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Abstract: In this work, we present the one-dimensional heat equation solving by the isogeometric method, a meshless method
using Galerkin Method. This equation has been solved on a semicircle, a curve on R2. The basis of approximation used for this
paper, is the B-splines basis. We define univariate B-splines. We look at their properties as well as b-splines curves. We calculate
the numerical solution of the heat equation using the principle of Galerkin’s method. The numerical solution is calculated, using
the parametrization of the domain and using the numerical integration of Gauss. Solving this partial differential equation leads
to solving a system of differential equations. This system will be solved using the classic fourth-order Runge-Kutta method and
a CFL condition. Numerical tests have been presented to show the efficiency of this method.
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1. Introduction

The heat equation was first formulated and studied by
Joseph Fourier in the early 19th century (in 1807). Fourier
mathematically modeled thermal conduction, describing how
temperature changes in a solid body over time. His theory,
published in 1822, marked a revolution in the field of
mathematical modeling of physical phenomena, particularly in
thermodynamics [1, 2].

Heat transfer problems can be found useful for many
practical engineering applications, such as electric heat
conduction in the packaging and metallurgy industries, laser
beam heat generation and process simulation in automotive
and aerospace industries, and thermal conduction and heat
insulation in pipelines for heat-supply [3-5].

The recent technological advancements in computers have
made numerical methods an essential tool for analyzing

physical systems. Many algorithms, mathematical concepts,
and programs have been proposed aiming at obtaining accurate
simulations of physical systems, especially in the field of
engineering [6, 7].

Several traditional numerical methods such as the finite
element method (FEM), finite volume method (FVM), have
been effectively utilized to address heat transfer problems.
However, the mesh generation requirement in FEM and
FVM, limit their full applicability in engineering applications.
The inconsistency between the actual physical geometry
and finite element based models introduces two significant
disadvantages. First, in addition to the inherent inaccuracy
of the numerical solution, the inconsistency between the CAD
geometry and the analysis model introduces additional errors
[8-11]. This issue is particularly pronounced in problems
with curved boundaries or in physical problems that are
highly sensitive to boundary representation [11]. Second,
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as the analysis model is refined, the domain it represents
gradually becomes closer to the original geometry. However,
it remains inconsistent across different refinement levels. This
inconsistency can impact the accuracy and convergence of the
solution of the physical problem. .

Isogeometric methods (IGA) provide efficient, accurate
and high-order alternative solutions and attracted extensive
attentions over the past decade [12]. The main idea of IGA
is that the basis functions used for defining the geometry will
also be applied as the basis for downstream analysis, which
consequently leads to the use of an accurate representation
for both the geometry and analysis solutions [8-11, 13].
Isogeometric method has also obtained a lot of attention
lately because of their low computational cost in numerical
simulation with reasonable accuracy. Isogeometric Analysis
(IgA), introduced in the seminal paper [8§—11], is an evolution
of the classical finite element methods. IgA uses spline
functions, both to represent the computational domain and to
approximate the solution of the partial differential equation
that models the problem of interest [14]. This integration of
geometric modeling and numerical simulation facilitates the
transition from Computer Aided Design to analysis.

The utilization of IGA for solving diffusion-type equations
was initially introduced by Vuong and al. [15]. This approach
presented several advantages over standard finite element
methods and was swiftly incorporated into various commercial
software packages [16]. An adaptive version of this approach
was also recently outlined by Yu and al. [17]. NURBS
functions have also been adapted for the boundary element
method as demonstrated by An and al. [18] and Takahashi
and al. [19] and implemented by Yu and al. [20] for solving
transient heat conduction problems with heat sources. The
potential of IGA in heat transfer problems has been further
explored in subsequent publications. This technique has been
employed to analyze heat transfer within polymer blends
in microstructures [21] and axial-flux permanent magnets
[22]. The coupling of IGA and a control volume approach
has enabled the determination of temperature variations in
nonuniformly heated plates [23].

In 2015, U. Langer, S.E. Moore, M. Neumiiller have
presented an isogeometric error estimate for parabolic

equations in 2D [24].

In 2019, M. Montardini, M. Negri, G. Sangalli and M. Tani,
solved parabolic problems, using least-squares isogeometric
method. Joaquin Cornejo Fuentes, Giancarlo Sangalli, Mattia
Tani, Thomas Elguedj, David Dureisseix, Arnaud Duval
solved nonlinear transient heat transfer problems with the
isogeometric method in 2025, in two dimensions [25].

In 2020, Gabriele Loli, Monica Montardini, Giancarlo
Sangalli and Mattia Tani solved parabolic equations in three
dimensions, using the isogeometric method. They focus on
the preconditioning of a Galerkin space-time isogeometric
discretization of the heat equation [13].

Rachid Bouna, Nouh Izem, M. Shadi Mohamed and
Mohammed Seaid solved heat equation in three dimensions,
with the isogeometric method, on march 2025. They propose
a class of high-order time integration schemes combined
with high-order IsoGeometric Analysis (IGA) in three space
dimensions. The combined methods offer robust solutions of
nonlinear heat diffusion in three-dimensional composites that
pose numerical challenges [26].

In 2023, G. Loli, G. Sangalli, and P. Tesini, use the
isogeometric method with smooth splines, to enhance the
stability and the accuracy of the method, in one dimension and
in two dimensions. They solved the problem in one dimension,
on the interval [0;1]. In our work, we want to solve the heat
problem in 1D, not on a polygonal geometry but rather on
a non-polygonal geometry. The solution will be found on a
curve in R?, using the parametrization of the domain [27].

In this work, we present the isogeometric method. Then,
we calculate the numerical solution for the heat equation using
this method. Finally, we carry out numerical tests, followed by
a discussion.

2. Isogeometric Method

In order to solve a partial differential equation on a domain
with isogeometric method, we work in a subspace of finite
dimension. So we need a basis. The basis used in this work, is
the B-splines basis, specifically the univariate B-splines basis.

2.1. Univariate B-splines

Definition 1. Let x1 < x5 < --- < x,, be an increasing sequence of reals, B-splines functions of degree k are defined by

Cox-de Boor-Mansfield recursion formula [28] :

Titky1 — 1

Zf t e [LCZ‘,.’EZ'Jrl[ (1)

otherwise

Niy1x-1(t)  (2)

For 1<i<m-—1
Nio(t) =1
Nio(t) =0
For k>1 and 1<i<m-k-1
Niwt) = T Nooa () +
Titk — T4

With the convention % := 0 for all real number x

Titk+1 — Tit1
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The set (z;)"; (1 < ¢ <'m) is called knots vector. are defined by :
Equations (1) et (2) show that the choice of knots vector has
a significant influence on the B-spline basis functions. Open

knots vectors are used to solve partial differential equations X=lz1 - X1 Tppo--
[30]. The open knots vectors for a B-splines basis of degree k k+1 times

1.0

0.9__

0.8 —_

0.?_-

0.6 —_

0.5—-

0.4 _-

0.3—_

0.2__

0.1__

0.00.0 0!5 lTO 1!5 2?0 2!5 370

T v T

k+1 times

Figure 1. Basis B spline of degree 2.
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Definition 2. Let (z;)™, (1 <1 < m) be a knots vector.
Let n be a non-zero natural integer et let (Pi);;o be a sequence
of points of R? (d = 1,2). We call b-spline curve of degree
k (d’ordre k£ + 1) and of control points P;, ¢ = 0,...,n, the
function P defined from the interval [z; , x,,] into R? by :

P(t) =Y PiNix(t), 21 <t<am 0<k<n

=0

The set of points (Pi)?:o are the vertices of a polygon called
control polygon of the curve P.

1 ifi=1
0 otherwise

Nijk(a) = {

Remark 1. From the property 4, we can infer that increasing
knot multiplicity decreases in this knot regularity and
increasing degree increases regularity [31].

Heat equation is solved in the physical domain €2, which is
defined through a geometrical mapping F :

F:ﬁ:[O;l]—)Q

With (AZ, the parametric domain. The C; are the so-called
control points and (n+1) is the number of B-splines functions.

We assume throughout that F' is invertible, with smooth
inverse F'~1.

We introduce V}, the space spanned by B-splines basis
functions in € :

Vi, := span{N; j o Ffl};‘jll.

3. Numerical Solution of the Heat
Equation

3.1. Problem Formulation

The purpose of this section is to numerically solve the heat
equation using the isogeometric method :

%(x,t) —V.(CVu) = f(x,t),x € Q,t € [0;T]

u(z,0) = up(z),z € Q, with Q C R?
u=00n0Q x [0;T]

Ng—1
u(x,t) =
i=1

and N, i (b) = { 0

2.2. B-Splines Functions Properties

Let (n + 1), be the control points number, let & be the B-
splines function degree [V; ;, and let m be the knots number.
Let X =[x; x2--- ;] be aknots vector.

1. The N, support is a subset of [z;, x;+x+1] [10, 30, 31]

2. Vt € [z1,zm], Nik(t) > 0, Vi [10, 30, 31]

3.Vj € {k +1,....m — k — 1}, VvVt € [aﬁj,J}jJrl[,

n+1

D Nig(t) =1[31]
=1

4. If an interior knot vector x; has multiplicity p;, then IV; j,
is C*=Pi at t = x;, and C* elsewhere. [32]

5. Let a and b be respective minimal and maximal values
of X.
If X is an open knots vector of degree k, then

1 ifi=n+1
otherwise

Where C is the diffusion coefficient, C' € R.

X = (X;)™, is an open knots vector, with m the total
number of knots.

X4 = (i) is the set of distinct knots of X.

Letbe Q; = {33 S Rd;{L‘ = F([XiaXi+1])a }, 1 <1< Ng—1

Thus 3! ¢(i) € {1,...,m} such as x; = X

q(i) = Z Nis

And n; is the multiplicity of y; in X.

q(i) where

Ng—1
Letbe @ = [ J @i, with Q; NQ, =0,Vi # s.
i=1
(Njp)jer, is a b-spline basis of degree p,

Where I; = {k € {0,...,n}; SuppN; , N Q; # 0},
SuppN;p = F([X;5 Xj+p+1])-

SuppNj, N F([xi; Xiv1)) # 0 <=
Py q(i)}.

i e {q(@) -

, Njpzif z € F([xi; xi+1])
Vie{l,.. .,Nd—l},N;-’ﬁpa; =
0 otherwise

Z u'(z,t) where u'(x,t) = { u/o0, on <

0 otherwise
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With u'(z,t) = > alj(t) ),Vie{l,...,Ng—1}.

jel;

We look for u(t) € Vi, Vo, € Vj, :
/ O yon () — / V. (CV o (2)dQ; = / F(@, t)on ()d

Where Vi, = {v, : v, € L*(Q;); V.(CVv)) € L (Qi),vi/ag =0}
For vy, = N,i7p(x), we have :

ng(x N} (2)de; — / V.(CVu)Ni ,(x)d _/ Fla )N} ()dQ;

/Q V.(CVu)N; ,(x)dY; = /

OQY(CVu)N,i’p(x)in - /Q V(CVu)VN,i’p(x)in

Knowing that suppr;’p C Q, (CVU)N,iyp(x)in =0.
%
Thus, we have :

_ / V.(CVu)N},(2)d; = / (CVW)VN] (2)d2

U0, on Ql

Since ui(%t) = { 0 otherwise

/ V(CVu)N ,(x)d; = — / (CVU")VN ,(x)dS;
Q; Q;

We can deduce that :

- / V.(CVu)N; ,(x)dS; = / (CVU" )V N}, (x)dS;
Q; Q;

=) aj(t / (CVN! ,(2))VNi ,(x)dQ; (3)

Jj€;

In addition, we have :

ou
E (@, )N (2)dQ; = dt al( / 2)Ni(2)dQ;  (4)
Jjel;

From equalities (3) and (4), we deduce the following equalities :

dt al( / (@)Ni ,(2)di + Y ol / (CVN! (2))VN} ,(2)dQ; = /Q f(z, )N}, (2)dQ;.

JEL; jeI;

Mi%ai(t) +Riai(t) — Fi
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With M7 = (M};) 1 e, F:Q—QcCR2

1<i<Ng—1

4 . _ er—x = (1,22) = F(e)
Miy = [ N} 0Ny (a)an;
Qs r = F(e) = dQ; = ||[F'(¢)| 2de.

R = (Ry;) wyen,

With [|F"(e) ]2 = \/(%(6))2 + (23(¢))%

) 7P
P ) Nj (@) = NI (F (&)
= kel; ) ~ ) ~
Micisni N; ,(x) = N; ,(¢) because N; , 0 F' = N; .
Fi= | flz, t)N} ,(x)d®; So we obtain :
Q;
d iy _ o MV F— R b Miisi bl ON;(@) = Njp X ﬁ
e (t) = (inv M*)(F*—R'a’(t)) because M" is invertible By de dae
ONi (z) dN? 1 day
[11] 2P - — _DP ith — # 0.
0z de x % W de 7
3.2. Numerical Integration , .
ON; ,(z) _ dNj. ,, y de
X X . 85U1 de dx1 ’
;fj = CL VNiva]Zg,dez (5) 8N117p(3;) d]/\}li,p 1 h dzq 0
I oy de TV 70
Let’s set © = (z1,z2). VN, (Wfl"’(az) e (:r)) and
i N} , N} , . , ~
VNL, (Tk{(m) a;; (:v)) So we have : 8N11,p($) dN;i,p de
81‘2 N de % dil‘g
. . ONi ~ ONj ONi ~ ONj ONi (z) dN! 1 dz
VN! YN! = 3P k,p 3P k.p k,p _ k,p g G2 '
jp Tk 0x1 @) 0x1 @)+ 0xs (@) 0x4 () 0x4 e dd% with de 70
The relationship (5) becomes :
, ‘ , , ON! (x) dN: de
. ON? ON} ON? ON;} 3P _ %Y 0E
i O 3P k,p 5P k.p Q) = X .
ki Q < 8$1 . 8:61 l‘) + 8x2 (x) 61'2 JU) ‘ an 6/1\5 dx2
ON! (z dN} 1 d
. . , (@) Ny L G2 £0.
Let F be the parametrization of the domain 2 C R~. 0xo de % de

The relationship (5) becomes :

, dN?_ dN} 1 1 ‘
= c/ C .5 F/(T(v")||2de (6
e e @y @y [ F'(T(v"))ll2de  (6)

We are going to define a function :
T:v' € [—1;1] — € € [xi; Xir1) suchas T(—1) = y; and T(1) = xi41,1 <i < (Ng — 1)

o o
Tw'") = 5(Xi+1 —Xi)v' + 5(Xi+1 + xi)

) 1
T'(v') = §(Xi+1 - Xi)

The relationship (6) becomes :
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i _ Cxi+1 — Xi) /1 dN; (T (")) N}, (T(v")) 1 + ! | F (T (v"))]|2dv?
ki 2 4 de de (dxl(T(m)))Q (dxg(T(vi)))Q
de de
Using the Gaussian quadrature method, R} ; becomes
pos2(7) j AT i
. ANt (T(v.)) dN} (T'(v%)) 1 1 .
b= b ViplT ) dNi, — — | I1F"(T(0;)ll2
A de de da1 (T (vi)) dz2 (T (v3))
r=pos1(z) de de
With [¢ = X%fx)w then pos1(i) = (i — 1)Npgs + 1, pos2(i) = szgs and
1 < i < Ny — 1. Npgs is the number of Gaussian points per segment, w’. and % are the Gaussian weights and nodes,
respectively.

Fl = / f(@, )N, (2)dS;
Fi= / F(P(E), N, (F() | F(0)]lade
r=/ Mﬂw‘»t)Nz;,,,<T<vi>>||F’< lads

pos2(i)

> LFET©D), ONL (T O))IE(T(0}))]|2
r=posl(i)

With [} = mfl_xw then posl( )=(i—1)Npgs+1, pos2(i) =iNpgsand1 <i < Ng— 1. Npgs is the number of

Gaussian points per segment, w’. and €. are the Gaussian weights and nodes, respectively.

F =

Mkj / Nk,p )Nz7p( )dQ
= | ML @NLEIF @ )lde

= [ e SR ) T ads

pos2(z)
M= 3 LN (TE)NLT@)IF(T@)]
r=posl(z)
With [¢ = X%fx)w then pos1(i) = (i — 1)Npgs + 1, pos2(i) = szgs and
1 < i < Ng— 1. Npgs is the number of Gaussian points per segment, w’. and £’ are the Gaussian weights and nodes,
respectively.
3.3. Treatment of the Initial Condition
Sl ()M}, = / up(2) N} () dS;
Knowing that u(z,0) = wug(z), we obtain the following JeL; @
equalities : Miai(0) = B'
/ u(z, 0) Ny, (x)dSY; = / uo(z) Ny, (2)dS;
s & Where B' = (B},) 1er, and Bj, = / ug () Ny, , (2)dS;
1<i<Ng—1 Q; ’

/ u'(z,0) Ny, (2)dSY; = / ug(x) N}, (2)d We infer that a’(0) = (im}Mi)B'i because M is invertible
Q ' Q ’ [11], with (¢invM*) the inverse matrix of M*
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Bi = / up()NE () =
Q;

A Meshless Method for Solving 1D Heat Equation on a Semicircle

[ woF N R (@17 E) e

1
=/ uo(F(T (")) N, (T@) I F (T (0"))[l2dv’

-1
pos2(z)

Bi= Y Luo(F(T(w))N,(TW)IF (T(})]e

r=posl(z)

With 17 = C0eti2x0) i then posl(i) = (i — 1)Npgs +
1, pos2(i) = iNpgs and

1 <7 < Ng — 1. Npgs is the number of Gaussian points
per segment, w’. and €. are the Gaussian weights and nodes,
respectively.

3.4. Treatment of the Dirichlet Condition

Given that w = 0 on 9Q x [0,T], we have af(t)
apdTi(t) = 0. [11]

Solving the heat equation is equivalent to solving the
following system :

d i s i i i
s (t) = (invM*)(F* — R'a’(t))

() =0

At
)

—_

Under the CFL condition |C' \

Lett; = tg + 1At for ¢ = 0,.
pomts,
with step size At such that :

T —

At = T 0 where to = 0.

Let G(t;;at(t)) = (inoM?)(F* — Riai(t)).

We will solve the above system using the RUNGE KUTTA
method of order 2. We therefore have :

< - [33]

/-\
[\

, N be a regular grid of

al(t+h) =al(t) + %(K{ + K3)

a'(0) = (invM?%)B?

= AtG(t; ai(t))

= AtG(1, ai (1))

With = ¢ + h and ai(t) = a'(t) + K

4. Numerical Tests

These numerical tests were carried out using Scilab.
Test 1. u(x,y,t) = sin(mz) sin(my) cos(nt), (z,y) € Q, the
half-circle with center (0,0) and radius 1,t € [0;1]. We set
1-0
to =0,t41 = 1. We have At = a7 A
uo(x,y) = sin(nz) sin(my).
We have :  f(z,y,t) = —wsin(nz)sin(my)sin(nt) +
272 sin(mx) sin(7wy) cos(nt).
The parameterization of (2 is given by :
1. An open knots vector of degree 2 :
X=[0000.1250.250.375 0.50.6250.750.875 1 1 1]
2. The control points :
A1(1;0),
As(1;0.4142136),
As3(0.7071068;0.7071068),
0.4142136; 1),

A4(
A5(0; 1),

A6(0 1),
A7 (—0.
As(—

t = 0.025.

41421365 1),
0.7071068;0.7071068),
Ag(—1;0.4142136),
AlO(_h 0)
For ¢t = 0.2, we compute the rate of log (||u — up||12(0)) in
function of log(h).

Table 1. Results of experience 1.

Space step log(h) log (|u — uh|L?(Q)) Rate

h =0.5 —0.6931472 —2.5385606

h

3 —1.3862944 —3.85554028 1.90000
h

7 —2.0794415 —5.21419870 1.96013
h

= —2.7725887 —6.68519568 2.12220
h

T —3.4657359 —8.1581334 2.12500

For t = 0.6, we compute the rate of log (||u — up || 12(q)) in

function of log(h).
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Table 2. Results of experience 1.

Space step log(h) log (Hu - “h”L2(n)) Rate
h =0.5 —0.6931472 —2.9889553 -
h
5 —1.3862944 —4.3406776 1.950123
h
i —2.0794415 —5.6992468 1.960001
h
5 —2.7725887 —7.1555352 2.10098
h
e —3.4657359 —8.6288667 2.125568
Courbe d erreur
2
34
- 54
3 54
74
B4
B T T T T 1
35 3 25 2 a5 05
Lagih)
Figure 3. Error curve fort = 0.2.
Courbe d erreur
29
34
- 54
g,
74
£
B T T T T 1
35 3 25 2 a5 05

Lagih)

Figure 4. Error curve for. t = 0.6.

Figure 5. Half-circle with center (0, 0) and radius 1.

5. Discussion

In this study, a mesh refinement has been performed for a
B-spline basis of degree two. To evaluate the spatial order
of convergence for the isogeometric method employed, mesh
refinement was conducted at specific values of t. For each
time step h, we computed log(h) and log (||u — up||r2(0))
subsequently determining the slope of log (|lu — up||r2(0))
as a function of log(h). At ¢ = 0.2, the spatial order of
convergence was calculated and found to be approximately
2.125. The same procedure was applied for ¢ = 0.6, yielding
similar results, confirming that the spatial order of the method
remains around 2.125.

6. Conclusion

In this study, Isogeometric Analysis is applied to solve the
one-dimensional heat equation defined on a curve in R2. The
problem is specifically addressed on a semicircular domain.
The approximation is based on B-spline basis functions, and
particular emphasis is placed on parametrization to enhance
the effectiveness of the isogeometric approach. Numerical
experiments were conducted under a CFL condition to ensure
the stability of the numerical scheme. Looking ahead, this
method will be extended to solve other partial differential
equations, such as the Burgers equation on curves in R2. within
a one-dimensional setting. Additionally, the isogeometric
framework will be employed to model various physical
phenomena.
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Abbreviations
CFL Courant-Friedrichs-Lewy
FEM Finite Element Method
FVM Finite Volume Method
CAD Computer Aided Design
IGA IsoGeometric Analysis
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