. Rank 2 or higher: 2%

This distribution aligns well with theoretical expectations
and prior experimental work on elliptic curves over Q, where
roughly half of curves have rank 0O, half have rank 1, and
higher ranks are much rarer. Such behavior is predicted by the
Birch and Swinnerton-Dyer conjecture and supported by the
groundbreaking results of Bhargava and Shankar, who proved
that the average rank is strictly less than 1 with a positive

the family studied highlights its arithmetic richness and
potential for further investigation. This experimental evidence
encourages a comparative analysis with other known families
to better understand the geometric and modular factors
influencing rank distributions.

4. Conclusion and Outlook

We have explicitly constructed a parametric family of
elliptic curves F; with at least rank 4 over Q(¢), including a
point defined over a quadratic extension. The specialization
at to = —842/35 and computation of the Néron-Tate height
matrix show this rank is realized in specialization, a significant
example within current arithmetic geometry.

Future directions include:

1. Searching for families with even higher rank,

2. Studying the arithmetic of the quadratic extensions

involved,

3. Exploring density and distribution of high-rank

specializations,

4. Extending the computational framework to more general

elliptic surfaces.
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