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2Mathematics Laboratory of Avignon, Avignon University, Avignon, France
3African Higher School of Information and Communication Technologies, Abidjan, Côte d’Ivoire
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Abstract: The transportation of masses or objects by cranes, necessary in the construction sector to increase productivity, often
causes transverse vibrations of the system, which degrades production or process performance, and can even cause breakdowns.
Actively controlling or mitigating these vibrations is becoming essential in many fields, such as the construction of satellite
panels, etc. Therefore, many efforts have been made in recent years to find effective ways to eliminate these unwanted vibrations.
Thus, the vibration behavior of a crane on a construction site, transporting a mass represented by beams, is translated into an
equation using the theory of Euler-Bernoulli beam equations. These vibration effects are thus model led in a very reduced
manner by a nonhomogeneous Euler-Bernoulli beam fixed at one end and subjected to a point mass at the free end. In this
research article, we have generalized Wang’s results. We began by defining some fundamental properties of the closed-loop
system and then analyzed its spectrum. Using the theory of perturbed problems, we obtained the basic Riesz property. The
spectrum-determined growth condition and exponential stability were also derived. Moreover, when the damping was undefined,
we provided a condition on the negative value of the damping without destroying the exponential stability of the system.

Keywords: Beam Equation, Semigroup Theory, Asymptotic Analysis, Riesz Basis, Exponential Stability

1. Introduction
We consider a non-uniform Euler-Bernoulli beam with

a free-end mass under feedback control, the transverse

vibrations are thus defined by the following system:

 κ (x)utt (x, t) + (EI (x)uxx (x, t))xx + γ (x)ut (x, t) = 0, 0 < x < 1, t > 0
u (0, t) = ux (0, t) = uxx (1, t) = 0, t > 0
αut (1, t) +mutt(1, t)− βEI(1)uxxxt(1, t)− EI(1)uxxx(1, t) = 0, t > 0

(1)
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with u (x, 0) = u0 (x), ut (x, 0) = u1 (x) , 0 < x < 1, the
initial conditions. Consider α, β, and m four given non-zero
positive constants where m is a tip mass.

Here and below, u (x, t) stands for a transversal deviation
of the beam at position x and time t; a subscript letter denotes
the partial derivation with respect variable. The length of the
beam is chosen to be unity, EI (x) = E(x)I(x) is the flexural
rigidity (or bending stiffness) of the beam while, E(x) > 0 is
the elasticity modulus and I(x) > 0 is the moment of inertia
of the cross section. Finally κ (x) > 0 is the mass density and
γ(x) is a continuous coefficient function of feedback damping.

Moreover, we shall always assume that:

κ (.) , EI (.) ∈ C4 (0, 1) and γ(1) 6= 0 (2)∫ 1

0

γ (x)

κ (x)

(
κ (x)

EI (x)

) 1
4

dx > 0. (3)

The Riesz basis property, meaning that the generalized
eigenvectors of the system (1) form an unconditional basis for
the state Hilbert space, is one of the fundamental properties of
a linear vibrating system.

For this kind of system, the stability is usually determined
by the spectrum of the associated operator and one can also use
the theory of nonharmonic Fourier series to obtain important
properties such as the optimal decay rate of the energy.

The same system of Euler-Bernoulli beam viscous damping
has been studied with (m = 0) in Touré al [6] with position
control. Using the tools in Birkhoff [4, 5] and Naimark [24]
the authors proved the Riesz basis property and concluded
that the spectrum determines the exponential decay rate if
γ > 0. This system was also recently studied by Hasanov in
[12], then by Baysal et al. in [2], with boundary conditions
different from those of system (1). In [2, 12], the authors
obtained stability results based on an approach that relies on
the use of regular weak solutions, an energy identity and a
Lyapunov function. Considering a system consisting of an
Euler-Bernoulli beam on a star-shaped network with indefinite
damping term, Bouallagui et al in [7] prove the exponential
stability of the system by the Riesz basis theory that we had
applied in our work.

The problems of stabilizing Euler-Bernoulli beams with a
tip mass controlled by combined feedback forces have been
the subject of several works, we could cite [13, 23]. The
asymptotic technique appears to be essential for the study.
There are two steps usually fund in the study of linear systems
with variable coefficients with damping. The first is to
transform the ”dominant term” of the system under study into
a uniform ”dominant equation” by space scaling and state
transformation where no variable coefficient is involved any
longer. The second step is to approximate the eigenfunctions
of the system by those of uniform ”dominant equation”. This
fundamental idea comes essentially from Birkoff works [4]
and [5]. This approach has been used in dealing with the
beam equations of variable coefficients see Bao [14], Wang
[32]. The system (1) was also studied in the uniform case
without the damping by Wang see [32]. The authors obtained
exponential stability using a method based on the Riesz basis.
In this work, we generalize the uniform system studied by
Wang in [32] by adding a damping term γ(x) and varying
the system coefficients. The main objective here is to obtain
the exponential stability of the system (1) thanks to the Riesz
basis property. To achieve our goal, we assume γ(1) 6= 0
and transform the beam eigenvalue problem into an ordinary
differential equation Lu = λu with polynomial boundary
conditions λ (see Shkalikov [26] Tretter [29], Wang [32]).
The rest of the paper is structured as follows. The well-
posedness of system (1) in the context of the C0 semigroup
theory are derived in Section 2. In Section 3, we then study
the spectrum and the Riesz basis property for the considered
system is derived. The exponential stability of system (1) is
presented in Section 4. Finally, some concluding remarks are
given in the final Section 5.

2. The Well-posedness of the Problem
(1)

In this section, we will discuss the well-posedness and some
basic properties of system (1). For the purpose, firstly we
formulate system (1) into an appropriate Hilbert space.

Set

V 2
E =

{
f ∈ H2 (0, 1) : f (0) = f ′ (0) = 0

}
, (4)

H = V 2
E (0, 1)× L2 (0, 1)× C (5)

D (0, 1) the space of smooth functions with compact support,
D ′ (0, 1) the space of continuous linear functions
f : D (0, 1)→ C.
The superscript T stands for the transpose and the spaces L2 (0, 1) and Hk (0, 1) are defined as

L2 (0, 1) =

{
f : [0, 1]→ C :

∫ 1

0

|f |2 <∞
}

Hk (0, 1) =
{
f : [0, 1]→ C : f, f2, ..., f (k) ∈ L2 (0, 1)

}
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In the space H, we define the inner-product

c 〈u, v〉H =

∫ 1

0

(
κ(x)g1 (x) g2 (x) + EI (x) f ′′1 (x) f ′′2 (x)

)
dx+

β2

m+ αβ
η1η2,

where u = (f1, g1, η1)
T ∈ H and u = (f2, g2, η2)

T ∈ H, α, β and m are positive constants.
We define an unbounded linear operator Aγ :D (Aγ) ⊂ H→ H as follows:

Aγ

fg
η

 =


g (x)

− 1

κ (x)

(
(EI (x) f ′′ (x))

′′
+ γ (x) g (x)

)
−β−1η − β−1

(
α−mβ−1

)
g(1)

 , (6)

for

fg
η

 ∈ D (Aγ) and the domain of operator Aγ is given by:

D (Aγ) =

{
(f, g, η)

T ∈ H4 (0, 1) ∩ V 2
E (0, 1)× V 2

E (0, 1)× C :
f ′′(1) = 0, η = −E(1)f (3)(1) + β−1mg(1)

}
. (7)

With these notations, the set of system (1) can be written as an abstract evolution equation in the Hilbert space H.{
dY (t)

dt
= AγY (t)

Y (0) = Y0 ∈ H,
(8)

where

Y (t) =

(
u (., t)

ut (., t)− EI(1)uxxx(1, t) + β−1mut(1, t)

)
and

Y (0) =

(
u0

u1 − EI(1)uxxx(1, 0) + β−1mut(1, 0)

)
We consider the operator A0 designating the case without the viscous damping term, i.e.

γ(x) = 0, ∀x ∈ [0, 1].

Let’s put

Aγ = A0 + Γγ with Γγ

fg
η

 =

 0

− 1

κ (x)
γ (x) g (x)

0

 , ∀

fg
η

 ∈ H.
Γγ is a boundary linear operator on H.
Thus, we obtain the following results:
Lemma 2.1. Let A0 be defined as (6) and (7) with
γ(x) = 0 ∀x ∈ [0, 1]. Then A0 is a closed and densely

defined linear operator in H. For any α, β > 0 and m > 0,
0 ∈ ρ (A0) and A−1

0 is compact on H. Hence (A0) consists of
all isolated eigenvalues of finite multiplicity.

Proof. The proof is the same as that of theorem 2.2. 2
Theorem 2.1. The operator A0, defined by (6) and (7) for

γ(x) = 0 ∀x ∈ [0, 1], is a closed, densely defined m-
dissipative operator. Hence the operator A0 generates a C0

semigroup of contractions on H.
Proof. First, we prove that the operator A0 is dissipative.

For any u = (f, g, η)
T ∈ D (A0) = D (Aγ) , we get:

〈A0u, u〉H =

〈(
g (x)− 1

κ (x)

(
(EI (x) f ′′ (x))

′′)− β−1η − β−1
(
α−mβ−1

)
g(1)

)
,

fg
η

〉

=

∫ 1

0

− (EI(x)f ′′ (x))
′′
g (x) + EI (x) f ′′ (x)g′′ (x) dx+

β2

m+ αβ

(
−β−1η − β−1

(
α−mβ−1

)
g(1)

)
η.
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By integration by parts and the boundary conditions and (7), we get:

〈A0u, u〉H =

∫ 1

0

EI(x)[f ′′ (x)g′′ (x)− f ′′ (x) g′′ (x)]dx− E(1)f (3)(1)g(1) +
−β|η|2 − αβg(1)η +mg(1)η

m+ αβ

=

∫ 1

0

EI(x)[f ′′ (x)g′′ (x)− f ′′ (x) g′′ (x)]dx+
mg(1)η +mg(1)η

m+ αβ

−
(
β−1m2 + αm

)
|g(1)|2

m+ αβ
+
αβg(1)η − αβg(1)η − β |η|2

m+ αβ
.

(9)

The reorganization of the computations gives us:

〈A0u, u〉H =

∫ 1

0

EI(x)[f ′′ (x)g′′ (x)− f ′′ (x) g′′ (x)]dx+
2m
(
g(1)η + g(1)η

)
2(m+ αβ)

−
(
β−1m2 + αm

)
|g(1)|2

m+ αβ
+
αβg(1)η − αβg(1)η − β |η|2

m+ αβ
.

(10)

As a result:

Re 〈A0u, u〉H =

(
2mRe(g(1)η)−

(
β−1m2 + αm

)
|g(1)|2 − β |η|2

)
m+ αβ

, (11)

with Re the real part of a complex number.
Since

4β
(
β−1m2 + αm

)
> 4m2, then Re 〈A0u, u〉H < 0.

It follows from previous result that the operator A0 is dissipative.
Next, we show that the operator A0 is m-dissipative.
We prove that the operator (I − A0) : D (A0) ⊂ H→ H is onto.

Let us show that for all z =

fg
η

 ∈ H, there exists y =

uv
w

 ∈ D (A0), such that z = (I − A0) y. So

v = u− f (12)

κv + (EIuxx)xx = κg (13)

η =
(
1 + β−1

)
w + β−1

(
α−mβ−1

)
v(1) (14)

uxx (1) = ux (0) = u (0) = 0 (15)

w = −E(1)uxxx(1) + β−1mv(1) (16)

where u ∈ H2 (0, 1) , f = u− v ∈ L2 (0, 1) .
Multiplying both sides of equation (13) by ϕ ∈ V 2

E (0, 1) and integrating from 0 to 1 with respect to x, we have∫ 1

0

κuϕdx+

∫ 1

0

(EIuxx)xx ϕdx =

∫ 1

0

κ (g + f)ϕdx. (17)

By integrating formally by parts twice the expression
∫ 1

0

(EIuxx)xx ϕdx using boundary conditions, we get

∫ 1

0

EIuxxϕxxdx+

∫ 1

0

κuϕdx+ EI(1)uxxx(1)ϕ(1) =

∫ 1

0

κ (g + f)ϕdx.

This is the weak formulation of (13)− (16). The left-hand side of (17) is a continuous coercive bilinear form a of ϕ and u.
Moreover, the right-hand side of (17) is a continuous linear form L of ϕ on V 2

E (0, 1) .
Using the Well-known Lax-Milgram theorem, there exists a unique u ∈ V 2

E (0, 1) such that

a (u, ϕ) = L (ϕ) for all ϕ ∈ V 2
E (0, 1) (18)
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Regularity of the solution:
Let ϕ ∈ D (0, 1) . Then equation (18) becomes∫ 1

0

κuϕdx+

∫ 1

0

(EIuxx)xx ϕdx =

∫ 1

0

lϕdx, (19)

with l = ρ (g + f) .
This can be written as ∫ 1

0

(κu− l + (EIuxx)xx = 0, with l = κ (g + f)

and lead to
κu+ (EIuxx)xx = l ∈ D ′ (0, 1) , (20)

the same equality hold in L2 (0, 1)
because (EIuxx)xx = l − κu ∈ L2 (0, 1) .
By using particular ϕ in V 2

E (0, 1) , we recover the boundary
conditions in u.

Hence, we have found a unique solution
u ∈ H4 (0, 1)∩V 2

E (0, 1) of (13)−(16) . This shows that the
operator I−A0 is onto. We can thus conclude that the operator
A is m-dissipative according to the Lumer-Phillips theorem see
[25]. 2

As a result we obtain the following important theorem for
the continuation of the work:

Theorem 2.2. Let the operator
Aγ = A0 + Γγ : D(Aγ) ⊂ H→ H defined by (6)-(7), then

A−1
γ exists and is compact on H and Aγ is generates a C0-

semigroup
{
eAγt

}
t≥0

on H. Hence, system (8) is well posed.

Proof. A direct calculation shows that: for all

fg
η

 ∈ H,
there is a unique

f1

g1

η1

 ∈ D (Aγ) such that

fg
η

 = Aγ

f1

g1

η1

 ,

where 
g1 = f
η1 = −βη −

(
α−mβ−1

)
f(1)

f1 =
∫ x

0

∫ y
0

1
EI(s)

∫ 1

s

∫ 1

r
γ(t)f(t) + κ(t)g(t)dtdrdsdy + (βη + αf(1))

∫ x
0

∫ y
0

1−s
EI(s)dsdy.

So Aγ , is invertible so A−1
γ exists and, 0 ∈ ρ(Aγ) where

ρ (Aγ) is resolvent of operator Aγ .
Since

|η1| ≤ β |η|+
∣∣α−mβ−1

∣∣ ‖f‖H2(0,1) ,

it follows that∥∥∥∥∥∥A−1
γ

fg
η

∥∥∥∥∥∥
H4(0,1)×H2(0,1)×C

≤ N

∥∥∥∥∥∥
fg
η

∥∥∥∥∥∥
H

for some constant N > 0. By the Sobolev embedding
theorem [1], A−1

γ is compact on H. Therefore, according to
the spectral theory of compact operator, the spectrum σ(Aγ)
consists entirely of isolated eigenvalues finite multiplicity.

Finally, since the operator A0 is infinitesimal generator of a
C0-semigroup S(t) = eA0t ∀t ≥ 0 on H, satisfying

‖S(t)‖ ≤Meωt ∀M ∈ R+
∗ .

As we have Aγ = A0 + Γγ with Γγ is a boundary linear
operator on H.

Then using the perturbation by bounded linear operator,
we deduce that the operator Aγ = A0 + Γγ is infinitesimal

generator of a C0-semigroup T (t) = eAγt ∀t ≥ 0 on H,
satisfying

‖T (t)‖ ≤Me(ω+M‖Γγ‖)t

(see A. Pazy [25], Theorem 1.1]). Hence system (1) is well-
posed. 2

3. Spectral Analysis and the Riesz
Basis Property of Eigenfunctions of
OperatorAγAγAγ

3.1. Spectral Analysis ofAγAγAγ

In this section, we use of the following result which deals
with the eigenvalue problem of beams in the form of an
ordinary differential equation L(u) = λu with λ polynomial
boundary conditions see Shkalikov [26]; Tretter [29]. We used
this same technique in [27] and in this work we apply this
method to prove the basic properties of the system (1).

We begin by recalling some notations and definitions. Let
L (u) be an ordinary differential operator of order n = 2q ∈ N,
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L (u) = u(n) (x) +

n∑
ν=1

fν (x)u(n−ν) (x) , 0 < x < 1, (21)

and let the boundary conditions defined at the two points x = 0, and x = 1 be

Bj (u) =

kj∑
ν=0

(
αjνu

(kj−ν) (0) + βjνu
(kj−ν) (1)

)
, 1 ≤ j ≤ n, (22)

where kj ∈ N, 1 ≤ kj ≤ n − 1 and αjν , βjν ∈ C,
αj0 + βj0 > 0.
We suppose that the coefficient functions fν (x) (1 ≤ ν ≤ n)
in (1) are sufficiently smooth in [0, 1] , and that the boundary

conditions are normalized in the sense that
n∑
ν=0

kj is a

minimal with respect to all equivalent boundary conditions
(see Naimark, 1967) .

Let uk (x, ρ) (k = 1, 2, ..., n) be the fundamental solution
for the equation:

L (u) + ρnu+ ρqµ (x)u (x) = 0, ρ ∈ C (23)

where µ (x) being continuous in [0, 1] , and let ωk (k = 1, 2, ..., n) be the noth roots of ωn + 1 = 0. If we denote by ∆ (ρ) the
characteristic determinant of (23) with respect to (22)

∆ (ρ) = det [Bj (uk (., ρ))]j,k=1,2,...,n

then ∆ (ρ) can be expressed asymptotically in the form (for r ≥ 1)

∆ (ρ) = ρk
∑
kr

eρµkr
[
F kr

]
r
, (24)

whenever ρ is large enough see Shkalikov [26]; Naimark [24]. Here, kk is a k element subset of {1, 2, ..., n}, µkk =
∑
j∈kk

ωj ,

[
F kk

]
r

= F kk
0 + ρ−1F kk

1 + ...+ ρ−r+1F kk
r−1 +O

(
ρ−r

)
, (25)

and the sum runs over all possible selection of kk.
Since, according to the previous section, the spectrum

σ (Aγ) consists entirely of isolated eigenvalues. Thus, the
conditions are met for studying the problem of the eigenvalues

of operator Aγ .
Let λ ∈ σ (Aγ) and Φ be an eigenfunction of Aγ

corresponding to λ. Then each eigenfunction corresponding to
λ ∈ σ (Aγ) with λ 6= −β−1 is of the form

Φ =

 λ−1φ
φ

−β
−1(α−mβ−1)
λ+β−1 φ(1)


satisfies the following equation for φ 6= 0, see [23]:

λ2κ(x)φ (x) + (EI (x)φ′′ (x))
′′

+ λγ (x)φ (x) = 0, 0 < x < 1,
φ (0) = φ′ (0) = φ′′ (1) = 0

φ′′′ (1) =
αλ+ λ2m

(1 + βλ)EI (1)
φ (1) .

(26)

Expanding (26) yields
φ(4) (x) +

2EI ′ (x)

EI (x)
φ′′′ (x) +

EI ′′ (x)

EI (x)
φ′′ (x) + λ

γ (x)

EI (x)
φ (x) +

λ2κ (x)

EI (x)
φ (x) = 0, 0 < x < 1,

φ (0) = φ′ (0) = φ′′ (1) = 0

φ′′′ (1) =
αλ+ λ2m

(1 + βλ)EI (1)
φ (1) .

(27)
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In order to simplify our computations, we introduce a spatial scale transformation in:

f (z) = φ (x) , z =
1

h

∫ x

0

(
κ (ζ)

EI (ζ)

) 1
4

dζ

where

h =

∫ 1

0

(
κ (ζ)

EI (ζ)

) 1
4

dζ

Then, (27) together with its boundary conditions can be transformed into

f (4) (z) + a (z) f ′′′ (z) + b (z) f ′′ (z) + c (z) f ′ (z) + λh4 γ (x)

κ (x)
f (x) + λ2h4f (z) = 0, 0 < z < 1,

f (0) = f ′ (0) = 0
z2
x (1) f ′′ (1) + zxx (1) f ′ (1) = 0

f ′′′ (1) +
3zxx (1)

z2
x (1)

f ′′ (1) +
zxxx (1)

z3
x (1)

f ′ (1)− αλ+ λ2m

(1 + βλ)z3
x (1)EI (1)

f (1) = 0,

(28)

with

a (z) =
6zxx
z2
x

+
EI ′ (x)

zxEI (x)
(29)

b (z) =
3z2
xx

z4
x

+
6zxxEI

′ (x)

z3
xEI (x)

+
EI ′ (x)

z2
xEI (x)

+
4zxx
z3
x

(30)

c (x) =
zxxxx
z4
x

+
2zxxxEI

′ (x)

z4
xEI (x)

+
zxxEI

′′ (x)

z4
xEI (x)

(31)

zx =
1

h

(
κ (x)

EI (x)

) 1
4

, z4
x =

1

h4

κ (x)

EI (x)
(32)

and

zxx =
1

4h

(
κ (x)

EI (x)

)−3
4 d

dx

(
κ (x)

EI (x)

) 1
4

. (33)

If we define

d (x) =
γ (x)

κ (x)

The equation in (28) is for any 0 < z < 1

f (4) (z) + a (z) f ′′′ (z) + b (z) f ′′ (z) + c (z) f ′ (z) + λh4d (x) f (x) + λ2h4f (z) = 0.

This can be further simplified by applying another invertible transformation:

g (z) = exp

(
1

4

∫ z

0

a (ζ) dζ

)
f (z) , 0 < z < 1,

and we arrive at the following eigenvalue problem that is equivalent to the origins one:
g(4) (z) + b1 (z) g′′ (z) + c1 (z) g′ (z) + d1g (z) + λh4d (x) g (x) + λ2h4g (z) = 0, 0 < z < 1,
g (0) = g′ (0) = 0
g′′ (1) + b11g

′ (1) + b12g (1) = 0
g′′′ (1) + b21g

′′ (1) + b22g
′ (1) + b23g (1) = 0,

(34)

where
b1 (1) = −3

2
a′(z)− 3

8
a2(z) + b(z)

c1(z) =
1

8
a3(z)− 1

2
a(z)b(z)− a′(z) + c(z)
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d1(z) =
3

16
a′2(z)− 1

4
a′′′(z) +

3

32
a′(z)a2(2)− 3

256
a4(z) + b(z)

(
1

16
a2(z)− 1

4
a′(z)

)
− a(z)c(z)

4

b11 = −1

2
a(1) +

zxx(1)

z2
x(1)

b12 =

1

16
z2
x(1)a2(1)− 1

4
z2
x(1)a′(1)− 1

4
zxx(1)a(1)

z2
x(1)

b21 = −3

4
a(1) +

3zxx(1)

z2
x(1)

b22 = −3

4
a′(1) +

3

16
a2(1)− 3zxx(1)a(1)

2z2
x(1)

+
zxxx(1)

z3
x(1)

b23 = −1

4
a′′(1) +

3

16
a′(1)a(1)− 1

64
a3(1)− 3zxx(1)a′(1)

4z2
x(1)

+
3zxx(1)a2(1)

16z2
x(1)

− zxxx(1)a(1)

4z3
x(1)

− αλ+ λ2m

(1 + βλ)z3
x (1)EI (1)

.

We will now solve the eigenvalue problem (34) by dividing
the complex plane into eight different sectors as Birkhoff
(1908a, b) [3], [4] and Naimark (1967) [24]. This technique

was used by Wang et al in [30–32], Touré al in [27] and My
Driss et al in [23], then recently by other authors see [16].

Let us consider the following eight sectors:

Sk =

{
z ∈ C :

kπ

4
≤ arg z ≤ (k + 1)π

4

}
, k = 0, 1, 2, ..., 7

and let ω1, ω2, ω3, ω4 be the roots of equation ϑ4 + 1 = 0 that are arranged so that

Re (ρω1) ≤ Re (ρω2) ≤ Re (ρω3) ≤ Re (ρω4) , ∀ρ ∈ Sk. (35)

Obviously, in sector S1, we can choose

ω1 = exp(i
3

4
π) = −

.
√

2

2
+

.
√

2

2
i, ω2 = exp(i

1

4
π) =

.
√

2

2
+

.
√

2

2
i,

ω3 = exp(i
5

4
π) = −

.
√

2

2
−

.
√

2

2
i, ω4 = exp(i

7

4
π) =

.
√

2

2
−

.
√

2

2
i,

such that the inequalities in (35) are verified and we make
these same choices in other sectors. In the rest of this section,
we shall derive the asymptotic behavior of the eigenvalue of
the sectors S1 and S2 because the same will hold for the other

sectors with similar proofs.

Setting λ =
ρ2

h2
, in each sector Sk.

The following lemmas will be used for the fundamental
asymptotic solutions of the system (34) , see [32].

Lemma 3.1. For ρ ∈ Sk with ρ large enough, the equation: g(4) (z)+b1 (z) g′′ (z)+c1 (z) g′ (z)+d1g (z)+ρ2h2d (z) g (z)+
ρ4g (z) = 0, 0 < z < 1, has four linearly independent asymptotic fundamental solutions,

Φs (z, ρ) = exp ρωsz

(
1 +

Φs,1 (z)

ρ
+O

(
ρ−2

))
, s = 1, 2, 3, 4 (36)

and hence their derivatives for s = 1, 2, 3, 4 and j = 1, 2, 3 are given by

dj

dzj
Φs (z, ρ) = (ρωs)

j
exp ρωsz

(
1 +

Φs,1 (z)

ρ
+O

(
ρ−2

))
(37)

where

Φs,1 (z) = − 1

4ω3
s

∫ z

0

ω2
sb (ζ) dζ, Φs,1 (0) = 0,

for s=1,2,3,4 and

Φs,1 (z) = − 1

4ωs

∫ 1

0

b1 (ζ) dζ − h2

4ω3
s

∫ 1

0

d (ζ) dζ
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=
1

ωs
µ1 +

1

ω3
s

µ2,

with µ1 = −1

4

∫ 1

0
b1 (ζ) dζ et µ2 = −h

2

4

∫ 1

0
d (ζ) dζ.

Lemma 3.2. For ρ ∈ S1, if we set δ = sin π
4 =

.√2
2 , then we have following inequalities:

Re (ρω1) ≤ − |ρ| δ, Re (ρω4) ≥ |ρ| δ, ω4 = −ω1 and

eρω1 = O
(
ρ−2

)
when |ρ| → +∞.

By applying the two lemmas above, we obtain the following Theorem:
Theorem 3.1. Let ∆ (ρ) be the characteristic determinant of the eigenvalue problem (34). In sector S1, an asymptotic

expression of ∆ (ρ) is given by:

∆ (ρ) = ρ6eρω4{2eρω2 + 2e−ρω2 + 2µ3ρ
−1eρω2

+ 2iµ4ρ
−1e−ρω2 +O

(
ρ−2

)
}, (38)

where 
µ3 = .

√
2 (µ1 + b11)− .

√
2µ2 + .

√
2

m

βz3
x (1)EI (1)h2

µ4 = .
√

2 (µ1 + b11) + .
√

2µ2 − .
√

2
m

βz3
x (1)EI (1)h2

.
(39)

Problem (34) is strongly regular. Therefore the system of the generalized eigenfunctions forms a Riesz basis in the state
Hilbert space H.

Proof. According to lemmas 3.1 and 3.2 and substituting (36) and (37) into the boundary conditions (34), we obtain asymptotic
expressions for the boundary conditions for large enough |ρ| :

U4 (Φs, ρ) = Φs (0, ρ) = 1 +O
(
ρ−2

)
= [1]2 , s = 1, 2, 3, 4, (40)

U3 (Φs, ρ) = Φ′s (0, ρ)
= ρωS

(
1 +O

(
ρ−2

))
U3 (Φs, ρ) = ρωS [1]2 , s = 1, 2, 3, 4,

U2 (Φs, ρ) = Φ′′s (1, ρ) + b11Φ′s (1, ρ) + b12Φs (1, ρ)U2 (Φs, ρ)

= (ρωS)
2
eρωS [1 +

(
ω2
Sµ1 + µ2

)
ρ−1ω−3

S + b11ρ
−1ω−1

S +O
(
ρ−2

)
]

U2 (Φs, ρ) = (ρωS)
2
eρωS [1 + (

(
ω2
Sµ1 + µ2

)
ω−3
S + b11ω

−1
S )ρ−1]2, s = 1, 2, 3, 4.

(41)

U1 (Φs, ρ) = Φ′′′s (1, ρ) + b21Φ′′s (1, ρ) + b22Φs (1, ρ) + b23Φs (1, ρ)

= (ρωS)
3
eρωS (1 +

(
ω2
Sµ1 + µ2

)
ρ−1ω−3

S + b21ρ
−1ω−1

S ) + (ρωS)
3
eρωS

(
b23 (ρωS)

−3
+O

(
ρ−2

))
= (ρωS)

3
eρωS [1 + (ω2

S (µ1 + b21) + µ2)ρ−1ω−3
S ]− (ρωS)

3
eρωS [

ω−3
S

(
ρm+ αρ−1h2

)
(h2 + βρ2) z3

x (1)EI (1)h2

+ O
(
ρ−2

)
]

U1 (Φs, ρ) = (ρωS)
3
eρωS [1 + (ω2

S (µ1 + b21) + µ2)ρ−1ω−3
S − χ]2, s = 1, 2, 3, 4,

(42)

where χ =
mω−3

S ρ−1

βz3
x (1)EI (1)h2

.

Note that λ =
ρ2

h2
6= 0 is the eigenvalue (34) if and only if ρ satisfies the characteristic determinant ∆ (ρ) = 0, with

∆ (ρ) =

∣∣∣∣∣∣∣∣
U4 (Φ1, ρ) U4 (Φ2, ρ) U4 (Φ3, ρ) U4 (Φ4, ρ)
U3 (Φ1, ρ) U3 (Φ2, ρ) U3 (Φ3, ρ) U3 (Φ4, ρ)
U2 (Φ1, ρ) U2 (Φ2, ρ) U2 (Φ3, ρ) U2 (Φ4, ρ)
U1 (Φ1, ρ) U1 (Φ2, ρ) U1 (Φ3, ρ) U1 (Φ4, ρ)

∣∣∣∣∣∣∣∣ , (43)
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so substituting (40)− (42) into (43) , using lemma 3.2, we get:

∆ (ρ) =

∣∣∣∣∣∣∣∣
[1]2

ρω1 [1]2
0
0

[1]2
ρω2 [1]2

(ρω2)
2
eρω2

[
1 +

(
ω2

2 (µ1 + b11) + µ2

)
ρ−1ω−3

2

]
2

(ρω2)
3
eρω2

[
1 +

(
ω2

2 (µ1 + b21) + µ2

)
ρ−1ω−3

2 − χ
]
2

[1]2
ρω3 [1]2

(ρω3)
2
eρω3

[
1 +

(
ω2

3 (µ1 + b11) + µ2

)
ρ−1ω−3

3

]
2

(ρω3)
3
eρω3

[
1 +

(
ω2

3 (µ1 + b21) + µ2

)
ρ−1ω−3

2 − χ
]
2

0
0

(ρω4)
2
eρω4

[
1 +

(
ω2

4 (µ1 + b11) + µ2

)
ρ−1ω−3

4

]
2

(ρω4)
3
eρω3

[
1 +

(
ω2

4 (µ1 + b21) + µ2

)
ρ−1ω−3

4 − χ
]
2

∣∣∣∣∣∣∣∣ .
Expanding the above determinant, we obtain the following expression

∆ (ρ) = ρ6eρω4{(ω2 − ω1)ω2
3ω

2
4e
ρω3 [ω4 − ω3 +

(
ω−2

3 − ω−2
4

)
ω4ω3 (µ1 + b11) ρ−1

+
(
ω−2

4 − ω−2
3 +

(
ω−4

3 − ω−4
4

)
ω4ω3

)
µ2ρ
−1 +

mρ−1

βz3
x (1)EI (1)h2

(
ω−2

3 − ω−2
4

)
]

+ (ω1 − ω3)ω2
2ω

2
4e
ρω2 [ω4 − ω2 +

(
ω−2

2 − ω−2
4

)
ω4ω2 (µ1 + b11) ρ−1

+
(
ω−2

4 − ω−2
2 +

(
ω−4

2 − ω−4
4

)
ω4ω2

)
µ2ρ
−1 +

mρ−1

βz3
x (1)EI (1)h2

(
ω−2

2 − ω−2
4

)
] +O

(
ρ−2

)
}.

In sector S1, the choices are:
ω2

1 = −i, ω2
2 = i, ω2

3 = i, ω2
4 = −i, ω−4

3 − ω−4
4 = 0,

ω−4
2 − ω−4

4 = 0, ω−1
2 ω4 = −i, ω3 = −ω2,

ω4 − ω3 = .
√

2, ω1 − ω3 = .
√

2i, ω2 − ω1 = .
√

2, ω4 − ω2 = −i .
√

2,
ω−2

2 − ω−2
4 = −2i, ω−2

3 − ω−2
4 = −2i, ω2

3ω
2
4 = 1, ω2

2ω
2
4 = 1.

So a straightforward simplification will arrive at

∆ (ρ) = ρ6eρω4{2eρω2 + 2e−ρω2 + 2µ3ρ
−1eρω2 + 2iµ4ρ

−1e−ρω2 +O
(
ρ−2

)
}.

This expansion is also true for other sectors Sk by applying
the exact same arguments above.

Then, from the determinant ∆ (ρ), we have

Θ10 = 2 6= 0, Θ00 = 0, Θ−10 = 2 6= 0.

From ([32], Definition 3.2.5), we conclude that the
eigenvalue problem (34) is strongly regular. 2

We can further deduce a necessary condition for the stability
of (1) because the spectrum determined growth condition
is true now. For this purpose, we look for an asymptotic
expansion for the eigenvalues of the system (34).

Theorem 3.2. Let Aγ be defined by (6) and (7), then an
asymptotic expression of the eigenvalues of the problem (34)
is given by

λn =
.
√

2

2h2
(µ4 − µ3)± 1

h2
(
.
√

2

2
(µ4 + µ3) +

(
n+

1

2

)2

π2)i+O
(
n−1

)
, (44)

where n = N,N + 1, ... with N large enough, and

µ4 − µ3 =
.
√

2µ2 − 2
.
√

2
m

βz3
x (1)EI (1)h2

= − 2 .
√

2mh

βEI (1)

(
κ (1)

EI (1)

)−3
4

µ4 + µ3 = 2
.
√

2 (µ1 + b11) . (45)

We have

µ2 = −h
2

4

∫ 1

0

d (ζ) dζ, d (x) =
γ (x)

κ (x)
,
dz

dx
=

1

h

(
κ (x)

EI (x)

) 1
4

,

so,

µ2 = −h
2

4

∫ 1

0

γ (x)

κ (x)

1

h

(
κ (x)

EI (x)

) 1
4

dx = −h
4

∫ 1

0

γ (x)

κ (x)

(
κ (x)

EI (x)

) 1
4

dx.
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Moreover, λn (n = N,N + 1, ...) with sufficiently large modulus are simple and distinct except for finitely many of them, and
satisfy

lim
n→+∞

Reλn = − 2m

βhEI (1)

(
κ (1)

EI (1)

)−3
4

− 1

2h

∫ 1

0

γ (x)

κ (x)

(
κ (x)

EI (x)

) 1
4

dx. (46)

Proof. Using (38), we can deduce an asymptotic expression for the eigenvalues of problem (34). The equation ∆ (ρ) = 0 and
(38) imply that

2eρω2 + 2e−ρω2 + 2µ3ρ
−1eρω2 + 2iµ4ρ

−1e−ρω2 +O
(
ρ−2

)
= 0

which equivalent to
eρω2 + e−ρω2 + µ3ρ

−1eρω2 + iµ4ρ
−1e−ρω2 +O

(
ρ−2

)
= 0 (47)

and can be rewritten as
eρω2 + e−ρω2 +O

(
ρ−1

)
= 0. (48)

Note that the following equation:
eρω2 + e−ρω2 = 0

has solutions

ρn =

(
n+

1

2

)
πi

ω2
, n = 1, 2, .... (49)

Let ρ̃n be the solutions of (48). Applying Rouch?s theorem see Naimark, 1967, p.70 in [24] to (48) , we get the following
expression:

ρ̃n = ρn + αn =

(
n+

1

2

)
πi

ω2
+ αn, αn = O

(
n−1

)
, (50)

n = N,N + 1, ...

where N is a large positive integer. Substituting ρ̃n into (47), and using the fact that eρω2 = −e−ρω2 .
We obtain:

eαnω2 − e−αnω2 + µ3ρ̃n
−1
eαnω2 − iµ4ρ̃n

−1
e−αnω2 +O(ρ̃n

−2
) = 0.

Expanding the exponential function according to its Taylor series, we get:

αn = − µ3

2ω2ρn
+

µ4

2ω2ρn
i+O

(
n−2

)
, n = N,N + 1, ...

Therefore, we have

ρ̃n =

(
n+

1

2

)
πi

ω2
+

µ3

2

(
n+

1

2

)
π

i+
µ4

2

(
n+

1

2

)
π

+O
(
n−2

)
, n = N,N + 1, ...

Note that λn =
ρ2
n

h2
6= 0, ω2 = ei

π
4 and ω2

2 = i. So we have

λn =
.
√

2

2h2
(µ4 − µ3) +

1

h2
(
.
√

2

2
(µ4 + µ3) +

(
n+

1

2

)2

π2)i+O
(
n−1

)
(51)

where n = N,N + 1, ... with N large enough.
The same proof can be applied to sector S2 because the eigenvalues of the problem (34) can obtained by a similar calculation

with the choices

ω1 = exp(i
1

4
π) =

.
√

2

2
+

.
√

2

2
i, ω2 = exp(i

3

4
π) = −

.
√

2

2
+

.
√

2

2
i,

ω3 = exp(i
7

4
π) =

.
√

2

2
−

.
√

2

2
i, ω4 = exp(i

5

4
π) = −

.
√

2

2
−

.
√

2

2
i,

so that inequality (35) holds:
Re (ρω1) ≤ Re (ρω2) ≤ Re (ρω3) ≤ Re (ρω4) , ∀ρ ∈ S2.
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Hence, in sector S2, we have the following asymptotic expression of ∆ (ρ) :

∆ (ρ) = ρ6eρω4{2eρω2 + 2e−ρω2 − 2µ3ρ
−1eρω2 + 2iµ4ρ

−1e−ρω2 +O
(
ρ−2

)
}.

By a direct calculation, we have for n = N,N + 1, ...

ρ̃n =

(
n+

1

2

)
πi

ω2
− µ3

2

(
n+

1

2

)
π

i+
µ4

2

(
n+

1

2

)
π

+O
(
n−2

)
, (52)

with N large enough. Again

λn =
.
√

2

2h2
(µ4 − µ3)− 1

h2
(
.
√

2

2
(µ4 + µ3) +

(
n+

1

2

)2

π2)i+O
(
n−1

)
, (53)

where n = N,N + 1, ... with N large enough.
Here we should point out that the eigenvalues generated

from the other sectors Sk coincide with those from S1 and S2

the detailed argument can be found in [24]. Combining with
(51) and (53), we obtain the result on the eigenvalues. 2

Remark 3.1. From the above theorem, taking
EI(x) = κ(x) = 1, γ(x) = 0 ∀x ∈ [0, 1], we obtain the

result of Wang see ([32] pages 82-86). We thus generate this
result of Wang.

Remark 3.2. In Theorem 3.2, we obtain the asymptotic
expression of Aγ . If λ ∈ σ (Aγ) with λ large enough,
then λ has an asymptotic form given by (44). So,
σ (Aγ)�

{
λn, λn n ≥ N

}
has finitely many eigenvalues.

3.2. Riesz Basis Property of Eigenfunctions of Aγ

Definition 3.1. The boundary problem (23) with (22) is
said to be regular if the coefficients F kk

0 in (24) are nonzero.
Furthermore, the regular boundary problem (23) with (22)
is said to be strongly regular if the zeros of ∆ (ρ) are

asymptotically simple and isolate one from another.
We consider the following theorem see [32]:
Theorem 3.3. If the ordinary differential system with

parameter λ = ρq{
L (u, λ) = L (u) + λ2u+ λµ (x)u
Bj (u) = 0, 1 ≤ j ≤ 2q

(54)

has strongly regular boundary conditions, then the generalized
eigenfunction system of A (A the operator associated to (54))
form a Riesz basis in the Hilbert space H.

In this subsection, we discuss the Riesz basis property of
the eigenfunctions of operator Aγ of the system (8). We begin
with showing that the generalized eigenfunctions of A defined
by (54) form an unconditional basis in Hilbert state space H.

For this aim, we introduce a transformation L via

L (f, g, ξ) = (φ, ψ, ξ∗) whith ξ, ξ∗ ∈ C,

where

φ (x) = f (z) , ψ (x) = g (z) , z =
1

h

∫ x

0

(
κ (ζ)

EI (ζ)

) 1
4

dζ,

with

h =

∫ 1

0

(
κ (ζ)

EI (ζ)

) 1
4

dζ.

It is easily seen that L is a bounded invertible operator on H.
Now we define the following ordinary differential operator:

L (f) = f (4) (z) + a (z) f ′′′ (z) + b (z) f ′′ (z) + c (z) f ′ (z) ,

µ (z) = h2d (z) = h2 γ (x)

κ (x)
B1 (f) = f (0) , B2 (f) = f ′ (0) ,
B3 (f) = z2

x (1) f ′′ (1) + zxx (1) f ′ (1) = 0

B4 (f) = f ′′′ (1) +
3zxx (1)

z2
x (1)

f ′′ (1) +
zxxx (1)

z3
x (1)

f ′ (1)− αλ+ λ2m

(1 + βλ)z3
x (1)EI (1)

f (1) = 0,

(55)

where the coefficients are given by (29)-(33). Let A, η ∈ σ (A) be an eigenvalue of A and
(
η−1g, g,−β

−1(α−mβ−1)
η+β−1 g(1)

)T
be

an eigenfunction, then we have g = ηf and f will satisfy the following equation:

f (4) (z) + a (z) f ′′′ (z) + b (z) f ′′ (z) + c (z) f ′ (z) + ηu (z) f (z) + η2f (z) = 0,
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with boundary conditions Bj (f) = 0, j = 1, 2, 3, 4. Now by taking λ =
η

h2
and

L (f, g, ξ) = (φ (x) , ψ (x) , ξ∗)

we see that ψ = λφ and φ satisfies the equation
φ(4) (x) +

2EI ′ (x)

EI (x)
φ′′′ (x) +

EI ′′ (x)

EI (x)
φ′′ (x) +

λ2κ (x)

EI (x)
φ (x) + λ

γ (x)

κ (x)
= 0, 0 < x < 1,

φ (0) = φ′ (0) = φ′′ (1) = 0

φ′′′ (1) = − αλ+ λ2m

(1 + βλ)z3
x (1)EI (1)

φ (1) .

Hence we have the following result.
Theorem 3.4. Let operator Aγ of the system (8). Then the

eigenvalues of operator Aγ are all simple except for finitely
many of them, and the generalized eigenfunctions of operator
Aγ form a Riesz basis for the Hilbert state space H.

Proof. From the previous subsection, we have shown that
the boundary problem (34) is strongly regular because the
coefficients of F kk

0 are nonzero in ∆ (ρ) see Definition 3.1,
which implies that the eigenvalues are separated and simple
except for finitely many of them. Thus the first assertion is
true. Next, according to Theorem 3.3, the strongly regular
boundary conditions ensure that the generalized eigenfunction
sequence Fn = (fn, ηnfn, ξn) of operator A forms a Riesz

basis for H. Since L is bounded and invertible on H, it follows
that Ψn = (φn, λnφn, ξ

∗
n) = LFn also forms a Riesz basis on

H. 2

4. Exponential Stability

We are now in a position to investigate the stability of
system (8). Since the Riesz basis property implies the
spectrum determined growth condition (see Curtain & Zwart,
1995), and (46) describes the asymptote of σ (Aγ) , for any
small ε > 0 there are only finitely many eigenvalues of Aγ in
the following half-plane:

Σ : Reλ > − 2m

βhEI (1)

(
κ (1)

EI (1)

)−3
4

− 1

2h

∫ 1

0

γ (x)

κ (x)

(
κ (x)

EI (x)

) 1
4

dx.+ ε (56)

The following stability result that describe how stability depends upon damping function γ.
We recall the following definition to begin see [32].
Definition 4.1. Let A be the infinitesimal generator of a strongly continuous semigroup T (t) on a Hilbert spaceH. Consider

ω(A) = lim
t→∞

1

t
‖T (t)‖ ,

the growth exponent bound of T (t), and
s(A) = sup {Re(λ) : λ ∈ σ(A)} ,

the spectral bound of the operator A. If
ω(A) = s(A)

We say that the spectrum determined growth condition holds. If ω(A) < 0, then T (t) is exponentially stable.
Theorem 4.1. If γ is continuous and nonnegative on [0, 1] and β > 0, then the system (8) is exponentially stable.
Proof. For any u = (f, g, η)

T ∈ D (Aγ) ,

〈Aγu, u〉H =

〈
g (x)

− 1

κ (x)

(
(EI (x) f ′′ (x))

′′
+ γ(x)g(x)

)
−β−1η − β−1

(
α−mβ−1

)
g(1)

 ,

fg
η

〉

=

∫ 1

0

− (EI(x)f ′′ (x))
′′
g (x) + EI (x) f ′′ (x)g′′ (x)− γ (x) |g (x)|2 dx+

β2

m+ αβ

(
−β−1η − β−1

(
α−mβ−1

)
g(1)

)
η.

As a result

Re 〈Aγu, u〉H = −
∫ 1

0

γ (x) |g (x)|2 dx+
1

m+ αβ
(2mRe (g(1)η)−

(
β−1m2 + αm

)
|g(1)|2 − β |η|2), (57)
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with (
2mRe (g(1)η)−

(
β−1m2 + αm

)
|g(1)|2 − β |η|2

)
< 0

since
4β
(
β−1m2 + αm

)
> 4m2.

where we derive the last equation by integrating twice by parts and using the boundary conditions of the system (1) .
It follows from previous result that the operator Aγ is dissipative.
Moreover, the spectrum of Aγ has an asymptotic

Reλ ' − 2m

βhEI (1)

(
κ (1)

EI (1)

)−3
4

− 1

2h

∫ 1

0

γ (x)

κ (x)

(
κ (x)

EI (x)

) 1
4

dx.

If we can show that there is no eigenvalue on the imaginary axis then the exponential stability holds.
Let λ = ir with r ∈ R be an eigenvalue of operator Aγ on the imaginary axis and Φ = (ψ, φ, ξ) be the corresponding

eigenfunction.
We have

Φ =

(
λ−1φ, φ,−β

−1(α−mβ−1)

λ+ β−1
φ(1)

)
.

We get
Re(〈AγΦ,Φ〉) = ‖Φ‖2HRe(λ) = 0,

and

∫ 1

0

γ (x) |φ (x)|2 dx−

(
2mRe (φ(1)ξ)−

(
β−1m2 + αm

)
|φ(1)|2 − β |ξ|2

)
m+ αβ

= 0.

Since
4β
(
β−1m2 + αm

)
> 4m2,

then

−

(
2mRe (φ(1)ξ)−

(
β−1m2 + αm

)
|φ(1)|2 − β |ξ|2

)
m+ αβ

= 0

and
γ (x) |φ (x) |2 = 0, ∀x ∈ [0, 1] ,

moreover γ(x) ≥ 0 in [0, 1], and γ(1) 6= 0, we have
φ(1) = 0.

Which implies that the eigenvalue Φ of Aγ is zero because ψ = λ−1φ and φ (x) is the uniqueness solution of the differential
equation:  λ2m(x)φ (x) + (EI (x)φ′′ (x))

′′
+ λγ (x)φ (x) = 0,

for 0 < x < 1,
φ (0) = φ′ (0) = φ′′ (1) = φ′′′ (1) = φ(1) = 0.

(58)

The above equation has a zero solution only see [27].
However, Φ = 0 contradicts Φ being an eigenfunction and so there is no eigenvalue on the imaginary axis. Then Re(λ) < 0.
From the Theorem 3.4 and the spectrum determined growth condition Definition 4.1, the system is exponentially stable. 2
Now we can consider the case where γ (.) is continuous and indefinite in [0, 1] . We follow a Wang’s idea [32]. Consider

γ (x) = γ+ (x)− γ− (x) for all x ∈ [0, 1] with

γ+ (x) = max {γ (x) , 0} =

{
γ (x) , if γ (x) > 0
0 elsewhere ,

γ− (x) = max {−γ (x) , 0} =

{
−γ (x) , if γ (x) < 0
0 elsewhere ,
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let

Aγ+ (f, g, η)
T

=

 g (x)

− 1

κ (x)

(
(EI (x) f ′′ (x))

′′
+ γ+(x)g(x)

)
− β−1η − β−1

(
α−mβ−1

)
g(1)

 ,

∀ (f, g, η)
T ∈ D

(
Aγ+

)
= D (Aγ)

and

Γ− (f, g, η)
T

=

(
0,
γ− (x)

κ (x)
g (x) , 0

)T
, ∀ (f, g, η)

T ∈ H.

So Aγ can be rewritten as follows: Aγ = Aγ+ + Γ−.
Theorem 4.2. Let s

(
Aγ+

)
= sup

{
Reλ|λ ∈ σ

(
Aγ+

)}
. if

max
x∈[0,1]

{
γ− (x)

κ (x)

}
<
∣∣s (Aγ+

)∣∣ ,
then the system (8) is exponentially stable.

Proof. Referring to Section 2, we see that the operator Γ− is bounded and symmetric, that is, that:

〈Γ−(u), v〉H = 〈u,Γ−(v)〉H ∀u, v ∈ H,

so the operator Γ− is self-adjoint (see H. Brezis [8], page 113) and we have:

‖Γ−‖ = max
x∈[0,1]

{
γ− (x)

κ (x)

}
. (59)

By Theorem 2.2 and the definition of the operator Aγ+ , {eAγ+ t}t≥0 is a semigroup of contractions and s
(
Aγ+

)
< 0.

By applying the theory of disturbance of linear operators, we have λ ∈ ρ (Aγ) every time
Reλ > s

(
Aγ+

)
+ ‖Γ−‖ . Again, the theorem 3.4 gives

ω (Aγ) = s (Aγ) ≤ s
(
Aγ+

)
+ ‖Γ−‖ < 0,

where ω (Aγ) designates the rate Optimal of the system’s
energy decline. So the system, (8) is exponentially stable. 2

5. Conclusion
In this paper, using the basic Riesz theory, we discussed

the exponential stabilization of a variable coefficients Euler-
Bernoulli beam equation with viscous damping and a tip mass.
Different from the earlier papers, we imposed a very important
condition on the damping term γ to prove that no eigenvalue
of the operator Aγ of system (1) is on the imaginary axis.
This led us to the exponential stability of the system through
the basic Riesz property and the spectrum determined growth
condition. We note that the condition used in this paper can
also be applied to the study of the exponential stability of other
systems.
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[27] A. K. Touré A. Coulibaly and H. A. A. Kouassi,
“Riesz basis property and exponential stability of Euler-
Bernoulli beams with variable coefficients and indefinite
damping under a force control in position and velocity,”
Electronic Journal of Differential Equations, Vol. 2015,
February 2015 No: 54, pp 1-20.
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