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Abstract

The concept of edge connectivity was first proposed by K. Menger, and in communication networks and logical networks, edge
connectivity can be used to measure network reliability and fault tolerance. The graph product method can be used to construct
complex networks, simulate biological molecule interactions etc. At present, research on the edge connectivity of product graphs
mainly focuses on the connectivity of standard product graphs, such as Cartesian product graphs, strong product graphs. The
unique properties exhibited by non standard product graphs (such as semi-strong product graphs.) in practical applications are
worth further exploration. The concept of semi-strong product was proposed by Mordeson and Chang Shyh, that is, for two
graphs G, = (V(G,),E(G,)) and G, = (V(G,), E(G,)), their semi-strong product G,@®G, is a graph whose vertex set is
V(G,®G,) =V(G,) X V(G,), and the edge set E(G,®G;) is defined as follows: if (x,,y,) and (x,,y,) are two vertices in
the semi-strong product G,®G,, then there is an edge between them if and only if x; = x, and y, and y, are adjacent in
G,, or x; and x, are adjacent in G; and y, and y, are adjacent in G,. And applications of the semi-strong product in
fuzzy graphs, symbolic graphs, and finance have shown its broad research prospects. In this article, we mainly study the edge
connectivity of semi-strong product graphs, and obtain some exact values. Furthermore, we also give an necessary and sufficient
condition for a semi-strong product to be maximally edge-connected.
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1. Introduction

The concept of edge connectivity was first proposed by K.
Menger in 1930s, and a systematic research was obtained by
means of Menger's theorem [1]. Menger's theorem shows that
the edge connectivity of a graph is equal to its minimum
edge-cut set. This theory lays the foundation for the study of
edge connectivity.

With the rapid development of information network, the
reliability of network has become one of the key issues in

research. Network reliability is usually measured by the
connectivity of a graph, such as the edge connectivity is a
key parameters to measure network reliability. For example,
in communication networks and logical networks, edge con-
nectivity can be used to measure network reliability and fault
tolerance[2-4]. Edge connectivity is defined as the minimum
number of edge deletions required to make a graph discon-
nected, the concept is particularly important in the design of
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multiprocessor networks. In addition, edge connectivity is
closely related to other properties of graphs, such as diameter,
minimum degree, etc. These relationships provide theoretical
support for the design and optimization of complex net-
works.

Product graph is an important construction method in
graph theory, which combines the vertices and edges of two
or more graphs to generate a new graph. The graph product
method can be used to construct complex networks, simulate
biological molecule interactions, optimize coding algorithms,
and analyze relationships in data visualization[5-7]. At pre-
sent, research on the edge connectivity of product graphs
mainly focuses on the edge connectivity of standard product
graphs, such as Cartesian product graphs, strong product
graphs, dictionary product graphs etc.

All graphs in this paper are finite and simple. Let
G = (V(G),E(G)) be a simple connected graph, where
V(G) is the set of vertices of G and E(G) is the set of
edges of G. For two graphs G, = (V(G,),E(G;)) and
G, = (V(G,),E(G,)), their Cartesian product G;©OG, is a
graph whose vertex setis V(G,0G,) = V(G,) X V(G,), and
the edge set E(G,OG,) is defined as follows: if (xq,y;)
and (x,,y,) are two vertices in the Cartesian product
G,©G,, then there is an edge between them if and only if
x; =x, and y,; and y, are adjacent in G,, or x; and x,
are adjacent in G, and y; =y, ; their strong product
G, X G, is a graph with whose vertex set is V(G; X G,) =
V(G,) X V(G,), and the edge set E(G, X] G,) is defined as
follows: if (x;,y,) and (x,,y,) are two vertices in the
strong product G; X G,, then there is an edge between them
if and only if x; = x, and y, and y, are adjacent in G,,
or x; and x, are adjacent in G, and y; = y,, or x; and
x, are adjacent in G; and y, and y, are adjacent in G;
their lexicographic product G,®G, is a graph with whose
vertex set is V(G,®G,) =V (G,) X V(G,), and the edge set
E(G,®G,) is defined as follows: if (x;,y;) and (x3,y,)
are two vertices in the lexicographic product G,;®G,, then
there is an edge between them if and only if x; = x, and
y; and y, are adjacent in G,, or x; and x, are adjacent
in G;.

Let G = (V(G),E(G)) be a simple connected graph. For
any vertex v of a graph G, its vertex-neighbor set is denot-
ed by N¢(v), which is the set of all vertices adjacent to ver-
tex v in the graph G. The degree of v in the graph G is
denoted by d;(v) = d(v), which refers to the number of
vertices related to v in the graph G. Therefore, according to
the definition of the graph, we have d;(v) = N;(v), and the
vertices in the graph G with degree 0 are called isolated
vertices. The minimum degree of the graph G is denoted by
6(G) = min{d;(v):vv € V(G)}. If A G and A contains
all edges uv in E(G) that satisfy {u,v} e V(4), we say
that A is a induced subgraph of G. Let F be a edge subset
of E(G), if the induced subgraph of G — F is not connected,
then F is a edge-cut set of G. The edge connectivity of the
graph G, denoted by A(G), is the cardinality of the mini-
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mum edge-cut set of graph G. For a connected graph G, it is
said to be maximally edge-connected if and only if
A(G) = 6(G). For two graphs G, and G,, we use v;, e,
6;, A; and V; to denote the number of vertices, the number
of edges, the minimum degree, the edge connectivity and the
vertex set of G;, respectively, where i =1, 2.

For the edge connectivity of Cartesian product, Chiue and
Shieh first gave a result in [8], that is, for two connected
graphs G; and G,, we have A(G;©G,) = A(G,) + A(G,),
and then there has been no good progress. Until Xu and Yang
improved the result A(G,®G,) = A(G;) + A(G,) in the
previous study [9], a better result was obtained, that is, for
two nontrivial graphs G; and G,, We have A(G,0G,) =
min{A, v,, A,v;, 6; + 8,}, and in this article, the author use
the edge-version of Menger's theorem to prove the result,
then, Klavzar and Spacapan gave a proof in based on the set
of minimum edge-cut [10]. For the edge connectivity of
strong product, Researchers proved that for two connected
graph G; and G,, we have A(G; X G,) = min{4;(v, +
2e5),A,(vy + 2e4),6; + 6, + 8,8,} [11, 12]. For the edge
connectivity of lexicographic product, Yang and Xu proved
that for two graphs G; and G,, we have A(G,®G,) =
min{21,v3,8, + 8;v,} [13].

The graph product also includes some non-standard prod-
ucts, such as semi strong product etc. The concept of
semi-strong product was proposed by Mordeson and Chang
Shyh [14], and its applications in fuzzy graphs, symbolic
graphs, and finance have shown its broad research prospects
[8].

For two graphs G, = (V(G,),E(G;)) and G, =
(V(G,),E(G,)), their semi-strong product G,®G, is a
graph whose vertex setis V(G,®G,) =V (G,) X V(G,), and
the edge set E(G,®G,) is defined as follows: if (xq,y;)
and (x,,y,) are two vertices in the semi-strong product
G,®G,, then there is an edge between them if and only if
x; = x, and y, and y, are adjacent in G,, or x; and x,
are adjacentin G, and y, and y, are adjacentin G,.

In this paper, we study the edge connectivity of
semi-strong product graphs. Given two graphs G, and G,
we obtain that A(G;®G,) = min{2,e,,6, + §;6,}. In fur-
ther, we also give an necessary and sufficient condition for a
semi-strong product to be maximally edge-connected.

2. Preliminaries

For the convenience, we define the following two types of
subgraphs. For x, € V(G;), we define x;®G, = G,*
{(x1,y)|y1 €V(G,)}, it is clear that the subgraph of
G,®G, induced by G,* is isomorphic to G,. Analogously,
for y, € V(G,), we define G, ®y; = G* = {(x;,y,)|x; €
V(G,)}, but it is important to note that the subgraph of
G,®G, induced by G* is not isomorphic to G;.

Lemma 2.1 ([15]). For any connected undirected graph G,
we have A(G) < 6(G).
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Lemma 2.2. Let G, and G,
6(G,®G,) = 8, + §:6,.

Proof. According to the definition of semi-strong product
graph, that is, the semi-strong product G;®G, of two
graphs G, and G, is the graph with the vertex set
V(Gy) xV(G,), two vertices (x1,y,) and (x,,y,) being
adjacent in G,®G, if and only if x; = x, and y,y, is an
edge in G,, or x,x, isan edgein G; and y,y, isan edge
in G,, we can get the result of

be two graphs, then

6(G1®G,) = 6, + 6,6,. @
Assume that
§(G,®G,) > 6, + 6,6, 2
is true, that is
§(G;®G,) = 6, + 8,6, + 1. (3)

In this case, the product graph will rise to a new
edge-connected relation: for two vertices (x;,y;) and
(x2,¥2), they are adjacent in G,®G, if and only if x; = x,
and y,y, is an edge in G,, or x;x, is an edge in G; and
Y1y, is an edge in G,, or x;x, is an edge in G, and
y1 = ¥,. At this point, three kinds of connected edges con-
stitute a strong product graph, a contradiction. Therefore,

0(G,®G,) = 6, + 6,0,. 4

3. Main Results

Theorem 3.1. Let G; and G, be two nontrivial graphs,
and G, is connected, then A(G,®G,) = min{24,e,, 5, +
Proof. Let G = G,®G,. Itis clear that

A(6) < 8(6) = 8, + 5,6, (5)

Let S’ be a minimum cut-set of G, and there are two
connected components C; and C, of G; —S’. Then we can
see that in G there are exactly 24,e, edges between
Ci XV, and C; xV,.Hence A(G) < 21,e,. Then we have

AMG,®G,) < min{21,e,, 6, + 6,5, (6)
Next we only need to prove that
A(G,®G,) = min{24,e,,6;, + §,6,}- (7

Let S be a minimum edge-cut of G, C; and C, are two
connected components of G — S. For x € V;, let G denote
the subgraph of G induced by x®V,.

It is easy to see that G5 is isomorphic to G,. Then we
define two sets, of which X = {x € V(G;)|xy € V(C,)} for
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some yeV(G,) and Y ={x€eV(G,)|xyeV(C,)} for
some y € V(G,).

Itisclearthat X @ and Y = @.If XNnY =@, thenitis
easy to know that {X,Y} is a partition of V(G,). Thus

11 2 Sayerq, cen |Es (VED,V(6))))|

= |E,[X,Y]|2e, = 2M4e,. (8)

Soweassumethat XNY =@ andlet x, e XNY.

We need to know that for each neighbor x of x,, the
vertex-set of the graph is V(G,°) U V(G¥), and the edge-set
between the vertex-sets V(G,°) and V(G3)is E(V(G,°)u
V(G¥)), denoted by GL°*), has edge-connectivity &,.

Let Sy,x =S NEWV(G,°) UV(GY)), then Sy, = &, for
each neighbor x of x,; otherwise G,°—S is connected
through G%, which contradicts to our hypothesis.

In the following, we claim that [Sy .|+ |Sx,| =8, +
5, =26,, of which S, =SnEWV(G,°)) and x is a
neighbor of x,. Then let M =V(G°)nV(C), N=
V(G,°) nV(C,), and we assume that M < N.

Case l: |[M|=1.

If M| =1, then [Sy x|+ [Sx,| =8, + 6, =28, holds,
since Sy, = &5.

Case 2: |M| = 2.

If |M|=2, we can find |M|6, edge-disjoint
(M,N) -paths in G,° . Let M =sy,s,,..,5, and
{t,,ty, ..., t,} © N. Then for each i(1 < i < u), there are §;
edge-disjoint (s;,t;) -paths in GL: (s;,xz,t) with
zeV(G,) . So we can find |M|§, -edge-disjoint
(M, N)-paths.

For the sake of disconnected M from N, we must have
ISxox| = IM|82 2 28, and |Sy x| + |Sx,| 2 6, + 8, = 26,
also holds.

Let xq,x,,...,xs5, be &; neighbors of x, in G, then

1512 (Sxgl + [k, |) + Bi2aIS0

= 52 + 52 + (51 - 1)62 = 52 + 5152. (9)
This completes the proof.
Corollary 3.1. Let G; and G, be two connected graphs,
then G,®G, is maximally edge connected if and only if
21e, = 8, + 6,0,.

4. Conclusions

The main conclusion of this paper is as follows: for two
nontrivial graphs G; and G,, and G, is connected, then we
have 1(G;®G,) = min{24,e,, 8, + §,8,}. Furthermore, we
obtain an necessary and sufficient condition for a


http://www.sciencepg.com/journal/acm

Applied and Computational Mathematics

http://www.sciencepg.com/journal/acm

semi-strong product to be maximally edge-connected.

At present, research on the edge connectivity of product
graphs mainly focuses on the edge connectivity of standard
product graphs, such as Cartesian product graphs, strong
product graphs, lexicographic product graphs etc. The graph
product also includes some non-standard products, such as
semi-strong products, etc. The unique properties exhibited by
non-standard product graphs (such as semi-strong product
graphs, etc.) in practical applications are worth further ex-
ploration.
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