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Abstract

Convolutional encoders are widely used in modern artificial intelligence systems to transform structured inputs into compact
representations that are subsequently processed by pooling, flattening, and training-based classification layers. Despite their
empirical success, this pipeline implicitly assumes that learning is intrinsic to convolutional processing. In this work, we show
that convolution itself is a deterministic linear measurement operation and does not inherently require training; learning becomes
necessary only after architectural choices discard geometric structure and invertibility. By reformulating convolutional encoding
as a known forward operator, inference is cast as an inverse problem governed by algebraic consistency rather than optimization
trajectories. When spatial structure is preserved and pooling and flattening are avoided, the encoded representation admits a c-
regularized equilibrium solution obtained via the adjoint convolution operator. This formulation yields a unique closed-form
reconstruction in a single computational step, eliminating gradient descent, backpropagation, learning rates, and iterative updates,
and resulting in deterministic, reproducible inference independent of initialization or stochastic effects. From an Al perspective,
the proposed framework clarifies the distinction between structure-preserving encoders, which admit equilibrium-based
inference, and structure-discarding architectures, which require training-based approximation. The approach aligns convolutional
encoding with classical inverse-problem methodologies, such as those used in tomography and radar, while remaining compatible
with modern Al representations. Training is shown not to be a fundamental requirement of convolutional encoders, but rather a
consequence of design choices that prioritize classification over structural recovery. As a result, the proposed framework offers
a time- and energy-efficient alternative for inference in structured domains.

Keywords

Inverse Problems, c-Regularization, Adjoint Convolution, Equilibrium Inference, Deterministic Reconstruction,
Training-free Inference, Closed-form Solution, Computational Efficiency

1. Introduction

Gradient-based training dominates contemporary artificial criteria, and their performance is often sensitive to numerical
intelligence, where neural networks are optimized through it- precision and hardware effects. Recent work has highlighted
erative procedures such as gradient descent, stochastic gradi- that such iterative training is not always necessary and, in cer-
ent descent, and their variants. These methods require careful tain settings, may be replaced by deterministic algebraic for-
tuning of learning rates, initialization strategies, and stopping mulations [1-4].
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In a series of recent studies, Cekirge introduced a c-based
deterministic framework in which neural network weights and
biases are computed directly through algebraic equilibrium ra-
ther than learned through iterative optimization [1-7]. These
works demonstrated that under controlled formulations, learn-
ing trajectories can be eliminated entirely while preserving ac-
curacy, reproducibility, and energy efficiency. In particular, o-
regularization was shown to stabilize large and ill-conditioned
systems and enable scalable solutions for both feed forward
networks and transformer-style language models [3, 6, 7].

The mathematical foundation of this approach is closely re-
lated to classical inverse-problem theory. Tikhonov regulari-
zation provides a well-established framework for stabilizing
ill-posed linear systems by enforcing bounded-energy solu-
tions through a quadratic penalty term [8, 9]. In this setting,
solutions are obtained as equilibrium points of algebraic sys-
tems rather than as the result of optimization trajectories. This
perspective contrasts sharply with conventional machine-
learning formulations, which emphasize loss minimization
and parameter adaptation [10-12].

Convolutional encoders, widely used in modern Al archi-
tectures, are typically embedded within training pipelines in-
volving pooling, flattening, and classification layers. However,
convolution itself is a deterministic linear measurement oper-
ation defined by local inner products with fixed kernels. When
geometric structure is preserved, convolutional encoding ad-
mits a direct inverse-problem interpretation. This work ex-
tends the o-regularized deterministic framework to convolu-
tional encoders, demonstrating that equilibrium-based recon-
struction can replace training whenever structural information
is retained. Training is shown to arise not from convolution
itself, but from architectural choices that discard invertibility
and geometric consistency. Recent studies have shown that
deterministic and operator-based formulations can replace it-
erative training in structured inverse settings.

2. The o-method: General Formulation

The o-method is a deterministic equilibrium framework de-
veloped to address inference and reconstruction problems
without relying on iterative training or gradient-based optimi-
zation. Rather than interpreting learning as a trajectory
through parameter space, the c-method defines inference as
the direct computation of a stable equilibrium constrained by
known operators and bounded energy. This perspective is ap-
plicable to a wide class of problems in artificial intelligence,
signal processing, and inverse problems, including linear en-
coders, decoders, and convolutional systems.

In its most general form, the 6-method considers a forward
model.

(1

where A denotes a known measurement, encoding, or trans-
formation operator, x is the unknown structure to be recovered,
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and b represents the observed data. In many practical settings,
A is rectangular, ill-conditioned, or rank-deficient, making di-
rect inversion unstable or undefined. Classical learning ap-
proaches address this difficulty by introducing trainable pa-
rameters and iterative optimization. The c-method instead re-
solves the problem algebraically by enforcing equilibrium
through regularization.

The o-regularized solution is defined as

X=(ATA+ocl)' AT b, )

where ¢ > 0 is a stabilization constant and I denotes the iden-
tity matrix. This formulation guarantees a unique solution
with bounded norm, independent of initialization, learning
rates, batch sizes, or stopping criteria. Unlike gradient descent
methods, which depend on optimization trajectories and may
converge to different solutions under identical conditions, the
o-method produces a deterministic and reproducible result in
a single computational step.

In the dual formulation, the o-regularized solution is ex-
pressed in coefficient space as

Ws = AT(AAT + cl)! vy, 3)

where y denotes the observed data vector, ¢ > 0 is a regulari-
zation parameter and I denotes the identity matrix [10-13] and
W, represents the o-regularized solution in coefficient space,
equivalent to the primal solution X under the mapping X = A
Wo. The parameter ¢ guarantees existence, uniqueness, and
numerical stability of the equilibrium solution. The addition
of ol shifts the eigenvalue spectrum of AAT away from singu-
larity, thereby transforming an ill-conditioned inverse prob-
lem into a well-posed equilibrium computation. As a result,
the operator AT(AAT + ol)™! is bounded, and a unique, stable
solution is selected from the infinite family of admissible so-
lutions that would otherwise satisfy the data equations [14-18].

The o-method admits a natural energy interpretation. The
equilibrium solution minimizes the functional.

IAx — bI* + clxI?, 4
which balances fidelity to the observed data with controlled
solution energy. From this viewpoint, ¢ acts as a structural
regularization parameter rather than a tunable hyperparameter.
It defines the equilibrium itself and reflects assumptions about
noise tolerance, numerical stability, or physical damping, sim-
ilar to regularization principles in classical inverse problems.

Because the 6-method relies only on explicit operators and
algebraic consistency, it is particularly well suited for encoder-
decoder systems and convolutional models where the forward
operator is known. When geometric structure is preserved, in-
ference can be completed without training, backpropagation,
or iterative refinement. Training becomes necessary only
when architectural choices discard invertibility or remove
structural information. In this sense, the 6-method provides a
unifying deterministic alternative to learning-based inference
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whenever structural operators are explicitly available. The o-
method replaces learning dynamics with equilibrium compu-
tation when structure is explicitly defined.

3. Importance of Encoders and Decoders
in Machine Learning

Encoders and decoders play a central role in modern ma-
chine learning architectures by defining how information is
transformed, compressed, and interpreted. An encoder maps
structured input data into an internal representation, while a
decoder maps this representation back into an output space.
This paradigm underlies a wide range of models, including
autoencoders, convolutional neural networks, sequence-to-se-
quence models, and transformer architectures. In most con-
temporary formulations, both encoder and decoder compo-
nents are treated as trainable modules whose parameters are
optimized through gradient-based learning.

From a functional perspective, an encoder can be viewed as
a forward operator that extracts or measures salient structure
from the input. In convolutional systems, this operation is re-
alized through local inner products between fixed kernels and
input patches, producing feature maps that preserve spatial re-
lationships. Decoders are then introduced to interpret these
representations, either by reconstructing the input, generating
outputs, or producing class probabilities. In standard machine
learning pipelines, the decoder is typically implemented as a
learned mapping, such as fully connected layers trained via
backpropagation.

However, the necessity of training both encoders and de-
coders is often assumed rather than examined. When the en-
coder is defined by a known linear or convolutional operator,
its action can be expressed explicitly as

y = Ax, 5)
where A represents the encoding operator. In such cases, the
decoding task naturally corresponds to an inverse problem: re-
covering x from y given A. Classical machine learning ap-
proaches replace this inverse problem with a learned approxi-
mation, motivated by the presence of nonlinearities, pooling,
or dimensionality reduction that discard geometric infor-
mation.

The o-method offers an alternative interpretation in which
the decoder is not a learned component but an equilibrium op-
erator enforcing algebraic consistency. When structural infor-
mation is preserved, decoding can be achieved deterministi-
cally through the o-regularized equilibrium.
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% = (ATA + ol)! Aly. 6)

This formulation eliminates the need for training, learning
rates, or iterative optimization, yielding a unique and repro-
ducible solution.

In this context, encoders and decoders are reinterpreted as
complementary operators rather than adaptive functions. The
encoder performs measurement, while the decoder restores
structure by solving a well-posed inverse problem. Training
becomes essential only when architectural choices—such as
pooling, flattening, or nonlinear activation—tremove inverti-
bility and prevent equilibrium-based recovery. Thus, the im-
portance of encoders and decoders in machine learning lies
not only in their representational power, but in how their de-
sign determines whether inference requires learning or admits
direct equilibrium computation. The autoencoder performs a
deterministic linear projection of the input data into a lower-
dimensional latent subspace and reconstructs the input via the
corresponding transpose mapping.

4. Encoder Examples

To provide a clear and reproducible record of the proposed
framework, this section presents two representative encoder
examples. The purpose of these examples is to document how
deterministic encoding and decoding operate under the o-
based equilibrium approach, without invoking training, itera-
tive optimization, or parameter adaptation. The emphasis is
placed on structural behavior rather than numerical tuning or
empirical benchmarking.

First Numerical Example:

Linear Encoder

The first example considers a simple linear encoder defined
by a fixed and explicitly known mapping. The encoder trans-
forms an input signal into an encoded representation by com-
bining its components in a deterministic manner. No learning
process is involved, and the encoding rule remains unchanged
throughout the experiment. The resulting encoded signal con-
tains mixed but complete information about the original struc-
ture.

Decoding is performed by enforcing algebraic consistency
between the encoded representation and the known encoder
structure. The equilibrium solution uniquely recovers the orig-
inal signal while maintaining numerical stability and bounded
energy. Despite the system being underdetermined, recon-
struction is achieved in a single computational step. This ex-
ample demonstrates that when the encoder operator is known,
decoding does not require training or iterative refinement.

Numeric Example:
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Figure 1. Linear encoder-decoder network. The input vector x is mapped to a lower-dimensional representation h = A" x and reconstructed as

X=AATx.

The input vector x R" is deterministically projected onto a
lower-dimensional latent representation h € R* via the encod-
ing operator AT. Reconstruction is obtained algebraically us-
ing the decoding operator A, yielding X. The process is com-
pleted in a single equilibrium computation without training,
backpropagation, or iterative optimization.

Table 1. The data considered.

SAMPLE D1
1 80
2 81
3 70
4 71
5 86

D2

120
121
110
111
125

D3

27
28
20
21
21

The values of Table 1 are normalized as

D4

200
201
190
191
240
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Xnorm=(X—1) / 8

(7

where [ are s denote column-wise mean and its sample stand-

ard deviation, respectively. Table 2 is obtained.

Table 2. The standardized data.

SAMPLE D1 D2 D3

1 0.349 0.395 0.952
2 0.494 0.547 1.216
3 -1.105 -1.125 -0.899
4 -0.96 -0.973 -0.635
5 1.221 1.155 -0.635

D4

-0.214
-0.166
-0.702
-0.653
1.734

These data form a matrix X € X € R3¢, corresponding to
5 observations and 4 variables. The encode obtains.
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Figure 2. Computation stages in encoding procedure.
Table 3. Comparison of inference methodologies.
Method Runs Hyperparameters Iterative Procedure Stability
Gradient Descent (GD) ~20 Learning rate (1), initialization Yes Low
Autoencoder Many  Learning rate, epochs Yes Medium
6-One-Shot (This work) 1 c No High

Second Numerical Example:

Encoder with Overlapping Measurements

The second example extends the encoder to include over-
lapping measurements, introducing redundancy and correla-
tion within the encoded representation. Such overlap is com-
monly encountered in practical encoding schemes and is often
assumed to necessitate learning-based stabilization. In this ex-
ample, however, the encoding process remains fully determin-
istic and explicitly defined.

The decoder resolves the overlap by enforcing global equi-
librium across all encoding constraints. Redundancy is han-
dled algebraically rather than through optimization, resulting
in a stable and unique reconstruction. No gradient descent, pa-
rameter tuning, or convergence monitoring is required. This
example illustrates that overlap and redundancy do not inher-
ently demand learning, but can be naturally accommodated
within the o-regularized equilibrium framework.

These examples confirm that training is not an intrinsic re-
quirement of encoding, but rather a compensatory mechanism
introduced when explicit operator knowledge or structural
consistency is lost.

As a numerical example a denoising problem is considered.

Original

Denoised

Figure 3. Denoising method comparison (MNIST), 28 x 28 = 784
pixel, Noisy: Gaussian Noise added into the original data, Denoised
through autoencoder and deterministic methods.
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Denoising method comparison (MNIST, 2000 samples).

Cekirge one-shot deterministic equilibrium: iter = 1,
time=94.38 ms (reference).

(implemented here via PCA)

GD: iter=500, time=157.7 ms, approximately 2x slower
than the proposed equilibrium method < Cekirge

SGD: iter=5000, time=1820.4 ms, approximately 19 x
slower than <Cekirge

CGD: iter= 200, time=75.9 ms, 1 x slower than <Cekirge.

Comparison between gradient-based learning methods and
the proposed c-regularized equilibrium approach. While con-
ventional methods rely on iterative optimization and parame-
ter tuning, the equilibrium solution is obtained in a single de-
terministic step with guaranteed stability.

5. Convolution as an Encoder

Convolution plays a central role in modern machine learn-
ing systems and is commonly treated as a feature extraction
stage within trainable architectures. From a structural perspec-
tive, however, convolution is fundamentally a deterministic
encoding operation that performs localized linear measure-
ments on structured input data. Each convolutional kernel de-
fines a fixed rule by which neighboring input values are com-
bined, producing a feature map that preserves spatial relation-
ships as long as no lossy operations are introduced.

Importantly, convolution itself does not involve learning,
adaptation, or parameter updates. The kernel acts as a known
measurement operator, and the resulting feature map records
the outcome of these measurements across the input domain.
In this sense, convolution functions as a structured encoder
rather than a learning mechanism.
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In standard convolutional neural network pipelines, convo-
lution is typically followed by nonlinear activations, pooling,
and flattening. These additional architectural components fun-
damentally alter the nature of the problem by discarding geo-
metric structure and invertibility. As a result, convolution is
often perceived as inseparable from training-based optimiza-
tion. When considered in isolation, however, convolution re-
mains purely deterministic and structurally defined.

From the perspective of inverse problems, convolution pro-
duces a mixed but information-preserving representation of
the input, analogous to measurements obtained in tomography
or radar imaging. The apparent complexity of convolutional
feature maps arises from overlap and redundancy rather than
information loss. When convolutional structure is preserved,
these overlaps can be resolved through global algebraic con-
sistency rather than learned approximation.

This distinction highlights the difference between convolu-
tion itself and the architectures built around it. By treating
convolution as a known encoding operator, decoding and re-
construction can be formulated as equilibrium problems rather
than optimization trajectories. Training becomes necessary
only after architectural choices intentionally discard structural
information and invertibility.

When convolution is treated as a deterministic encoder, the
decoding problem differs fundamentally from decoding mech-
anisms used in conventional neural networks. In standard ar-
chitectures, decoding is achieved through trainable layers op-
timized via backpropagation. In contrast, equilibrium-based
reconstruction enforces consistency between the encoded rep-
resentation and the known convolutional operator without in-
troducing learning dynamics.

The backward operation in this framework should not be
interpreted as error propagation. Backpropagation adjusts pa-
rameters by minimizing a loss function, whereas equilibrium-
based reconstruction operates on fixed operators and does not
modify the convolutional kernel. The backward step instead
redistributes encoded information according to the same struc-
tural rules that govern the forward convolution, ensuring com-
patibility between measurements and structure.

A central challenge in convolutional encoding is overlap
and redundancy: each input element contributes to multiple
locations in the feature map, producing an entangled represen-
tation. Rather than eliminating this redundancy through pool-
ing or dimensionality reduction, the equilibrium approach re-
solves it globally. All overlapping constraints are enforced
simultaneously, and reconstruction is defined as the state that
satisfies them in a consistent and energy-bounded manner.

Stabilization plays a key role in this process. Convolutional
encoding often leads to ill-conditioned or underdetermined
systems, particularly for high-dimensional structured data.
The o-regularized equilibrium introduces a controlled con-
straint that ensures numerical stability and uniqueness. Here,
o is not a training hyperparameter but a structural constant de-
fining the equilibrium itself.

Reconstruction under this framework is deterministic and
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completed in a single computational step. It does not depend
on initialization, iterative refinement, or convergence criteria.
Consequently, the reconstructed output is reproducible and in-
dependent of stochastic effects, in sharp contrast to training-
based decoders whose outcomes may vary across runs and
hardware environments.

By formulating convolutional decoding as an equilibrium
problem, this section clarifies the boundary between inference
and learning. As long as convolutional structure is preserved
and explicitly modeled, reconstruction does not require train-
ing. Learning emerges only after design choices intentionally
discard geometric consistency and invertibility.

In summary, convolution itself is a deterministic linear
measurement, not a learning mechanism. The widespread re-
liance on gradient-based training in CNNs arises solely from
architectural choices that deliberately discard invertibility and
geometric structure, thereby transforming a well-posed recon-
struction problem into a label-driven approximation task.
From an inverse-problem viewpoint, convolution is a struc-
tured linear measurement operator rather than a learning
mechanism.

6. Convolution Examples

To concretely illustrate the proposed framework, this sec-
tion presents a single convolution example that records the
complete encoding and equilibrium-based reconstruction pro-
cess. The purpose of this example is not to demonstrate per-
formance on large datasets, but to document how convolution
behaves as a deterministic encoder and how reconstruction is
achieved without training.

Reconstruction is then performed using the equilibrium-
based approach described in the previous section. The en-
coded feature representation is propagated backward through
the known convolutional structure, and global consistency is
enforced across all overlapping measurements. The recon-
struction resolves redundancy introduced by the convolution
process and restores the original signal structure in a single
deterministic step. No iterative refinement, gradient descent,
or parameter adjustment is involved.

The reconstructed signal closely matches the original input,
with only minor deviations attributable to stabilization effects.
These deviations are controlled and bounded, reflecting the
role of ¢ in enforcing numerical stability rather than learning
from data. Importantly, the reconstruction outcome is repro-
ducible and independent of initialization or stochastic varia-
tion.

This distinction highlights the difference between convolu-
tion itself and the architectures built around it. By treating
convolution as a known encoding operator, decoding and re-
construction can be formulated as equilibrium problems rather
than optimization trajectories. Training becomes necessary
only after architectural choices intentionally discard structural
information and invertibility.

When convolution is treated as a deterministic encoder, the
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decoding problem differs fundamentally from decoding mech-
anisms used in conventional neural networks. In standard ar-
chitectures, decoding is achieved through trainable layers op-
timized via backpropagation. In contrast, equilibrium-based
reconstruction enforces consistency between the encoded rep-
resentation and the known convolutional operator without in-
troducing learning dynamics.

The backward operation in this framework should not be
interpreted as error propagation. Backpropagation adjusts pa-
rameters by minimizing a loss function, whereas equilibrium-
based reconstruction operates on fixed operators and does not
modify the convolutional kernel. The backward step instead
redistributes encoded information according to the same struc-
tural rules that govern the forward convolution, ensuring com-
patibility between measurements and structure.

A central challenge in convolutional encoding is overlap
and redundancy: each input element contributes to multiple
locations in the feature map, producing an entangled represen-
tation. Rather than eliminating this redundancy through pool-
ing or dimensionality reduction, the equilibrium approach re-
solves it globally. All overlapping constraints are enforced
simultaneously, and reconstruction is defined as the state that
satisfies them in a consistent and energy-bounded manner.

Stabilization plays a key role in this process. Convolutional
encoding often leads to ill-conditioned or underdetermined
systems, particularly for high-dimensional structured data.
The o-regularized equilibrium introduces a controlled con-
straint that ensures numerical stability and uniqueness. Here,
o is not a training hyperparameter but a structural constant de-
fining the equilibrium itself.

Reconstruction under this framework is deterministic and
completed in a single computational step. It does not depend
on initialization, iterative refinement, or convergence criteria.
Consequently, the reconstructed output is reproducible and in-
dependent of stochastic effects, in sharp contrast to training-
based decoders whose outcomes may vary across runs and
hardware environments.

By formulating convolutional decoding as an equilibrium
problem, this section clarifies the boundary between inference
and learning. As long as convolutional structure is preserved
and explicitly modeled, reconstruction does not require train-
ing. Learning emerges only after design choices intentionally
discard geometric consistency and invertibility.

In summary, convolution itself is a deterministic linear
measurement, not a learning mechanism. The widespread re-
liance on gradient-based training in CNNs arises from archi-
tectural choices that deliberately discard invertibility and ge-
ometric structure, thereby transforming a well-posed recon-
struction problem into a label-driven approximation task.

A fixed convolutional kernel is applied to a structured input
signal using a standard sliding-window operation. The kernel
remains unchanged throughout the experiment and is treated
as a known measurement operator. Forward convolution pro-
duces a feature representation in which input values are dis-
tributed across overlapping local responses. As expected, the

7

resulting feature map appears mixed and does not directly re-
semble the original input. No nonlinear activation, pooling, or
flattening is applied at this stage, ensuring that geometric
structure is preserved.

This example provides a clear record that convolutional en-
coding does not inherently destroy structural information.
When convolution is treated as a known operator and lossy
architectural components are excluded, the original structure
can be recovered deterministically. The example also high-
lights the fundamental difference between equilibrium-based
reconstruction and training-based decoding: the former re-
stores structure by enforcing algebraic consistency, while the
latter approximates outputs by adapting parameters. This dis-
tinction underscores the central claim of the proposed frame-
work—that learning is not intrinsic to convolution, but
emerges only when structural information is intentionally dis-
carded.

First Numerical Example:

Figure 4. Input data used in the convolution example.

0000000000

Figure 5. Fully connected deterministic linear mapping with bias.
All connections are fixed and known, and the solution is obtained in
one o-regularized equilibrium step without iterative training.
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Figure 6. Feature extraction by 2x2 kernel using cross-correlation. The 5X5 input image X is mapped to a 4%4 feature map Y according to
the convolution rule.

Table 4. Comparison between training-based convolutional decoding and o-regularized equilibrium reconstruction.

Criterion Training-Based CNN Decoding o-Regularized Equilibrium (This Work)

Convolution kernel Trainable Fixed, known

Deterministic convolution

Forward operation
Mathematical form
Decoding method
Iterations

Learning rate
Initialization
Backpropagation
Training phase
Reconstruction type
Stability
Reproducibility
Energy cost

Interpretability

Second Numerical Example:

Determination of numerals by using Cekirge’s 6-Based Method instead of CNN.

Convolution + nonlinearity
Implicit (learned)
Gradient-based optimization
Hundreds to thousands
Required

Critical

Required

Mandatory

Approximate

Heuristic
Hardware-dependent

High

Low
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Explicit linear operator
Closed-form equilibrium
1

Not required

Irrelevant

Not used

None

Exact (o-bounded)
Guaranteed by
Deterministic

Minimal

High (operator-based)
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representing the ten numeral patterns used in the convolutional equilibrium experiments. Each

matrix encodes a digit using binary-valued pixels, where 1 denotes an active pixel and 0 denotes background. These inputs are treated as
explicit, fixed data and serve as deterministic inputs to the convolutional encoder without training.

For clarity and reproducibility, the second numerical exam-
ple uses explicit 5x5 binary matrices representing the ten nu-
merals {0,..., 9}, denoted by

X; € {0,1}%9,i=0,..., 9. ®)

Each matrix encodes the geometric structure of a numeral
using binary pixels. No stochastic noise, data augmentation,
or learned preprocessing is applied. These matrices constitute
the complete and explicit input data for the convolutional en-
coder.

By fixing the input representation in this manner, the con-
volution operation can be written as a deterministic linear

mapping.

Y = H vec (Xi), )
where H is the convolution matrix induced by the kernel and
vec (+) denotes column-wise vectorization. Inference and re-
construction are then performed via the o-regularized equilib-
rium formulation rather than gradient-based training.

For clarity and reproducibility, all convolution examples are
illustrated using 5x5 binary input matrices. The proposed
equilibrium formulation is dimension-independent and di-
rectly extends to larger inputs.

Table 5. Comparison between gradient-descent-based convolutional neural network (CNN) inference and the proposed o-regularized equilib-

rium formulation.

Feature CNN (GD-based)

Number of unknowns 25

Equation Implicit
Iterations 100-5000
Learning rate Required
Backpropagation Used
Initialization Critical
Solution type Approximate
Runtime High
Interpretability Low
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o-Equilibrium (This work)

25

Explicit (HTH+cl)
1

Not required

Not used
Irrelevant
Deterministic
Minimal

High
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Both methods solve the same inverse system; differences complexity of CNN training is not a consequence of convolu-

arise solely from optimization versus equilibrium formulation. tion, but of architectural choices made to accommodate gradi-
The transition from fully connected neural networks to convo-  ent-based learning.
lutional neural networks did not introduce a fundamentally It became clear that the reliance on training-based convolu-
new mathematical operation. Convolution is a structured lin- tional architectures is not the result of a lack of understanding
ear measurement with weight sharing and sparsity constraints. of convolution itself, but rather a consequence of the inherent
Its role was well understood long before the introduction of  limitations of gradient-based optimization. When gradient de-
gradient-based CNN training pipelines. scent is used as the primary inference mechanism, architec-
The necessity of training in CNN’s does not arise from con- tural choices are constrained accordingly, leading to the aban-
volution itself, but from subsequent architectural decisions—  donment of explicit inverse formulations.
most notably flattening and label-driven optimization—that The architectural evolution from ANN to CNN should
deliberately discard invertibility and geometric consistency. therefore not be interpreted as a misunderstanding of convo-
Once this structure is removed, gradient descent becomes un-  lutional operators. Instead, it reflects the necessity of adapting
avoidable. model structure to the constraints of gradient-based learning,
From an inverse-problem perspective, this sequence of de-  which is fundamentally incapable of directly solving deter-
sign choices transforms a deterministic reconstruction prob- ministic inverse problems.

lem into a discriminative optimization task. In this sense, the

Table 6. Comparison of inference approaches for o-regularized convolutional reconstruction.

Method System size Iterations Solution type Time (10 samples)
o-Equilibrium 25%25 1 Exact 0.23 ms
CGD 25%25 10-20 Approximate ~3-5ms
When the input data are explicitly specified and the convo- By treating convolution as a known forward operator and

lution operator is treated as a known linear measurement, the enforcing o-regularized equilibrium, reconstruction is ob-
problem reduces to a finite-dimensional inverse system. In  tained directly in closed form without training, backpropaga-

this setting, even a minimal 5X5 binary representation is suf- tion, or iterative refinement. This result confirms that learning
ficient to demonstrate the core result: convolution admits a o- is not intrinsic to convolutional encoding. Instead, training
regularized equilibrium solution obtained in a single compu- arises only after design choices intentionally discard inverti-
tational step. No training, gradient descent, or architectural bility and geometric consistency. The problem is therefore not
workarounds are required. one of insufficient model capacity, but of architectural misa-
The historical reliance on training-based CNN pipelines lignment between structure recovery and label-based optimi-
therefore reflects not a lack of understanding of convolution, zation.
but the inability of gradient-based optimization to directly A fixed convolutional kernel produces a structured feature
solve such inverse systems. Once the data and operator are map through local inner products. The encoding process pre-
made explicit, the solution follows deterministically. serves spatial structure and does not involve learning, param-
All numerical demonstrations use 5x5 binary inputs for eter adaptation, or iterative optimization.
clarity. The proposed equilibrium formulation is dimension- A convolutional kernel produces a feature map by compu-
independent and directly extends to larger inputs. ting an inner product between the kernel and each local image
The analysis presented in this work resolves the apparent patch. For a 2 x 2 kernel sliding over a 5 x 5 binary image with
role of convolution in modern neural architectures. Convolu- unit stride and no padding, each output value is the sum of

tion itself is a deterministic linear measurement operation that element-wise products between the kernel and the correspond-
admits a direct inverse-problem formulation when structural ing 2 x 2 region. The resulting scalar is written to the corre-
information is preserved. The widespread use of architectural sponding location in the feature map. Repeating this operation
components such as stride, pooling, flattening, and fully con- over all valid positions yields the 4 x 4 feature map sliding
nected layers is not necessitated by convolution, but by the over a 5 x 5 binary image with unit stride and no padding, each
limitations of gradient-based optimization. These components output value is the sum of element-wise products between the
are introduced to enable gradient descent to operate on labels kernel and the corresponding 2 x 2 region. The resulting scalar
rather than to recover structure.
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is written to the corresponding location in the feature map. Re-
peating this operation over all valid positions yields the 4 x 4
feature map Convolution is a deterministic linear operation:
inner products generate a structured 2D feature map. Flatten-
ing is not a continuation of convolution; it is an architectural
step introduced solely to interface with fully connected layers
and gradient-based training.

The backward operation in convolution is not an explicit
inverse of the kernel, since the convolution operator ‘s gener-
ally non-invertible. Instead, backward propagation is defined
through the adjoint (transpose) operator. If the forward opera-
tion is written as y = H X, where H is the convolution matrix
constructed from the kernel, the backward projection is given
by H T'y. This operation redistributes feature responses back
into the input domain according to the same kernel geometry,
without involving loss functions or iterative updates. To re-
cover a consistent representation of the original structure, a c-
regularized equilibrium is solved:

X =(HH+ o) H y. (10)

This formulation enforces global consistency between the
forward convolution and its backward projection in a single
closed-form step. Unlike backpropagation, adjoint projection
does not propagate error signals or rely on training trajectories;
it restores structure by satisfying algebraic constraints im-
posed by the known convolution operator. In standard CNN
pipelines, flattening necessitates the introduction of fully con-
nected layers with trainable weights. The learning task then
becomes the estimation of these weights via gradient descent,
rather than the recovery of the original structure. The model
no longer attempts to explain how the observed features arose
from the input, but instead learns how to map flattened vectors
to labels. This architectural choice explains why backpropa-
gation is essential in CNNs, whereas it is unnecessary in equi-
librium-based formulations. Once flattening is introduced, the
learning objective fundamentally changes. The model is no
longer constrained to preserve or recover spatial structure; in-
stead, it is optimized to separate flattened feature vectors ac-
cording to class labels. Gradient descent minimizes a loss
function defined on labels, not on geometric consistency with
the input. As a result, convergence means agreement with la-
bels, not reconstruction of shape.

From this point onward, multiple distinct input structures
that produce similar flattened feature vectors become indistin-
guishable to the model. The network therefore converges to a
discriminative solution rather than a generative or reconstruc-
tive one. This explains why CNNs can achieve high classifi-
cation accuracy while being unable to recover or even mean-
ingfully represent the original input geometry.

In an equilibrium-based formulation, the solution is defined
by consistency with the forward operator:

y = H x. (11)

The recovered structure satisfies global constraints imposed
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by the convolution operator and its adjoint. In contrast, train-
ing-based CNNs define the solution implicitly through an op-
timization trajectory:
“Here, the final state depends on learning rates and optimi-
zation trajectories. CNN training answers the question
‘Which label does this vector correspond to?’ Equilibrium
reconstruction answers the question “Which structure gen-
erated these measurements?’”

7. Conclusion

This work revisits convolutional encoders and encoder-de-
coder architectures from a structural and equilibrium-based
perspective. Rather than treating convolution as an inherently
trainable component, we show that convolution is fundamen-
tally a deterministic encoding operation defined by fixed local
measurements. When geometric structure is preserved, decod-
ing and reconstruction can be formulated as algebraic con-
sistency problems rather than optimization tasks.

By extending the o-based deterministic framework to en-
coder and convolutional systems, we demonstrate that infer-
ence can be completed through a single equilibrium computa-
tion without training, backpropagation, or iterative refinement.
The proposed approach resolves overlap and redundancy in
convolutional representations through global consistency,
yielding stable and reproducible reconstructions. In this set-
ting, o functions as a structural stabilization constant rather
than a tunable learning parameter.

The presented encoder and convolution examples provide
explicit records showing that structural information is not de-
stroyed by convolution itself. Instead, training becomes necessary
only after architectural choices—such as nonlinear activation,
pooling, and flattening—discard invertibility and geometric rela-
tionships. This observation clarifies the distinction between learn-
ing-based approximation and equilibrium-based reconstruction.

From a broader perspective, the proposed formulation
aligns convolutional encoding with classical inverse-problem
methodologies used in fields such as tomography and radar
imaging. By positioning convolution within this established
mathematical framework, the work highlights an alternative
pathway for inference that prioritizes structure preservation,
determinism, and computational efficiency.

When structure is explicitly modeled and preserved, equi-
librium-based reconstruction provides a principled, training-
free alternative to conventional optimization-driven pipelines.
This perspective offers new insights into model design and
opens the door to deterministic and energy-efficient inference
in structured machine learning systems. This aligns with re-
cent findings that interpret deep architectures as implicit in-
verse solvers rather than purely optimization-driven models.
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A Data Matrix
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CGD Conjugate Gradient Descent

GD Gradient Descent

SGD Stochastic Gradient Descent

d Feature Dimension

Eanchor(k) Anchor Energy of Block k

Lo Anchor-Loss for o-Regularized Solution

N Number of Samples

c Stabilizing Regularization Parameter

6-Method Deterministic -Regularized Learning
Method

c-March Sequential o-Stability Evaluation
Process

c-Block Overlapping Deterministic Block

o-Equilibrium  Unique Stationary Point of the
o-Regularized System

W Weight Vector

Wo c-Regularized Deterministic Solution
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