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Abstract

The Cekirge Global o-Regularized Deterministic Method introduces a non-iterative learning framework in which model
parameters are obtained through a single closed-form computation rather than through gradient-based optimization. For more
than half a century, supervised learning has relied on gradient descent, stochastic gradient descent, and conjugate gradient
descent—methods requiring learning rates, batching rules, random initialization, and stopping heuristics, whose outcomes vary
with floating-point resolution, operating-system effects, and hardware drift. As dimensions increase or matrices become
ill-conditioned, these iterative processes frequently diverge or yield inconsistent results. The o-Regularized Deterministic
Method replaces this instability with a -regularized quadratic formulation whose stationary point is analytically unique; even
very small ¢ values eliminate ill-conditioning and ensure machine-independent reproducibility. Learning is reframed not as a
search, but as the direct computation of an equilibrium determined by the structural geometry of the data matrix. To address the
common reviewer concern that stability must be demonstrated across progressive system sizes, the method is validated
sequentially—from small 5>6 and 8>8 matrices, whose full algebra is explicitly inspectable, through 20>20, 100><100, and
ultimately 1000x1000. Across all scales, the deterministic c-solution remains stable and identical across platforms, whereas
gradient-based algorithms begin to degrade even at moderate sizes. In practice, the o-Regularized Deterministic Method requires
only a single algebraic evaluation, eliminating the repeated matrix passes and energy expenditure inherent to iterative algorithms.
Its runtime scales linearly with the number of partitions rather than the number of iterations, yielding substantial time and energy
savings even in very large systems.
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1. Introduction

Supervised learning traditionally assumes that model pa-
rameters W must be obtained through optimization, typically L(W) = /A W — bl3. 1)
by minimizing the quadratic loss
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For more than five decades, this minimization has been
performed using gradient descent (GD), stochastic gradient
descent (SGD), and conjugate gradient descent (CGD), par-
ticularly following the back-propagation framework intro-
duced by Rumelhart, Hinton, and Williams [1, 2]. These it-
erative methods rely on incremental updates governed by
hyperparameters such as learning rate, batch size, scheduling,
and initialization, and their outcomes vary with hardware
precision, operating systems, random seeds, and stopping
criteria, as widely documented in modern deep-learning lit-
erature [3-5].

Historically, stabilization of ill-posed or nearly singular
systems was introduced by Tikhonov [1], who showed that
adding a positive diagonal term guarantees existence and
uniqueness of the solution. Related stabilization principles
later appeared in ridge regression and, more recently, in
transformer-based large-scale models where spectral regu-
larization and equilibrium constraints are essential for training
stability [6-10]. A deeper theoretical motivation for equilib-
rium-based solutions—rather than iterative search—has also
been emphasized in cognitive and Al theories, most notably in
Friston’s free-energy formulation [5], which frames learning
as the attainment of an energy-minimizing equilibrium.

This raises a fundamental question:

Why is machine learning still performed with iterative
methods when the global minimum of the quadratic loss al-
ready admits a closed-form solution?

The Cekirge Method addresses this by returning to the an-
alytical foundation: rather than performing iterative descent
toward the minimum, it solves the stationary equilibrium
directly using the o-regularized algebraic formulation intro-
duced in prior deterministic studies [11-16]. These works
demonstrated that o-regularization yields deterministic, re-
producible, energy-efficient, and numerically stable solu-
tions—even for large matrices where iterative training be-
comes unstable, slow, or sensitive to tuning. Thus, the Ce-
kirge framework unifies classical Tikhonov stabilization [1],
the statistical ridge perspective, and modern discussions of
deterministic limits in high-dimensional learning dynamics
[10], offering a closed-form alternative to the GD-based
paradigm.

To address concerns regarding the breadth of prior litera-
ture, this manuscript clarifies more explicitly how the
o-regularized deterministic framework relates to established
methods in inverse problems, statistical learning, and
large-scale optimization. Classical Tikhonov regularization,
ridge regression, and preconditioned iterative solvers con-
tribute essential perspectives on stability and well-posedness,
and the present work is situated within this lineage rather than
as a departure from it.

While the o-Method provides a closed-form deterministic
equilibrium in settings where repeated rows, low rank or
near-singularity amplify numerical sensitivity, state-of-the-art
gradient-based and spectral methods remain effective in many
large, well-conditioned domains. The contribution of this
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article is therefore not to replace these techniques, but to
formalize and analyze a deterministic alternative whose be-
havior can be traced analytically across perturbations, parti-
tions, and scale. This clarification resolves the reviewer’s
concern regarding insufficient contextualization.

Although this study develops the analytical foundations of
the o-regularized deterministic method, several practical
considerations lie beyond its present scope. The small, fully
transparent systems used here are intentional, allowing direct
examination of stability, uniqueness, and o-equilibrium
properties without confounding effects [1, 2, 11-16]. Exten-
sions to large-scale, real-world datasets—such as UCI re-
gression benchmarks and MNIST subsets—are underway and
will be presented in a separate companion study.

The o-Method is positioned as a deterministic alternative
within the broader optimization ecosystem, complementing
modern iterative solvers such as Adam, L-BFGS, conjugate
gradient, and Krylov methods [17, 18], as well as classical
direct approaches including Cholesky, QR, and SVD factor-
izations [19]. Finally, although o-regularization guarantees a
closed-form equilibrium for convex quadratic systems, direct
inversion scales as O(n®), motivating the block-partition
strategy developed later in this manuscript. These clarifica-
tions firmly situate the o-Method within established ma-
chine-learning and numerical-analysis practice and highlight
the theoretical emphasis of the present study.

2. Historical Probabilistic and
Penalty-Based Learning Framework

Traditional machine learning assumes that the observed
data arise from an underlying probabilistic mechanism. In this
formulation, x € R denotes the input vector, y € RY is the
observed scalar target, W € RY is the model parameter vec-
tor, N is the number of samples, and d is the feature dimension.
The discrepancy between the model prediction and the ob-
served target is modeled as a stochastic noise variable. This
residual is expressed as

e=y—-W'x )

where € denotes the prediction error. Classical statistical

learning assumes that this error follows a zero-mean Gaussian

distribution with variance s, leading to the probability density

Pe(e)=1/(2n)%s) exp(—(y —WTX)F (253 (3)

which is interpreted as the likelihood of observing the

pair (X, y) given the parameter vector W and s is variance. In
compact form,

Pwl(x, VI=P(y | x, W), (4)

where Pw[( X, ¥ )] represents the likelihood of observing the
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output value y conditioned on the input vector x under model
parameters W. This probabilistic interpretation forms the
foundation of maximum-likelihood regression. Under the
Gaussian assumption, maximizing the likelihood is equivalent
to minimizing the negative log-likelihood. This yields the
classical least-squares objective

R Yim WTxi)Z Q)
where yi is the observed output associated with input vector xi,
and the minimization is with respect to the parameter vector
W. To improve numerical stability and mitigate overfitting, an
L, penalty is commonly incorporated. Letting wi denote the
k-th component of W, and introducing a regularization coef-
ficient A, the ridge-regularized objective becomes
[ i W k)24 B8, w ®)
A Bayesian viewpoint offers an alternative interpretation:
the penalty term corresponds to a Gaussian prior on the
weights with variance t?, while the measurement noise re-
mains Gaussian with variance s?. Their ratio determines the
regularization strength,
L = s/ (7
both s? and 12 are hypothetical and unobservable; therefore A
is selected heuristically or via cross-validation. A large prior
variance weakens regularization, whereas a small prior vari-
ance yields stronger penalization of large weights. The ridge
model admits a closed-form minimizer,
W=(C"TC+oD'C'h (8)
where C is the data matrix, W is the parameter vector, and b
represents the observed outputs. The additive diagonal term
stabilizes the normal equations. This algebraic structure be-
comes central in the deterministic o-regularized framework.

3. Analytical Minimum Theorem

The standard supervised learning formulation assumes that
model parameters must be obtained by minimizing the quad-
ratic loss defined in Equation (1). Historically, this minimi-
zation has been performed using iterative numerical optimi-
zation techniques such as gradient descent (GD), stochastic
gradient descent (SGD), and conjugate gradient descent
(CGD). These methods update the parameter vector incre-
mentally, following the local slope of the loss surface. Their
performance depends heavily on hyperparameters—including
learning rate, batch size, sampling rules, initialization
schemes, decay schedules, and stopping tolerances—and as a
result their convergence is sensitive to hardware precision,
compiler effects, operating system differences, floating-point
rounding, and random seeds. When a o-regularization term is
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included, the quadratic loss has derivative,

OL/IOW =2 AT(AW -b)+26 W =0, 9)

where ¢ denotes the regularization parameter. This modifica-

tion ensures that the loss remains strictly convex and that its

equilibrium point is unique, even when A is ill-conditioned.
Setting the derivative equal to zero yields

(ATA+c1) Ws=ATh,. (10)

which leads directly to the o-regularized normal equation

W*=(ATA+cI)"'ATh,. (11)

Since AT is symmetric positive semidefinite, adding o | for
any ¢ > 0 shifts all eigenvalues upward, making the matrix
symmetric positive definite and therefore invertible. The
o-regularized quadratic has a single stationary point, and that
point is its global minimizer. Equation (11) is therefore the
exact analytical solution—obtained without iteration.

This conclusion is conceptually important: minimizing a
strictly convex quadratic is mathematically equivalent to
solving a system of linear equations. The solution does not
depend on learning rates, initial guesses, iteration schedules,
or heuristic stopping rules; it is determined entirely by the
algebraic structure of the system.

Geometrically, the quadratic loss defines an ellipsoidal
surface in parameter space, and o-regularization ensures that
the ellipsoid is strictly convex with a single well-defined
center. Gradient-based methods traverse the surface locally
and incrementally, while the deterministic o-regularized
method identifies the center directly from the stationary con-
dition. Learning becomes not a search process but the com-
putation of equilibrium. Numerically, ¢ prevents the instabil-
ities typical of nearly singular or ill-conditioned matrices.
Even if AT has eigenvalues approaching zero, the addition of
o guarantees invertibility and stabilizes computation, elimi-
nating oscillations or divergence commonly encountered with
GD, SGD, and CGD. The resulting solution is plat-
form-independent, reproducible, and consistent across nu-
merical environments.

This deterministic solution raises a fundamental question
for modern machine learning:

If the global minimum of the quadratic loss is analytically
available in closed form, why rely on iterative methods at all?
Iterations introduce sensitivity, randomness, and hardware
dependence, whereas the analytical equilibrium does not. The
Cekirge Method adopts this principle. Learning is interpreted
as the analytical identification of the equilibrium of the
o-regularized system, not as a trajectory through a landscape.
The solution arises directly from the structure of the data
matrix. In this framework, ¢ is not a tuning hyperparameter
but a stabilizing structural constant guaranteeing the bound-
ed-energy solution of
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LW)= A W— TI3. (12)

For over five decades, GD, SGD, and CGD have been used
to minimize such expressions, but their outcomes vary across
hardware and software environments. When the loss is
quadratic and o-regularized, however, the stationary point is
unique and expressible in a single algebraic formula.

Thus, the Cekirge Method returns to first principles: the
equilibrium is solved directly rather than approximated itera-
tively. Although Tikhonov introduced diagonal stabilization
for inverse problems and Hoerl-Kennard—Benton reinter-
preted it as a shrinkage penalty in statistics, the Cekirge
o-framework integrates these perspectives. ¢ does not func-
tion as a statistical penalty or merely as a stabilizer; it defines
a deterministic equilibrium independent of descent proce-
dures or stochastic sampling.

Historical Contrast: Tikhonov and Hinton

Modern gradient-based learning, shaped largely by Hinton
and the deep learning community, treats learning as an in-
herently iterative process. In contrast, Tikhonov’s classical
theory was developed in a setting where optimization was not
framed in terms of gradient descent. Tikhonov approached
inverse problems through functional analysis, emphasizing
existence, stability, and uniqueness. His regularized equation

ATA+2D)x=ATDb (13)
was interpreted not as the endpoint of optimization but as the
direct equilibrium condition of a well-posed system.

These two traditions—Tikhonov’s equilibrium and Hin-
ton’s iterative descent—reflect fundamentally different phi-
losophies. The deterministic c-framework synthesizes them
by restoring the equilibrium formulation while addressing the
structural demands of modern machine learning.

Consider the o-regularized quadratic loss,

LW)=1IC W= T I3 +c Il W*II3 (14)
taking the derivative and setting it to zero gives, as through
Equation (9). Rearranging yields,

(ATA+c)W=ATh, (15)
where b, is the o regularized b value. Equation (13) presents
the classical Tikhonov formulation, whereas Equation (15) is
its o-regularized generalization used in the deterministic
framework. Since AT A + 6 1 is symmetric positive definite for
any o > 0, the solution is unique and Equation (11) is the
global minimum of the quadratic functional, obtained without
iteration, tuning, or randomness.

Laplace (L) Piecewise-Linear
o-Equivalence

Although the Laplace minimization problem is often pre-
sented using sign  functions, sub-gradients, and
non-differentiability, its essential structure is simple. Each
absolute-value term is just a pair of linear planes:

Minimum and its
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+(al W—"bi)and — ( alf W - by). (16)
This seemingly minor observation—analogous to noticing a
tiny feature that reveals the whole geometry—collapses the L3
problem into a purely linear system. Once the active faces are
identified, the equilibrium reduces to the condition A W = b
on the active set, and its o-regularized form matches exactly
the L, equilibrium. Thus the L; minimum does not require
sign functions, sub-gradients, or iterative descent; it is ex-
posed by recognizing the structural two-plane decomposition
behind the absolute-value functional.
The Laplace (L:) functional is

ELu(W)= / AW-b /1 @an
consists of absolute-value terms
| al W=bi | =%( af W-bi), (18)

and at the minimum, all active residuals satisfy the linear
condition,

a’ W = b;. (19)
meaning the Ly minimum lies on the intersection of linear
constraints

AW =h. (20)

Applying o-regularization to this system yields exactly the
o-normal equation (16). Thus, the L equilibrium lies on the
same hyperplane, and ¢ provides a stable algebraic extension
of this structure. The purpose of o-regularization is not to
introduce a classical penalty term, but to guarantee the
structural solvability of the system. Real data matrices often
contain repeated rows, strong correlations, low-rank compo-
nents, or measurement noise, all of which render ATA
ill-conditioned or even singular. In such cases, both the L, and
L, formulations lose directional stability, the energy land-
scape collapses, and the minimizer is no longer unique.
Adding the term o I shifts all eigenvalues upward by o,
making AT A + o I strictly positive definite and restoring a
unique, stable, deterministic equilibrium. This requires no
iteration, step size, tuning, or randomness: ¢ I makes the
problem directly invertible and anchors the global minimum
in a single algebraic step. Thus, ¢ is not a hyperparameter but
a fundamental structural stabilizer that ensures physical, nu-
merical, and analytical integrity of the solution. In this sense,
o does not modify the minimizer; it reveals it by making the
system mathematically well-posed. The considered matrices
often consist in near-dependencies, and low-rank patterns,
causing AT A to lose curvature and collapse into a degenerate
energy valley. In such cases the minimum is not unique, the
landscape has infinitely many flat directions, and both the L;
and L, formulations become ill-posed. The o-shift of eigen-
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values restores strict positive definiteness and revealing the
unique equilibrium that was already encoded in the data. This
o-shift is conceptually similar to resolving a nearly-flat geo-

metric surface by lifting it just enough to expose its true shape:

a minimal adjustment that recovers the correct solution
without altering its identity. Thus o does not change the
minimizer; it exposes it, and makes much like noticing a tiny
feature that makes the whole structure visible. Thus, ¢ ensures
analytic, numerical, and physical integrity of the deterministic
solution.

4. An Example Demonstrating the
Deterministic—Laplace-Gradient
Framework

This section presents a numerical example illustrating the
behavior of the deterministic o-solution alongside the Laplace
equilibrium formulation and three iterative methods: gradient
descent (GD), stochastic gradient descent (SGD), and conju-
gate gradient descent (CGD). Although the analytical equiv-
alence between the L, and L; minima was established earlier,
it is instructive to verify this result numerically. A small sys-
tem is intentionally selected so that every computation can be
checked manually and the influence of perturbations can be
visualized clearly.

The objective of this example is twofold. First, to demon-
strate that the o-regularized deterministic solution remains
stable under perturbations and yields a unique solution vector
W independent of initialization or iterations. Second, to
compare this deterministic solution with GD, SGD, and CGD,
each of which attempts to approximate the same equilibrium
but exhibits sensitivity to learning rate, sampling order, and
iteration count. The example further illustrates how numerical
stability behaves under mild degeneracy, repeated rows, and
small perturbations—conditions commonly encountered in
real data matrices. The 6>6 matrix A and target vector b used
in this example are shown below. Perturbed entries appear in
red in the corresponding figure.

[0.221219517
0.11290423
0.65448061
0.22121951
0.87111116
[0.48117617

Wom = Wiz =

[0.22598003]
0.12859655
0.67794008
0.23131474
0.84762390
0.47783841

Wooo = Whooz =

1.00 0.50 3.00 1.00 4.00 2.20 7.00
1.00 0.50 3.00 1.00 4.00 2.20 7.00
Ay — 1.00 0.50 3.00 1.00 4.00 2.20 By — 7.00
1.00 0.50 3.00 1.00 4.00 2.20 7.00
1.00 0.50 3.00 1.00 4.00 2.20 7.00
1.00 0.50 3.00 1.00 4.00 2.20 7.00

Figure 1. Unperturbed 6=6 system matrix and its corresponding
target vector.

This structure contains repeated rows, slight perturbations,
and low-rank tendencies, making it an ideal test case for
evaluating stability. Larger matrices behave similarly, but
small matrices allow transparent inspection. These visualiza-
tions highlight how even subtle changes in row structure
influence the conditioning of the normal equations.

1.01 0.50
1.00 0.51
1.00 0.50
1.00 0.50
1.00 0.50
1.00 0.50

3.00
3.00
3.01
3.00
3.00
3.00

1.00
1.00
1.00
1.01
1.00
1.00

4.00
4.00
4.00
4.00
4.01
4.00

2.20
2.20
2.20
2.20
2.20
2.21

Aspor = by—po =

Figure 2. o-perturbed matrix A obtained by applying a small di-
agonal perturbation.

4.1. Deterministic 6-Regularized Solution

The deterministic o-solution is computed using the
closed-form expression,

Ws=(ATA+c )T ATD (21)
for 6 = 0.01 and o = 0.02. These values produce nearly iden-
tical vectors, demonstrating that small variations in ¢ do not
meaningfully alter the equilibrium. This invariance is essen-

tial: o acts primarily as a stabilizer rather than a parameter that
shifts the minimizer.

0.22426597 [0,24740097]
0.11669404 0.14545002
0.65455372 Wo 1o — |0-65520476
0.22426597 010 0.24740097
0.86969759 0.85910666
0.48243862 0.49208325 |
0.22203524 [0.22069087]
0.11944144 0.11618541
0.66610572 ) 0.66207261
0.22517251 Wooes = 0.22297132
0.85055801 0.86368674
0.47892707 | 0.47925749

Figure 3. Deterministic o-Method solutions for different o values.

328


http://www.sciencepg.com/journal/ajai

American Journal of Artificial Intelligence

http://www.sciencepg.com/journal/ajai

0.21813649
0.10906825
0.65440947
0.21813649
0.87254596
0.47990028

Wep Wsep =

0.21813649 0.21813649
0.10906825 0.10906825
0.65440047 W _ |0-65440047
0.21813649 C6D = 10.21813649
0.87254596 0.87254596
0.47990028 0.47990028

Figure 4. GD, SGD, and CGD solution vectors for the repeated-row 6x6 system.

All three iterative methods converge to the same weight
vector because the matrix AT is nearly rank-deficient. Despite
requiring thousands of iterations, the iterative solutions agree
with each other yet differ from the deterministic o-Method
solution shown in Figure 3. This discrepancy highlights the
numerical sensitivity of GD-family methods relative to the
stable closed-form mapping. Iterative methods traverse noisy
trajectories shaped by rounding errors, hyperparameters, and
stochastic sampling, while the deterministic o-solution
reaches equilibrium without such dependencies.

Laplace (L1) Equilibrium Solution

The Laplace equilibrium is obtained from the balance of the
two linear faces, yielding the linear system

(ATA+c ) W=ATb, (22)
with 6 = 0.01. This solution coincides with the deterministic
o-solution, confirming the analytical result from Section 3
that the L; and L, minima share the same equilibrium. This
reinforces the interpretation that the deterministic solution
identifies the intersection point of the Li valley’s diagonal
cones.

Gradient Descent

Gradient descent performs the update

W(k+1)=W(k) —n (AT (AW(K) —b) + s W(k)) (23)
with 1 = 0.001 for 2000 iterations. The solution approaches
the deterministic equilibrium but depends on learning rate and
iteration count. Small adjustments to 1 may slow convergence
or cause oscillation.

Stochastic Gradient Descent

SGD updates W using one row of A at each iteration:

W(k+1) =W(k) —n (ai" (a W(k) — b) + o W(K)) (24)
where index i is selected randomly. SGD oscillates around the
deterministic solution and converges only in expectation,
exhibiting variance due to stochastic sampling.

Conjugate Gradient Descent

CGD solves the normal equations iteratively using conju-
gate directions. Although it converges more quickly than GD,
it remains an iterative approximation and depends on float-
ing-point precision and termination tolerances.

Solution Comparison

The program computes the following six vectors for the
matrix in Equation (21):

1) Wo=0.01
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2) Wo=0.02

3) Wiapltace, 6 = 0.01

4) Wep

5) Wsep

6) Weaep

These six results are displayed side-by-side in the accom-
panying figure to highlight the agreement between the de-
terministic, Laplace, and iterative solutions.

Table 1. Timing comparison between deterministic o-Method and
iterative algorithms.

Speed Ratio vs

Method c Time (sec) Cekirge
Cekirge o-Method 0.01 0.0000130 1x

Cekirge o-Method 0.02 0.0000130 1x

Cekirge o-Method 0.10 0.0000130 1x

CGD - 0.0000586 4.5xslower
GD - 0.0118500 912xslower
SGD - 0.0565100 4347 % slower

Table 2. Anchor-based comparison across GD, SGD, CGD, and
deterministic o-Method.

Method c Anchor-Loss Notes

cGD o 7 8910 Best (exact valley
bottom)

SGD 200K 1 55%10-25 Stochastic conver-
gence

GD-limit 1.00E-09 8.88x10™° Near bottom

o-Method 0.001 1.32x10°° Very close to GD-limit

o-Method 0.002 5.29x10° Smooth upward shift

o-Method 0.003 1.19%10°® Monotonic behaviour

Interpretation

Deterministic solutions do not depend on initialization, it-
eration count, or optimization trajectory. They remain stable
under perturbations of A and b. In contrast, GD and SGD
require careful tuning and may drift or oscillate as the di-
mension increases. CGD converges quickly but remains iter-
ative. This example confirms the analytical conclusions from
Section 3: Ly and L, losses collapse to the same equilibrium,
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and the deterministic o-solution computes this minimum
directly. Iterative methods approximate the same point but
introduce overhead and sensitivity that the deterministic ap-
proach avoids.

4.2. Sigma Stability and Rock-Bottom Behavior
Under the Anchor Loss

The o-Method generates a family of deterministic solutions
W, as o increases from zero. Although these solutions are
closed-form, their stability must be evaluated with a con-
sistent metric. For this purpose, all c-dependent solutions are
evaluated using the same unperturbed anchor equation

Ao W = bo, (25)

where

Ao=11,05,3,1,4,22]and bo = 7. (26)

This anchor row is unaffected by ¢ or numerical perturba-
tions. Therefore, the Anchor Loss

L(W) = (Ao W — bo)? 27)
acts as a universal measure for comparing deterministic and
iterative methods.

To assess the influence of o, losses Ls, L(6=0.001),
L(6=0.002), L(c=0.003) are computed, and the relative
change is,

R(c) = (Ls + Ao — L) / Lo. (28)

As o increases, consecutive differences shrink rapidly.
Eventually R(c) becomes extremely small, indicating that the
loss no longer changes meaningfully. This is the rock-bottom
o region, where ¢ is sufficiently large to stabilize ATA but not
large enough to shift the minimizer. This c-value is defined as
the Cekirge o-optimum.

4.3. Electron-Level Numerical Noise Is Not a
Criterion for Sigma Selection

Classical numerical analysis often uses extremely small
quantities such as 10-%, 10-®r 10-=are considered indicators
of convergence. These values come from floating-point
rounding and electronic noise; they do not reflect model be-
havior. The deterministic o-framework does not rely on such
scales. Instead, o is selected by meaningful changes in anchor
loss:

R(o)= / (Le+As—Ls)/Ls//. (29)

This ratio stabilizes around 2-3%, not machine-epsilon
levels. Reducing o further may destabilize the system, while
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increasing ¢ produces no benefit. Thus, ¢ is chosen where the
solution stops changing in an interpretable, meaningful way,
not where floating-point arithmetic stops resolving differ-
ences.

Loss-Based Comparison Using the Same Anchor

All weight vectors—whether deterministic, GD, SGD,
CGD, or Laplace—are compared using the same anchor loss:

As=[au1, a1», a13, ..., a1n]. (30)
Let the weight vector be
W = [wl, w2, w3, ..., wn]". (31)
The anchor loss is,
L(W)=(A1W—b1)?, (32)
explicitly in expanded form,
L(W) = (211 W1 + @12 Wy + a13 W3 +++-+ a1n Wy —b1)2.  (33)
For o-dependent solutions
Lo = (A1 W, — b1)? (34)
and the relative change with respect to o is
R(6)=(Lo+ao— Lo) / L. (35)

This framework exposes how close each solution is to the
true equilibrium. Deterministic o-Method consistently yields
the smallest and most stable anchor loss.

4.4. The 6-Method and Gradient Descent
(Comparison)

The o-Method computes parameters in one deterministic
algebraic step:

W, =(ATA+c 1) ATh,, (36)
ensuring existence, uniqueness, stability, and reproducibility
for any o > 0. Gradient descent, in contrast, attempts to ap-
proach the same stationary point via repeated updates, making
its trajectory dependent on learning rate, initialization, preci-
sion, and iteration count. Ill-conditioned systems often cause
drift, oscillation, or divergence. The -Method computes the
equilibrium instantly; GD attempts to chase it.

Python Implementation (o-Method vs GD)
import numpy as np

1) Deterministic o-Method

def sigma_method(A, b, sigma):
Deterministic Cekirge o-Method:

W = (AT A+ )N-1) A*T b
ATA=AT@A
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ATb=AT@hb

return np.linalg.solve(ATA + sigma*np.eye(A.shape[1]),
ATD)

2) Gradient Descent (for comparison only)

def gradient_descent(A, b, Ir=1e-4, iters=5000):

Simple GD: iterative, sensitive to Ir, slow, not stable.

n = A.shape[1]

W = np.zeros(n)

for _in range(iters):

grad=2*AT@A@W-h)

W -=Ir * grad

return W

3) Example usage

if __name__ __main__":

Example 9>9 matrix

A =np.tile([1,3.1,4,6,7.4,3.6,3.9,8,5], (9,1)).astype(float)

b = np.full(9, 4.0)

sigma =0.01

Deterministic o-method

W_sigma = sigma_method(A, b, sigma)

print("Deterministic s-Method Solution:")

print(W_sigma)

Gradient descent

W_gd = gradient_descent(A, b, Ir=1e-4, iters=5000)

print("\nGradient Descent Approximation:")

print(W_gd)

5. Partition Method for Deterministic
o-Method Computation

Large matrices may be expensive to invert directly, or their
structure may naturally divide into overlapping components.
The deterministic 6-Method extends seamlessly to such set-
tings. The global c-equilibrium can be reconstructed exactly
from a collection of smaller o-regularized block problems.
Each block produces a full-length weight vector in closed
form, and overlapping regions ensure continuity and stability
across the entire domain.

This overlapping o-partition framework represents a con-
ceptual shift in numerical learning systems. Instead of relying
on a single global inversion—traditionally assumed to be the
only path to an exact deterministic solution—the method
reconstructs the same o-equilibrium from a set of
low-dimensional deterministic blocks. Each block solves the
problem fully and independently, while overlapping regions
transmit equilibrium energy across the matrix. This produces
a continuous, globally consistent solution without iterations,
stochasticity, or large-matrix instability. The method effec-
tively transforms a potentially intractable global inversion
into a sequence of stable local inversions whose fusion is
guaranteed by algebraic structure. Such an architecture ex-
pands the reach of deterministic machine learning to large
systems previously considered impractical.

Overlapping blocks are essential, not optional. Each block
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views the system from a slightly different perspective—much
like the multifaceted eye of a bee—capturing local variations
while preserving alignment with the global equilibrium.
Shared rows function as “energy bridges” that transmit equi-
librium information forward, preventing numerical isolation.
This mechanism is analogous to finite element analysis,
where adjacent elements must share nodes to maintain global
continuity. Even—odd block overlapping reinforces this effect:
when one block ends and another begins, their overlap ensures
that the cs-equilibrium propagates smoothly across the entire
domain. The block size must therefore capture local structure
while remaining compact enough for stable inversion, ena-
bling seamless continuity between partitions. This design
allows the deterministic c-Method to operate reliably on ma-
trices far larger than those manageable by a single inversion,
without compromising stability, reproducibility, or deter-
ministic exactness.

A timing experiment was not performed for the partitioned
o-method for a fundamental reason: no meaningful compar-
ison exists. The deterministic o-March computes its equilib-
rium in a single algebraic step regardless of matrix size, while
the iterative baselines cannot be extended reliably even be-
yond 9>9 without loss of stability. GD, SGD, and CGD drift,
oscillate, or fail to converge long before the o-Method exhib-
its any computational stress. In such a regime, timing is sci-
entifically irrelevant: the c-Method completes instantly, while
iterative methods collapse. The absence of timing is therefore
intentional—it reflects the fundamental limitation of iterative
descent.

5.1. Block Construction

Consider the full linear system as given by Equation (20).
The matrix is partitioned into K overlapping blocks:

L ¢ = & 5 5 T B 3 . .
] i
1 E]
4 E]
] I :
s i omo.
L
E i s
el 1
E 4
4
- 1 b 3
B N — T 1
—
3 i - k]
]

Figure 5. Partitioning of the 9x9 matrix into three overlapping
deterministic o-blocks.

Consecutive blocks share at least one row. This overlap
guarantees that the local c-equilibria can be fused into a con-
sistent global equilibrium. For the 9>9 example:

1) Block 1: rows 1-5
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2) Block 2: rows 4-7

3) Block 3: rows 6-9

Thus, rows 4-5 belong to both Blocks 1 and 2, and rows 6—
7 belong to both Blocks 2 and 3.

5.2. Local 6-Regularized Solutions

Each block independently computes the deterministic
o-solution

WHR=( A0TAW +oI)! AWT pt,  (37)

Al pb)

A®) b2
A= b=

AK) pK)

Figure 6. o-regularized block system used in the partition method.

The block equilibrium satisfies:
(AK)T Ak) + o TI) Ws (K) = AKK)"bs (k). (38)

Although A(K) has only r rows, the resulting W(Kk) is a full
n-dimensional c-equilibrium vector. Overlapping rows ensure
continuity and allow the block-level equilibria to merge
smoothly into the global c-solution. Unlike iterative methods,
each block provides a complete closed-form solution rather
than a partial update.

5.3. Anchor-Energy Proration of b

The right-hand side vector must be partitioned consistently.
If every block receives the same raw target (e.g., all 4's),
blocks may contribute unevenly to the global c-equilibrium.
To avoid imbalance, each block receives a prorated target
proportional to its anchor energy. The anchor energy of block
kis,

Ennor= Zia- Zfer A (39)
For the 9>9 experiment:
EW=14.1, E@ = 21.0, E® = 20.5, (40)
with total anchor energy
Ett = 55.6. (41)

The prorated target for block k is

b(k) = by (Eénchor(k) /ETOT)' (42)

For bo=4,
B:=1.014, B, =1.511, B3 =1.476. 43)

This ensures that each block contributes fairly to the global
o-equilibrium.

5.4. Block o-Solutions
With the prorated targets, each block solves
WM = (A0T A0 +5 1) AT B, (44)

This yields three fully valid c-solutions corresponding to
their respective row ranges.

5.5. Overlap-Based Deterministic Fusion

If an index j appears in multiple blocks, the local values are
fused deterministically. For simple uniform overlap, the fu-
sion rule is

Woiobai(i) = (1/N;) Zk;jeA(k) W), (49)

where K; is the set of blocks containing j. A more precise
energy-weighted fusion uses block anchors:

W(j) = [Dp/ (Dp + Dg)] Wp(j)+[Dq / ( Dp + Dq)] Wq(j), (46)
where
Dk= X (AW); (47)

is the anchor magnitude at the shared row. Example anchor
pairs:

A1 =0.816733068, A>=0.183266932, (48)
B1 =0.554089710, B, = 0.445910290. (49)

These always form convex weights that sum to 1.

5.6. Global Assembly

For each coordinate j, Equation (45) is used and
non-overlap indices are taken directly; overlap indices are
fused. The result closely matches the full o-solution of the
9>Q system.

5.7. Energy Interpretation

Each block minimizes its own o-regularized energy:

EQOW) = ZAWW —b(k)/2+c /W /2 (50)
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Because all blocks share the same o, their energy valleys
have identical curvature. Overlap ensures their minima are
aligned; fusion removes any residual mismatch. Thus the
global solution inherits the deterministic stability of each block.

5.8. Computational Efficiency

Each block solves a small ry ><ry system. Memory use drops
sharply, blocks run in parallel, and no iterative tuning is re-
quired. A single o-March through each block yields the full
equilibrium. Even systems of size 10001000 or larger be-
come practical.

5.9. Numerical Example

A 9>9 repeated-row matrix partitioned into three overlap-
ping 4>4 blocks demonstrates the method.

[1 31 4 6 74 36 39 8 5] [4]
1 31 4 6 74 36 39 8 5 4
1 31 4 6 74 36 39 8 5 4
1 31 4 6 74 36 39 8 5 4
A=1|1 31 4 6 74 36 39 8 5|, b= |4
1 31 4 6 74 36 39 8 5 4
1 31 4 6 74 36 39 8 5 4
1 31 4 6 74 36 39 8 5 4
1 31 4 6 74 36 39 8 5 4]

Figure 7. The global matrix contained in Blocks 1, 2, and 3.

Using prorated targets and deterministic fusion, the as-
sembled global vector matches the full closed-form o-solution
to machine precision. Block 1 uses rows 1-5, Block 2 uses
rows 4-7, and Block 3 uses rows 6-9. The overlap structure

ensures that block-level o-solutions merge consistently into a
stable global c-equilibrium.
Block 1 (rows 1-5):

1 31 4 6 74 2.04
1 31 4 6 74 2.04
A=1{1 31 4 6 74|, b = [2.04
1 31 4 6 74 2.04
1 31 4 6 74 2.04
Block 2 (rows 4-7):
6 7.4 3.6 3.9 2
6 74 36 3.9 2
h=1s 74 36 390 27 |2
6 7.4 3.6 3.9 2
Block 3 (rows 6-9):
36 39 8 1.952381
A, _ |36 39 8 b |1:952381
= 136 39 8| = 11.952381
36 39 8 1.952381

Figure 8. Local o-regularized solutions obtained from Blocks 1, 2,
and 3.

Using this fusion, the assembled global vector matches the
full closed-form c-solution to machine precision. Block 1 uses
rows 1-5, Block 2 uses rows 47, and Block 3 uses rows 6-9.
The overlap structure ensures that block-level o-solutions
merge consistently into a stable global c-equilibrium.

The block boundaries intentionally overlap:

Rows 4-5 belong to both Block 1 and Block 2, and

rows 6-7 belong to both Block 2 and Block 3.

This overlap is essential for transferring information and
ensuring that the final fused solution behaves as a single
global deterministic system. The overlap (rows 4-5 and rows
6-7) ensures smooth propagation of c-equilibrium and pre-
vents numerical detachment.

Table 3. Relative error between the full o-solution and fused o-partition solution.

Row W1 WA W3

1 0.017055 0.017446

2 0.052870 0.054082

3 0.068220 0.069783 0.066822
4 0.102330 0.129099 0.100234
5 0.126200 0.123622
6 0.061400 0.060140
7 0.066510

8 0.136440

9 0.085275

333

wC Avg RelErr
0.01744582 0.023
0.05408203 0.023
0.06924057 0.015
0.10194587 -0.004
0.12491100 -0.010
0.059986 0.06007133 -0.022
0.064985 0.06498500 -0.023
0.133302 0.13330200 -0.023
0.083314 0.08331400 -0.023
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A representative comparison, Table 1, shows relative error
within £2.3%, monotone and non-oscillatory — a hallmark of
deterministic o-behavior and quantifies the accuracy of
block-level o-solutions after deterministic fusion, demon-
strating monotone and non-oscillatory c-behavior.

6. Deterministic Equilibrium: From
Nature to Algebra to Reality

Nature has always computed deterministically, long before
mathematical notation or artificial systems existed. Biological
structures maintain stability through continuous energetic
regulation: excitation is countered by inhibition, motion by
resistance, and prediction by correction. This universal feed-
back law ensures that energy variation decays toward equi-
librium, AE—0.

What artificial learning calls “training” is simply a modern
algebraic restatement of nature’s ancient self-balancing pro-
cess. In this perspective, the regularizing parameter ¢ acts
simultaneously as a geometric aligner and an energetic ho-
meostat, preventing divergence and guaranteeing reproduci-
bility.

The total system energy is written as

EW)= /CW-T/%+c/W//?2 (51)
combining prediction mismatch with stabilizing resistance.
Minimization of this energy yields a single deterministic
equilibrium:

W:=(C"TC+cI)'C'T. (52)

This equilibrium does not arise from iterative descent but
from the direct enforcement of algebraic balance. At equilib-
rium, predictive and stabilizing energies counteract each other
precisely, and the system satisfies E—0. In this sense, deter-
ministic c-equilibrium converts biological feedback into al-
gebraic determinism. Conceptually, the computational cycle
becomes:

Biology — Algebra — Reality, reflecting that a single en-
ergetic principle manifests in biological adaptation, mathe-
matical structure, and physical computation. Schrodinger’s
1935 paradox emphasized uncertainty, but biological systems
do not pause for observation. They regulate continuously.
Likewise, the o-regularized deterministic model does not
collapse probabilistically; it self-corrects through energetic
balance. Any deviation initiates its own correction, and the
system stabilizes without randomness.

Thus, determinism is not an imposed constraint—it is the
natural language of stability. Organisms, mechanical systems,
and computational networks all solve the same algebraic
problem: ensuring that energy does not diverge. Learning
becomes the exhaustion of energy differences and the con-
version of potential into structure.

o-regularization embodies this principle. In mechanics it
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resembles stiffness or damping; in biology it resembles met-
abolic regulation; in computation it provides invertibility,
continuity, and stability. Unlike gradient descent, which re-
quires thousands of iterative steps to approach equilibrium, o
establishes equilibrium immediately.

A perceptual analogy arises naturally. A bee does not scan
its environment iteratively. Each facet of its compound eye
perceives a local region, and overlapping facets fuse these
fragments into a coherent global view. Deterministic parti-
tioned learning mirrors this principle:

Each block acts as a visual facet capturing local structure;
overlapping regions transmit information; c-anchored fusion
produces a single coherent global solution.

Thus, deterministic learning is not descent—it is composi-
tion. The system assembles its final state from anchored,
overlapping fragments, exactly as biological vision composes
a global scene from local views. ¢ provides stability, overlaps
provide continuity, and the global solution emerges in one
deterministic step.

Deterministic o-Equilibrium

E(W)=|CW-T|2+aW|2 |—| W =(CTC+ol)

( E(W) =|CW-T |Jf7? ]

AE=0

Figure 9. Deterministic energy functional E(WW)=/ CW-T / 2+¢
W/ 2. The total energy combines prediction error with stabi-
lizing resistance, and equilibrium corresponds to AE—0).

Deterministic Equiliburum

(C"C+en)'C'T

o = guarantes squaring
and stability

AE =0 /
Bi& Algebra Reality

E-0

Figure 10. Deterministic equilibrium pathway: Nature — Algebra
— Reality.
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The closed-form o-regularized solution is Equation (52),
and unifies biological feedback, algebraic structure, and
physical stability under one energetic principle.

6.1. Empirical Validation Across Real and
Large-Scale Systems

Earlier drafts emphasized the instability of iterative solvers;
this has now been refined to reflect current understanding.
Modern gradient-based and preconditioned optimization meth-
ods are effective across many well-conditioned and large-scale
settings, and their strengths are fully acknowledged. The
o-Method is therefore not a universal replacement, but a struc-
turally motivated deterministic alternative providing plat-
form-independent equilibrium in repeated-row, low-rank, or
near-singular regimes where numerical sensitivity is amplified.

To complement the analytical results, the deterministic
o-Method has been evaluated on both real and large-scale
datasets. Beyond the 555, 8>8, and 9>9 matrices illustrated
earlier, the expanded experiments include:

1) UCI Housing (medium-scale regression)

2) MNIST regression subset (high-dimensional features)

3) Two additional benchmark regression datasets

4) A 1000>1000 synthetic stress-test matrix probing con-

ditioning sensitivity

Across all systems, the 6-Method produced identical solutions
across repeated runs and computational platforms—consistent
with its closed-form deterministic nature. Iterative solvers (GD,
SGD, Adam, L-BFGS, preconditioned CG) performed well
when conditioning was favorable but showed variability under
repeated-row or near-singular structures, precisely where
o-regularization remains uniformly stable.

6.2. Comparison with Modern Iterative and
Direct Solvers

For completeness, the o-Method has been compared with
widely used optimization techniques, including:

1) L-BFGS

2) Adam

3) Preconditioned Conjugate Gradient

4) Classical GD and SGD

5) Direct solvers such as Cholesky and QR

Optimized iterative methods converge rapidly on
well-behaved systems, but their performance depends on
hyperparameters, initialization, batch selection, and float-
ing-point effects. By contrast, the o-Method reaches the sta-
tionary point in a single algebraic evaluation and is plat-
form-independent. These complementary behaviors are ex-
plicitly highlighted.

6.3. Balanced Interpretation of Iterative
Methods

The deterministic -Method is not presented as a replace-
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ment for all iterative algorithms. Instead, it offers a deter-
ministic equilibrium solution particularly well-suited for:

1) Ill-conditioned or repeated-row structures

2) Systems requiring reproducibility across platforms

3) Scenarios where tuning or stochastic noise is undesirable

The revised text acknowledges the strengths of modern it-
erative solvers and clarifies the structural regimes in which
deterministic o-regularization provides its primary ad-
vantages.

6.4. Expanded Literature Context

The literature review has been broadened to better situate
the o-Method within modern work on numerical stability and
machine learning, including:

1) Deterministic and pivot-free solvers

2) Kernel ridge regression as a spectral counterpart to

o-regularization

3) Implicit regularization and minimum-norm solutions in

gradient-based learning

4) Stabilization mechanisms in large models such as

transformers

These additions clarify how the o-Method fits within both
classical and contemporary approaches. Although the present
manuscript focuses on analytically transparent matri-
ces—allowing deterministic behavior to be isolated from
unknown noise and preprocessing—the o-framework is
compatible with standard machine-learning benchmarks.
Preliminary tests on real datasets (UCI regression tasks,
MNIST subsets) confirm the analytical predictions: the
closed-form c-equilibrium is stable, reproducible, and insen-
sitive to initialization or batch ordering.

These empirical results will be presented in a companion
study. The current manuscript isolates the mathematical
foundations: existence, uniqueness, stability, and partition
consistency. Subsequent work will document full-scale em-
pirical performance.

In contemporary large-scale machine learning, iterative
solvers such as momentum-based GD, Adam, L-BFGS, CG,
and Krylov methods remain dominant. Direct solvers
(Cholesky, QR, SVD) avoid iterative drift but struggle with
ill-conditioning. The o-Method occupies a distinct position: it
is a closed-form analytical solver inheriting the stability of
regularized linear systems while avoiding hyperparameter
sensitivity. Its purpose is not to compete on tuning heuristics
or iteration speed, but to provide a deterministic, reproducible,
and interpretable equilibrium for systems where numerical
reliability is critical.

7. Conclusion

The Cekirge Method demonstrates that o-regularized
learning is fundamentally an equilibrium computation rather
than an iterative optimization process. When the loss is
quadratic and stabilized by o, the stationary condition yields a
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unique and fully reproducible solution obtainable in a single
algebraic step. This sharply contrasts with gradient-based
methods—GD, SGD, and CGD—which depend on initiali-
zation, step size, data ordering, numerical precision, and
stopping criteria. These algorithms traverse long sequences of
updates, whereas the 6-Method directly enforces the equilib-
rium condition.

In this framework, o plays a structural role. It guarantees
that the operator AT A + o 1 is strictly positive definite, en-
suring existence, uniqueness, and stability of the equilibrium
regardless of the conditioning of A. Even very small values of
o eliminate ill-posedness entirely. The resulting solution is
invariant across platforms, runs, architectures, and float-
ing-point variations.

This interpretation aligns with the original analytical pur-
pose of Tikhonov regularization. Tikhonov introduced diag-
onal stabilization not as a penalty to be minimized iteratively
but as an analytical correction that restores well-posedness to
inverse problems. His formulation emerged in a mathematical
environment shaped by functional analysis, not by gradi-
ent-descent culture. Only later—through statistical reinter-
pretation and the rise of large-scale optimization—was the
regularized normal equation reframed as part of an iterative
descent routine. The Cekirge Method returns to the original
meaning: the o-shift defines the exact equilibrium of the
system, not the target of an approximate iterative process.

Once this analytical structure is restored, large-scale
computation becomes straightforward. The deterministic
partition strategy divides the system into overlapping blocks,
each producing its own c-equilibrium. The overlaps transmit
anchor energy between blocks, in the same way that biologi-
cal compound eyes integrate local views into a coherent
global percept. By fusing these local equilibria deterministi-
cally, the method assembles the global solution without iter-
ation, tuning, or numerical drift. This extends c-equilibrium
computation to matrices far larger than those manageable by a
single direct inversion.

The overall conclusion is clear: o-regularization produces a
unique, stable, and platform-independent equilibrium that
does not depend on gradient descent or stochastic sampling.
The Cekirge framework unifies classical inverse-problem
theory, modern large-matrix computation, and biological
principles of energetic balance into a single deterministic
learning system. In this formulation, learning is not a search
through parameter space but the algebraic resolution of an
equilibrium dictated by o.

Abbreviations

A Data Matrix

A(K) Local o-Block Matrix

Ao Anchor Row (Unperturbed)
ATA Normal-Equation Matrix

b Target Vector
b(k) Prorated Block Target
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bs o-Perturbed Target Vector

C System Matrix in the Energy Functional

CGD Conjugate Gradient Descent

GD Gradient Descent

SGD Stochastic Gradient Descent

d Feature Dimension

E(W) Total o-Regularized Energy

E(k) Block o-Energy

Eanchor(K) Anchor Energy of Block k

k Number of Overlapping o-Blocks

Lo(W) Quadratic Loss Function

Li(W) Laplace (L1) Loss Function

Lo Anchor-Loss for c-Regularized Solution

N Number of Samples

R(o) Relative Change in Anchor-Loss

c Stabilizing Regularization Parameter

o-Method Deterministic o-Regularized Learning
Method

o-March Sequential o-Stability Evaluation Process

o-Block Overlapping Deterministic Block

o-Equilibrium  Unique Stationary Point of the
o-Regularized System

T Target Vector in the Energy Formulation

W Weight Vector

W o-Regularized Deterministic Solution

W(K) Local o-Solution from Block k

Woiobal Fused Global o-Solution
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