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Abstract 

This research explores the numerical investigation of natural convective heat transfer in a U-shaped device having an internal 

thermally isolated solid strip through the use of nanofluid. Such configuration along with specified boundary conditions is very 

demanding for obtaining most favourable cooling efficiency. The nanoparticle alumina (Al2O3) is considered here to form 

single-phase nanofluid mixing with pure water corresponds to Pr = 7.0. Galerkin weighted residual based finite element method 

along with sophisticated software has been adopted for solving the non-dimensional partial differential equations (continuity of 

mass, momentum and energy) that govern the present problem. The effects of natural convection parameter Rayleigh number 

varied as 10
4
 ≤ Ra ≤10

7
 and geometric parameter volume fraction of nanoparticle in the range 0.01 ≤ φ ≤ 0.1 on the flow and 

thermal field as well as heat transfer rate have been analyzed and expressed by streamlines, isotherms and average Nusselt 

number. Moreover, for better understanding of flow visualization and temperature behaviour velocity profile, temperature profile 

and temperature gradient magnitude profile are also exposed. Major outcomes of the current work are displayed in both of the 

tabular and graphical form. The results indicate that the average Nusselt number which is the representative of heat transfer 

performance rises as both of Rayleigh number and the nanoparticle volume fraction increases which establish the significance of 

pertinent parameters in respective field. 
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1. Introduction 

Natural convection in nanofluids has drawn a lot of atten-

tion in applications involving heat transfer and thermal 
management, particularly in confined geometries like 

U-shaped cavities. Because of their better thermal character-

istics over traditional fluids, nanofluid colloid suspensions of 

nanoparticles in base fluids are excellent choices for en-

hancing heat transfer rates in a variety of engineering sys-

tems. Numerous investigations into the behavior of nanoflu-

ids under various enclosure layouts and thermal conditions 

have been spurred by their enhanced thermal conductivity 

and distinctive heat transfer properties. 

In recent years, research on natural convection in 

U-shaped cavities filled with nanofluids has attracted con-

siderable attention due to its potential applications in heat 

exchangers, cooling systems, and energy-efficient designs. 

Yuan et al. [1] conducted a simulation study to investigate 

the natural convection of nanofluids in a U-shaped cavity 

with a heating obstacle, examining the effect of the cavity's 

http://www.sciencepg.com/journal/ajam
http://www.sciencepg.com/journal/148/archive/1481302
http://www.sciencepg.com/
https://orcid.org/0009-0004-8901-6881
https://orcid.org/0009-0003-0671-0599
https://orcid.org/0009-0004-8901-6881
https://orcid.org/0009-0003-0671-0599
https://orcid.org/0009-0004-8901-6881
https://orcid.org/0009-0003-0671-0599
https://orcid.org/0009-0004-8901-6881
https://orcid.org/0009-0003-0671-0599


American Journal of Applied Mathematics http://www.sciencepg.com/journal/ajam 

 

144 

aspect ratio on the heat transfer performance. Their findings 

indicated that the aspect ratio significantly influences the 

flow and thermal characteristics within the cavity, affecting 

the overall heat transfer efficiency. Yuan et al. [2] extended 

this work by exploring the impact of magnetic fields on 

nanofluid natural convection within a baffled U-shaped en-

closure, highlighting the role of magnetohydrodynamics 

(MHD) in enhancing thermal transport in such systems. 

Further studies, such as those by Esfe et al. [3] focused on 

the use of nanofluids in porous media within U-shaped en-

closures. These studies utilized a two-phase mixture method 

to model the complex interactions between the nanofluid and 

the porous structure, revealing that the presence of porous 

media significantly altered the heat transfer behavior, making 

it more efficient under certain conditions. Other studies, such 

as those by Zemani et al. [4] have also investigated specific 

nanofluids, such as CuO-water nanofluids, in U-shaped en-

closures with different geometries, demonstrating that the 

inclusion of additional features like T-shaped baffles can 

further enhance natural convection and heat transfer. 

These investigations, combined with earlier works like 

those by Snoussi et al. [5] Sheikholeslami et al. [6] and 

Gümgüm and Tezer-Sezgin [7] emphasize the diverse factors 

affecting natural convection heat transfer in nanofluid-filled 

cavities. Selvakumar and Dhinakaran [8] studied the flow 

and heat transfer of nanofluids around a circular cylinder, 

emphasizing the impact of uncertainties in the nanofluid's 

effective properties. Their research highlights the signifi-

cance of considering these uncertainties for accurate heat 

transfer predictions, which is essential for the effective de-

sign of nanofluid-based thermal systems. Several studies 

have examined the behavior of nanofluids in specific config-

urations. A. Sohankar et all [9] conducted a numerical study 

on forced convection of Al2O3- H2O nanofluid in rotating 

micro channels with hydrophilic and hydrophobic surfaces, 

revealing how surface properties affect flow dynamics and 

heat transfer in microelectronics and biomedical applications. 

Similarly, Zafar H. Khan et al. [10] investigated natural con-

vection in a triangular fin-shaped cavity with a partially 

heated base, finding that nanofluids improve heat transfer in 

passive cooling systems. Cornelia Revnic et al. [11] studied 

natural convection in a rectangular cavity, showing that 

changes in viscosity significantly impact flow and tempera-

ture distributions, highlighting the importance of accurate 

fluid modeling. Tarikul Islam et al. [12] explored heat gener-

ation and absorption effects in a wavy triangular cavity, 

stressing the need for better modeling in thermal energy 

storage and harvesting. Cho et al. [13] examined the impact 

of Al2O3 -water nanofluid on natural convection in a 

U-shaped cavity, emphasizing its role in enhancing thermal 

conductivity and heat dissipation. Likewise, Triveni et al. [14] 

performed a numerical analysis of laminar natural convec-

tion in an arch-shaped enclosure containing Al2O3 -water 

nanofluid, further validating the contribution of nanoparticles 

to improved convective heat transfer. The fundamental un-

derstanding of nanofluid behavior is rooted in classical re-

search, including Maxwell’s [15] study on effective thermal 

conductivity and Brinkman’s [16] formulation of viscosity in 

concentrated suspensions. 

From the above literature review it is followed that no re-

search has carried out yet like the chosen configuration with 

specific boundary conditions. The main purpose of the cur-

rent study is to analyze natural convective flow and heat 

transfer inside a U-shaped device containing solid strip with 

the optimization of heat transfer performance for 

𝐴𝑙2𝑂3-water nanofluid. 

2. Problem Formulation 

Figure 1 displays a U-shaped device with the same height 

and width which is taken unity, is filled with Al2O3-water 

nanofluid. A thermally insulated horizontal solid strip, which 

is 0.1 units high and 0.6 units long, is settled at the lower mid 

position of the considered domain. The upper cold rib and 

the bottom wall is maintained at constant temperatures Tc 

and Th, respectively while the rest walls are assumed as adi-

abatic. All solid boundaries along with the internal strip are 

set as rigid no slip walls which indicate velocity components 

u and v are zero. The density variation of the nanofluid and 

other thermo-physical properties are followed by the Bous-

sinesq approximation. Fluid and nanoparticle properties have 

been given in Table 1. 

Table 1. Thermo-physical properties of water and alumina at 20°C. 

Property Water Alumina (𝑨𝒍𝟐𝑶𝟑) 

𝐶𝑝(𝐽𝑘𝑔−1𝐾−1)  4179 765 

𝜌(𝑘𝑔𝑚−3)  997.1 3970 

𝑘(𝑊𝑚−1𝐾−1)  0.613 40 

𝛽(𝐾−1)  21 × 10−5  0. 85 × 10−5  

𝜎(𝜇𝑆 𝑚⁄ )  0.05 1 × 10−10  

 
Figure 1. Geometry of the studied domain. 
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The leading differential equations designed for the present 

problem described above in the dimensionless form consist-

ing of the conservation of mass, momentum, and energy using 

nanofluid can be expressed as: 

∂U

∂X
+

∂V

∂Y
= 0                   (1) 

U 
∂U

∂X
+ V

∂U

∂Y
= − 

∂P

∂X
+ Pr (

ρf

ρnf
) (

μnf

μf
) (

∂2U

∂X2 +
∂2U

∂Y2)      (2) 

U 
∂V

∂X
+ V

∂V

∂Y
= − 

∂P

∂Y
+ Pr (

ρf

ρnf
) (

μnf

μf
) (

∂2V

∂X2 +
∂2V

∂Y2) +

(
(ρβ)nf

ρnfβf
) RaPrθ                 (3) 

U 
∂θ

∂X
+ V

∂θ

∂Y
=

αnf

αf
(

∂2θ

∂X2 +
∂2θ

∂Y2)             (4) 

Where Pr =
ϑf

αf
, Ra =

gβfH3(Th−Tc)

ϑfαf
, are the Prandtl number, 

and Rayleigh number respectively. 

The equation (1) to (4) are made dimensionless by using the 

following relations 

X =
x

H
, Y =

y

H
, U =

uH

αf
, V =

vH

αf
, θ =

T−Tc

Th−Tc
, P =

pH2

ρnfαf
2   (5) 

Average Nusselt number at the heated wall of the enclosure 

is expressed as Nuav =
−knf

kf
∫

∂θ

∂X
dY

1

0
. 

The boundary conditions for the problem is given below: 

On the cold rib of the cavity: U = V = 0, θ = 0 

On the bottom wall of the cavity: U = V = 0, θ = 1 

On the remaining wall of the cavity and solid strip: 

U = V = 0,
∂θ

∂N
= 0 

The effective properties of nanofluid (Al2O3-water) are de-

fined as follows: 

Table 2. Applied model of some nanofluid properties. 

Nanofluid properties Applied model 

Density ρnf = (1 − φ)ρf + φρp 

Specific heat (ρCp)nf = (1 − φ)(ρCp)f + φ(ρCp)p 

Thermal diffusivity αnf = 𝑘𝑛𝑓/(𝜌𝐶𝑝)
𝑛𝑓

 

Thermal expansion coefficient (ρβ)nf = (1 − φ)(ρβ)f + φ(ρβ)p 

Dynamic viscosity based on Brinkman model [16] 𝜇𝑛𝑓 =
𝜇𝑓

(1−𝜑)2.5
  

Thermal conductivity, according to the Maxwell model [15] 𝑘𝑛𝑓 = 𝑘𝑓
(𝑘𝑝+2𝑘𝑓)−2𝜑(𝑘𝑓−𝑘𝑝)

(𝑘𝑝+2𝑘𝑓)+𝜑(𝑘𝑓−𝑘𝑝)
  

 

3. Computational Procedure 

The Galerkin weighted residual based finite element tech-

nique is applied for the studied problem to solve the governing 

equations numerically. In this method, at first the problem is 

defined as a two dimensional cavity and then the continuum 

domain is discretized into finite element meshes, which are 

composed of non-uniform triangular elements. Applying 

Galerkin method the governing partial differential equations 

are converted into a system of integral equations. Then 

boundary conditions are imposed and these nonlinear alge-

braic equations are modified into linear algebraic equations 

using Newton-Raphson iteration technique which are finally 

solved by triangular factorization method. 

3.1. Grid Sensitivity Check 

Different grid sizes of 2042, 3033, 4684, 11902, 30620, and 

36784 elements are taken into consideration for the current 

simulation to test the independency of the results so that 

highest accuracy can be ensured. Average Nusselt number that 

represents the rate of heat transfer at the heated bottom surface 

are computed for these selected elements. Variations among 

the results for different number of elements are very minor 

that is followed from Table 3. Finally, based on the results 

from the table the grid consisting of 11902 elements are 

chosen for calculating average Nusselt number considering 

both the correctness of the numerical values and the corre-

sponding solution time. 
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Table 3. Average Nusselt number at hot bottom wall when Pr = 7, Ra = 104, 𝜑 = 0.05. 

Number of elements 2024 3033 4684 11902 30620 36784 

Nu 1.0606 1.0603 1.0602 1.0599 1.0599 1.0598 

Deviation  0.0003 0.0001 0.0003 0.000 0.0001 

 

3.2. Code Validation 

For numerical code validation of the present problem, a 

computation is carried out to compare with the numerical 

study of CuO-water nanofuid natural convection in a 

U-shaped enclosure with a T-shaped baffle by Zemani et al. [4] 

shown in Figure 2. The comparison was carried out while 

employing the non-dimensional parameters: 𝑅𝑎 = 104, 𝛷 =

0.05, 𝑃𝑟 = 7. This figure shows that the streamline and iso-

therm patterns in the present work have excellent agreement 

with the reported studies by Zemani et al. [4]. These valida-

tions make an affirmation of the current numerical code. 

 
Figure 2. Comparison of (a) streamlines and (b) isotherms between the work of Zemani et al. [4] and present for 𝐶𝑢𝑜-water nanofliud at 𝜑 = 

0.05 and Pr = 7 varying Ra=104 − 106. 

4. Results and Discussions 

To investigate the flow characteristics of nanofluids, vari-

ous parameters were adjusted, including nanoparticle volume 

fractions ranging from, 𝜑 = 0.01 to 0.1, Rayleigh numbers of 

Ra=104, Ra=105, Ra=106, Ra=107 a solid strip was placed 

at the center close to the bottom wall. Figure 3 clarify how the 

Rayleigh number affects the isotherms and streamlines. When 

the Rayleigh number is taken Ra=104, the streamlines appear 

relatively uniform, and minimal circulation indicates and the 

isotherm lines shift closer to the cold groove. In Rayleigh 

numbers of Ra=105 and Ra=106, convection controls heat 

transfer, creating stronger, well-defined vortices. The flow 

grows more dynamic, boosting thermal transport through 

dominant buoyancy-driven motion. And the isotherms exhibit 

significant variations: those isothermal lines increase aside the 

vertical wall. This behavior is due to increased buoyant forces 

associated with higher Rayleigh numbers. As the Rayleigh 

number grows, buoyant forces intensify, resulting in more 

vigorous fluid circulation. Consequently, heat transfer im-

proves as the fluid more effectively transports heat from the 

hot surface to the cold surface. For the half of the cavity near 

the heat source indicating a large temperature. At lower Ray-

leigh numbers, such as Ra= 104 , conductive heat transfer 

lower at the higher Rayleigh numbers Ra=107 , as Ra in-

creases 104  to 107  convection becomes more dominant, 
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resulting in stronger circulation patterns in the streamlines and 

more complex isothermal distributions. The use of 

Al₂O₃-water nanofluid enhances the heat transfer properties 

due to improved thermal conductivity, which affects both the 

temperature distribution and flow structure within the domain. 

The streamline patterns indicate the intensity and nature of 

convective currents, while the isothermal contours illustrate 

the heat distribution and temperature gradients. As a result, 

with a rise in the Rayleigh number, the efficiency of heat 

transfer is enhanced. These insights highlight the active in-

teraction between conductive and convective heat transfer 

processes and the important function of buoyancy forces in 

affecting the thermal characteristics of nanofluids. Figure 3 

displays two vortices: one rotating clockwise and the other 

counterclockwise on the both sides of the enclosure, respec-

tively. These vortices are created due to the existence of the 

solid strip. In particular, the temperature variation between the 

heated fluid adjacent to the bottom wall and the external en-

vironment creates buoyancy forces that propel the fluid up-

ward. 

 
Figure 3. Streamlines and isotherms for different values of Rayleigh number Ra at 𝜑 = 0.05 and Pr = 7. 
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Figure 4. (A) velocity profile, (B) temperature profile and (C) temperature gradient profile for the variation of Ra along the line y = 0.2. 

 
Figure 5. Average Nusselt number for variation of Ra versus volume 

fraction 𝜑.s. 

Figure 4 (A) demonstrates the effect of Ra =104, Ra =105, 

Ra =106 for the velocity profile. The range of velocity field 

y-component (m/s) is (-100 to 140) in the vertical line and the 

arc length is (0 to 1) on the horizontal line. The temperature 

profile is shown in the Figure 4 (B) which varies (0.06 to 0.36) 

in the vertical line for Ra variation. Particularly in case of 4 (C) 

where the variation of Ra =104, Ra =105, Ra =106 is re-

vealed for the temperature gradient magnitude (k/m) is (0.1 to 

1.9) in vertical line and arc length (0 to 1) on the horizontal 

line. 

Figure 5 presents the distribution of the average Nusselt 

number in the first column, second column, third and fourth 

column for volume fraction (𝜑 = 0.01- 0.1) and Rayleigh 

number (Ra =104- Ra =107). For various volume concentra-

tions 𝜑 = 0.01-0.1, relative to the average heat transfer of 

Al2O3 - pure water. Where 𝜑  = 0.01 the average Nusselt 

Number for Ra=104 touches 1 and Ra=105 including 1 to 2, 

http://www.sciencepg.com/journal/ajam


American Journal of Applied Mathematics http://www.sciencepg.com/journal/ajam 

 

149 

Ra=106  touches 3 and Ra=107  touches 6. Similarly 𝜑  = 

0.05-0.08 there are minor change Nu for Ra=104 to107. The 

last chart for 𝜑 = 0.1 is the biggest change Nu for Ra=106. 

Table 4 shows the relationship between the Rayleigh 

number (Ra) and the average Nusselt number (Nuav). As Ra 

increases from 104 to 107, Nuav rises from 1.0599 to 6.2403, 

indicating a significant enhancement in convective heat 

transfer. 

Table 4. Average Nusselt number at heated wall for different values 

of Ra when Pr=7 and =0.05. 

Ra 𝟏𝟎𝟒  𝟏𝟎𝟓  𝟏𝟎𝟔  𝟏𝟎𝟕  

Nuav 1.0599 1.4024 3.0664 6.2403 

To study the flow characteristics of nanofluids, different 

parameters were varied, including nanoparticle volume frac-

tions ranging from 𝜑 = 0.01 to 0.1. Furthermore, a solid body 

was positioned at the center of the heated slot on the bottom 

wall. Figure 6 illustrates the impact of the 𝜑 on isotherms and 

streamlines. When 𝜑 = 0.1, the streamlines reach their peak 

strength, they exhibit strong circulation and distinct vortex 

patterns and isotherm lines move closer to the cold groove. At 

𝜑 = 0.05 and 𝜑 = 0.08, streamlines intensify, nanoparticles 

enhance thermal conductivity, improving heat transfer and 

circulation and the isotherms display noticeable changes. The 

isothermal lines shift and become more concentrated along 

the vertical wall, indicating enhanced thermal convection. 

This suggests an increased influence of buoyancy-driven flow, 

leading to greater heat transfer within the system. This phe-

nomenon occurs due to the enhanced buoyant forces that 

accompany lower volume fraction. As it decreases, buoyant 

forces strengthen, leading to more active fluid circulation. As 

a result, heat transfer is enhanced, allowing the fluid to convey 

heat more efficiently from the hot surface to the cold surface. 

For 𝜑 = 0.01, the streamlines are relatively weak, indicating 

a lower convective effect. The fluid motion remains sluggish 

and the isotherm lines become concentrated in the lower half 

of the cavity near the heat source, indicating a 

high-temperature region. At higher values, such as 𝜑 = 0.1, 

conductive heat transfer is lower compared to lower value 

such as 𝜑 = 0.01. As 𝜑 decreases from 𝜑 = 0.1 to 𝜑 = 0.01, 

convection becomes more dominant, leading to stronger fluid 

circulation in the streamlines and more intricate isothermal 

patterns. 

The streamlined patterns indicate the intensity and nature of 

convective currents, while the isothermal contours illustrate 

the heat distribution and temperature gradients. As a result, 

with the decrease in the 𝜑, the efficiency of heat transfer is 

enhanced. These findings emphasize the dynamic interplay 

between conductive and convective heat transfer mechanisms, 

as well as the crucial role of buoyancy forces in shaping the 

thermal behavior of nanofluids. Figure 6 illustrates the pres-

ence of two distinct vortices one rotating clockwise and the 

other counterclockwise. These vortices emerge due to the 

influence of the solid strip structure within the system. Spe-

cifically, the temperature gradient between the heated fluid 

near the bottom wall and the surrounding environment gen-

erates buoyancy forces, driving the fluid upward and en-

hancing circulation. This process significantly impacts heat 

distribution, leading to more complex flow patterns within the 

cavity. 

 
Figure 6. Streamlines and isotherms for different values of nano-

particle volume fraction 𝜑 at Ra =104 and Pr = 7. 
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Figure 7. (A) velocity profile, (B) temperature profile and (C) temperature gradient profile for the variation of 𝜑 along the line y = 0.2. 

Figure 7 (A) demonstrates the effect of φ = 0.1, φ = 0.05, 

φ = 0.08 and φ = 0.1. The range of velocity field y-component 

(m/s) is (-1.4 to 2) in the vertical line and the arc length is (0 to 

1) on the horizontal line. In figure 7 (B) exposes the temper-

ature (0.14 to 0.36) increases and decreases in the vertical line 

for φ variation. Lastly, in case 7 (C) where clarify the varia-

tion of φ = 0.1, φ = 0.05, φ = 0.08 and φ = 0.1 numbers tem-

perature gradient magnitude (k/m) is (0.55 to 1.2) in vertical 

line and arc length (0 to 1) on the horizontal line. 

Figure 8 explores that the average Nusselt number in the first, 

second, third and fourth column of (Ra =104- Ra =106) and (𝜑 = 

0.01- 0.1). For various natural convection 𝑅𝑎 = 104 to107, relative 

to the average heat transfer of Al2O3 - water. Where Ra =104-105 

the average Nusselt Number for 𝜑 = 0.01- 0.05 touches near 1 to 

2, and Ra =106 including 3 to 4 for 𝜑 = 0.01- 0.08 and then only 

𝜑  = 0.1 changing highest Nusselt number Ra =106  who’s 

touches 9. The last chart for Ra =107 is the major change Nu for 

Ra=107 in the previous Ra Number. 

 
Figure 8. Average Nusselt number for variation of Ra versus volume 

fraction 𝜑. 
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Table 5. Average Nusselt number at heated wall for different values 

of 𝜑 when Pr=7 and Ra=104. 

𝝋  𝟎. 𝟎𝟏  𝟎. 𝟎𝟓  𝟎. 𝟎𝟖  𝟎. 𝟏  

Nuav 0.9514 1.0661 1.1592 1.2249 

The correlation between volume fraction (𝜑) and the av-

erage Nusselt number (Nuav) illustrates the impact of nano-

particle concentration on heat transfer efficiency which is 

shown in table 5. As 𝜑 increases from 0.01 to 0.1, Nuav rises 

from 0.9514 to 1.2249, signifying an enhancement in con-

vective heat transfer. 

5. Conclusion 

Natural convection in a U-shaped enclosure has been per-

formed in the present work to observe the flow with the in-

fluence of thermal condition using 𝐴𝑙2𝑂3-water nanofluid. 

Temperature and velocity distribution are exposed graphically 

and in tabular form for visible understanding. In addition, 

average Nusselt number is computed varying with particle 

volume fraction and Rayleigh number. These may be sum-

marized as below. 

1. Fluid velocity and thermal field are affected much by the 

Rayleigh number than nanoparticle volume fraction. 

2. Better heat transfer performance is recorded for larger 

values both of the parameters Ra and 𝜑. 

3. Higher Rayleigh number plays a crucial role in heat 

transfer optimization. 

Abbreviations 

𝐶𝑝  Specific Heat (J kg-1k-1) 

g Gravitational Acceleration (ms-2) 

k Thermal Conductivity (Wm-1k-1) 

H Cavity Side Height (m) 

Nu Average Nusselt Number 

p Dimensional Pressure (kgm-1s-2) 

P Non-dimensional Pressure ((p + ρgy)L
2
/ρui

2
) 

Pr Prandtl Number (𝜗 𝛼⁄ ) 

Ra Rayleigh Number (𝑔𝛽𝛥𝑇 𝐻3 𝜈𝛼⁄ ) 

Th High Temperature (K) 

Tc Low Temperature (K) 

(U, V) Dimensionless Velocity Component 

(x, y) Dimensional Coordinates (m) 

(X, Y) Dimensionless Coordinates 

α Thermal Diffusivity (m2s-1) 

β Coefficient of Thermal Expansion (K-1) 

μ Dynamic Viscosity (kg m-1s-1) 

f Fluid 

nf Nanofluid 

p Nanoparticle 
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