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Abstract: The space-time fractional Benjamin-Ono equation (STFBOE) is of fundamental importance in ocean science,
particularly for modeling wave propagation in deep water. This study investigates the STFBOE employing three distinct
fractional operators: the conformable derivative, the beta derivative, and the M -truncated derivative. By applying a fractional
traveling wave transformation, the original nonlinear fractional partial differential equation is reduced to an ordinary differential
equation. We then utilize three analytical techniques-the fractional functional variable method, the modified Kudryashov
method, and the improved F'-expansion method to derive novel exact traveling wave solutions. To the best of our knowledge,
the exact solutions for the fractional Benjamin-Ono equation in the form considered here have been scarcely studied. A key
contribution of this work is the introduction and tailored application of these methods to systematically construct solutions
under each fractional derivative definition. Accordingly, we establish specific traveling wave variables corresponding to the
conformable, beta, and M-truncated derivatives. A significant advantage of the proposed framework is its flexibility and
effectiveness, enabling a straightforward derivation of solutions for both time-fractional and space-fractional versions of the
Benjamin-Ono equation. Finally, we present a comparative graphical analysis of the obtained solutions using two- and
three-dimensional plots, illustrating the spatio-temporal dynamics under selected parameter values. All the derived solutions are
entirely new and extend the current understanding of nonlinear wave phenomena described by the STFBOE.

KeyWOI‘dS: Space-time Fractional Benjamin-Ono Equation, Beta Derivative, M -truncated Derivative,
Fractional Functional Variable Method, Modified Kudryashov Method, Improved F'-expansion Method

the systems.  With the development of the FNEEs, a
growing number of researchers have devoted themselves to

1. Introduction

Fractional nonlinear evolution equations (FNEEs) are the
generalizations of classical nonlinear evolution equations.
Due to its ability to better describe natural phenomena and
the complex behavior of dynamic systems, FNEEs serve an
essential role in fields such as mathematical physics, fluid
dynamics, virus propagation, ocean engineering and so on [1—
6].

Finding analytical solutions to the FNEEs can aid
researchers in further understanding the nature of the
problems, the behavior patterns and interrelationships of

the analytical solutions, which results in a series of effective
methods being proposed. Among the more emblematic ones
include Lie symmetry analysis [7, 8], F'-expansion method [9,
10], Fractal variational method [11-13], Exponential rational
function method [14, 15], Fractional sub-equation method
[16, 17] and the others [18-22].

Along with the development of fractional calculus in recent
years, researchers have developed many fractional derivatives
that perform well in scientific and engineering applications,
such as Caputo fractional derivative [23], Yang-Abdel-
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Aty-Cattani fractional derivative [24] conformable fractional
derivative [25], beta derivative [26], M -truncated derivative
[27], etc.

In this paper, we generalize the Benjamin-Ono equation
to the STFBOEs with conformable fractional, beta and
M-truncated derivative, respectively. Fractional functional
variable method, modified Kudryashov method and improved
F-expansion method in three different fractional senses are
implemented to obtain new types of analytical solutions of the
STFBOE:s.

The classical (1+1)-dimensional Benjamin-Ono equation is
presented as

D?u + aD?(u?) + fD2u = 0, (1)

where o and [ denote the parameters of the nonlinear and
dispersion terms, respectively. The Benjamin-Ono equation is
an important nonlinear partial differential equations introduced
by Benjamin [28] and Ono [29], which is modeled to describe
the internal waves in a stratified fluid. Based on its importance,
researchers have extensively studied various types of analytic
solutions of the Benjamin-Ono equation [30-35].
The (1+1)-dimensional STFBOE is stated as below

Du+ aD? (u?) + DY u = 0, (2)

where p, v € (0,1]. Here, D*, D and D are fractional
derivative operators. When ¢y = 1 and v = 1, 2 can be
degenerated to 1. Particularly, if v = 1, then 2 is transformed
into the governing equation in [40], which is employed to
model the propagation of surface waves over a thin laminar
structure.

To the best of our knowledge, the exact solutions of the
fractional Benjamin-Ono equation shaped as 2 have been little
studied. In this paper, the main interesting fact is that we
introduce the fractional functional variable method, modified
Kudryashov method and improved F'-expansion method to
separately derive exact solutions of the STFBOEs with three
types of fractional derivatives. According to the different
definitions of conformable, beta and M -truncated derivatives,
we establish the traveling wave variables under each of the
three senses. An attractive feature of the proposed method is
its flexibility and effectiveness, mainly in the sense that we can
obtain the solutions of the time-fractional and space-fractional
Benjamin-Ono equations in a straightforward manner. Lastly,
the spatio-temporal dynamics of these exact travelling wave
solutions are illustrated with some exquisite 2D and 3D graphs
by choosing suitable parameter values. All the resulting
solutions are completely novel.

The paper is organized as follows: In Section 2, we review
the definitions and properties of the three fractional derivative
operators. Section 3 depicts the fractional functional variable
method, modified Kudryashov method and improved F'-
expansion method based on different definitions of fractional
operators, respectively. In Section 4, we obtain the exact
travelling wave solutions of the STFBOEs by the proposed
methods, respectively. 2D and 3D graphs of the resulting

solutions plotted and compared. In the last section, we

summarize the paper.

2. Preliminaries

In the present section, we briefly review the definitions and
basic properties of three types of fractional operators.

2.1. Conformable Fractional Derivative

Definition 2.1. [25] Let u : [0, +00) — R. The conformable
fractional derivative of u of order i is denoted by

1—py _
€ Dia(z) = lim u(z +ext™H) — u(x)

lim 5 , ne(0,1), z>0.

3)
Theorem 2.1. [25] Let p € (0, 1). If v is differentiable and
p-differentiable at >0, then

“Dhu(z) = z' " *Dyu(x). 4)

Theorem 2.2.[41] Assume that for x>0, u is k-order
differentiable and ku-differentiable, then

CDM() = CDE Dk DR (@), (S)

k times

where k is a positive integer.
Further, more detailed mathematical descriptions of the
conformable derivative can be found in [42].

2.2. Beta Derivative

Definition 2.2. [26] Let a function u : [0,+00) — R. The
p-order beta fractional derivative of u is defined as

u <33 +e (:c + F(lu))lﬂ) — u(x)

B Dhy(z) = lim . , (6)

pe (0,1), =>0.

Theorem 2.3. [26] Let p € (0,1). If w is differentiable and
p-order differentiable, then

B Diy(z) = (x + F(lﬂ)) D) %)

Based on the definition and related properties of the beta
derivative, Theorem 2.2 also holds for beta derivative. For
more details, see [43].

2.3. M -truncated Derivative

Definition 2.3. [27] Assume that u : [0, +00) — R. The
M -truncated fractional derivative of u of order p is stated, as

E —myy —
MD;”u(a:) _ EIE)I%) U(IE i 6(€$€ )) u(‘l’)

, ke(0,1), z>0, (8
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where ;Es(z) = 22:0 F(#:-l)’ 0 > 0, z € C denotes a
truncated Mittag-Leffler function of one parameter.
Theorem 2.4. [27] Let pu € (0, 1). If u is differentiable, then

xl—#

" Dzue) = 5

Dyu(z), 6> 0. )
Similarly to the beta derivative, the M -truncated derivative

also satisfies Theorem 2.2. In addition, the mathematical

properties of M -truncated derivative are discussed in [44].

3. Methodology

To better depict the methods for seeking exact travelling
wave solutions, we first consider the generalized form of the
STFBOE as follows

F(D, D* D% u,u?) = 0. (10)

For different definitions of fractional derivatives, we provide
three new variables for the traveling wave transform v = U (§).
(a) Conformable fractional derivative

For the purpose of better simplifying 10, we employ the
following traveling wave variable according to Theorem 2.1:

A B
gC =—t'+ 7501/7
1 v

(1)

where A and B are real parameters that affect the width and
soliton velocity of traveling wave.
(b) Beta derivative

Considering Theorem 2.3 for the beta derivative, the
traveling wave variable is chosen as follows

o=t 5ot

where A and B have the same meanings as above.
(¢) M-truncated derivative

For the M-truncated derivative possessing TTheorem 2.3,
the traveling wave variable is considered, as

_ATE+D)

12)

BI(5 + 1)
14

M ", (13)

which leads to M Dy = AQDEMU by means of Theorem
2.2. For the sake of convenience, later in the paper, £¢, ¢ and
&M are abbreviated as £, due to their similar properties.

Then, 10 is transformed into the following ordinary
differential form

F(DZ, D¢, U, U?) = 0. (14)

3.1. Fractional Functional Variable Method

Step 1: We introduce a new function as the derivative of the
unknown function U, defined as

DU =P(U). (15)
It is convenient to obtain that
1
DU = §D5(P2),
1
DU = 5Dg(PZ)\/PZ’, (16)

D{U = %[DE’(PQ)PQ + DZ(P?)D¢(P?)].

Step 2: An appropriate number of integration operations are
performed on 14 to minimize the orders of derivations of U.
With the help of Eqgs. (15) and (16), it follows that

F (U, U*,U°, %Dg(zﬂ), : ) =0. (17)

Step 3: Integrating 17 with respect to &, we obtain an
expression for P(U). With the help of 15, we can give an
ordinary differential equation with independent variable U. By
solving this equation, we can obtain the exact traveling wave
solutions of 2.

3.2. Modified Kudryashov Method

Step 1: We assume that the solution of 14 can be expressed
as a polynomial in ¢(&) as

N
U€) =Y anp($), (18)
n=0
where a,,,n = 0,1,2,--- | N are real constants with any # 0

(N is a positive integer obtained through homogeneous balance
method). Here, ¢(&) is the solution of the linear ordinary
differential equation used to assist in solving:

DeU(€) = U(E)(U(E) = 1) In(a),

where a is a positive constant and a # 1. Besides, 19 provide
the following form of solution

19)

1

90(5) = m7

(20)
where d € R.

Step 2: Substituting 18 and 19 into 14 and merging like
terms based on the powers of ¢(£). Then we set each
coefficient of the obtained new polynomial of ¢(&) to zero.
With the help of Maple, we can solve the algebraic system
regarding a},s, A, B, a, and d mentioned above.

Step 3: Substituting the results together with the solutions
of 18, we will obtain the exact traveling wave solutions of the
space-time fractional Benjamin-Ono 2.
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3.3. Improved F'-expansion Method

Step 1: Assume that the exact solution of 14 can be
represented by the following polynomial in Q(£):

N

N
UE) = an(h+ Q)"+ > balh+Q(£)™", 21
n=0

n=1

where an,b,,n = 0,1,2,--- N are real constants with
an,by # 0. Moreover, Q(&) satisfies the Riccati equation

DeQ(€) = 1+ Q*(9), (22)
with the following three cases:
(1)When [<0, the general solutions are
Q1 = —V =l tanh(v=I§), (23a)
Q2 = —V =l coth(v=IE). (23b)
(2)When [>0, the general solutions are
Qs = Vitan(Vi¢), (24a)
Qs = —V1 cot(VIE). (24b)
(3)When [ = 0, the general solution is
1
5= ——. (25)
9=

Step 2: Substituting Egs. (21) and (22) into 14, we obtain a
new polynomial. We then collect the coefficients of all terms
of the same power of Q(£) and make them equal to zero. A
system of algebraic equations for a} s,/ s,h, A, B and [ is
given. By using the symbolic computation function of the
Maple software, we can get the sets of solutions for these
parameters.

Step 3: Substituting the set of solutions above into 21, we
will obtain the exact traveling wave solutions of the STFBOE.

4. STFBOE and Its Exact Solutions

The (1+1)-dimensional STFBOE is stated, as
“Difu+a DY () + B DFu=0.  (26)

Under the sense of conformable fractional derivative, using
fractional traveling wave transform

u=U(),

1% b 27)
gcz%tu_’_;xy_i_e’ (

U{B(tv LL’) =

and

isechQ L
2aB? 2B?\/—p

then 26 is converted to
A’DZU +2aB*((DeU)? + UDZU) + BB*DEU = 0. (28)

Integrating the above equation, we get

A’DcU + 2aB*UD:U + SB*DU = 0. (29)
Integrating once more, we have
AU + aB*U? + BB* DU = 0. (30)

4.1. Appling the Fractional Functional Variable Method

Substituting 16 into 30 and integrating it, 30 is transformed
to

1 1 1
5,42U2 + gaB2U3 + 5ﬁB‘*(P(U))2 =0, @31
namely
3A2U2 4 20B2U3
P(U)—j:\/— 355 . (32)
In the view of 15, there is the following relationship
3A2U2 4 20B2U3
Dng:\/ 355 . (33)

Further, we solve 33 and derive the fractal soliton wave
solutions of (1+1)-dimensional STFBOE.
Case 1: 8 < 0, we obtain

Family-1:
A (A (A, B,
'U,l(t,m) = 7ﬁsech (m (ﬁt + ;x )) s (34&)
A? 2 A A B,
u2(t7"1}) = ZaB2 csch (232\/jﬁ (Et“ + ;.’IZ )) . (34b)

Case 2: 8 > 0, we have

Family-2:
oA 2 A A, B,

uz(t, ) = ~ 5552 5eC (232\/B <;t + o >> ,  (352)
A L, A (A, B,

ua(t, ) = ~5ap2 ¢ (232\/3 <Et + T )) . (35b)

Remark 4.1. For the STFBOE:s in the sense of beta and M-
truncated, we just need to replace £¢ with £% and ¢V, i.e., 34a
is rewritten as

(36)
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uiu (tv JJ) =

2
2;432 sech? ( A

respectively. The same is true for 34b, 35a, and 35b. This fully
reflects the flexibility and universality of the proposed method.

4.2. Appling the Modified Kudryashov Method

Balancing U? and Dg U according to 30 gives N = 2. We
seek solutions of the form
U(€) = a0+ a1p(€) + a266*(€), (38)

Inserting 19 and 38 into 14 and setting the coefficients of
the like powers of ¢(&) equal to 0, we obtain the following

257
AT(6 + 1) Br(@+1) ,
)]
BQaga + A2a0 =0,
B*B (—3ai(Ina)? 4 4az(Ina)?) (39)

+ B%a (2apaz + af) + A%ar =0,

B4Ba1(lna)2 + 2aB%aga; + A%a, =0,
6(Ina)®B*ayf + B*a3a = 0,

B*B (2a1(Ina)?® — 10as(Ina)?) + 2aB%a1as = 0.

To solve the above system using maple, we give
2 2
Case 1: 3> 0, A= +(Ina)B>\/B, ap = L Wma) B, =

[0

algebraic system for a, s, A, B, a, and d: W, ag = *W'
Family-3:
us(t, ) _ B?(Ina)?p n 6B2%(Ina)?j - 6B2%(Ina)?p
’ - na) B2 Bth xV na t 2\
“ a(l—&-da(] e +BV> a(1+da(l )B/fﬁuBf) (40)
us(t, ) _ B?(Ina)?p n 6B2%(Ina)?j _ 6B2%(Ina)?p
’ - na)B2/Bth v na t 2%
@ a(l—&-da(l)itJrB”) 04(1+da_(l )Tﬁ“rB‘f) “1h
Case2: 3 <0, A= +(Ina)B*/-F, agp =0, a; :M, QQZ—M.
Family-4:
wn(t, ) = 63B%(Ina)? 63B%(Ina)?
’ - V=B (Ina) B2tH xV — na)B2tH v 2
oz<1+daﬂ(lu)B+B”> a(l—&-dam(luw +B) (42)
us(t, ) = 63B%(Ina)? B 63B%(Ina)?
’ - V=B (Ina)B2tH zv —F (Ina) B2th P\ 2
a <1+daW+BV> a (1+da_m(lu Ly +B:) (@3)
Remark 4.2. To obtain results in the beta and M-truncated sense, we replace £ with ¢Z and £, i.e., 40 is rewritten as
B (t, ) ~ B?(Ina)?p 6B2(Ina)?j3 B 6B2(Ina)?j3
5\ - (Ina) B2 /B Ba na t x 2
« a<1+da;LtB+uB> a(1+da(l )Bj\/EB_,’_BVB> (44)
where tp = (t + ﬁ)“ andzp = (v + F(ly))”, and
M (1, ) _ B?*(Ina)?p 6B2%(Ina)?p _ 6B%(Ina)?p
5 ’ B na 2 t T + z 27
« o (1 " da(l )B“\/F M B =M ) N (1 n da(ma)Bi\/E M B L;M> 45)

where )y = T'(6 + 1)t* and zpy = T'(§ + 1)z¥. The same applies to Egs. (41) to (43).
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4.3. Appling the Improved F'-expansion Method

According to the homogeneous balance method, we can derive N = 2. Thus, 21 can be expressed as follows

U(€) =ao + ar(h + Q(€)) + az(h + Q(€))* + bi(h + Q(€) ™" + ba(h + Q(€)) ™ (46)
Substituting 46 into 14 and holding the coefficients of each  solution cases:
power of Q(€) to zero. We will then gain a system of algebraic Case 1: | = —20, ag = 10az, a1 = —10a2, o =
equations with respect to a}, s, b/, s, h, A, B and [. By means of ﬁ, by = —50as, by = 25ay, B = _$7 h=5.
Maple, we can solve this system and give the following four
Family-5:
400ay (tanh(R 1) (tanh(Ry) — 1 3
ug(t7a’j):— a2(an ( 1)+ )(an (2 1) )X(\/gtanh(Rl)—tanhQ(R:[)_), (47)
(2v/5 tanh(Ry) — 5) 2
400 th(R;) —1 th(R 1 3
ot z) = — az (coth(R1) — 1) (co (21)+ ) y (\/5 coth(Ry) — coth? (Rl)_>7 48)
(2v/5 coth(R;) —5) 2
where Ry = 2Y5 (A" viBap)
v
Case 2: 1 = 20, ag = 30az, a1 = —10as, & = — 55—, b1 = —50az, by = 25as, f = ape, h = 5.
Family-6:
100&2 3 4 2
uil(t, ) = — 5 X (4\/5 tanh® (Ry) — 4tanh® (Ry) — 6 tanh” (Ry) + 1) , (49)
(2v/5 tanh(Ry) — 5)
100(12 4 3 2
uia(t, ) = 5 X (4 coth? (Ry) — 4 coth® (Ry) V5 + 6 coth? (R;) — 1) . (50)
(2v/5 coth(R;) —5)
Case 3:ag = —325, a1 =0, by =0, by = ot f= 88, h=0, | = 245 <0.
Family-7:
A? 3A? tanh? (Ry) 342
t - - 51
us(t, ) = 4a.B? 8aB? 8aB?tanh? (Ry)’ (>1a)
A2 3A? coth? (Ry) 3A2
t,x) = - — 51b
walt,z) 4aB? 8aB? 8aB2? coth? (Ry)’ (>1b)
where Ry = 7803(1‘2232 (AT“L + BT””V)
Case 4: ag = —4;4?, a1 =0,b; =0, by = 64]5(,);4(:2&2, B=—555 h=0,1= W > 0.
Family-8:
A? 3A% tan? (R3) 3A2
t,x) = 52
wis(t,7) 4aB? + 8a.B? 8B2atan? (R3)’ (522)
A2 3A? cot? (R3) 3A?
t,x) = . 52b
o (t, 7) 4aB? + 8aB? 8B2a cot? (R3) (52b)
A2 . (At“ 7”)
where R = co2b I
Remark 4.3. Here, we replace 11 W1th 12 and 13, i.e., 47 is rewritten as
400as2 (tanh(Rp) — 1) (tanh(R 1 3
(t l’) CL2( an ( B) )( an (QB)+ ) % <tanh2 (RB)\/gtanh(RB)Jr), (53)
(2v/5 tanh(Rp) — 5) 2



Applied and Computational Mathematics; 14(5): 253-263 259

2V5 (A(trél(c’il):-l)kl k2+B<IF(k2)+1)k2k1)

T(k2)
where R = Y , and
4 tanh — 1) (tanh 1
WMt 7) = — 00as (tanh(Rys) — 1) (tan (]jM)Jr ) y (ﬁtanh(RM)tanhz(RM)?)), (54)
(2v/5 tanh(Ry) — 5) 2
k k
where Ry = 2/ (A kiﬁc: 2 kl)r((sﬂ). Other traveling wave solutions behave similarly.

4.4. Comparative Analysis of Some Solutions with Three Fractional Operators

In this subsection, in order to compare some of the solutions obtained in the three fractional senses, we illustrate 2D and 3D
graphs using appropriate parameter values.

5
[
o

-0.02

-0.044

-006

-008

-0.10

-0.124

-014

-0.16

T v=07 T v=08 —/ v=03

(@

=
b
£y

-002

-0.044

-0.06

-008

-0.10

-0.124

~0.14

-0.16

T v=07 T v=08 7/ v=03

(e)

(c)

-002-

-0.04

-0.06

-008

— v=07 T v=08 T/ v=103

®

Figure 1. The dark soliton solutions plots. Left column: conformable derivative; Middle column: beta derivative; Right column: M -truncated derivative.

In Figure 1, we give graphs for 34a, 36 and 37. The

respectively for v = 0.7, = 0.8 and v = 0.9 in Figures 2d,

parameters are selected as follows: a = 3,8 = —0.5,4 =
2,B = —-2,p=08v =0.8and § = 2. We plot the red
line, blue line, green line respectively for v = 0.7,v = 0.8
and v = 0.9 in Figures 1d, le and 1f. Figure 1 represents the
dark soliton solutions.

Then 40, 44 and 45 are plotted in Figure 2 whena = 1, B =
1,a =0.5,d =1,p = 0.8, v = 0.8 and § = 2. For different
fractional orders, we plot the red line, blue line, green line

2e and 2f. Figure 2 represents the multiple bright-dark soliton
solutions.

Finally, weset A = 1,B = —1,a2 = 1,u = 0.8, = 0.8
and 0 = 2. The 3D graphs of 47, 53 and 54 are plotted in
Figures 3a, 3b and 3c. In Figures 3d, 3e and 3f, we plot the 2D
graphs for v = 0.7,v = 0.8 and v = 0.9. It can be seen that
the obtained solutions utilizing different fractional operators
are compared. Figure 3 represents the bright soliton solutions.
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()] "]

02~

(b)
07
06
05
04
03
0.1
-10 -5 H 10 -10 -5 0 5 10 -10 -3 0 5 10
X X X
v=07 v=08 v=09 v=07 v=08 v=09 v=071 v=08 v=09
()] (e ®

Figure 2. The multiple bright-dark soliton solutions plots. Left column: conformable derivative; Middle column: beta derivative; Right column: M -truncated derivative.

(a) (b) ©
25 25 25 n
20 204 20
15 154 15
10 104 10
5 5 5 J
0 T T T T 0 T T \n T 0 T u kn
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
X X X
v=07 v=08 v=09 v=07 v=08 v=09 v=07 v=08 v=09
) (e) ®)

Figure 3. The bright soliton solutions plots. Left column: conformable derivative; Middle column: beta derivative; Right column: M -truncated derivative.
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5. Conclusion

In this paper, new analytical solutions of the STFBOEs
in three different fractional senses are reported to have
been successfully obtained by utilizing fractional functional
variable method, modified Kudryashov method and improved
F-expansion method. Symbolic calculation is performed
using Maple software and some results for the conformable,
beta and M-truncated derivatives are described so as to
demonstrate the behavior of the solution. All results have
been verified to be accurate. The above techniques are suitable
for solving fractional differential equation models employed in
science and engineering.
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