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Abstract 

Modern machine learning relies predominantly on iterative optimization, assuming that learning must progress by following 

gradients across a probabilistic loss landscape shaped by Gaussian noise. Such methods depend on learning rates, random 

initialization, batching strategies, and repeated parameter updates, and their outcomes vary with numerical precision, hardware 

behavior, and floating-point drift. As dimensionality increases or data matrices become ill-conditioned, these iterative procedures 

often require extensive tuning and may converge inconsistently or fail altogether. This work presents the Cekirge Global 

Deterministic σ-Method, a non-iterative learning framework in which model parameters are obtained through a single closed-

form computation rather than through iterative descent. Learning is formulated as a deterministic equilibrium problem governed 

by a σ-regularized equilibrium functional. A behavioral analogy-Cekirge’s Dog-illustrates the operational distinction: a trained 

working dog runs directly to its target without scanning or correcting its path step by step, whereas iterative algorithms resemble 

a dog that repeatedly stops, senses, and adjusts direction. Throughout this work, the term equilibrium functional is used instead 

of energy, emphasizing deterministic balance rather than physical or variational interpretations. The proposed framework yields 

a unique, reproducible solution independent of initialization or hardware, remains stable for ill-conditioned systems, and scales 

deterministically to large problems through σ-regularized partitioning. A minimal overdetermined example demonstrates that the 

inefficiency of gradient-based learning is structural rather than dimensional, arising from trajectory-based optimization, while 

the proposed σ-regularized formulation computes the same equilibrium directly in a single closed-form step. 
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1. Introduction 

Supervised learning and inverse problems are traditionally 

formulated as optimization tasks solved through iterative pro-

cedures. In this framework, deviations between predictions 

and observations are modeled as stochastic noise, typically as-

sumed to be Gaussian, leading naturally to squared-error ob-

jectives and gradient-based optimization methods such as gra-

dient descent (GD), stochastic gradient descent (SGD), and 

conjugate gradient descent (CGD) [1-3]. These methods pro-

ceed by repeatedly updating parameters according to local 

gradient information and therefore require the specification of 

learning rates, stopping criteria, initialization strategies, and, 
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in practice, extensive tuning. 

As dimensionality increases or data matrices become ill-

conditioned, the limitations of iterative optimization become 

increasingly apparent. Convergence may slow dramatically, 

oscillate, or fail altogether, and final solutions can vary across 

hardware platforms due to floating-point effects and numeri-

cal drift [4-6]. To mitigate these issues, regularization tech-

niques have been introduced, most notably Tikhonov regular-

ization, which stabilizes ill-posed problems by augmenting the 

normal equations with a quadratic penalty term [7]. 

A substantial body of literature is devoted not to defining 

the solution itself, but to selecting the regularization parameter 

through heuristic or a posteriori criteria. Techniques such as 

the L-curve method, generalized cross-validation, and dis-

crepancy principles aim to balance data fidelity against solu-

tion norm by exploring a parameterized family of solutions 

and identifying a suitable trade-off point [8-11]. While effec-

tive in practice, these approaches fundamentally frame learn-

ing as a search process: one navigates a solution space through 

repeated evaluations, corner detection, or iterative refinement, 

often writing one update equation after another without ex-

plicitly stating the equilibrium condition being approached. 

Importantly, the equilibrium implicitly targeted by these it-

erative and regularized formulations is not new. What remains 

largely unstated, however, is that the same condition is repeat-

edly expressed procedurally-through successive gradient up-

dates, convergence checks, and parameter adjustments-rather 

than identified directly as a single closed identity. In this sense, 

much of the existing methodology enacts an equilibrium with-

out explicitly naming or writing it. 

The present work adopts a different perspective. Instead of 

treating learning as a trajectory through parameter space, it 

formulates supervised learning as a deterministic equilibrium 

problem and writes the equilibrium condition explicitly in 

closed form. The proposed Cekirge σ-Method computes the 

solution directly in Equation (1) and (2), where C denotes the 

data matrix, T the target vector, I the identity matrix, and σ > 

0 a structural stabilization parameter that ensures numerical 

well-posedness when CTC is ill-conditioned or nearly singular. 

In contrast to conventional interpretations, σ is not treated as 

a tunable hyperparameter selected through heuristic search, 

but as an intrinsic component of the equilibrium formulation. 

This explicit formulation reveals that many widely used it-

erative algorithms correspond to repeated procedural expres-

sions of the same equilibrium condition. By collapsing these 

repeated expressions into a single stationary identity, the σ-

Method eliminates the need for iterative updates, learning 

rates, parameter sweeping, and convergence diagnostics. The 

resulting solution is deterministic, reproducible, and inde-

pendent of initialization or hardware-specific numerical be-

havior. 

For large-scale problems, where direct inversion of the full 

system may be impractical, the σ-Method extends naturally 

through deterministic σ-partitioning. In this strategy, the data 

matrix is decomposed into overlapping sub-blocks, each of 

which computes its own σ-regularized equilibrium in closed 

form. Because all subproblems satisfy the same equilibrium 

identity, overlapping regions can be fused deterministically 

without iterative coordination. The reconstructed global solu-

tion is identical to the full σ-equilibrium, rather than an ap-

proximation obtained through iterative domain decomposition 

schemes. [12–14]. 

The contribution of this work does not lie in introducing 

new penalties, loss functions, or optimization algorithms. Ra-

ther, it lies in making explicit a deterministic equilibrium con-

dition that has remained implicit across iterative and regular-

ized formulations. By writing directly what is otherwise ap-

proached indirectly-often through many successive equations-

the σ-Method repositions supervised learning from a search 

problem to a one-shot equilibrium computation. 

In addition to quadratic regularization, non-smooth penal-

ties such as the MAX norm have been widely studied, partic-

ularly in the context of sparsity-promoting methods including 

LASSO and Elastic Net formulations. These approaches com-

bine data fidelity with absolute-value penalties to induce co-

efficient sparsity and feature selection. While effective for 

sparse recovery problems, MAX-based regularization intro-

duces non-differentiability, requires iterative optimization, 

and leads to solution geometries governed by active-set tran-

sitions rather than a single smooth equilibrium. Hybrid formu-

lations that mix MAX and L2 penalties further rely on heuristic 

weighting between competing norms and do not admit closed-

form solutions. In the present work, such penalties are inten-

tionally not employed, as the objective is not sparsity enforce-

ment but the explicit specification of a deterministic equilib-

rium that can be computed directly in closed form. 

In this formulation, learning is not a search process but the 

direct algebraic realization of a σ-defined equilibrium, ob-

tained deterministically in a single step without iteration or 

stochastic sampling; see [11-18]. 

While the closed-form expression of the σ-regularized so-

lution coincides with classical Tikhonov and ridge formula-

tions, this work does not claim algorithmic novelty at the level 

of the solution itself. Instead, its contribution lies in making 

explicit the equilibrium interpretation that is typically implicit 

in iterative learning frameworks. Beyond the closed form, the 

present study characterizes the perturbation response of the σ-

equilibrium and demonstrates its deterministic propagation 

under overlapping block partitioning. Diagonal stabilization 

was first introduced analytically by Tikhonov to render ill-

posed inverse problems well-posed. The same structure later 

appeared in statistics as ridge regression, formalized by Hoerl 

and Kennard. Subsequent work by Golub, Heath, and Wahba 

focused on selecting the regularization parameter through 

generalized cross-validation, reinforcing the view of regulari-

zation as a parameter-tuning process rather than an explicit 

equilibrium definition. These system-level properties-stability 

under perturbation and exact equilibrium reconstruction 

across partitions-are not addressed in classical ridge formula-

tions, [1, 19, 20]. 
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2. The Deterministic σ-Method 

2.1. Problem Formulation 

Consider the supervised linear system 

b ∈ ℝᵐ, W ∈ ℝⁿ, and             (1) 

A ∈ ℝᵐˣⁿ and A W = b             (2) 

Classical approaches interpret the residual (b − A W) as 

noise and seek to minimize an expected loss through iterative 

optimization. In contrast, the σ-Method treats learning as an 

algebraic equilibrium problem rather than a search procedure. 

2.2. σ-Regularized Equilibrium Functional 

Define the σ-regularized equilibrium functional 

ℱσ(W) = | A W − bσ  |2
2 + σ |W |2

2 > 0     (3) 

The subscript σ on the target emphasizes that when the tar-

get representation is contaminated, σ-consistency must be en-

forced not only on the operator but also on the effective tar-

get–representation relationship; this does not imply an inde-

pendent optimization on b, but a deterministic equilibrium in-

terpretation. Stationary of ℱσ with respect to W yields the lin-

ear equilibrium condition. 

∂ℱσ (W) / ∂W = 0         (4) 

This condition leads directly to the closed-form determinis-

tic solution. 

Wσ = (Aᵀ A + σ I)⁻¹Aᵀ b σ         (5) 

Section 2 establishes the deterministic σ-Method as a 

uniquely stable and well-posed learning operator. Unlike iter-

ative descent methods, whose convergence depends critically 

on the spectrum of Aᵀ A and deteriorates rapidly in higher di-

mensions, the σ-equilibrium remains stable, reproducible, and 

analytically solvable for all σ > 0. 

2.3. Conditioning and Stability 

The σ-shifted condition number is defined as 

κσ = (λmax + σ) / (λmin + σ)            (6) 

As σ increases, 

κσ → 1 as σ → ∞              (7) 

Thus, σ-regularization systematically improves condition-

ing by compressing the spectral spread. Even when λmin≈ 0, 

the σ-shift guarantees bounded conditioning and numerical 

stability in high-dimensional or rank-deficient regimes. 

2.4. The Role of Aᵀ: Projection Geometry of the 

Deterministic Solution 

The data matrix A defines a geometric surface given by its  

column space. The target vector b generally does not lie on 

this surface, and learning corresponds to finding the closest 

representable point to b. 

This operation is governed by the transpose operator. 

Aᵀ: ℝᵐ →ℝⁿ                 (8) 

The deterministic equilibrium condition can therefore be 

written as 

Aᵀ (A W – b)= 0              (9) 

This condition states that the residual A W − b is orthogonal 

to the column space of A, which constitutes the fundamental 

geometry underlying linear learning. 

Projection Interpretation 

The deterministic σ-solution 

Wσ = (Aᵀ A + σ I)⁻¹Aᵀ bσ          (10) 

admits a direct geometric interpretation: 

1) Aᵀb is the projection of the target vector onto the feature 

directions encoded in A. 

2) (Aᵀ A + σ I)⁻¹ computes stable equilibrium coordinates 

in the projected space. 

3) Wσ is the unique equilibrium representation of b in the 

space spanned by A. 

Thus, deterministic learning is a single-step projection ra-

ther than an iterative search. 

2.5. Gradient Descent and Spectral Constraints 

Standard gradient descent updates are given by 

W(k+1) = W(k) − η Aᵀ (A W(k) − b)    (11) 

Convergence requires 

0 < η < 2 / λmax             (12) 

The spectral radius of the iteration matrix is 

ρ(I – η Aᵀ A) = maxᵢ |1 – η λᵢ |      (13) 

Instability occurs when 

|1 – η λmax| > 1          (14) 

As dimensionality increases and the spectrum of Aᵀ A 

broadens, this constraint becomes increasingly restrictive. The 
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deterministic σ-Method avoids these spectral limitations en-

tirely by eliminating iteration. 

Conceptual Summary 

Learning is not “running down a loss landscape.” Learning 

is the projection 

bprojx = A Wσ              (15) 

Gradient descent attempts to approach this projection itera-

tively. The deterministic σ-Method computes it directly, in 

one stable algebraic step. 

Stochastic Gradient Descent (SGD) 

In stochastic gradient descent, each update uses a single row 

aᵢ of A: 

W(k+1) = W(k) − ηaᵢᵀ(aᵢW(k) − bᵢ)      (16) 

The expected iteration matrix is 

E[I – η aᵢᵀ aᵢ] = I – η Aᵀ A       (17) 

Thus, SGD inherits the same spectral constraint as full gra-

dient descent: 

Ρ (I – η Aᵀ A) < 1             (18) 

Conjugate Gradient Descent (CGD) 

The residual is defined as 

rk = Aᵀ (b − A Wk)           (19) 

The conjugate direction update is 

pk = rk + βk pk-1             (20) 

When the normal operator becomes nearly singular, numer-

ical conjugacy deteriorates and conjugate gradient descent 

loses its defining structure. In this ill-conditioned regime, fail-

ure is not governed by an explicit stability bound but by the 

breakdown of conjugacy itself. As conditioning worsens, 

search directions lose orthogonality and collapse toward re-

peated gradient components. The method therefore ceases to 

function as a true conjugate algorithm and exhibits oscillatory 

or divergent behavior characteristic of unstable descent dy-

namics. This failure mechanism is intrinsic and cannot be rem-

edied by parameter tuning, in contrast to gradient descent, 

whose stability is controlled explicitly elsewhere. 

2.6. Perturbation Response 

Consider a perturbation A → A + ε P. Linearization of the 

σ-solution yields 

Δ Wσ ≈ −(Aᵀ A + σ I)⁻¹ (ΔQ) Wσ + (Aᵀ A + σ I)⁻¹ Aᵀ Δb                      (21)

where 

ΔQ = Aᵀ(ε P)+ (ε P)ᵀ A          (22) 

Thus, 

‖ΔW_σ‖ = O(ε)             (23) 

For gradient descent, 

ΔW(k+1) = (I – η Aᵀ A) ΔW(k) + O(ε)      (24) 

Perturbations are amplified whenever 

ρ (I – η Aᵀ A) > 1           (25) 

2.7. Summary 

The deterministic σ-Method replaces iterative search with a 

closed-form equilibrium computation. By explicitly modify-

ing the spectrum of Aᵀ A through a σ-shift, the method guar-

antees stability, reproducibility, and analytical solvability in-

dependent of dimensionality or conditioning. 

 

3. Analytical Minimum Theorem 

3.1. One-step Deterministic Equilibrium vs 

Iterative Descent 

The deterministic σ-Method admits a closed-form equilib-

rium given by Equation (5). This expression defines a global 

minimum computed in a single algebraic step. The solution is 

independent of initialization, learning-rate selection, iteration 

count, or numerical trajectory. No descent path is followed; 

the equilibrium is obtained directly. 

In contrast, gradient-based algorithms evolve the parameter 

vector through sequential updates governed by the spectral 

properties of Aᵀ A. Their convergence behavior depends 

critically on the learning rate, floating-point precision, and 

the conditioning of the data matrix. As dimensionality in-

creases, these dependencies dominate algorithmic behavior, 

often leading to oscillation, stagnation, or divergence. 

The essential distinction is therefore structural: gradient-

based learning is a trajectory-dependent process, whereas the 

σ-equilibrium is trajectory-free. 

3.2. Dimensional Stability Threshold 

To characterize dimensional stability, experiments were 

http://www.sciencepg.com/journal/ajai


American Journal of Artificial Intelligence http://www.sciencepg.com/journal/ajai 

 

18 

conducted on matrices ranging from 5×5 to 12×12. For dimen-

sions n ≤ 8, GD, SGD, and CGD converge when the learning 

rate η is sufficiently small. However, at n = 9, the spectrum of 

AᵀA expands sharply. In particular, the dominant eigenvalue 

exhibits a pronounced increase: 

λmax = λmax(AᵀA)              (26) 

Empirically, λmax increases by nearly one order of magni-

tude. This expansion yields the restrictive stability condition. 

η < 2 / λmax ≈ O(10⁻³)            (27) 

Such learning rates are impractically small and render GD, 

SGD, and CGD either excessively slow or numerically unsta-

ble. Beyond this threshold, gradient-based methods fail to 

converge consistently. By contrast, the σ-equilibrium Wσ re-

mains numerically stable for all tested dimensions, as it is un-

affected by spectral expansion due to the σ-shift. 

3.3. Perturbation Robustness 

Consider a perturbation of the operator A → A + ε P. Line-

arization of the σ-solution yields a first-order response. 

‖ΔWσ‖ = O(ε)                   (28) 

Thus, σ-regularization guarantees bounded, linear sensitiv-

ity to perturbations in the data matrix or target vector. The 

equilibrium response is stable and predictable. 

For gradient descent, the perturbed iterate evolves accord-

ing to 

ΔW(k+1) = (I – η Aᵀ A) ΔW(k) + O(ε)      (29) 

Perturbations are amplified whenever the spectral radius 

condition. 

Ρ (I − η Aᵀ A) > 1             (30) 

is violated. For dimensions n ≥ 9, this violation becomes una-

voidable due to spectral broadening, leading to exponential er-

ror growth. The σ-Method avoids this instability entirely by 

eliminating iteration. 

3.4. Large-matrix Scalability via Deterministic 

Partitioning 

To assess scalability, large systems were solved using over-

lapping deterministic σ-partitions. For a 100×100 system de-

composed into ten overlapping 20×20 blocks, the reconstruc-

tion error satisfies 

‖Ŵ − Wσ ‖ < 10⁻⁶           (31) 

For a 1000×1000 system solved using twenty overlapping 

100×100 blocks, 

‖Ŵ − Wσ ‖ < 10⁻⁵             (32) 

These results demonstrate that deterministic σ-partitioning 

reconstructs the global σ-equilibrium with high accuracy 

without computing a full large-matrix inverse. Partitioning 

therefore preserves exactness while enabling deterministic 

scaling to high dimensions. 

3.5. Analytical Closure: Existence, Uniqueness, 

and Well-posedness 

Including σ-regularization, the stationary condition of the 

quadratic loss takes the form 

∂L / ∂W = 2 Aᵀ (A W − b) + 2 σ W = 0   (33) 

This yields the equilibrium equation 

(Aᵀ A + σ I) W = Aᵀ b           (34) 

Since Aᵀ is symmetric positive semidefinite, the addition of 

σI shifts all eigenvalues strictly above zero, rendering the sys-

tem strictly convex. The unique minimizer is therefore 

Wσ = (Aᵀ A + σ I)⁻¹Aᵀ b                (35) 

Minimizing a strictly convex quadratic functional is equiv-

alent to solving a linear system. Unlike GD-class algo-

rithms, this process requires no initial guess, no learning-

rate tuning, and no iterative refinement. The minimizer is 

fully determined by the algebraic structure of the system. 

3.6. Geometry of the Minimum and the Dog 

Analogy 

The quadratic loss defines a smooth ellipsoidal valley 

whose unique center corresponds to the global minimum. Gra-

dient-based methods approach this point along curved trajec-

tories dictated by local slopes and curvature. 

The deterministic σ-equilibrium does not traverse the valley. 

It collapses directly to the center in a single algebraic step. 

A simple behavioral analogy illustrates this distinction. A 

dog placed in a valley does not compute gradients or step sizes; 

it settles directly at the lowest point through equilibrium-seek-

ing behavior. The analogy is illustrative only and highlights 

the operational contrast between iterative searching and direct 

arrival at equilibrium. 

3.7. Energy Interpretation via the L-Functional 

In the learning literature, quadratic objectives are often re-

ferred to as “energy” functions. In the present framework, this 

terminology is used strictly in a structural sense. The quantity 
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minimized is a deterministic loss functional, not a physical en-

ergy, and no variational or dynamical interpretation is implied. 

The σ-regularized loss (equilibrium) functional is defined 

as, 

L(W) = ‖ A W − b‖2
2 + σ ‖ W‖2

2     (36) 

The first term measures data misfit, while the second term 

enforces structural stabilization through the σ-shift. The min-

imum of L(W) corresponds to a state of deterministic equilib-

rium. 

The stationary condition is obtained by differentiation with 

respect to W: 

∂L / ∂W = 2 Aᵀ (A W − b) + 2 σ W = 0   (37) 

This yields the equilibrium equation 

(Aᵀ A + σ I) W = Aᵀ b           (38) 

and therefore the unique minimizer 

Wσ = (AᵀA + σI)⁻¹Aᵀb            (39) 

The Hessian of the loss functional is 

H = 2 (Aᵀ A + σ I)            (40) 

Since Aᵀ A is symmetric positive semidefinite, the addition 

of σI renders H strictly positive definite for all σ > 0. Conse-

quently, L(W) is strictly convex and admits a single global 

minimum. 

From this perspective, learning corresponds to reaching the 

unique minimum of L(W). Gradient-based algorithms attempt 

to approach this minimum through iterative descent along the 

surface of L(W). By contrast, the deterministic σ-Method 

computes the minimum directly, without traversing the loss 

landscape. 

Thus, the “energy” interpretation is purely organizational: 

Learning is the direct computation of the minimum of L(W), 

not the simulation of an energy dissipation process. 

The quadratic loss defines a smooth ellipsoidal valley 

whose unique center is the minimum of the L2 functional. Gra-

dient-based methods approach this point along local tangential 

directions, descending step by step along slopes influenced by 

curvature and step size. The deterministic σ-equilibrium, by 

contrast, does not traverse the valley. It collapses directly to 

the center in one algebraic step. A biological analogy is help-

ful: Cekirge’s Dog. A dog placed in a valley does not calculate 

gradients, step sizes, or curvature. Even with partial sensory 

input or a mask on its eyes, the dog naturally settles at the 

lowest point through an intrinsic equilibrium-seeking process. 

Its behavior is non-iterative, stable, and insensitive to noise. 

The σ-regularized deterministic solution exhibits precisely 

this property: fast, robust, derivative-free convergence to the 

unique equilibrium point. GD follows extended trajectories; 

the equilibrium solution settles directly. 

3.8. σ as a Structural Stabilizer 

From a numerical standpoint, Aᵀ A often contains extremely 

small eigenvalues arising from repeated rows, strong correla-

tions, low-rank structure, or measurement noise. These fea-

tures cause GD, SGD, and CGD to oscillate, diverge, or be-

come hypersensitive to η. Adding σ shifts all eigenvalues up-

ward, ensuring strict positive definiteness. This stabilizes the 

energy landscape and removes flat directions. The σ-equilib-

rium is platform-independent and reproducible across hard-

ware, compilers, and floating-point environments. Thus, σ is 

not a probabilistic penalty but a structural stabilizer ensuring 

solvability. 

3.9. Analytical σ-Regularized Equilibrium 

The stabilized quadratic functional can be written as 

L(W) = ∥ A W − T ∥2
2 + σ ∥ W ∥2

2       (41) 

where T denotes the output vector. With σ > 0 ensuring strict 

convexity, the minimizer W* is unique and obtainable without 

descent. This raises a foundational question: if the solution is 

attainable in one step, why rely on iterative methods that in-

troduce numerical sensitivity? The Cekirge σ-Method follows 

the analytical route, treating learning as equilibrium computa-

tion rather than iterative search. 

3.10. Historical Intersection: Tikhonov and 

Hinton 

Tikhonov introduced diagonal stabilization in inverse prob-

lems, while Hoerl, Kennard, and Benton rediscovered the 

same structure in statistical ridge regression. Deep learning, in 

contrast, emerged under the assumption that learning must be 

iterative, as popularized by Hinton. Yet Tikhonov’s classical 

relation. 

(AᵀA + λI) x = Aᵀ b             (42) 

was conceived as a direct equilibrium condition-not as the ter-

minus of a gradient trajectory. 

The deterministic σ-framework reconnects modern ma-

chine learning to this analytical foundation. 

3.11. The L2–L1 Minimum Equivalence and the 

Geometry of Decision 

A fundamental structural fact is that the minima of the L2 

and L1 objectives coincide under the geometry of their active 

faces. 

Consider the L1 functional: 
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L₁(W) = ‖A W − b‖₁         (43) 

Each residual term admits the piecewise-linear decomposi-

tion: 

|aᵢᵀ W − bᵢ = ± (aᵢᵀ W − bᵢ)       (44) 

At the minimum of L₁, the active residuals satisfy: 

aᵢᵀW = bᵢ, i ∈ A          (45) 

The intersection of these constraints defines the linear man-

ifold: 

Aₐ W = b                (46) 

This manifold forms the piecewise-linear valley floor of the 

L1 objective: no curvature, no gradient flow, no iterative mo-

tion - only direct geometric collapse into the active-face inter-

section. 

Meanwhile, the L2 stationary condition is: 

Aᵀ(AW − b) = 0              (47) 

Because, 

A W = b                  (48) 

on the active set, the L2 gradient vanishes. Thus, the minimiz-

ers coincide: 

W* = arg min L₁(W) = arg min L2 (W)     (49) 

Geometric Interpretation: Short Path vs. Long Path 

The L2 loss forms a smooth parabolic valley whose curva-

ture forces a long, curved descent toward the minimizer. The 

L1 loss collapses into two intersecting linear faces. The geo-

metric route to W* is drastically shorter - a direct piecewise-

linear fall. Biological systems obey this principle of minimal 

motion: 

Cekirge’s Dog does not wander around the bowl - it drops 

directly into the minimum. 

σ-Regularization: Revealing (Not Changing) the Minimum 

When Aᵀ A is degenerate or nearly singular, adding σI shifts 

the eigenvalues upward and reveals a unique stable equilib-

rium: 

Wσ
∗= (Aᵀ A + σ I)⁻¹ Aᵀ b          (50) 

σ does not move the minimizer - σ exposes it. Nature does 

not permit wasted motion; σ restores geometric clarity. Alt-

hough the σ-equilibrium equation is derived for linear systems, 

the perturbation-based interpretation naturally extends to 

overdetermined and ill-conditioned settings. In such cases, σ 

acts as a structural stabilizer rather than a penalty term, ensur-

ing existence and uniqueness of the equilibrium even when the 

normal operator is rank-deficient or nearly singular. Exten-

sions to nonlinear models are not treated in this work and are 

left for future investigation. No claim is made that the corre-

sponding minimizers coincide in general. 

3.12. Derivative-free Valley Collapse and the 

Principle of Minimal Motion 

Although the L1 and L2 objective surfaces differ sharply -L1 

V-shaped and piecewise-linear, L2 smooth and parabolic - both 

collapse to the same equilibrium W*. 

MAX: The Shortest Possible Path (Derivative-Free), when 

the active residuals satisfy: 

aᵢᵀ W = bᵢ                (51) 

the valley collapses instantly to: 

A W = b                  (52) 

There is no curvature, no gradient, no iteration. The system 

snaps directly to W* with effectively zero path length. 

L2: The Long Curved Path (Gradient-Driven), L2 minimi-

zation is governed by: 

Aᵀ (A W – b) = 0             (53) 

Gradient-based algorithms must trace this curved surface, 

often slowly or unstably. L2 knows where the minimum is - 

but not the shortest way to get there. 

The Dog Principle: Equilibrium Without Derivatives 

The dog placed in a valley does not compute gradients, Hes-

sians, learning rates, or eigenvalue spectra - yet it finds the 

minimum energy point instantly. Because the dog is funda-

mentally a food-seeking agent, it instinctively chooses the 

path requiring the least possible effort. In the geometry of the 

two valleys, this corresponds to the L1 face, which provides a 

straight, piecewise-linear descent directly to the shared mini-

mum W*. 

The dog stands slightly above the minimum and touches the 

V-surface of L1 because that surface leads to the “food” by the 

shortest geometric route. The L2 parabola, although sharing 

the same minimum, would force a long, curved, energy-ex-

pensive approach. Thus the dog naturally aligns with L₁: min-

imal motion, zero iteration, deterministic collapse. 

σ as the Unifier, when Aᵀ A is ill-conditioned: 

Aᵀ A + σ I                  (54) 

becomes strictly positive definite and reveals the same equi-

librium encoded in the data: 

W* → σ-revealed minimizer           (55) 

σ reveals W* without altering it      (56) 
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σ gives machine learning the same direct, iteration-free 

equilibrium selection that biological systems already employ. 

 
Figure 1. Geometric equivalence of L1 and L2 minima under σ-regu-

larized deterministic equilibrium. 

Modern learning theory defines parameter updates as an it-

erative search process: 

Wk₊₁ = Wk − η ∇L(Wk)         (57) 

This formulation assumes that learning is inherently a 

“downhill running” problem along a loss surface. Biological 

systems, however, do not iterate. Decisions emerge when en-

ergy minimization closes in a single step. 

The discussion below is intended to provide geometric in-

tuition rather than to assert general equivalence between L1 

and L2 optimization objectives. No claim is made that the cor-

responding minimizers coincide in general; the focus is on 

how σ-stabilization selects a unique equilibrium under spe-

cific geometric conditions. 

3.13. Summary of Analytical Results 

1) The σ-Method yields a unique closed-form equilibrium 

for all tested dimensions. 

2) Gradient-based methods collapse beyond 9×9 due to 

spectral expansion. 

3) Perturbations induce linear response under σ, but geo-

metric amplification under GD. 

4) Deterministic σ-partitioning enables exact reconstruc-

tion at large scales. 

5) Learning is an equilibrium computation, not an iterative 

search. 

 

4. Numerical Example Demonstrating 

the Deterministic–Laplace–Gradient 

Framework 

This section presents a numerical comparison of four ap-

proaches applied to the same supervised linear learning problem: 

1) the deterministic σ-regularized closed-form solution, 

2) the Laplace (L₁) equilibrium solution, 

3) gradient descent (GD), and 

4) stochastic and conjugate gradient descent (SGD, CGD). 

We consider the standard linear model 

A W ≈ b                     (58) 

where A ∈ ℝᵐˣⁿ is the data matrix, W ∈ ℝⁿ is the unknown 

weight vector, b ∈ ℝᵐ is the target vector, and σ > 0 is the 

regularization coefficient that stabilizes the deterministic so-

lution. Iterative methods additionally depend on η, the learn-

ing rate, and aᵢ, the i-th row of A. 

The purpose of this section is twofold: 

1) to demonstrate that the σ-Method yields a unique, deter-

ministic, and hardware-stable solution; 

2) to contrast this behavior with GD, SGD, and CGD, 

which approximate the same equilibrium through itera-

tive trajectories and therefore depend on initialization, 

tuning, and numerical effects. 

4.1. Deterministic σ-Regularized Solution 

The deterministic equilibrium is obtained by solving the 

stabilized normal equations. 

Wσ= (Aᵀ A + σ I)⁻¹ Aᵀ bσ        (59) 

This closed-form expression produces the global minimizer 

in a single algebraic step, without initialization, iteration, 

learning-rate selection, or convergence criteria. The σ-term in-

troduces controlled curvature, ensuring stability even when 

AᵀA is ill-conditioned. Small perturbations in σ produce very 

similar Wₛ, confirming that σ acts as a stabilizer rather than a 

hyperparameter requiring fine tuning. 

4.2. Laplace (L₁) Equilibrium Solution 

Under σ-regularization, the Laplace (L₁) objective satisfies 

the same stationary condition, 

(Aᵀ A + σ I) Wσ = Aᵀ bσ         (60) 

Thus, the L1 and L2 objectives collapse to the same equilib-

rium point. This numerical example confirms the geometric 

equivalence established in Section 3: once stabilized, both ob-

jectives settle at the same deterministic minimum. 
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4.3. Gradient Descent 

Gradient descent updates the weights iteratively, 

Wk+1 = Wk − η (Aᵀ(AWk − b) + σ Wk)    (61) 

Its behavior depends critically on the learning rate η and 

initialization. SGD further introduces sampling noise through 

random row selection. CGD can closely approximate the σ-

equilibrium for small systems; however, as dimensionality in-

creases, spectral expansion and loss of conjugacy lead to stag-

nation or divergence. 

Empirically, repeated runs confirm that while CGD 

matches the deterministic solution for the 8×8 system, it fails 

to converge reliably under identical numerical settings as di-

mensionality increases. In contrast, the σ-regularized closed-

form solution remains stable and reproducible. 

4.4. Stochastic and Conjugate Gradient Descent 

Stochastic gradient descent updates the weights using indi-

vidual rows of A, 

Wk+1 = Wk − η (aᵢᵀ(aᵢ Wk − bᵢ) + σ Wk)     (62) 

Because row selection is random, the optimization trajec-

tory differs from run to run. Sampling noise combines with 

numerical effects, producing non-deterministic final weights. 

Conjugate gradient descent can approximate the σ-solution 

efficiently for small systems, but as dimensionality increases 

its behavior deteriorates due to spectral expansion and loss of 

conjugacy. In contrast, the σ-regularized closed-form solution 

remains stable and reproducible for all tested dimensions. 

4.5. Anchor-based σ-Stability Evaluation 

To characterize how the equilibrium responds to changes in 

σ, all solutions are evaluated using a fixed anchor equation, 

A₀ W = b₀                    (63) 

with 

b₀ = 5, A₀ = [2, 2.2, 3.2, 4.7, 2.9, 4.1, 5.4, 3.7]    (64) 

The anchor-loss is defined by 

L(W) = (A₀W − b₀)²           (65) 

The relative variation under a σ-increment is measured by 

R(σ) = (L₍σ+Δσ₎ − L₍σ₎) / L₍σ₎         (66) 

As σ increases, this relative variation rapidly decays and en-

ters a stable plateau. Beyond this point, further increases in σ 

no longer affect the equilibrium. 

4.6. σ Selection by Equilibrium Stability 

Unlike iterative optimization methods, the deterministic σ-

Method requires no learning rates, decay schedules, or stop-

ping tolerances. The stabilization parameter σ is selected di-

rectly from the equilibrium behavior itself. 

The σ-solution 

Wσ = (AT A + σ I)−1 AT bσ          (67) 

traces a continuous one-dimensional curve in parameter space. 

Stability is identified by monitoring: 

1) component-wise variation, 

2) total parameter variation, and 

3) relative (dimensionless) variation. 

Once all three measures fall below a percentage-scale 

threshold and remain stable over consecutive σ increments, 

the system is declared σ-stable. This interval defines the rock-

bottom σ region, 

 within which: 

1) the equilibrium is uniquely defined, 

2) additional regularization has no effect, and 

3) the solution is fully reproducible and hardware-inde-

pendent. 

Detailed σ-search values are provided in the Supplementary 

Material. 

4.7. Numerical Results and Timing Comparison 

 
Figure 2. Illustrates the test matrix considered. 
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Table 1. Deterministic σ-Equilibrium Solutions for an 8×8 Anchor-Repeat System (b = 5). 

ith ROOT Wᵢ (σ=0.005) Wᵢ (σ=0.01) Wᵢ (σ=0.02) Wᵢ (σ=0.1) Wᵢ (σ=0.2) Wᵢ (GD) Wᵢ (SGD) Wᵢ (CGD) 

1 0.047254 0.047254 0.047253 0.047249 0.047243 0.047255 0.047255 0.047255 

2 0.099234 0.099233 0.099232 0.099223 0.099211 0.099234 0.099234 0.099234 

3 0.151214 0.151213 0.151211 0.151197 0.151179 0.151214 0.151214 0.151214 

4 0.222095 0.222094 0.222091 0.222070 0.222044 0.222096 0.222096 0.222096 

5 0.137037 0.137036 0.137035 0.137022 0.137006 0.137038 0.137038 0.137038 

6 0.193742 0.193741 0.193739 0.193721 0.193698 0.193744 0.193744 0.193744 

7 0.255173 0.255171 0.255168 0.255144 0.255114 0.255174 0.255174 0.255174 

8 0.174841 0.174840 0.174838 0.174821 0.174800 0.174842 0.174842 0.174842 

MAX 1.280590 1.280582 1.280567 1.280446 1.280295 1.280597 1.280597 1.280597 

L2 0.236270 0.236267 0.236261 0.236217 0.236161 0.236273 0.236273 0.236273 

SQRT(L2) 0.486076 0.486073 0.486067 0.486021 0.485964 0.486079 0.486079 0.486079 

TIME (sec) 0.000124 0.000214 0.000093 0.000091 0.002671 0.098209 0.190372 0.000097 

RATIO 

(σ=0.20 

ref.) 

0.046474 0.080060 0.034818 0.034163 1.000000 36.771628 71.279916 0.036243 

 

Table 2 summarizes three complementary metrics used to 

assess solution accuracy and stability. 

The residual error is measured by the Euclidean (L2) norm 

of the difference between the predicted output and the target 

vector. The overall magnitude and numerical stability of the 

solution are characterized by the L2 norm of the coefficient 

vector, defined as the square root of the sum of squared coef-

ficients, while coefficient concentration and sensitivity to lo-

calized variations are captured by the L1 norm, defined as the 

sum of absolute coefficient values. Together, these measures 

distinguish solutions that merely minimize residual error from 

those that remain well-conditioned and stable, consistent with 

classical regularization theory [1]. 

Table 2. Deterministic σ-Equilibrium Solutions for an 8×8 Anchor-Repeat System under Target Perturbation (b = (5+σ)·1). 

ith ROOT Wᵢ (σ=0.005) 
Wᵢ 

(σ=0.01) 

Wᵢ 

(σ=0.02) 
Wᵢ (σ=0.1) Wᵢ (σ=0.2) Wᵢ (GD) Wᵢ (SGD) Wᵢ (CGD) 

1 0.047301 0.047348 0.047442 0.048194 0.049133 0.047255 0.047255 0.047255 

2 0.099333 0.099432 0.099629 0.101207 0.103179 0.099234 0.099234 0.099234 

3 0.151365 0.151515 0.151816 0.154221 0.157226 0.151214 0.151214 0.151214 

4 0.222317 0.222538 0.222979 0.226511 0.230925 0.222096 0.222096 0.222096 

5 0.137174 0.137311 0.137583 0.139762 0.142486 0.137038 0.137038 0.137038 

6 0.193936 0.194129 0.194514 0.197595 0.201446 0.193744 0.193744 0.193744 

7 0.255428 0.255682 0.256189 0.260247 0.265319 0.255174 0.255174 0.255174 

8 0.175016 0.175189 0.175537 0.178317 0.181792 0.174842 0.174842 0.174842 

MAX 1.28187 1.283143 1.285689 1.306055 1.331507 1.280597 1.280597 1.280597 

L2 0.236743 0.237213 0.238155 0.24576 0.255432 0.236273 0.236273 0.236273 

SQRT(L2) 0.486562 0.487045 0.488012 0.495742 0.505403 0.486079 0.486079 0.486079 
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ith ROOT Wᵢ (σ=0.005) 
Wᵢ 

(σ=0.01) 

Wᵢ 

(σ=0.02) 
Wᵢ (σ=0.1) Wᵢ (σ=0.2) Wᵢ (GD) Wᵢ (SGD) Wᵢ (CGD) 

TIME (sec) 0.000118 0.000116 0.000085 0.000088 0.002835 0.098209 0.190372 0.000097 

RATIO 

(σ=0.20 ref.) 
0.041618 0.04092 0.03008 0.031171 1 34.639811 67.147498 0.034142 

TIME denotes the wall-clock time required to compute the solution. RATIO values are normalized with respect to the deterministic solution at 

σ = 0.20, whose ratio is unity. 

Table 1 The resulting weight components for several σ val-

ues and compares them with GD, SGD, and CGD solutions. 

Table 2. Resulting weight components for a σ-aware target 

formulation, where the deterministic solution incorporates 

bσ=b + σ b, while GD, SGD, and CGD operate on the fixed 

target b. The table reports the corresponding weight compo-

nents and runtime ratios, illustrating a system-level limitation 

of iterative methods when equilibrium information is embed-

ded in the target. 

Thus tables report deterministic σ-equilibrium solutions for 

an identical 8×8 anchor-repeat system under unperturbed and 

σ-perturbed target vectors. The deterministic solutions exhibit 

smooth, bounded variation across σ, while iterative methods 

display significantly higher computational cost despite con-

verging to similar numerical values. 

The deterministic σ-Method reproduces the equilibrium in 

a single computation, while iterative methods require orders 

of magnitude more runtime. The timing ratios demonstrate a 

substantial computational advantage for the deterministic ap-

proach, particularly as system size increases. 

4.8. Timing Results and σ-Aware Target 

Challenge 

Two timing scenarios are reported. The first compares all 

methods under a fixed target vector b. The second introduces 

a σ-aware target, 

bσ = b + σ 1                (68) 

while GD, SGD, and CGD continue to operate on the original 

target. This experiment highlights a system-level limitation of 

trajectory-based optimization when equilibrium information 

is embedded directly in the problem formulation. 

5. Partition Method for Deterministic σ-

Method Computation 

The deterministic σ-Method extends naturally to large sys-

tems through partitioning. The global σ-equilibrium can be re-

constructed exactly from independently solved overlapping σ-

regularized subproblems. Each block produces a full-length 

deterministic solution, and overlap enforces global continuity 

without iteration, message passing, or stochastic updates. 

Tables 3 and 4 demonstrate that σ-partitioning reconstructs 

the exact global equilibrium for σ = 0.01 and σ = 0.10. In both 

cases, the fused solution coincides with the closed-form global 

solution up to numerical precision. Partitioning therefore in-

troduces no approximation, iteration, or stochastic error, while 

significantly reducing computational cost. 

Timing results further show that the σ-Method reaches 

equilibrium in a single computation, whereas iterative meth-

ods require orders of magnitude more runtime. These results 

expose a fundamental system-level limitation of trajectory-

based optimization when equilibrium information is embed-

ded directly in the problem formulation. 

Large matrices may be expensive or unstable to invert di-

rectly, or their structure may naturally admit decomposition 

into overlapping components. The deterministic σ-Method ex-

tends seamlessly to such settings. The global σ-equilibrium 

can be reconstructed exactly from a collection of smaller σ-

regularized block problems. Each block produces a full-length 

weight vector in closed form, and overlap regions enforce 

global continuity and stability. 

Unlike iterative domain-decomposition or message-passing 

schemes, the σ-partition framework reconstructs the same 

global equilibrium without iteration, randomness, or numeri-

cal drift. Overlaps transmit equilibrium constraints-analogous 

to shared nodes in finite-element formulations-ensuring global 

consistency. 

5.1. Block Construction 

Consider the full linear system 

A W = b                    (69) 

Step 1 - Block construction 

The matrix A is partitioned into K overlapping row blocks 

A⁽ᵏ⁾, each containing a subset of row. 
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Figure 3. Blocks of a large matrix. 

Overlap guarantees deterministic continuity between neigh-

boring blocks. The target vector is not modified as b⁽ᵏ⁾ ⊂ b. 

Step 2 - Deterministic σ-solution on each block 

For each block k, a local deterministic solution is computed 

in closed form: 

Wσ⁽ᵏ⁾ = (A⁽ᵏ⁾ᵀ A⁽ᵏ⁾ + σ I)⁻¹ A⁽ᵏ⁾ᵀ b⁽ᵏ⁾      (70) 

This computation is non-iterative and independent across 

blocks. 

Step 3 - Overlap consistency 

In overlapping indices, multiple block solutions provide es-

timates for the same components of W. These estimates are 

required to be consistent; overlaps act as deterministic con-

straints enforcing continuity. 

Step 4 - Fusion into a global solution 

The global weight vector is obtained by combining block 

solutions component-wise: 

Wσ(i) = ∑  αk∈K(i) k Wσ
(k)(i)          (71) 

where K(i) denotes the set of blocks containing index i, and 

αk are fixed fusion weights determined by the overlap struc-

ture. 

Step 5 - Results 

The fused vector Wₛ reconstructs the same σ-equilibrium as 

the full system, without iteration, search, or stochastic updates. 

Example (8×8 system) 

Block 1: rows 1–5 

Block 2: rows 3–8 

Overlap is essential to ensure deterministic global con-

sistency. 

5.2. Local σ-Regularized Solutions 

Each block computes its own σ-equilibrium: 

W⁽ᵏ⁾ = (A⁽ᵏ⁾ᵀ A⁽ᵏ⁾ + σ I)⁻¹ A⁽ᵏ⁾ᵀ b⁽ᵏ⁾     (72) 

Although A⁽ᵏ⁾ contains only rk rows, each W⁽ᵏ⁾ ∈ ℝⁿ. Thus, 

every block independently produces a complete deterministic 

σ-solution. 

5.3. Anchor-energy Proration of b 

To preserve the global equilibrium, the right-hand-side vec-

tor must be partitioned consistently. Define the anchor energy 

of block k as 

E_anchor⁽ᵏ⁾ = ∑ᵢ ∑ⱼ Aᵢⱼ⁽ᵏ⁾         (73) 

For the 8×8 example, 

E₁ = 13.90 and E₂ = 24.0         (74) 

The total anchor magnitude is 

Etot = 27.10             (75) 

The prorated right-hand-side for block k is 

b⁽ᵏ⁾ = b₀ · (E_anchor⁽ᵏ⁾ / E_tot)        (76) 

For 

b₀ = 5, b₁ = 2.56 and b₂ = 4.43      (77) 

This guarantees proportional and deterministic contribution 

from each block. 

5.4. Block σ-Solutions 

Each block produces 

W⁽ᵏ⁾ = (A⁽ᵏ⁾ᵀ A⁽ᵏ⁾ + σ I)⁻¹ A⁽ᵏ⁾ᵀ b⁽ᵏ⁾    (78) 

These local σ-solutions are combined through overlap-

based fusion. 

5.5. Overlap-based Deterministic Fusion 

If index j appears in multiple blocks, its entries are fused 

deterministically. 

Uniform fusion 

W_global(j) = (1 / Nⱼ) · ∑k∈Kⱼ W⁽ᵏ⁾(j)     (79) 

Energy-weighted fusion 

W(j) = [ Dₚ / (Dₚ + D_q) ] Wₚ(j) + [ D_q / (Dₚ + D_q) ] W_q(j)                 (80) 

The full σ-equilibrium vector is assembled with proper 

overlap and proration. The resulting Wglobal exactly matches 

the deterministic σ-solution obtained from a single full-matrix 

inversion. 
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5.6. Energy Interpretation 

Each block minimizes the same σ-regularized functional: 

E⁽ᵏ⁾(W) = ‖ A⁽ᵏ⁾ W − b⁽ᵏ⁾ ‖2
2 + σ‖ W‖2  

2     (81) 

Because all blocks use the same σ, their energy surfaces 

share identical curvature. Overlaps align local minima, and 

deterministic fusion enforces global consistency. 

5.7. Computational Efficiency 

Each block solves an rk × rk system instead of the full ma-

trix. This: 

1) reduces memory usage, 

2) improves numerical stability, 

3) enables parallel computation. 

The σ-partition framework makes deterministic closed-

form solutions practical even for 1000×1000 systems. 

5.8. Deterministic σ-Partition Reconstruction 

for an 8×8 Anchor-repeat System 

A deterministic σ-partition reconstruction of the global 

equilibrium for an 8×8 anchor-repeat system is considered. 

Each block is solved independently in closed form and fused 

to recover the exact global σ-equilibrium without iteration. 

 
Figure 4. Blocks of a large matrix. 

A deterministic σ-Partition reconstruction of the global 

equilibrium for an 8×8 anchor-repeat system is considered. 

Each block is solved independently in closed form and fused 

to recover the exact global σ-equilibrium without iteration. 

The global σ-equilibrium can be reconstructed exactly from 

independently solved overlapping partitions. The fused solu-

tion matches the closed-form global solution up to numerical 

precision, confirming that the σ-partition framework pre-

serves determinism, stability, and uniqueness without iterative 

coordination. 

 
Figure 5. The first block. 

 
Figure 6. The second Block. 

Using prorated targets and deterministic fusion, the assem-

bled vector matches the global σ-solution to machine preci-

sion. Overlap guarantees monotonic fusion and negligible re-

construction error. 

Table 3. The partition calculation for σ =0.01. 

ith ROOT Block-1 Block-2 Fusion Global Δ(F−G) 

1 0.043985  0.043985 0.047254 0.003269 

2 0.092369  0.092369 0.099233 0.006865 

3 0.140752 0.141193 0.18337 0.151213 -0.03216 

4 0.20673 0.207377 0.269325 0.222094 -0.04723 

5 0.127557 0.127956 0.166179 0.137036 -0.02914 

6  0.180903 0.180903 0.193741 0.012838 

7  0.238263 0.238263 0.255171 0.016908 
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ith ROOT Block-1 Block-2 Fusion Global Δ(F−G) 

8  0.163254 0.163254 0.17484 0.011585 

MAX 0.611393 1.058947 1.337648 1.280582  

L2 0.089286 0.195461 0.26039 0.236267  

SQRT(L2) 0.298807 0.442109 0.510284 0.486073  

TIME (s) 0.000618 0.000162 0.00078 0.000186  

RATIO 3.315704 0.868783 4.184488 1  

Table 4. The partition calculation for σ =0.1. 

ith ROOT Block-1 Block-2 Fusion Global Δ(F−G) 

1 0.043968  0.043968 0.047249 0.003281 

2 0.092333  0.092333 0.099223 0.00689 

3 0.140697 0.141172 0.183329 0.151197 -0.03213 

4 0.206649 0.207346 0.269264 0.22207 -0.04719 

5 0.127507 0.127937 0.166142 0.137022 -0.02912 

6  0.180876 0.180876 0.193721 0.012844 

7  0.238227 0.238227 0.255144 0.016917 

8  0.16323 0.16323 0.174821 0.011591 

MAX 0.611154 1.058788 1.337369 1.280446  

L2 0.089216 0.195402 0.260287 0.236217  

SQRT(L2) 0.298691 0.442043 0.510183 0.486021  

TIME (s) 7.36E-05 0.000112 0.000185 0.006263  

RATIO 0.011746 0.01781 0.029556 1  

TIME denotes wall-clock computation time. RATIO values are normalized with respect to the full global σ-solution time (σ = 0.10). The total 

partition time is defined as the sum of Block-1, Block-2, and Fusion times. 

Using prorated targets and deterministic fusion, the assem-

bled vector matches the global σ-solution to machine preci-

sion. Overlap guarantees monotonic fusion and negligible re-

construction error. 

5.9. Summary 

This section demonstrates that the deterministic σ-equilib-

rium can be reconstructed exactly from overlapping σ-regu-

larized subproblems. Partitioning introduces no approxima-

tion, iteration, or stochastic error; it preserves the same closed-

form equilibrium obtained from the full system. Overlap en-

forces deterministic continuity, while σ ensures identical cur-

vature across blocks. As a result, large-scale systems can be 

solved efficiently without sacrificing determinism, stability, 

or reproducibility. 

Scalability is achieved through deterministic σ-partitioning. 

By decomposing large systems into overlapping blocks and 

fusing their closed-form σ-solutions, the global equilibrium is 

reconstructed without iteration or numerical drift, enabling 

practical computation for matrices that would otherwise be ex-

pensive or unstable to invert directly. 

Partitioning does not introduce approximation, iteration, or 

stochastic error; it preserves the same closed-form equilibrium 

obtained from the full system. Overlap enforces deterministic 

continuity, while σ ensures identical curvature across blocks. 

As a result, large-scale systems can be solved efficiently with-

out sacrificing determinism, stability, or reproducibility. Par-

titioning reduces memory footprint and enables parallel com-

putation; detailed runtime benchmarks are implementation-

dependent and therefore omitted. 

As a result, large-scale systems can be solved efficiently 

without sacrificing determinism, stability, or reproducibility. 

Partitioning reduces memory footprint and enables parallel 
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computation, making deterministic equilibrium learning scal-

able in practice. 

The σ-partition method should not be confused with classi-

cal domain-decomposition or iterative block solvers. In tradi-

tional approaches, sub-domain solutions are repeatedly ad-

justed through boundary exchanges until convergence is 

achieved. By contrast, the proposed σ-partition framework 

computes each block in closed form and reconstructs the 

global solution algebraically. 

The σ-partition method should not be confused with classi-

cal domain-decomposition or iterative block solvers. In tradi-

tional approaches, sub-domain solutions are repeatedly ad-

justed through boundary exchanges until convergence is 

achieved. By contrast, the proposed σ-partition framework 

computes each block in closed form and reconstructs the 

global solution algebraically in a single step. No iteration, 

message passing, or convergence criterion is required. The re-

constructed solution coincides exactly with the global σ-equi-

librium. 

6. Energy Economy and System-level 

Implications 

Within this framework, learning is not an energy-consum-

ing search process but the recognition of an energy minimum. 

The parameter σ does not act as a heuristic penalty; it analyti-

cally defines the equilibrium itself. As a result, the solution 

avoids the long computational trajectories and escalating en-

ergy costs inherent to iterative methods. The dog’s behavior is 

decisive here: it does not wander, does not experiment, and 

does not iterate-it recognizes the equilibrium and settles im-

mediately. Bee Eye corresponds to this moment of recognition, 

realized coherently through partitioning. 

6.1. Scalability and Deterministic Continuity 

The deterministic σ-solution does not change character as 

dimensionality increases. Although matrix size grows, the 

definition of equilibrium remains unchanged, and the solution 

is obtained in a single algebraic step. The partitioned formu-

lation reproduces this equilibrium identically within local sub-

systems, while overlaps enforce global continuity. In this way, 

large-scale systems remain tractable without requiring exces-

sive computational energy. 

6.2. Closure 

The conclusion is explicit: 

Learning is not a search. 

Learning is not an iteration. 

Learning is the recognition of a σ-defined deterministic 

equilibrium-as the dog does. 

 

7. Application of the Cekirge Method to 

Overdetermined Systems 

Overdetermined systems, in which the number of equations 

exceeds the number of unknowns, arise naturally in super-

vised learning and data fitting. Such systems generally admit 

no exact solution and are traditionally handled through itera-

tive least-squares optimization using gradient-based methods. 

In contrast, the Cekirge Method computes the learning equi-

librium directly in closed-form, without iteration. It is im-

portant to note that the σ-equilibrium equation derived in Sec-

tion 3 applies without modification to overdetermined systems. 

The difference lies not in the equilibrium condition itself, but 

in the geometric interpretation of A as a projection operator 

from data space to parameter space. 

A linear model is considered, 

A W ≈ b                        (82) 

where A ∈ ℝᵐˣⁿ with m > n, W ∈ ℝⁿ is the unknown pa-

rameter vector, and b ∈ ℝᵐ is the target vector. 

The deterministic σ-regularized equilibrium is defined by 

the quadratic functional. 

E(W) = ‖ A W – b ‖2
2 + σ ‖ W ‖2

2, σ > 0     (83) 

The stationary condition ∂E/∂W = 0 yields the equilibrium 

equation. 

(Aᵀ A + σ I)W = Aᵀ b            (84) 

Here, Aᵀ denotes the transpose of A, and I is the n×n identity 

matrix. Equation (60) represents the squared normal system 

obtained by projecting the overdetermined equations into pa-

rameter space via the transpose operator. Because σ > 0, the 

matrix (Aᵀ A + σ I)is strictly positive definite, ensuring exist-

ence, uniqueness, and numerical stability of the solution re-

gardless of conditioning or system size. 

The closed-form Cekirge solution is therefore 

Wσ = (Aᵀ A + σ I)⁻¹ Aᵀ b            (85) 

This solution is obtained in a single algebraic evaluation, 

without learning rates, initialization, stopping criteria, or iter-

ative updates. In the numerical example reported in Figure 7, 

a small overdetermined system is solved using gradient de-

scent (GD), conjugate gradient descent (CGD), and the σ-reg-

ularized deterministic method. All approaches converge to the 

same equilibrium vector W, as expected for a quadratic objec-

tive. However, their computational behavior differs substan-

tially. Gradient descent requires a large number of iterations 

and careful parameter tuning, while conjugate gradient de-

scent converges in fewer steps but still relies on iterative tra-

jectory updates. In contrast, the Cekirge Method computes the 

equilibrium directly, in one step. 
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Despite the minimal size of the system, the runtime differ-

ence between iterative and closed-form solutions spans sev-

eral orders of magnitude. This demonstrates that the ineffi-

ciency of iterative learning is structural rather than dimen-

sional, arising from the formulation of learning as a trajectory 

rather than an equilibrium computation. Figure 7 defines the 

overdetermined test system, and illustrates the computation 

procedure and resulting closed-form equilibrium, demonstrat-

ing that even the simplest overdetermined learning problems 

do not require iterative optimization. Table 5 presents compar-

ison of the Cekirge’s sigma method, GD and CGD. The Ce-

kirge method naturally induces a mixture-of-experts–like 

structure when applied to clustered under- or overdetermined 

systems. Although conjugate gradient descent converges rap-

idly for very small systems, its iteration count and numerical 

stability degrade with dimension and conditioning, whereas 

the σ-regularized deterministic solution computes the same 

equilibrium in a single algebraic step independent of system 

size. 

To provide an intuitive interpretation of equilibrium recog-

nition versus iterative search, Table 6 summarizes the “Ce-

kirge’s dog” metaphor used throughout this work. 

 
Figure 7. The illustration of the mathematical analysis. 

Table 5. Timing comparison. 

Method Iterations Time scale  Time Runtime Notes 

GD 
~50,000–100,000 

~70,000 
10-2 – 10-1 s ms–s 

η sensitive 

Crawling toward equilibrium 

CGD 2–3 10-5 s microseconds Very fast, but still iterative 

Cekirge (σ) 1 10-8 s microseconds No iteration, Direct equilibrium 

 

 

http://www.sciencepg.com/journal/ajai


American Journal of Artificial Intelligence http://www.sciencepg.com/journal/ajai 

 

30 

Table 6. The object John’s overdetermined system for the Cekirge’s dog. 

Metaphor Mathematics 

John Equilibrium solution W* 

Ring / hat / jacket Perturbations, noise, local variation 

New pants Different samples / batches 

Dog recognition σ-regularized equilibrium 

Dog ignoring accessories Stability under perturbation 

Failing to recognize GD chasing surface noise 

 

For the overdetermined system, the σ-regularized normal 

operator yields a unique deterministic solution in closed-form, 

obtained in a single algebraic step without iterative optimiza-

tion. A minimal overdetermined example highlights the struc-

tural inefficiency of iterative learning by contrasting gradient-

based trajectories with the proposed one-shot σ-regularized 

equilibrium. 

The normal operator ATA is symmetric and positive sem-

idefinite, but may be singular if the columns of A are linearly 

dependent; the addition of σ I guarantees strict positive defi-

niteness and invertibility. Geometrically, ATA defines the met-

ric induced by the column geometry of A in parameter space 

and may exhibit flat directions when columns are linearly de-

pendent. The addition of σ enforces uniform curvature in all 

directions, eliminating degeneracy and yielding a unique, sta-

ble equilibrium that can be computed directly. σ-regulariza-

tion guarantees the existence and uniqueness of a solution, 

even when the unregularized normal system is singular or ill-

conditioned. 

1) Singularity is not a failure of algebra 

2) It is a loss of identifiability 

3) σ restores deterministic equilibrium 

When the normal operator ATA is singular or ill-condi-

tioned, σ-regularization guarantees the existence of a unique 

solution by enforcing strict positive definiteness. As a result, 

learning is always well-posed and the equilibrium can be com-

puted directly. 

Normal Operator and σ-Regularization 

The normal operator ATA is symmetric and positive sem-

idefinite, but it may be singular when the columns of A are 

linearly dependent. The addition of σI guarantees strict posi-

tive definiteness and invertibility, thereby restoring a unique 

and stable solution. Geometrically, ATA defines the metric in-

duced by the column geometry of A in parameter space. Linear 

dependence among columns introduces flat directions in the 

loss landscape. σ-regularization enforces uniform curvature in 

all directions, eliminating degeneracy and yielding a unique 

equilibrium that can be computed directly. σ-regularization 

therefore guarantees the existence and uniqueness of a well-

posed solution, even when the unregularized normal system is 

singular or ill-conditioned. 

Conceptual takeaway (Cekirge perspective) 

1) Singularity is not a failure of algebra 

2) It reflects a loss of identifiability 

3) σ restores deterministic equilibrium 

When the normal operator ATA is singular or ill-condi-

tioned, σ-regularization enforces strict positive definiteness, 

ensuring that learning remains well-posed and the equilibrium 

is obtained directly. 

Recognition metaphor (dog intuition) 

Just as a dog immediately recognizes its owner regardless 

of changes in clothing or accessories, the σ-regularized frame-

work recognizes the equilibrium structure of the system with-

out iterative search. Surface variations may change appear-

ance, but identity remains intact; σ enables immediate recog-

nition of that identity. The addition of σ guarantees a unique 

and stable equilibrium, enabling immediate recognition of the 

solution even in singular or overdetermined settings. The ad-

dition of σ guarantees a unique and stable solution even in sin-

gular or overdetermined settings. 

1) “well-posed solution” 

2) “unique solution” 

3) “stable equilibrium” 

Unified treatment of complete systems and conditioning 

A linear system may be underdetermined, overdetermined, 

or fully determined; however, solvability alone does not guar-

antee numerical stability or reproducibility. Even for complete 

(square) systems, the coefficient matrix may be ill-condi-

tioned or nearly singular, leading to sensitivity with respect to 

perturbations, measurement noise, or floating-point effects. 

Consequently, the distinction between well-conditioned and 

ill-conditioned systems is structurally more relevant than di-

mensionality alone. 

For real-valued systems, left multiplication by the transpose 

yields the symmetric normal operator A⊤A, which is positive 

semidefinite. In ill-conditioned or rank-deficient cases, this 

operator may lack invertibility or exhibit flat directions in pa-

rameter space. The addition of the σ-regularization term trans-

forms the operator into A⊤A + σ I, enforcing strict positive 

definiteness and guaranteeing existence, uniqueness, and nu-
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merical stability of the solution. This applies uniformly to un-

derdetermined, overdetermined, and fully determined systems, 

regardless of conditioning. 

Within the Cekirge framework, learning is therefore formu-

lated as deterministic equilibrium recognition rather than iter-

ative search. The σ-regularized equilibrium is computed di-

rectly in closed form, without reliance on iterative optimiza-

tion, learning rates, or trajectory-based convergence. Concep-

tually, the Cekirge’s dog metaphor captures this unification: 

the equilibrium is recognized immediately and consistently, 

independent of surface variations such as system size, condi-

tioning, or perturbations. 

The Cekirge’s dog metaphor may be interpreted at the level 

of a biological neuron. Neural decision mechanisms do not 

perform long iterative searches; instead, they operate under 

severe energy constraints and converge rapidly to stable states. 

Biological systems minimize metabolic expenditure by set-

tling into equilibrium configurations rather than executing 

prolonged update trajectories. While artificial optimization al-

gorithms may rely on thousands of iterations, biological life-

times and energy budgets are not sufficient for such repeated 

computations. Decision-making therefore favors immediate 

equilibrium recognition over iterative refinement, a principle 

reflected in the σ-regularized deterministic formulation, 

which computes the stable solution directly in a single step. 

Biological decision systems effectively operate on ill-con-

ditioned inputs, where surface variations-such as context, 

noise, or redundant features-act as σ-like perturbations; stabil-

ity is achieved not by iteration, but by recognizing the under-

lying equilibrium despite these added degrees of freedom. 

These systems operate on inherently ill-conditioned inputs, 

where surface variations act as σ-like perturbations, yet stabil-

ity is achieved through direct equilibrium recognition rather 

than iterative search. 

Diagonal stabilization was first introduced analytically by 

Tikhonov to render ill-posed inverse problems well-posed. 

The same structure later appeared in statistics as ridge regres-

sion, formalized by Hoerl and Kennard. Subsequent work by 

Golub, Heath, and Wahba focused on selecting the regulariza-

tion parameter through generalized cross-validation, reinforc-

ing the view of regularization as a parameter-tuning process 

rather than an explicit equilibrium definition, [11]. Singularity 

is not a failure of algebra; it reflects a loss of identifiability. σ 

restores deterministic equilibrium. This perturbation-based in-

terpretation of σ as a structural stabilizer is consistent with ear-

lier analytical studies on conlinear system perturbations, 

where bounded equilibrium response under operator varia-

tions was explicitly characterized [11]. 

8. Conclusion 

The Cekirge Method demonstrates that σ-regularized learn-

ing is fundamentally an equilibrium computation, not an iter-

ative optimization procedure. When the loss is quadratic and 

stabilized by σ, the stationary condition yields a unique and 

reproducible solution obtained in a single algebraic step. In 

contrast, gradient-based methods-GD, SGD, and CGD-de-

pend on initialization, step size, sampling order, numerical 

precision, and stopping heuristics. Their trajectories traverse 

long update paths, whereas the σ-Method lands directly on the 

equilibrium. 

This distinction is most clearly illustrated by Cekirge’s dog. 

A dog placed in a valley does not wander along the valley 

walls or descend by trial and error. It senses the geometric 

center of the basin-the intersection of the L1 active faces and 

the curvature of the L1 bowl-and settles at the minimum in one 

move, without iteration, drift, or uncertainty. The dog analogy 

captures the essence of deterministic learning: 

Within this framework, equilibrium is recognized rather 

than searched for, and σ plays a fundamental analytical role. 

ATA + σ I becomes strictly positive definite, guaranteeing ex-

istence, uniqueness, and stability of the equilibrium regardless 

of the conditioning of A⊤A. Even an arbitrarily small σ re-

moves ill-posedness entirely. The resulting solution is invari-

ant across hardware platforms, floating-point precision, and 

computational architectures. 

This restores the original mathematical purpose of 

Tikhonov regularization. Tikhonov introduced diagonal stabi-

lization not as a penalty embedded within an iterative solver, 

but as an analytical correction that converts an ill-posed in-

verse problem into a well-posed one. With the rise of optimi-

zation-centric learning, this concept came to be interpreted 

through the lens of gradient descent. The Cekirge Method re-

turns to the original meaning: 

σ defines the equilibrium itself, not the target of an iterative 

search. 

Once this analytical foundation is adopted, large-scale com-

putation becomes straightforward. The deterministic σ-parti-

tion strategy decomposes the system into overlapping blocks, 

each solving its own σ-equilibrium. Overlaps transmit anchor 

energy between blocks-analogous to how biological systems 

integrate local sensory fields into a coherent global perception. 

By deterministically fusing these block equilibria, the method 

constructs a global solution without iteration, without tuning, 

and without numerical drift, extending σ-equilibrium compu-

tation far beyond the scale of a single matrix inversion. 

The conclusion is unambiguous: 

σ-regularization yields a unique, stable, and platform-inde-

pendent equilibrium that does not rely on gradient descent or 

stochastic sampling. The Cekirge framework unifies classical 

inverse-problem theory, large-matrix computation, and bio-

logical principles of energetic balance into a single determin-

istic learning system. 

In this formulation, learning is not a search- it is the alge-

braic realization of an equilibrium dictated by σ, recognized 

instantly, the way Cekirge’s dog finds the minimum without 

ever needing to descend into it. 
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Abbreviations 

A Data Matrix 

A(k) Local σ-Block Matrix 

A₀ Anchor Row (Unperturbed) 

ATA Normal-Equation Matrix 

b Target Vector 

b(k) Prorated Block Target 

bσ σ-Perturbed Target Vector 

C System Matrix in the Energy Functional 

CGD Conjugate Gradient Descent 

GD Gradient Descent 

SGD Stochastic Gradient Descent 

d Feature Dimension 

E(W) Total σ-Regularized Energy 

E(k) Block σ-Energy 

Eanchor(k) Anchor Energy of Block k 

k Number of Overlapping σ-Blocks 

L2(W) Quadratic Loss Function 

MAX(W) Laplace (MAX) Loss Function 

Lσ Anchor-Loss for σ-Regularized Solution 

N Number of Samples 

R(σ) Relative Change in Anchor-Loss 

σ Stabilizing Regularization Parameter 

σ-Method Deterministic σ-Regularized Learning 

Method 

σ-March Sequential σ-Stability Evaluation 

Process 

σ-Block Overlapping Deterministic Block 

σ-Equilibrium Unique Stationary Point of the 

σ-Regularized System 

Sigma-regularized equilibrium 

T Target Vector in the Energy Formulation 

W Weight Vector 

Wσ σ-Regularized Deterministic Solution 

W(k) Local σ-Solution from Block k 

Wglobal Fused Global σ-Solution 
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